I'maBa 1

ApurmMmernka

1.1 Akcuomm Ha Ileano. lesmMocT u JejieHHe C OCTAaTBbK.

CrokoiiHo MoxkeM Jia KaxkeM, 4de ecrecrBenure yncaa N = {1,2,3, ...} cbirbrersar yoseuect-
BOTO OT nosiBsgBaneTo My. HaBsapHO pa3riiexk/1aHeTo UM KaTo Haii-/IpeBHATA U OCHOBOIIOJIATAINA
MaTeMaTHIecKa CHCTeMa e JaJio ocHoaHue Ha KponeHep na 3asiBu (roBopeiiku 3a mMaTeMa-
THKaTa), 9e Bor e ¢b3mas ecrecTBEHHTE YHC/IA, & BCHYKO OCTAHAJO € TBopeHue Ha JoBeka.
EcrecTBenure uncia ca Bb3HUKHAIN U CJIYXKAT KATO IIOKA3aTes] 3a KOJUIECTBOTO IIPEIMETH
B JlajieHo MHOXKecTo. V3KazaHo ¢ MareMarwdecKd TEPMHUHHM TOBAa O3HAYABA, Y€ €CTECTBEHU-
Te YuC/Ia NpeacTaBaAT (KapAMHATHUA YUC/a Ca HA) PA3JIMYHUTE KJIAaCOBE PABHOMOIIHU KpaiiHu
MHOKECTBA.

HezaBucumo, 1e akCHOMATHYIHUS TIOXO0JI B MaTeMaTHKaTa JaTUpa MoHe oT KBKjui, To
KbM opMaM3uUpPaHe Ha CBOWCTBAaTa Ha €CTECTBEHUTE UMCJIa Ce MPUCTDHIBA Yak B 19 Bek, KO-
raTo akKTUBHO 3aI0YBa Ja ce PaDOTH 3a MOCTABsIHE Ha IsJI1aTa MAaTeMAaTHKa Ha aKCUOMATUIHU
ocHoBu. Haii-mionysisipHa, u3mo/3Bana u JHEC, CTaBa aKCHOMATHUKATA IIPEJJIOYKEHA OT UTaJIu-
arckus maremarnk JI>x. [leano B HeroBa kHmra msaasia B 1889 r. CxomHa akcmoMaTHwKa, €
npeutoxkua u P. Jlemexkunn B 1888 1.

AKCMOMATHYIHOTO MOCTPOsiBaHE Ha €CTECTBEHWTE UHCIA € MPEIMET Ha KypCoBeTe Io JIo-
IHKa W OCHOBM HA MaTeMaTHKaTa. 3aToBa 6e3 Jia e CTPEMHM K'bM IPEIU3HOCT CaMO IIe T'0
CKHUITIPAaMe - [10-CKOPO 3a jia nHdopMupaMe duTaTess 3a ChIIeCTBYBaHETO Ha TakaBa Ipo0-
JIEMATUKA, OTKOJIKOTO JIa s U3JiaraMe.

Axcunomaruka Ha Ileano. ComiectByBa none enna cucrema (N, S, 1) cberosima ce oT
muoxkecTBO N, dynkims S (“cbrocrassiae Ha HacieHUK”), nedUHUpaHA U OpUEMAIA CTOl-
noctu B N, u esleMeHT 0oTOesI3BaH ¢ 1, TakKuBa 1e

Axkcuoma 1 1 € N.

Axcuoma 2 3a scaro x € N cowecmeysa ednosnauro onpedeaen nacaedrnur S(x) € N.
Axcuoma 3 S(x) # 1, (m.e. 1 ne e nacaednux na nukot esemernm,).

Axcuoma 4 3a scaxo x,y € N om S(x) = S(y) caedsa x = y.

Axcuoma 5 (Tlpunnun Ha Maremarndeckara uujuayknus ) Axo edno nodmmoostcecmeo M C N
YJOBAEMBOPABA YCAOBUAMA:
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i)1leM
(i) sa scaxo v € M caedsa S(x) € M,
mo M = N.

Henocpencrseno or akcmomute cienBa, de 3a ¢ € N e B cuta mm ¢ = 1 Wi CbIecTByBa
enuncrBeHo y € N| rakosa e S(y) = x.

Taka 3a1a1ena cucremara Ha [leaHo € €JHO3HAMHO ONPEIEIeHa, B CMUCHII, 1€ BCEKU JIBE
cucremu (N;S;1) u (N, S5,1") ca usomopduu. (Kakro orbessizaxme mo-rope TyK HsaMa Ja
nperesupamMe ToBa MOHsTHE. )

[Tokaszsa ce, ue B N morar ma ce nedpuHEpaAT M TO €JHO3HAMHO OMHADHE OIEpaIliN ChOH-
pawe, (z,y) — x+y, 1 yMHOXKeHHe, (x,y) — T-¥y, Taka 4e 3a Besko ,y € N j1a ca usirbjaHeHn
CBOICTBaTA!

Pl. z+1=5(x).

P2. =4 S(y) = S(z+vy).
P3. z-1=u=.

P4 z-S(y) =(z-y)+z.

B’bBeﬂeHHTe 6I/IHapHI/I orepanum Ca KOMyTaTUBHU, aCOIIlMATUBHU U € B CHUJIa ILI/ICTpI/I6yTI/IBHI/I$I
3aKOH.

Bwmecro 1 B akcnomaTukara Ha Ileano moxke ma ce moctasu 0, T.e. Ja ce IOCTPOU HAIIPABO
CHBKYITHOCTTa Ha HEOTPHUIATEJTHUTe Iiesn dncia. loraBa P1 n P3 ce 3amecTBaT choTBEeTHO C
paBeactBata r+ 0=z uzx-0=0.

Yupaxkuenue 1.1.1 [oxasrceme, we 6 mosu cayuat, axo degunupame 1 = S(0), mox+1 =
S)ux-1=uz.

B N ce gedunupa pesanus mo-mMaiako (mo-rosisamo): “<”(“>").

Hedbununua 1.1.1 Kassame, we a < b, axo cowecmeysa u € N, makxosa we b = a + u.
3anucsame mosu gaxm u xamo b > a. Coc snarxa a < b we o3navasame, we € USNGAHEHO
a<buaua=>o.

Teoupaeuune 1.1.2 Hexa a,b,c € N. B cuasa ca:
1. 3a scexu a,b € N e usnsanero mourno edHo om omuowerusma a < b, a =b uau a > b.
2. oma<bub<ccredsaa < c.
3. om a < b credsa a+ ¢ < b+ c 3a 6caxo € N.

4. oma <bcaedsa a-c<b-c 3saecaxo € N.

Hedbununus 1.1.3 Hexa a > b. FEduncmeenomo u € N, maxosa vwe a = b+ u napuvame
pasauka Ha a u b. Beaeoscum ¢ a — b.

Tebpaenne 1.1.4 Ommuowenuemo “<” e pesayus na wapedoa (m.e. 1) v < x; 2) x < y u
y<z=>z=y;3)r<yuy<z = x<z) omuocrho koamo N e auneiino napedero.
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N ce pazmupsiesa ¢ gobassne Ha Hyaa 0, Taka 1e a + 0 = a 3a Besiko a € N, u ¢ jjobaBsine
Ha OTPHIATEJHHTE IeJH YHC/Ia: B PA3IIUpPEHaTa ChBKYIHOCT 3a BCSIKO ¢ € N CbIIecTByBa
€JIHO3HAYHO OIIPE/ICJICH eJIEMEHT —a, TaKbB e a + (—a) = 0.

[Torys1eHOTO MHOXKECTBO Ce HAPHUYA NPBCMEN Ha UeAume YUCAG 7 1 TIPATEXKABA, CICTHUTE
CBOICTBA:
3a Bcekn a, b, c € Z e U3bLIHEHO

1. a+b=>b+a,

2. (a+b)+c=a+ (b+c),
3. a+0=a,

4. a+(—a) =0,

5. ab = ba,

6. (ab)c = a(be),

7. a(b+c) = ab+ ac,

8. 1-a=a.

MHO2KeCTBO ¢ BbBeJEHU B HETO JABe OMHAPHE OIepaluu chboupane, “+”, u yMHOXKeHHE -7,

TaKa e Ca U3IMbJIHEHN TOPHUTE CBOMCTBA Ce HAPUIAT KOMYMAMUBEH NPBCMEN ¢ eOUHUUG.

HennTe wmera mputeskaBaT u CJIeAHOTO cBoficTBO: oT ab = 0 cimemsa a = 0 wim b = 0. Axo
TOBA € U3II'bJIHEHO Ce Ka3Ba, e MPbCTEHLT € 0e3 IeuTen Ha HyJaTa. KoMyTaTUuBEH MpbCTeH
¢ 1 u Ge3 genuTesnm Ha HyJIaTa Ce HAPUYIA 00AGCTM HA UAAOCTN.

B cuna e cjieaHaTa BazKHa M MHOI'O 9€CTO M3II0JI3BaHa TeopeMa:

TeopeMa 1.1.5 Bcsaxo HENPA3HO MHOHCECITBO 0T, ECMECIMBEHU YUCAA UM HAT-MANABK ene-
MEHM.

Zloxaszameacmeo. Heka A C N, A # (). JTa monycuem, 9e B A HaMa Hail-MaIbK
eJIEMEHT U JIa Pasryie/laMe MHOYKECTBOTO

B={reN|z <y, 3aBcakoy € A}.
Akoxz € AN B, To x < z, KoeTo e HeBb3MoxKHO. Crenosaresno AN B = (), T.e.
BC A=N\A.

Msnonssaiikn Maremarndecka HHAyKnus (Axcmoma 5) me gokakeMm, de B = N.
Haucrura 1 € B, 3amoro B nNpoTHBHUsA ciaydail 1 6m 6mi Haji-MabK €JIeMEHT
Ha A. Heka cera x € B. ToraBa 3a Bcsiko y € A e B cuita < Yy, OTKBIETO
nosydasame S(z) < y. Ako S(z) € A, 1o S(z) me 6bje Hali-MaIbK €JIEMEHT,
KOeTO IpoTuBOpedn Ha jonyckaxero. Ciemosaresnto S(x) < y 3a Besgko y € A,
orkbaero S(x) € B. U raka 3a Bcsaiko x € B ciensa S(x) € B. B Takbs ciyuaii
OPUHIUIILT Ha MaTeMaTudeckara nuaykius nu jgasa B = N. Ho Torasa A = ().
IIpoTuBOpetneTO Ce IBIZKHU Ha HENPABIIHOTO HIE JIOIYCKAHE.
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Teopema 1.1.6 3a scexu dse yeau wucaa a u b, b # 0, csuecmeysam ednodnauno onpede-
Aenu q, T € L, maxusa e
a=bg+r, 0<r<]|bl.

oxaszameacmeso. Heka b > 0. [la pasriemame MHOXKECTBOTO
M={a—bx|x€Z,a—bx >0}

B nero nMa none eaun eeMent: nanpumep a—b(—a?) = a?b+a > 0. B Takb cy-
gait M e Helpa3HO MHOXKECTBO OT Iejiu HeoTpurareaau ducja. Coriacao Teopema
1.1.5 8 M mma muanmastao aucyo r > 0. Heka ¢ e croitHOCTTA HA 2, IPU KOATO Ce
nosyvasa r, T.e. 1 = a—bq. Axo nomycuem, ue r > b, 700 < r—b=a—b(q+1) € M,
KoeTo mporuBopeun Ha uzbopa ua r. Cienosaresnno 0 < r < b. C ToBa CbIIECTBY-
BaHETO € joka3aHo. OcraBa Jla MOKaXKeM eUHCTBEeHOCTTA.

Ha momycuem, e a = bq+r = bqy +r1. Torasa r —r1 = b(q1 —¢q). Ho |[r —r1| < b.
CretoBaTe/THO PABEHCTBOTO € Bbh3MOKHO caMo pu ¢ — g1 = r — 11 = 0.

B cayuas b < 0 mamupame a = (—b)q; + r u nojarame q := —q.

TeopeMa 1.1.6 e ekBUBaJIEHTHA ChC CJI€JHOTO TBbPJACHNE

Teopema 1.1.7 3a scexu dee ueau wucaa a u b # 0 cowecmsysa k,l € 7, maxusa e
kb < a < 1b, ksdemo |k —1| = 1.
Jloka3aTeICTBOTO Ha Tasu eKBUBAJEHTHOCT IIPEIOCTaBsIME 34 yIIPaykKHEeHUe Ha TUTATEJIs.

Hedbununusa 1.1.8 Kassame, we a € Z deau b € Z, kozamo couecmsysa q € 7, maxosa e
b = aq, m.e. Ko2amo npu deaenue na a ce NOAYaa ocmamsk nyaa. Beaeorcum alb.

[MousTrero menmuMocT MOXKe Ja ce nedWHUpA HE CaMO 3a IEJUTe UuCaa, a4 U B JpyTh
anreOpUIHN CTPYKTYPH, KBJIETO TO 3ama3Ba MOYTH 6e3 M3MEHeHWe CBOWCTBATA CH. 3aToBa
e T'M U3J0XKHUM 38 IPOU3BOJHA OOJACT Ha ISJIOCT, T.e. KOMYTATHBEH HMPBCTEH C CIAHHHUIA
u 6e3 seqnTe/IM Ha HysaTa. duTares, KOWTO HE € CBUKHAJ Ja OOpaBU C TE3W aJIreOpUYIHU
MOHSITHS, MOXKE JIa CH MUCJIU, 9€ TOBa € 7 WM HIKOe OT MHOXKECTBATA OT BCHYKHU MMOJUHOMHI
C PAIMOHAJIHY, PEATHU UJIN KOMILIEKCHU KOCMDUITHEHTH.

Heka R e obsacr na nginoct. Hanpumep R cbeuaga ¢ Z, Q[x], Rlz] wmu Clx].

Hedbunurnua 1.1.9 Edun eaemenm x € R wapuuame obpamum 6 R, xoeamo couiecmsysa
y € R, maxss we xy = 1.

Tebpaenne 1.1.10 Csexynnocmma om obpamumume esemenmu na R e komymamuena 2py-
na ommuocko ymmooscenuemo. (Ile s benesrcum ¢ R*.)

oxaszameacmeo. Heka o, € R*. B TakbB ciy4ail cbinecrByBar aq, 31, Ta-
kuBa 1e aa; = (1 = 1. OueBnano a1, € R*. Ocsen ToBa (aff)(a1f) =
(aar)(BB1) = 1, re. af e obparum B R. KomyraruBHusi u aconuaTuBHUS 3aKOH
ca B CHJIa, Thil KaTO Ca M3I'bJHEHN B .

ITpumep 1.1.1 Ero Kak u3rjiexkaar rpymnure oT 0OPaATUMUTE €JIEMEHTH Ha HAKOU J00pe 103~
HaTHU IIPbCTEHU
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1. Z* = {£1}

2. Qlz|* = Q% Rlz|* =R* u C[z]* = C*.

Hedbununusa 1.1.11 Jlsa esemenma a,b € R napuuame acouuupaHu, axo Cou,eCmeysd
obpamum esemernm € € R*, maxse we a = €b. Beaeowcu ce ¢ a ~ b.

JlecHo ce nposepsiBa, (KOeTO IIpejocTaBsiMe Ha YUTATeNsl KATO YIPayKHEHHE) 4Ye e B CHIIa
CJIEJTHOTO TBbP/EHUE!

Tebpaeune 1.1.12 Pesauuama acouuuparocm € pesauus Ha eK8USALEHMHOCT, U pa3busaq
R na nenpecunawu ce xaacoge om acouuupar nOMeNHcoy Cu eseMeHmu.

L[eJII/ITe qHCJIa Cce pa36I/IBaT Ha ,ILBOfIKI/I aCcoluupaHu ducjia {n, —n}. Bceku kiac acomuupaHn
IIOJIMHOMHI C€ CbCTON OT BCHUYKHN IIPOU3BEIACHUSA Ha JAJCH IIOJIMHOM C IIPOU3BOJIHA KOHCTaHTa,

re. coBuaga ¢ {af(z)|a € P} (P =Q,R,C).

Hedbunurnua 1.1.13 Kaseame, ve a € R deau b € R, xoeamo couwecmsysa q € R, maxosa
we b = aq. Beaeorcum alb.

Teoupaeune 1.1.14 3a scaxo a,b,c € R ca 6 cuna:
(1) al0, €|a, alae 3a scaxo € € R*.
(2) alb saeve aelb, 3a ecaxo € € R*.
(3) alb u blc saeue alc.
(4) alb u bla eaevwe a ~ b. (B Z mosa osnauasa |a| = |bl.)
(5) alb eaeue albe, 3a scaxo ¢ € R.
(6) alb u alc saewe al(b+£ c).
(7) Axo ¢ # 0, mo aclbc moeasa u camo mozasa, xozamo alb.

(8) BZ alb eaeue |b| > |al.

Jloxazameacmeo. Bcuuku coiicTBa cieaBar JAUPEKTHO OT JeMUHUIMATE. 34
wocTpanus 1me JokaxkeM (4): YcaoBuero aBa, de CbIIECTBYBAT 1, ¢z € R, Ta-
kuBa 4e b = aq; u a = bgy. Cnenosarenno a = aqiqa, T.e. a(l — q1q2) = 0. Ho
R e 6e3 menurenu Ha Hy/aTa, KoeTo Biede 1 = q1qo. ClemoBaTesiHO ¢ U g2 ca
obparumu. IIpu R = 7Z aconuupaHocTTa o3HadaBa a = =+b.
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1.2 Haii-rongam obin gesuren. AanroputbM Ha EBKian.

Hexka R e obsact na msioct. Kakro Bede oTbesst3axmMe dnTares, KONTO He € 3all03HaT ¢ TOBA
aJreOpUYHO MOHSITHE MOXKe Jla cuuTa, Ye R cbBlaja ¢ Hsakoe or MHOXKecTBaTa Z, Q[x], R[]

wm Clz].

Hedbunnims 1.2.1 Hati-zoaam obw, deaumen (HOJ) na a,b € R napuvame eaemenm
d € R onpedeaen coc ceoticmeama:

1. dla u d|b,
2. axo dila u di|b, mo di|d.

Beneorcum d = (a,b).
Teopema 1.2.2 Hati-zoremuam obw, deaumen e onpedeset ¢ mounocm 9o aCoyuupaHocm.

Zloxasameacmeo. Axo d u dy ynoBiierBopsiBaT ycjaoBuA 1 U 2 0T neUHUIUSTA,
to d|d; u di|d. Cinenosarento d ~ dy cwrioacuo Tebpaenue 1.1.14. (B cayuas
R =7, axo d ynosierBopsiBa nedbuHUIUATA, TO U —d 1 yIOBIETBOPSBA. )

3aroBa B KOHKpeTHHUTE R ce TocTaBsl MOIIbJIHUTETHO TPeTo yejosue, ¢ koero HOJI ce onpeness
ennozunadno. Koraro R = 7Z ce usuckBa HO/I na e momoxkuresen. OcraBsiMe Ha IUTATEI A
JOKazKe, 9e C TOBa JAOII'bJIHUTE/IHO YyCJIOBUE IIPpU [eJIUTE YUcCjIa ,ILe(bI/IHI/IL[I/IﬂTa, € €KBUBaJICHTHa
¢ onpezenennero (a,b) ma e Hai-roJeMUAT U3MEKTy BCHUKH OOIIN JIeJINTeNN Ha a U b.
Koraro R e npbcren or nosmaomu Hag Q, R win C gombiarurennoro yeaosuero e d(x) na e
¢bC crapiy KoeUIUenT paBeH Ha 1.

AHaJOruIHO MOXKeM Jia JeduHupaMe Hal-ToJIsIM OOII JeJIUTeN Ha 1 eJIeMEHTA. YCJIOBASATA
3a d = (a1,as,...,a,) U3MJIEKIAT CHOTBETHO

1. dla;, i =1,2,...,n,

2. ako dj|a; 3a Bcsiko @ = 1,...,n, 10 dild.

Teopema 1.2.3 B cuaa ca crednume cgoticmsa:
(1) (a,ab) ~ a 3a ecaxo a,b € R.
(2) (a,eb) = (a,b) 3a scaxo € € R*.
(3) (a,b —qga) = (a,b) 3a scaxo a,b,q € R.
(4) (a,(b,c)) = ((a,b),c) = (a,b,c) 3a 6caro a,b,c € R.
(5) (ac,bc) ~ (a,b)c 3a 6caxo a,b,c € R.

(6) (a,b) = (a,c) =1, mo (a,bc) =1, a,b,c € R.
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Jloxazameacmeo. (1) e oueBuHO.

(2): Heka d = (a,b) u d; = (a,€b). Torasa d|a u d|eb, orkbiero cuensa di|d. Ho
AHAJIOTUIHO TIosTydaBaMe u d|d.

(3): Heka d = (a,b) u di = (a,b— qa). Or d|a u d|b cregsa d|d;. Obparno, di|a u
d1|(b — aq) Breue dy|a u dq|b, re. di|d.

(4): Heka d = (a,b,¢) u dy = ((a,b),c). Or d|a, d|b u d|c ciensa d|(a,b) u d|c,
orkbaero d|dy. Obparno, di|(a,b) u di|c, nasa dila, di|b u di|c, r.e. di|d.

(5): (a,b)c| acu (a,b)c | be, koero Baeue (a, b)c | (ac, be). CnenoBarento (ac, be) =
c(a,b)t, re. ac = c(a,b)tu u be = ¢(a,b)tv. Ho Torasa a = (a,b)tu u b = (a,b)tv,
re. (a,b)t TpsbBa na e germren na a u b. Cinegasarenso (a,b)t ~ (a,b), Koero
Bieve t € R*. Ho Toa o3nauasa (ac,bc) ~ c(a,b).

(6): (a,bc) = ((a,ac),bc) = (a, (ac,bc)) = (a,c) = 1.

Hedbunnus 1.2.4 Kaseame, we esemernmume a,b € R ca 63aummnonpocmu, axo (a,b) =
1.

Tebpaenune 1.2.5 d = (a,b) mozasa u camo mozasa, xoeamo a = day, b = db; u (a1,by) =
1.

Zoxazameacmeo. Joka3areJCTBOTO OCTaBsIME 38 YIIPaXKHEHUE HA IUTATEJIs.

Heka A C 7Z e mempa3HO TOIMHOXKECTBO Ha Z ChC CBOHCTBOTO, 1Y€ 3a BCAKO a,b € A e B

cuna a £ b € A. Ouesugno 0 € A. IogmuoxkecTBO A ¢ TOBa CBOMCTBO ce Hapu4a adumueHa
nodepyna Ha 7.

Jlema 1.2.6 Axo A e adumuesna nodepyna na Z, mo coulecmeysa n € A, marxosa e
A=nZ={0,£n.£2n,43n,...}.

oxazameacmeo. Heka AT e 10IMHOXKECTBOTO OT HOJIOYKUTEJIHHTE UHCIA B
A. Coraacno Teopema 1.1.5 cbinectsyBa MunuMmanno uucio n € AT, Tbit kaTo
3a BCIKO k € A unciaoro —k cbino € B A, TO n € MUHUMAJIHOTO 10 abCIOJIIOTHA,
croiiHoct Henyseso umcyio B A. Heka k € A. la nonycuem, de n He nenu k, T.e.
k=gn+r, kpaeron >r > 0. Hor = k — qn € A, KkoeTo Bogu 10 NPOTUBOPEUINE
¢ u36opa na n. Cienosaresno n |k 3a Besiko k € A.

Teopema 1.2.7 Bcexu dee yeau wucaa a,b umam nat-zoasm obwy deaumen d = (a,b) u
cewecmeysam u, v € Z, maxusa e d = ua + vb.

Hoxazameacmeo. Jlecho ce nposepsia, ue A = {ax+by|z,y € Z} e anurusHa
noarpyna Ha Z. Torasa cwrtacao Jlema 1.2.6 chinectByBa d € A, TakoBa e A =
dZ. Ho Torasa d e obur menuren Ha a u b n cbiiecrByBar u,v € 7, Taka 9e
d = ua + vb. Or mocileIHOTO BejHAra CjelBa, Y€ € M3IILJIHEHO U YCJIOBHE 2 Ha
IepUHATIASTA.

CaencrBue 1.2.8 Hexa d = (a,b). Pasencmsomo d = uja + v1b e 6 cuaa mozasa u camo
moeasa, Kozamo w1 = u — kb/d, vi = v+ ka/d 3a naxoe k € Z.
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3a6esiexkka 1.1 [loarpymarta A ot Jlema 1.2.6 nputexkaBa i CBOHCTBOTO, de TPOH3BEEHHETO
Ha BCEKH HEHH €JIEMEHT C IIPOU3BOJIHO IISIJI0 YHCJIO ocTaBa B A. AqurTuBHA HOAIDyIIa HA €IUH
MIPBCTEH, KOSITO TIPUTEXKABA TOPHOTO CBOHCTBO ce Hapwda udean. AKO BCHUKH €JIEMEHTH HA
eJIHH mJeal ca KpaTHH Ha (DUKCUDaH HEroB ejieMeHT (KakTo e 3a A), To mieaybT ce Hapuia
2A06eH, a IPBHCTEH, B KOHTO BCEKH Heas € TJIABEH - NPscmer om 2aa6Hu udeasu. 3a TAKUBA,
IPBCTEHH € B CHJIA CJICJHUS MO0-00II] PEe3YJITAT:

Teopema 1.2.9 B obaacm om anashu udearu R scexu n esemenma a, s, . . . , Gy UMM Hal-
2oaaMm 06w deaumen d u
d=uia; + usas + - - - + upan,

3a nodxodswu u; € R.
Tebpaenne 1.2.10 Axo a | bc u (a,b) =1, mo a|c.

Zloxasameacmeo. CwriacuHo Teopema 1.2.7 chiecTByBaT U, v € 7, TaKUBa 9e
ua + vb = 1. CrenoBaresino uac + vbe = ¢, OTKbAETO U @ | be mosrydaBame TBbHP-
JIEHHETO.

Tebpaenne 1.2.11 Axoa|c, b|c u(a,b) =1, moab|ec.

Hoxaszameacmeo. Or yciosuero ¢ = acy. Hob | cu (a,b) = 1. Torasa npensoTo
TBbpJeHNe HU JaBa, de b | ¢;. Caenosaresno ¢ = ab - co.

Jlema 1.2.12 Axoa=bg+r, 0<r <|b|, mo (a,b) = (b,r).
Hoxazameacmeo. Coriacho (3) wa Teopema 1.2.3 (b,r) = (b,a — bq) = (a,b).

Anzopumesm Ha Eexaud 3a namupare na HOJ u wucaama u,v.
Jla U3BDLPIUM OIHCAHATA MO-J0J/IY ITOPEINIla OT JIeJIeHHE C OCTATDhK.

a = bq + 71, 0<r <o
b = 7ri1q2 + 719, O0<ro<mr
rL = roq3+rs, 0<rs<r
Th—3 = Tp2Qn-1+7rn_1, 0<rp_1<THh_o
Tm—2 = Tn—1qn,
Twoit kato 11 > 19 > --+ > 11 > 0, TO ChIlleCTBYBa HOMEp N, Taka de 1, = 0. CbrmacHo
Jlema 1.2.12 e usnbineno (a,b) = (b,r1) = (r1,72) =+ = (rpn—2,"n—1) = Tn—1.

BamecTBaiiku r1 = a — bg; BbB BTOPOTO PaBEHCTBO ToJy4daBame 1o = (—g2)a+ (14 q1¢2)b. 3a-
MECTBAiKH 'y B TPETOTO PABEHCTBO M IIPOIL/KABANKH aHAJIOTUYHO IIe HAMEPHUM 1, U, TAKABA
qe rp,—1 = ua + vb.

Ha momaoxxum

Uy = 0, up = 1, U; = Uj—2 —(qjUuj—1

v=1 wvi=-q, v, = vj_2—qvj1.
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Jlema 1.2.13 B cusa ca caednume ceoticmesa:
(1) rj =auj +buy;

) e o= (—1)9-
(2) uj—1vj —ujvjg = (=1)%;

) s o — (—1) b
(3) rj—1uj — rjuj1 = (=1)7b;

) ey s o— (—1)I
(4) rj-1vj —rjvji1 = (=1)a.
Jloxaszamencmeo. PapencrBara MOraT JIECHO Ja Ce JTOKaKaT ¢ MeTOa Ha MaTe-
MaTUdecKaTa WHIAYKIUs. JIupekTHaTa IpoBepKa IoKas3Ba, Je ca B cuia 3a j = 1, 2.
IIpeamonarame, e TBLPAECHUATA CA BIPHU 33 CTOWHOCTH < j W IIe IIOKaXKEM Ba-
mupHocTTa MM 3a j. I[IpoBepkara mie m3BbpromM camo 3a (2), Karo ocraBsMe 3a
YUTATEJIs] OCTAHAJIUTE CJIyJIau.

Uj—1V; — U5V -1
uj-1 (vj—2 = qjvj—1) — (uj—2 — Qju;—1))vj—1
— o o 4 — e ams ol = —(—1)V Y — (1)
= [wj—2vj-1 — uj—1vj-2] = —(—1) = (-1).

IIpu j = n — 1 noayvaBame 9uCIaTa 4 U U C IIOMOIITA, HA KOUTO C€ MPEJACTABA HaM-roJeMusT
061, geauren d = ua + vb.

B reopust Ha dnciaTa 9ecTo ce M0JI3Ba CUMBOIBT ||, HADUYAH UAAG YACTM HA X

Hedbunnnnms 1.2.14 DPynkyusama [z] ce depunupa 3a 6cako peaino x, Kamo Hali-20AAMOMO
UANO YUCA0 < T.

Topuata jedbuHMIST MOXKe JIa Ce U3KaXKe U KaTo : || € eJIMHCTBEHOTO ISJI0 YUCIIO Y/IO0BJIeT-
BopsiBaio * — 1 < |z] < x, wim |x] e eMHCTBEHOTO ISUI0 YNUCIIO, TaKoBa e T = |z| + a,
0<a<l. Akoa=bg+r 0<r <lbl, To 0oueBUIHO

LEJ _ |q, upu b>0,
bl  lqg—1, 1upu b<O.

IIpu Taxka BbBEJEHOTO O3HAUEHUE ¢j = [1j—2/Tj—1].

Peasausauus ma aszopumsma: la caurame, e a > b > 0. Pasrmexxmame napemenure
tpoiiku W; = (r;, u;, v;), Kouto ce 3amasar pexypenrao ¢ W_; = (a,1,0), Wy = (b,0,1) u

Ti—1
Wig1 = Wio1 — ¢ipaWi, xbIero gip1 = { Zr J .
(]

Yupaxkuenue 1.2.1 Jloxasrceme, we (a,b) = i1, u = u;—1 uv = v;_1, Ksdemo i e makKosa,
ye r; = 0.

3a ya00CTBO IPU PHUHEU U3UUCIEHUS ITPECMATAHUSITA MOXKEM J1a 3alliCBaMe B TabJINIa C
9eTUPU CTHJIOA.

a 1 0 q [IbpBUTE TPU KOJIOHU HA BCEKU PEJI TPECTABIISIBAT TEKYIIA-
b 0 1 ¢ Ta cToifHOCT Ha Tpoiikara W;, a mocaeaHusT ¢Tbiab (0T BTO-
2} w1 ! 72 pHsi peJl HATATbK) CbIbPKA TEKYIOTO ChCTOSTHUE HA IacT-
2 U2 Y2 || 93 HoTO ¢. T'bpcenuTe croiiHocTH Ha d, U, U Ce NOABABAT B peJia

IpeJIXOXK /1Al IosgBaTa Ha HyJla B 'bPBUsA cThab6. B mbpsaTa
o1 | Un—1 | Un1 || an nosuius Ha To3u pej e HOJI (a,b), a Bropara u Tperara ca
0 CBHOTBETHO U U V.
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AgropursMm 1 Jlanan: a,b yeau wucaa (a > b > 0)
Pesynrar: d = (a,b), u, v ueau ducia
IIpomennnsm: A = (a1,a2,a3), B = (b1,b2,b3) u C = (c1,ca,¢3) ca Tpu MacuBa, KOUTO IIIE CE
U3MEHSIT B IPOIeca Ha U3IIbJIHEHUE Ha [porpamara; ¢ € 1o 9HuCIo.
A:=(a,1,0), B:=(b,0,1), C :=(1,0,0).
while ¢; # 0 do
q:= L%J, C:=A—-gqB, A:=B, B:=C
else
d:= a1, u:=ao, v:=as.

ITpumep 1.2.1 Ja mamepum HOJIIL (29,25) u gucnara u,v or Teopema 1.2.7. Kakro orGe-
JIsT3aXMe MIPEeCMSITAHUSITa, 3alucBaMe B TaOJMIA ¢ YeTUPU CThjba. [IbpBuTe Tpu KoJOHM HA
BCEKU TPHU TIOCTIEIOBATETHN PEJIa TPEJICTABIABAT TEKYIUTE CTOHHOCTH Ha Tpoiikute A, B, C,
a MOCJIIHUSAT CT'HJIO (0T BrOpHsl peJi HATAThK) ChbPKA TEKYIIOTO ChCTOSIHIE HA IaCTHOTO .

ThbpceHnTE CTONHOCTH Ce TOSIBABAT B YETBBPTUS PEII - Pela

2911 q MIPEIXOXK A TI0sIBaTa Ha HyJa B I'bPBHUA CThJI0. B mbpsa-
2510111 Ta nosuius Ha To3u pex e HOJ (29,25) = 1, a Bropara u
4 11]-1/6 TperaTa ca ChboTBeTHO U = —6 u v = 7. CjemoBaTe/THO
116|714

0 29-(—6)+25-7=1.

Hedbunnnnus 1.2.15 Hati-maaro obwo kpamuo (HOK) na ay,as,...,a, € R napuuame
eaemenm m € R onpedesen cse ceoticmeama:

1. ajlm, i=1,...,n, u
2. axo a;lmy, i =1,...,n, mom|m;.
Beaeotcum m = [ay,,az, ..., ap).

Hait-maakoTo 06110 KpaTHO € OmpeesieHo ¢ TOYHOCT 0 aconuupaHocT. B 7 ce B3ema 1oJio-
JKATEJTHOTO YHCIIO.

Tebpaeuune 1.2.16 B cuaa ca caednume ceoticmsa:
(1) [a,b,c] = [[a,b],c] 3a ecaro a,b,c € R.

(2) [ac,be] ~ cla,b] 3a 6caxo a,b,c € R.

(3) [a,b] ~ (;bb) 3a 6CAK0 HENYAE60 a,b € R.
(4) [a,b,c] ~ (ab,cz)bcc,ac) 3a 6CAKO HENYAEB0 a,b,c € R.
(5) ([a1,,a2,...,an])) = (a1) N (az2) N--- N (an), kedemo (x) e enasrusa udean nopoder om x.

Zloxasameacmeo. OcrassiMe T0 3a yIpaXKHeHHe HA TUTATEJIs.
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Tebpaenne 1.2.17 (a" —1,a™ — 1) = a® — 1, xsdemo d = (n,m).
Hoxaszameacmeso. Heka n > m. PazcbxkaaBaMe uHIyKTHBHO 110 m. [Ipy m = 1
TBbpJieHneTo e BiapHo: (a” — 1, a — 1) = a — 1. [la upe/osoxum, de e BSIPHO 32

croitHocT no-mMasiku oT m. Ile mokaxkem 3a m.
Heka n = mq + r. Torasa

a"—1=a"d"—1=(""—-1)a"+ad" —1=(a"—-1)A+ (a" - 1).
Cowrmacno Jlema 1.2.12 n UHIYKIIMOHHOTO JIOMTYCKAHE
(a"—1,a™—1)= (@™ —1,d" —1) = (a™") —1).
Ho (m,r) = (n,m) = d, ¢ K0eTo JI0Ka3aTeJICTBOTO € 3aBbPIIEHO.
Jlunetinu duogpanmosu ypasHeHUus.

Hedbununusa 1.2.18 Jlunetdno duodarmoso ypasHeHue ce Hapuda MUHETHO YPABHEHUE C Ue-
AU KoePuUUeHmU

a1x1 + agre + -+ anTy = b, a;,b €7, (1.1)

1YuuUmo pewerue mspcum 6 Uueal YUCAa.

Teopema 1.2.19 Jlunetinomo duogarmoso ypasrenue (1.1) uma pewerue 6 ueau 4ucia mo-
2460 U CAMO M0206a, K02aMo Hall-zosemusam obw, desumen (ai,ag, .. .,a,) deau b.

Zoxaszameacmeo. HeobxomumocTTa e oueBuIHA - BCeKH OOIIT AeInuTesl Ha Koedu-
menTuTe TpsibBa Ja Jesu cBoboaaus wien b. O6parno, Heka d = (a1, ag, ..., ay)
nemn b. Cormacao Teopema 1.2.9 cbimecTByBatT uq, . . ., Uy € Z, TAKUBA, 1€

d=wuja; + usas + -+ + upan,.
Yuuoxkasaiiku 10 b/d mosydaBame, e

ub uzb b
d’>d’ 7 d

€ pereHue.

Teopema 1.2.20 Axo aunetinomo duoparmoso ypasreHrue
ar +by=-c

uma none edrno pewenue (To,Yo) 6 UEAU UUCAA, MO GCUYKY PEULEHUA CE NOAYHABAM NO Hop-
MYAGNG,

_ b
=0t Gyt (1.2)
= yo— 2t

Yo (a,b)

xsdemo t € 7.
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oxaszameacmeo. [lupekTHara NpoBepKa MOKa3Ba, e Taka 3aJaJeHo (z,y) e
pemierue. Ako (x1,y1) u (2, y2) ca JiBe pelleHusi, TO PA3JINKATa UM Y/IOBJIETBOPSBA
ax + by = 0, OTK'bJIETO Ce TOJIyIaBaT U ropHUTE (POPMYJIH.

IIpumep 1.2.2 Jla pemum cucreMara JMHEHHN TuO(PAHTOBU YpaBHEHUS

20+ 5y — 11z =1
r—12y+7z =2

WzkaouBaiiku x IIojsiydaBaMe CUCTeEMa €KBHUBaJICHTHaTa Ha JaJleHaTa:

T =12y — 7242
29y — 25z =-3

Crempaiiku ropHaTa TEOpeMa peraBaMe BTOpoTo ypaBHenue B 1iesiu ducia. CoriaacHo [Ipumep

1.2.1 HOZ, (29,25) =1u 29 (—6) +25 -7 = 1, orkbIeTO
29-(—=6)-(=3)+25-7-(—3)=—-3.

CnenoBaresino y = 18 — 25t, z = 21 —29¢, t =0,+1,42,... . 3aMecTBaiiku OJyIEHOTO B
I'bPBOTO ypaBHeHUe oty4dasame z. U Taka

r =71—-97t
y =18—25t, t=0,+1,42,....
z =21-—29¢

1.3 IIpoctm umciaa. OcHOBHa TeopemMa Ha apuUTMeTHKAaTAa.

Hedbunurusa 1.3.1 [[aromo wucao p ce napuya npocmo, axo p # 0, +1 u ce deau camo na
+1 u £p.

Tbit KaTO p € MPOCTO TOraBa W CaMO TOTaBa, KOTaTO M —p € MPOCTO, TO MHOT'O YECTO KOTaTO
ce TOBOPU 3a IMPOCTH YHCIa e Pa3dupa CbBKYITHOCTTA OT MOJOKUTETHUTE IPOCTU TUCTIA.

Tebpaenue 1.3.2 [[7.40mo wucao p € npocmo mozasa u camo mozasa, Ko2amo 3a 6CAKO a, b,
3a Koumo p|ab caedsa pla uau plb.

Zoxaszameacmeo. Heobxodumocm. Heka p e mpocTo InCIO U Ja MPEIIOIOXKIM,
4e p He jiesn a. Torasa (a,p) = 1 u cbriacuo Teopema 1.2.7 cbimecrByBar u, v € Z,
Taka 4de ua + vp = 1. YMHokKaBaiiku ¢ b nmonydaBame b = uab 4+ vbp, oTKbIETO
caenBa plb.

Jlocmamewnocm. Heka p npurexkasa CBOWCTBOTO, e 3a BCSKO a, b, 3a KouTo p | ab
cienpa pla nnum plb. Heka p = ab. Torasa p|ab u cinemosarentuo pla wiu p|b. Ho
TOBa BJIeUe a,b = 1, £p.
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Tebpuenne 1.3.2 mo3BoJIABa da ce JIaJle eKBUBAJIEHTHA AePUHUINS HA IIPOCTO YHUCJIO0. B
JEHCTBUTETHOCT TsI Ce B3eMa 3a JeUHUINNS Ha aareOpUIHOTO MOHSITHE MPOCT eJIEMEeHT, a
mbpBaTa JeUHUINS 38 OIpPeae/IeHIne Ha HEPA3TIOXKUM €JIeMEHT.

Heka R e obiacT Ha IISJIOCT.

Hedbunurnua 1.3.3 Eaemenmosm q € R napuvwame nepadaoscum ¢ R, axo q # 0, ne e
obpamum (m.e. q % 1) uom q = ab caedsa a ~ 1 uau b ~ 1. Axo nocaednomo ne e usnsaneno
Ka36aME, Ue q € PA3AONCUM.

Hedbunurnusa 1.3.4 Eaemenmasm p € R ce napuva npocm 6 R, xozamo p # 0, ne e obpamum
u 3a 6cako a,b, 3a xoumo p|ab caedsa pla uau plb.

B Z nousiTusiTa HPOCT I HEPA3JIOKUM ejleMeHT c¢bBragar. ChbIOTO ocTaBa B CHIA U 32
Q[z], R[z] u C[z|. Hemo noBede, BsipHa € cJieiHATA TEOpEMA:

Teopema 1.3.5 B obaacm na ysiocm R, 6 xoamo ecexu dea eaemenma umam mati-20A4m
06wy, deaumen, NOHAMUANG TPOCT, U HEPASAOHCUM CAEMEH, CEENAJAM.

Hoxazameacmeo. Heka p e npocr enement u p = ab. Torasa p | ab, koero Bieue
p | awm p|b. Heka p | a. Ho a|p cbmo. CienoBarenno p ~ a u b € R*.
O6parHo, Heka ¢ e HepasziokuM u ¢ | ab. Ako g 1 a, To (¢,a) = 1. Ho Torasa
cbritacHo (5) Ha Teopema 1.2.3 (gb, ab) ~ b, koeto Biteue q | b.

Jlema 1.3.6 Bcako ysaao wucao padauvro om 0 u £1 e uau npocmo wucao Uy uma npocm
deaumen.

Jloxaszameacmeo. Bes orpanudenue Ha OOITHOCT MOXKEM Jia IpeJojgaramMe, ge
a > 1. la npeanosioxkum, de a He e mpocto. Heka a = a1b1. AKo HsIKOE 0T MHOXKH-
TEJIUTE € IPOCT, TO TBbPIACHUETO € BAPHO. Jla IpearooKuM, 9e TOBa He € U3II'bJI-
HEHO W HeKa a1 = asby. AKO HUKOE OT a9 U by He € IPOCTO YUCIIO IIPOIbIIZKABAME
agaJioru4duo. [logydaBame cTporo HaMaJIABAIA PEIUIA OT €CTECTBEHH THUCTIA:

a>ay >ag >+, Karo Aitq | a;.

Ho Bcsiko MHOXKECTBO OT €CTECTBEHU YUC/Ia UMa MIUHUMAJIEH €JIEMEHT, T.€. ChIIECT-
BYBa Gy, KOETO HE Ce pa3jara u CJaeJI0BaTeJHO € IPOCTO Yucjio. OT KOHCTPYKITUATA
Ha peJuliaTa e sCHO, 4e Gy € JeJuTesl Ha a.

JlokazanaTra jeMa e JacTeH cIydail Ha CJIeTHOTO TBbPJIEHUE:

Jlema 1.3.7 B obaacm na 24a6HU UOCAAU 6CEKU HEHYAEE U HEOODATUM EACMEHITL UMA HEPA3-
NOAHCUM, DeAumen.

Teopema 1.3.8 (OcnosHna meopema wa apummemurama) B obaacm om 2aasru ude-
AU BCEKU HEHYAEE U HEOOPAMUM EAEMENM, Ce PA3Aa2e 68 NPOu3sedenue MG HePa3A0ACUMU
MHONHCUMENU U TOBA PA3AG2AHE € eQUHCTNEEHO ¢ MOYHOCT, 00 HaAPedba U acCoOUUUPAHOCT.
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Zloxaszameacmeo. Heka R e obmact or rnaBum umeann m a € R, a # 0, e
meobparum. Corytacuo Jlema 1.3.7, @ uan e HEpa3JIOKUM WIA G = G101, KbJIETO
q1 € HepasIoKuM ejeMeHT. AKO a1 ~ 1 Wan Hepa3JIoKWUM ChITNO, PA3TATAHETO €
moJtydeHo. B mpoTuBHUst citydail ChIECTBYBa o HEPA3JI0KUM, TAKBB U€ 41 = (202.
[IpombkaBaiiku mosryIaBaMe peIuia,

a,ai,az, -, KaTo Gjt] ’ai'

Tasu pejnuna He Moxe Jia e 6e3kpaiina (B Z Bede ro BHUJsSIXMe, a B OOIIUsI CJrydaii
ChINO He ce 0bocHOBaBa TpyaHO). U Taka a = q1q2 -+ - Gn.

Ha npeamonokum, 9e a = q1q2 -+ - ¢n = P1P2 * * - Pms KBACTO ¢; U P; Ca HEPABIONKH-
Mu esieMedTr. Ho B 0bJ1acT oT TyIlaBHE Uaea/H Te ce aBsaBar u npoctu. Ciegosare)-
HO g1 Je/l HeAKoe pj, Hanpumep p; Tosa osnauasa, de q1 = €1p1. CegosaTeno
Q2 Qn = €1D2 - Pm- lIpombinKaBailky pa3chiKICHUATA MOJydaBaMe ¢; ~ p; U
n=m.

CiuencrBue 1.3.9 3a 68cAK0 YANO YUCAO G UMG U MO EOUHCMGBEHO ¢ MOUHOCTM, D0 HapPedba
npeodcmasHe

k1 k k.
a=epy'py’ PRt

Ke0emo € = :tl, Di Ca pas3AautHUu nNpocmu Yucaa, a k‘l eECcmecmeeHu Yucaa.

Caencrue 1.3.10 3a scexu noaunom f(x) ¢ xoepuyuenmu om nosemo F (nanpumep F =
Q, R, C) uma u mo eduncmeeno ¢ mownocm do napedba npedcmasae

k k n
f(@) = apy* (2)p5* () -~ Py (),
ksdemo a € F, p;(x) ca pasauunu nepasaoocumu nad F noaunomu, a k; - ecmecmeenu wucaa.

CreBaioTo TBbPJEHNE € HEITOCPEICTBEHO CJIEJCTBHE OT Je(dUHUINNTE U OCHOBHATA, Te-
opema. Jloka3aTeacTBOTO MPeaoCTaBsIMe Ha INTATEIs.

Tebpaenune 1.3.11 Hexa a = ep*ps? - pS™, o > 0 ub = ezp?lp?---pgn, Bj > 0,
kedemo {p1,p2,...,Pn} € MHOHCECMBOMO OM BCUMKU DPASAUYHY NPOCU YUCAA, KOUMO CG
deaumenu na none edno om wucaama a u b. Toeasa

(a’ b) _ Hp;nin(oqﬂi) [a’ b] _ szr‘nax(al,ﬂi)‘
i=1 i=1

Teopema 1.3.12 Besaka ¢6CmMasHo Yai0 4UCAO T UMA NOHE €OUH NPOCT, DEAUNEN HEHAOMU-
Hasaw, /M.

Hoxazameacmeo. Jla nonycheM, 4e BCHUKU ITPOCTH MHOKHUTEIH p; (MMa TIOHEe
nBa) ca > 4/n. ToraBa n > p1ps > N, KOETO € HEBBH3MOKHO.

CaeacrBue 1.3.13 Axon wne ce deau Ha Hukoe npocmo wucao < \/n, mo n € npocmo “ucao.
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Pewemo na Epamocmen. Tlox ToBa uMe € U3BECTEH eUH €JIeMEHTAPEH METOJ 3a Ha-
MHUpaHe€ Ha BCUYKH IIPOCTU YHCJ/Ia HEHaJIMHWHaBaIllld J1aJ€HO 7. CB”prBa ce C ApeHOrpbIKuUA
MaremaTuk Epatocren (okoso 200 roauuu npeu H.e.) 3a CbyKaJeHHe TOil He ¢ IPUTOIEH 3a
rostiemn gucsa. Meroabr e cieaust:

Benuku ecrectBenn wmcsa < n ce 3alMCBAT IIOCJIEOBATEIHO (Hafi-uecTo B TabJInIa, HAIIPH-
mep ¢ pasmepu (|n/10] 4+ 1) x 10). Banousaiiku oT 2 ce 33pacKBa BCSIKO Y€THO IHCIIO (T.€
qucsiara npes eiHo) 6e3 camoro 2. Ciiesr ToBa ce B3eMa I'bPBOTO HE3a[PACKAHO YHUCIIO (B CIIy-
Jasi 3) U ce 3aJ]pacKBaT BCUYKH HErOBU KpaTHU (T.e. pe3 iBe) 6e3 caMOTO YHCIIO, OT KOETO
ce 3anouBa. Tasu nporeiypa IpobizKaBa JJOKATO e CTUTHE YuCIo > y/n. ChIyiacHO ropHaTa
TeopeMa BCUYKH He3a/IPACKAHH [I0-IOJIEMH YUC/Ia TPAOBa Jla ca IPOCTH.

[TbpBusT X0/ B OIMCAHATA IPOIELyPa MOXKE JIa Ce [IPOIYCHE, T.€. JIa Ce 3allUIIaT CaMo Heder-
HUTE YHCJIa KAKTO e HAlpaBeHo B Tabsunara no-aoiy (¢ pasmepn (|159/16] 4 1) x 8). B to3u
cirydail Karo CTUIHEM He3a/[PACcKaHO YHC/IO M MaK Ce 33 [pacKBa BCsiKo m-To ciej Hero. [lle
or6esIe’KnM, Ye I'bPBOTO TAKOBA YHCJIO (3a 3a/pacKBaHe) nMa CTOMHOCT 3m U Bede e 3ajpac-
KaHO Karo KpaTHo Ha 3. Ilo-ciiesBarmoro e 5m, Koero cbIno e 3ajpackano u T.H. OcraBsive
Ha YUTATe/s Jla MPOBEPH, [e TIpoTielypaTa Tpabsa ja 3anmoune oT m?, koeto e (m? + 1)/2-to
YUCIO B PEJMIATA HA HEUETHUTE IHUCIIA.

3 5 7 11| 13
171 19 23 29 | 31
37 41 | 43 47
53 99 | 61
67 71| 73 79
83 89
97 101 | 103 107 | 109
113 127
131 137 | 139
149 | 151 157

IIpumep 1.3.1 Ero eana npumepna nporpama Ha C 3a HaMupaHe Ha, IIPOCTUTE YUC/Ia HEHAJ-
MUHABAIIH 7, KOATO PEeAJU3NPa OMUCAHUS aJITOPUTHM.

#include <stdio.h>
#include <math.h>

main ()

{ unsigned long int N;
scanf ("%d",&N) ;
prime(N);

}

prime(n) /*primes less than n*/
unsigned long int n;
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if ( n<2 ) {printf ("No primes \n");}
unsigned long int 1= (n+1) / 2;
unsigned long int t; t = (unsigned long int) sqrt(n);
unsigned int P[1],index;
for (index=0; index<l; index++)
{ Plindex]=2*index+1;}
P[0]=2;
unsigned int k,i,j;
for (k=3; k<t; k+=2)
{
if (PL[(k-1)/2]1!=0 )
{ for (i=(k*k-1)/2; i<1l; i+=k)
{ P[il=0; }
}
}
for (j=0; j<1; j++)
{
if (P[j]1==0)
{ continue; }
else
{ printf ("%51u", P[j1);}
}
printf ("\n");

[Ipm romemu n ropHaTa mporpamMa M3WCKBa TBbPIAe MHOTO maMeT. HeobxomumusiT obem
namMer MOXKe Jla Ce pejylupa KaTo Ha BCSKO OT HEYeTHHUTE 4ucjara 0 N (BMECTo ja ce
3aIlMCBa) Ce ChIIOCTABH €JIMH OUT C HAYAJHO ChCTOsIHHE HyJa, KOiTo mpu “3ajpacksaHe’ 1a
ce oOpbia B enuauIa. I[Ipocrure dmcia e cbOTBETCTBAT Ha mo3uiunTe, B KouTo uMma 0. B
TabJINIHAS 3aIC Te Ce M3UNCIABAT JiecHo. HamcrmHa, ga mpeanosioxknm, de paborum ¢ 64
6urosu jgymu. Harrara Tabsmia ce npespbina B macus or M = [n/128| aymu ¢ pbikuna 64
6ura, 1. e. M x 64 6ura. AKo pasriexjaMe Te3u JAyMu KaTo eaHa peauna S(k), To wbpBUSAT
6ur (6ur ¢ Homep 0 B ;myma ¢ HOMep 0) mma unmgekc 0, a 6ur (i,7), T.e. OUT B MO3UNUS j HA

ayma ¢, uMma uanekc k = 641 + 35, 7 =0,1,2,...,63, u cbOTBETCTBa Ha HEUYETHOTO UUCJIO
2k + 1.
H Jofif2].. [62][63]
0/0]0 110
1 0(11]0 1] 1
0]0(1 010
M1

[Mocneguusar 6ur cvorBercrBa Ha guciaoro N = 128M + 1. [la nonoxxum m = |V N |.
Agaroputrsm. [lponenypara e ciaennara:
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Ba Besiko k ot 1 10 m, ako S(k) = 0 moarame
S(2k(k+1) +i(2k+1)) =1, i=1,2,..., nokaro 2k(k + 1)+ i(2k + 1) < 64M.
Vupaxkuaenne 1.3.1 Hanuweme npozpama Ha e3uk no usbop peasusupauys 20pHUA AA20PU-

mom.

1.4 Bpoiian cucremun. CJI0>KHOCT HA APUTMETUYHUTE OIIePaIli.

Teopema 1.4.1 Hexa g > 1 e ecmecmeeno wucao. Beaxo ecmecmseno wucao a ce npedcmass
U Mo No eduHCMBEH HAYUN 666 6uda:

a=ap 19" +ap2g"?+ - +argtay, 0<a;<g-1 (1.3)

Loxaszameacmso. Ilposexaame waayKIwns 110 a. [Ipu a = 1 TBbpenneTo ode-
BHUJIHO € BsipHO. Jla IpeamosioxKuM, 4e TBbPIEHUETO € BIPHO 38 €CTECTBEHH YHCJIa
< a. e ro mokaxkeM u 3a a. KakTo 3HaeM CbINECTBYBAT e HEOTPUIATE/THU
auctan ur : 0 <r < g-—1, rtakuBa ue a = ng + r. Ho n < a. Cobriacuo
WHJ[yKIIMOHHOTO JIOIIyCKaHe, N Ce IIPEeJICTaBsl [0 eIMHCTBEH HauMH BbB Bua (1.3):

k-1 k—2
n=mng-19 = +ng—29 "~ +---+nig+no,
OTK'bJIETO IOJIYIaBaMe
_ k k—1 2
a="ng-19 + Ng—2g + 4+ n1g” +noeg + 7.
IIpeacrassero (1.3) GeexKuM CHKPATEHO € @ = (Gk—10k—2 - - . Gy)g ¥ TO HApUIaMe npedc-
masane Ha a 8 OPOTNa cucmema ¢ ocHosa g (g-uuna bpotina cucmema). Yucmoro k ce Hapuda

deaoicuna Ha a B g-maHa Gpoitna cucrema (Genexuwm length (a) = k) u xassame, ue a e k-
YuPpeHo g-uIHO THUCIIO.

Tebpaenune 1.4.2 length,(a) =k mozasa u camo mozasa, xozamo
Fl<a<gk (1.4)

u e 6 cuna

Ina

length (a) =1+ [log,a] =1+ LDQJ : (1.5)

oxazameacmeo. JISBOTO HEPABEHCTBO € OYEBUIHO, & ASICHOTO CJIEIBA OT
k—1
a<d (g-Dg'=g¢" -1
i=0

Jlorapurmysaiiku (1.4) mosygaBamMe n paBeHCTBOTO 3a k.
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[Tpeacrassinero (1.3) mo ecTecTBeH HAYMH 3a/1aBa U AJITOPUTMHTE 34 3AIHC HA €JHO IHCIIO
n oT enHa Opoiina cucTeMa KbM JApyra.

AnropurbMm 2 (koM ocnosa g): AnropurbMm 3 (om ocrosa g):

Jlagnu: n, g yeau wucaa Jlagnu: g yano wucao, a;, 1 = 0,...,k, yeau
Peszyirrar: a; yeau wucaa wucaa 3a0a6aut (aRar—1 . ..a0)g (Go € MAGOD-
IIpomennusu: t,q, i yeau wucaa wusA paspad)

1:=0,t:=n Peszynrrar: n uano wucao 6 decemumna 6potina
while t > 0 do cucmema

q:= Léj, a;:=t—qg,i:=i+1, t:=q IIpomvenmmBu: t,1 ueAu “ucAa

else i:=k—1,t:=ay;

print Ai_1Qi—9 ... Qg while 1 > 0 do

t:=tg+a;, 1:=1—1;
n:=1t, print n.

O3znauenus o-roasmo - O(-), ¥ 0-MaJIKO - 0(-).
Hedunnnmsa 1.4.3 Hexa f(n) u g(n) ca dse dynryuu: N — R. Kazeame, e
f=0(9),

K02GMO CHUWECMBYBAM nosodcumerna xonemarnma ¢ € R u ng € N, maxusa we 3a 8caxo
n > ng € U3NsAHEHO

[f(n)] < clg(n)].

OsHaueHneTo 0-roJIsIMO 1I0Ka3Ba, Ye (pyHKIWsATa f(Nn) aCHMITOTHYECKH Ce “IOMHHHPA C
TOoIHOCT 70 KoHCcTauTa 0T ¢(n). fcno e, we f = O(g) u g = O(f) ToraBa u camo Torasa,
KOI'aTO CBINECTBYBAT KOHCTAHTH ¢ > 0 1 ¢ > 0, TakuBa 9e 3a JOCTATHIHO [OJIEMH 7

clg(n)] < [f(n)] < calg(n)].

B To3u ciyuait 1BeTe byHKIME UMAT ‘eIHAKBO” aCUMITOTHYIECKO HOBEJICHUE U Oe/IezKIM

f=0(9).
. f(n)
B gacTHOCT rOpHOTO € M3IIbJIHEHO, Koraro lim ——= = const > 0. CiaydasT, KOraTo Tasu
n—oo g(n)

KOHCTaHTa € 1 decto ce orbensssa ¢ f ~ g.

ITpumep 1.4.1 length (n) = O(log,n) = O(Inn), Tbit kaTo HGpoaT Ha nubpHUTe TPH 3aImca
HA N B PA3IMIHKU OPOIHU CHCTEMM C€ OTIMYaBa CaMoO Ha KOHCTAHTA.

N3z061m0, opajin dbakTa, Ue JIOTADUTMUTE IIPU PA3JIMYHUA OCHOBU C€ PA3INdaBaT ¢ KOH-
CTaHTa, OIEHKUTE B TEPMUHUTE Ha O-TOJISAMO Ce€ JaBaT C HATypaJHusd JorapurbM In miam c
JorapuTbM log, mpu ocHoBa 2. 3a KPaTKOCT IIe O3HAYABAME JIBOUYHUSI JIOTAPDUTHM CAMO C
log .

Inn
ITpumep 1.4.2 Inn = O(nf), 3a esxo € > 0, Tit kKaro lim —— =0, Te. Inn < n-.
n—oo N
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Hedbunnims 1.4.4 Hexa f(n) u g(n) ca dse pynxuyuu: N — R. Kaseame, we

f=o(9),
ro2amo e Uu3nNsAHEHO
lim M =0,
n—o0o g(n)

m.e. koeamo |f(n)| < c|g(n)| sa scaxo ¢ > 0, Koaxomo u masxo da e mo.
CoriracHo Ta3u JAeUHAIIS MOYXKEM Ja HAIUIIEM u Inn = o(nc).

Cera ma omenuM Opos Ha mudpuTe IpH CyMa U IPOU3BeJeHHe Ha aBe uucia. Heka
a = (agp—1ak—2...a0)g 1 b = (bj_1bj_2...by)g ca cvorBeTHO Kk M | 1udpeHn g-MIHE UHC-
ga, k > [. Tbit xaro a; + b; < 2¢g, TO lengthg(a +b) = k umm k + 1. CiiesioBaTesiHO MOXKEM Jia
3aIMIIeM, I

length,(a + b) = O(max(k, 1)).

Ot mepasencrsara (1.4) 3akmodaBame, e
length,(ab) = O(k +1)).
Tebpaenue 1.4.5 length(n!) = ©(nlnn).

Jloxasameacmeo. n! e npoussBelieHNe Ha N YUCJIA C JIbJXKAHA HEHAJIMUHABAIIA
length(n). Crenosaresnno

length(n!) < n-length(n) = O(nlnn).

Ot apyra crpanma meka m : 2™ ! < n < 2™ 1e. m = |logn| + 1. Torasa
2m=2 < n/2 < 2™~ orkbaero nomyuasame, ge 3a k > n/2

length(k) >m —1 > logn — 2.

CienoBareHo
length(n!) > %(logn —2).

Ho 3a Bcako 0 < ¢ < 1 mpu JOCTATBIHO TOJSIMO 1 € B CHJIA

21n2
Inn > ,
1—c¢

oTKbAeTO Inn — 21n 2 > clnn. Cremnoarenno

1
Z(logn—2)—n<nn 2)> < nlnn,

“2\ln2 21n 2

OTK'bJIETO IIOJIydaBaMe M HeOOXOIUMAaTa HU OIEHKA OTIOJY

c
1 h(n! ——nlnn.
ength(n!) > Sma e
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[Tpu crbupane Ha JBe uncaa a u b, CbOTBETHO ¢ JbKuHN k 1 | 6bura (nudpn) TpsidBa 1a ce
uspbpiar max{k, {} “esemenrapuu crbupanus” a; + b; u Hafi-MHOTO OIIe TOJIKOBa CbOUPaHUSs
ropajm “mobaBsiHe K'bM II0-BUCOKHS pPa3psia . B TakbB cydaiil obmms 6poit TaKuBa ChOMpaHus
e < 2max(k, l). Cienosarenno HeoOXouMust 6POii eJleMEHTAPHU OLIEPAIIUH, T.€. CJOXKHOCTTA
Ha CbhOMpAaHEeTo e

O(max(Ina, Ind)).

AKo 4ncjiaTa ca 3alMCaHd B JBOMYHA MMO3UIIMOHHA CHCTEMa, TO €JIEMEHTAPHUTE OIEPAINH Ca
TOYHO 1OOKUTOBHU oneparnu. B obmus ciaydait a; + b; orroBapst Ha chOUpane Ha JABE JBOUIHHI
ancsia or < 1+ |log g| 6ura, r.e. u3uckpa < 2+ 2|log g| 6urosn onepanuu. Ho 1bit kKato ToBa
€ KOHCTaHTa, FOpHAaTa OIEHKa OCTaBa B CHUJIA.

OTTyk HATATBK [PU OIEHKUTE 3a CJOXKHOCT IIe Ipe/IojaraMe, 9e ducjaara ca JIajeHu
B JIBOMYEH 3aIlC He CAMO 3alll0TO TaKa Ceé ChbXpaHsiBaT U 0O6paboTBaT B KOMITIOTPHUTE, HO W
[IOPa/Ii TOPEKA3AHOTO 3a BJIMSHUETO Ha OpoifHaTa cucTeMa BbPXY CJIO2KHOCTTA.

Hexka k > [. Ako U3II'bJIHMM yMHOXKEHHETO 110 CTaHIapTHATa MPOIELypa IIIe ca HU Heob-
xoaumu [k 1o OMTOBM yMHOXKEHUS W ¢hOWpaHe Ha Haii-MHOro | dmcia or 1o k + [ — 1 Oura.
CuretoBaresino 6posit Ha eslemenTapuuTe onepanuu e O(kl), T.e. MOXKe J1a HAIUIIEM, e CII0XK-
HOCTT& HA YMHOXKEHUETO €

O(lna-1Inb).

Meton na Kapamy6a. Heka x,y ca nBe uucia or o n = 2m 6ura. [Ipu cranmapraara
IIPOIIEIypa IIe ca HeOOXOIIMMU O(n2) oneparuu. B 1982 Kapaiyba mpeara MeTo 38 yMHO-
JKeHHUe, KOUTO M3UCKBa Mo-MaJIKO oreparuu. Moxkewm jia HamepuM a, b, ¢, d oT 1o m 6ura, Taka
e

x=a2™ 40D, y=c2" +d.

YMHO)KABAMKY TH TI0JIyYaBaMe
zy =v2" 4+ (u—v—w)2™ + w,

K'bJIETO
u=(a+b)(c+d), v=ac, w=bd.

Torasa 3a 6post Ha onepanuure M (n) nmame

k, m=1,
M(n) = {3M(m) + kn, m>1,

KbJETO k € KOHCTAHTA.
Axo n < 2! u | e MEHEMAJIHOTO €CTECTBEHO UHCJIO C TOBA CBOMCTBO, TO IMPUJIArAiiKi FOPHATA
omenka 3a 24,2071 2 roJry9aBaMe

Ho it kato /(I — 1) < 2 u xy0oHm KbM 1, KOraTo | pacre, TO 3a BCsIKa KOHCTaHTa 1 < ¢ < 2
3a JOCTATBHIHO TOJISIMO 1 € U3I'bJHeHo | < ¢ - logn, oTKbIeTO 3l < pelog3  Crenoparesnno 3a
JOCTATHIHO TOJIAMO 7Y

M(n) = O(n®),
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Kbjero o = ¢ -log3 ~ ¢ - 1,585 < 2, T.e. mo-m06pa e OT jJajieHara rope.
MeToabT MOXKe Ja ce Ipere3nupa Karo MHOXKUATEIUTE ce pa3duBar Ha IIOBede OT JIBe JacTH
(Bce etHO ce TpescTaBAT B OpoiiHa cucTeMa ¢ OCHOBA 2’“). Tosa Bo/M JI0 OlLIEHKA,

M(n) = O(n'*?),

Kbaero 1 > ¢ > 0.
Haii-masko onepanuyn u3nuckBa (0T U3BECTHUTE) METOIBT 332 YMHOMKEHHE Ipe3 Obp30 mpe-
obpazysanue Ha Pypwue. [Ipu mero

M(n) = O(lnn - In(lnn)).

Cera ja pasriieame jieleHHeTO ¢ = bq+ 7, KbJIETO a U b ca 4nciia ¢ JbJIKIHA, ChOTBETHO
k u |l 6ura, k > [. 3a ochIiliecTBsiBaHETO My ca HeobxoauMu k — [ 4+ 1 u3BaxKjaHust Ha [-OUTOBU
unciia. CienoBaresno ciaoxkuocrra e O(l(k—1+1)), T.e. MOXKeM J1a HAIIUIIEM, Y€ CIOKHOCTTA
e
O(lna-1Inb).

[Monygenure onenku ca cobpanu B Tabsuna 1.1.

onepanus | CJIOXKHOCT ‘
ath O(maz(Ina,Inbd))
a-b O(Inalnb))
a=bqg+r O(Inalnb)
Tabsmma 1.1.

VYupaxkueumne 1.4.1 Iloxasiceme, we 3a 6poa wa onepayuume npu aszopumsma wa Eexaud
3a HOJ[ e 6 cuaa ouyenkama O(Ina - Inb).

1.5 Bepuxnu apobn.

Hedbununua 1.5.1 Kpatina sepuostcra dpob napuuame

def 1
a = [agp; a1, az,...,a,] = ag + I )
o+ —1—
1
“n71+$
KB0emo  ag € UANO0 YUCA0, 4 A1, 02,03, ... C4 UAU NOAOHCUMEAHU YUCAQ.
Pau’LLOHa/LHomO YUCAO
Py def
O = Or lag; a1, a2, ..., ak)

napuvame k—ma npubauscena dpob na sepuscrama dpob .
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3a wbpBUTE HAKOIKO MPUOIMKEHH ApodU HA v = [ag; ai, Az, . .., ay| TOTyIaBaMe:
ago
dp=apg = —,
0 0 1
1 atag + 1
5 =ag+— = 10T
al al
1 apaias + ag + a2
01 = ag + = .
ar+ o5 azal +1
CiemoBaTestHO
Py=ag, Pi=aao+1, FP»=aparaz+ap+az
(1.6)
Qo=1 Q1 =ua, Q2 = aza; +1
B obmus ciay4ait B cuita € C/1€IHOTO TBbPICHUE:
Tebpaenune 1.5.2 Heka o = [ap;a1,az,...,a,). Qucaumens Py u snamenamens Qr na k-
mama npubasuscena 0pob 6 = % CE MPECMAMAIM, CBC CACOHUME DPEKYPEHMMHU POPMYAU:
P,=1FR=a, Pr=apPr1+P2 1<k<n (1.7)
Q-1=0, Qo=1, Qr = apQr-1+ Qr—2, 1<k<n '

Hoxazameacmeo. Ilpunarame unaykinust o k. @opmynu (7.1) mokassar, ue
TBBbPJEHNETO € BApHO 3a k = 1 m k = 2. Ilpeanonarame, ge TBbPIAEHUETO € BSIPHO
3a Bcuukn ecrectBenn uncia < k. [lle nmokaxkewm, de e B cuna u 3a k + 1.

3a 1esrTa 1a 0TOeIeKUM ThPBO, Ue J;11 MOXKE J1a Ce 3aIuIlle KaTO BepUKHA IPob
¢ JIbJKuHa k:

Ok+1 = lao; a1, a2, . .., agy1] = ag + 1
a +

1
akak+1+1

=1t e

Tbit KaTo IpH IpeobpasyBaHUsATa 3a HPEJCTaBIHETO Ha BepHyKHaTa JIpob KaTo
OOMKHOBEHHA BU/ILT HA YucjIaTa a; (Jajiu ca 1ein win He) e 6e3 3HaueHne, MOKeM
J1a, IIPUJIOYKUM MHYKIIMOHHOTO IIPE/IIOJIOKEeHHe, T.e. UMaMe

akak+1+1 Pkfl + PlcfQ

Sy = — et _ Bt (apPrp—1 + Pr_2)a4+1 _ BPraga + Py
! %qu + Qs Qr—1+ (Qr-1+ Qr-2)ar+1 Qa1+ Qr—1
CireroBaTeHo

Py = Pragyr + Peo1, Qi1 = Qraryr + Qr—1.

Ha orGesnexkum, ve {Qr} € MOHOTOHHO pacTsia PEIUIA OT HOJOKUTETHH eI
qHCIIA.

OdeBuIHO BCKa KpaiiHa BeprzKHa JIpob IpejcTaBs PalMoOHAJIHO YUCI0. BSIpHO € U 00-
PaTHOTO: BCSAKO PAIMOHAIHO YHCJIO Ce 3allCBa €IHO3HAYHO KaTO KpaiiHa BeprxKHa J1pod. Jla
WIFOCTPUPaMe Ka3aHOTO C IPOCT IIPUMED:

14 4 1 1
— =24+ -=2+ =2+

5 5 54 T 1+ L

I[Tpu ToBa 14 =5-24+4; 5=4-1+1, 4=1- -4
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Tebpaenne 1.5.3 Edno peaaro wucio & e pauuonaiio moza6a U camo mo2asa, Ko2amo Mo-
oice da ce npedcmasu kKamo Kpatina eepusicra dpob. IIpedcmasarnemo e edurcmeeno.

Zoxaszameacmso. Jocmamsurnocm. OdeBumHa.

a
Heobxodumocm. Heka oo = 7 Ilosrarame ag = q1, kbaero a = bg; +r1, 0 <1 < b.
Axko r;1 =0, T0 @ = ag e TbpceHoTo npeacrassage. Axo r1 > 0, To oT b = r1qy + 1o
[TOJTy IaBaMe

1
a=ay+ - =ay+ —p
2 a + 2’

KBJETO a1 = g2. Ako rg = 0, TO THPCEHOTO TpeJCcTaBsiHe ¢ « = [ap; a1]. B mporus-
HUsI CJIydail MpobiKaBaMe MpoIeca KaTo HaMupaMe ao = @3 OT 'l = T9q3 + I3 U
T.1. [IporechT Ha pasBuBane Ha § BbB BepuzHa Jpod ciejiBa ajropurbma Ha Epk-
JIMJT 32 HAMUPaHe Ha Haill-rojisiM o6 pesmrest (cpasuu ¢ § 1.2). CrenosaresHo ciiet
KpaeH Opoii ollepaly IIe Moy IiuM OCTaThK HyJla, T.e. pa3BUBAHETO BbB BEPUKHA
Jipo0 111e TPUKJIIOUH. T'bit KATO G = k41 C€ SIBSIBAT YACTHUTE OT [TOCJIEI0BATETHH
JIeJIEHUsI T Ca €IHO3HATHO OIPEJIEIEHH, T.€ MIPEICTABSIHETO € €IMHCTBEHO.

a
VYupaxkueune 1.5.1 Hexa 5= [ag; a1, ..., ay]. dokaorceme, e :

Py = (—1)F g, Qi = (—1) up1,

KB0emo u; u vj ca wucaama om areopumsma na Eexaud (euorc Jlema 1.2.131.2.18). B wacm-
nocm, axo (a,b) = d = au+ bv, mo

uw=(=1)""1Qn-1; v=(=1)"Po1.

P
Jema 1.5.4 Axo — ¢ k—mama npubausicena dpob wa edna eepusicha 0pob, mo
k

PiQr—1 — Po1Qp = (—1)F 1. (1.8)

Zoxaszameacmeo. Unnykius o k. 3a k = 1 TBbPAEHUETO € BSIPHO Tbil KAaTo:
PiQo — Po@Q1 = (arap + 1) -1 —ag - ap = 1. Ille nokaxkem BepuocrTa 3a k + 1.
U3mnon3Baiiku peKypeHTHHTe BPBL3KHU (7.2) mosrydaBame

Py1Qk — PrQri1 = (ap1Pr + Po1)Qk — Pr(ap41Qr + Qr—1) = Pro1Qr — PQr—1 =
—(=1)F = (=D~

Yopaxknenue 1.5.2 Jlokaosceme, ue

(1)

O = O-1 = QrQr-1
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AKo o e mpanmoHaJHO YHCTIO, TO He MOYKe Ja ce TPEJICTABU B KpaifHa BepuzKHa Jpob, HO
MOXKe JIa Ce IPUJIOZKU aHAJIOIMYeH IIPOIeC HA Pa3BUBaHE BbB BEPHXKHA JIPOD C Ta3W pas3JIvKa,

ge Toit 1me 6be Ge3kpaeH. [To-koHKpeTHO TosIAarame ag = |, a1 = . Torasa
a — ap
1
a=ay+ —, a; > 1.
aq
Curex ToBa mostarame a1 = |ag] > 1, s = ———— Koero jasa
a1 —ay
1
o =ag+ 1> g > 1
a + a
U Tbil HATATHK CJIEJ[ N—TaTa CThIIKA 0Ty daBaMe
1
a = [ag;a1,a2,. .. 6y, any1] = ag + T ,
o+ —1—
: 1
an+ i1

KBJIETO Qpt1 > 1.

P
Tebpaenne 1.5.5 Bpssxama na « ¢ n—mama my npubiusicena 0pob —— ce 0asa ¢ pasenc-

n
meomo:.
. an+1pn + P

o 1Qn + Quo1

JlokazaTecTBOTO € OyKBaJIHO ITOBTOPEHHE Ha TOBa Ha TBbpaeHue 1.5.2 u ro ocraBsMe KaTo
yOpaKHeHue 3a IATaTeJsl.

Teopema 1.5.6 Ilpubsusicerume dpobu Ha & YIoBAEMBOPABAM, HEPABEHCTNEANA:

S0 <0< - <Oy < << < Ogppr <--- < 0. (1.9)
v lim §, = a.
n—oo
Zloxaszameacmaeo.
a—06, = 1P+ Py Py PoaQp— PQro1 (—1)*

ap1Qr + Qi1 Qr Qulet1Qr + Qr1)  Qrlar1Qx + Q1)

Tbit kKaro Q; U @ ca MOJOKHUTEIHHA YKUCJIa, TO 33 BCSIKO 1sio | > 0 umame
a—90y >0 mu 04—(521+1<().

Ocgen TOBa cbhryiacHo Yupaxkuenue 1.5.2

dok — Oog—2 = (521: - 62]4:—1) + (52k—1 - 62]4:—2) = QZEQ; ng%l ) > 0,

Tbit KaTo {(Q);} € MOHOTOHHO paCTsINa PeJUIA OT MOJOKUTETHH YUCIa. AHATIO-
TUTHO Ce JIOKA3Ba U Jog_1 > 09f41-

CxommMocTTa Ha peauIiaTa OT MPUOJIMKEHN APo0U CIeaBa OT

(_1)k—1
QrQr—1

O — Op—1 =

— 0, koraro k — o0.
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Teopema 1.5.7 (Galois, 1828) Upavyuonasrnomo wucao o > 1 ce npedcmassa 6 wucmo nepu-
00uNHa, BEPUIICHA IPOD MO2A6A U CAMO MO248a, KO2AMO (v € KOPEH Ha KEAOPAMHO YPaGHEHUE
¢ yeau KoehuyueHmu

ar’? +bx+c=0, a>0,

U 3G cnpeeHamus MYy Kopen & e usnsaneno —1 < a < 0,

Hoxazameacmeo. Heobrodumocm. Heka o = [ag, ay - - - Gy, | € 9UCTO NEPUOJUIHA
(6eskpaitna) BepurkHa J1po6. Tbit KaTo IEeproIbT 1 € n+1, TO (11 = U CBIVIACHO

Tebpoenne 1.5.5 e B cuia
_ aPp + P,

o= ———.
aQn + Qn—l

CiiesioBaTeIHO (v € KOpeH Ha KBaJPaTHOTO yPaBHEHUETO
2
Qnm + (Qn—l - Pn)fL‘ —P,1=0.

Ho ap = ap41 > 1 (Hamomusive, de 1pobTa € YiCTO HEepHOUYHA), KOETO BJieve
a > 1. Or gpyra crpaHa KBaJpaTHAAT TPUUJIEH IpHeMa 3a £ = —1 cToiftHOCT
Qn—Qn1+ P,— P,_1>0,a3axz =0 croitnocr —F,,_1 < 0. CienoBareiano
npyruaT koped & € (—1,0).

Hocmamazunocm. ObpaTHo, HeKa @ > 1 e KOpeH Ha KBaJIPATHOTO yPABHEHUETO

—b+ /D
@’ tbrte=0, a>0, D= —dac, a=—"
a

—b—+D _

KATO JIPYTUSAT KOPEeH & = —on € (—1,0). Or orpannveHusTa 3a @ U &
a
HoJlydaBaMe HepaBeHCTBATA

~b++vVD>2a>b+ VD, " VD > —b,

kouto gasar —b > 0, VD > —bu vD > a. Ocsen ToBa b?> — D = dac = 0
(mod 2a).
D —vD
Ha monoxuMm sy = —b, tg = 2a. Torapa a = SOTF, a= Sot\/>7 u
0 0

so>0, to>0, VD> sy, 2VD > to, D—S%EO (mod tg).

Ha mbpBara crblika oT pa3BUTHETO HA (v BbB BEPUKHA JPOO IOJIydaBaMe

1 1
a=ay+ —, KbaeTo ap = |af, a3 = > 1.
aq a — ap
Tit kKaTo ag > 1, TO YKUCIOTO
_ 1 1
a1 = — = — — E(—l,O).
a — ap ag — «

[TonzBatikun dopmyaute Ha Buer jiecHo Moxke j1a ce HaMepu KBaJJIPATHO ypaBHE-
HHE C e/ KOeDUIMEHTH U IOJIOXKUTEIEH CTapIii KOePHUIIUEHT, YMUTO KOPEHHU Ca,
qucaaTa o u &q. Ilpu ToBa

to _ to(So —aptp — V D) to[(aoto — So) + vV D} s1+vD

041 = = = = y
so — agty + VD (so — aoto)? — D D — (agto — s0)? t1
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KbJIETO CMe TIOJIOKUJIN S1 = agtg — Sg U

—aoptg)? — D D — st
t1 = —(SO il 0) = 2(1[)8[) —a%to-i- 780 €.
to to

Ot ap = |a] crensa apgty < toa, Koero gasa apty < so + Vv D. CienoBaresno
s1 = apty — sop < VD, Koero BJeue

D— 2
t1:t781>0 n t1<tiog=s1+vD<2VvVD
0
OcseH TOBa
251 _
t—:a1+0¢1>1+(—1):0
1

Cnenosarenso s; > 0.
1 raka mnosmyuuxme, ge

vD>s1 >0, 2vVD >t >0, D—s1=0 (modt).
[IpoabakaBaiiku TO3H MPoIieC Ha k—TaTa UTeparus IoJIydaBaMe

s+ VD _ s — VD
—>1 m aqp=———¢

_]-a 0 )
0 0 (—=1,0)

A =

KOHWTO Ca KOPEH! Ha KBaJIPATHO YpaBHEHHE C 1€/ KOSMUIIMEHTH U IOJOKUATEICH
crapiu KoeduiuenT. I1pu ToBa s; 1 tg ca 1ean 4uciia yI0B/IeTBOPABAIII

0<sk<VD,0<t,<2VD, s=ty1ap-1—55-1, D—sp="tp 1ty (1.10)

Ba durcupano D cbiecTBYBAT 04EBUIHO CaMO KpaeH 6poii 1Boiiku (sk, ty) yao0B-
neropsiBamu yesosusi (1.10). CrenoBaresino cbinecrByBar k < n, Takupa de
Sk = Sp, tp = t, U CIIEIOBATEIHO (v, = (. TOrapa

D—si D-s2
lg—1 = = =tp1 B Sp_1—Sp-1 = tn_1(Gk—1 — An_1).
tk tn

CitemoBaTeIHo

_ _ Sk—1 — Sn—1
I>a 1—Qp1=———— =01 — Ap—1,
tn—l

it Kato &; € (—1,0). Ho ag_1 n a,—1 ca nesn gucia, Koero JaBa
Q-1 = An-1 n  Sg—1 = Sn-1-

HampaBennTe paschbKaeHNs MOKa3BaT, Ue MbpBaTa IBOUKA, KOATO Ce IOBTApP: €
(s0,to). CieroBaresHO (v ce pa3BUBA B YUCTO IEPHOJMYHA Oe3KpaiiHa BEpHIKHA

apob.
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Teopema 1.5.8 Axo D e ecmecmeaeno, xoemo He e mouen xeadpam, mo v D ce passusa 6

nepuoduMHa 8epudicHa 0poo:

VD = [ap; a1, ..., an,2a0,a1 ...ay],

P,
xs0emo ag = {\/EJ, u n—mama my npubsusicena dpod Q—n (nepuodsm e n + 1) ydosaemeso-

n
pABa paceHCImeomo:

P2 _Q:D = (—1)"". (1.11)

Hoxazameacmeo. Ot ag = |V D] cnensa, ue —1 < ag—vD < 0,a vV D+ag > 1.
OcBen ToBa . = ag + VD u & = a9 — vV D ca KOpeHU Ha KBaJpPaTHOTO ypaBHEHUE
2 —2apx + (a% — D) = 0. Torasa cbriacuo Teopema 1.5.7 KOpeHBT « ce pa3BuUBa B

YHUCTO HEPUOANTHA BepHKHA 1po0: V D+ag = [2ap; a1, . . ., an, 249, a1, . . ., Gn, 200, a1, . . .

OTK'BJIETO TOJIydaBaMe IIbPBAaTa IaCT HA TBbLPIAEHUETO.
Toit kKaTo apny1 = ag + vV D, To TBbpaenune 1.5.5 uu nasa

VD = {00+ VD) Py + Py

((10 + \/E)Qn + anl ‘

[IpupaBusaBaliKy paMOHATHATE U UPAIMOHAHI JAaCTH IIOJIydaBaMe

P, = DQn_QOPn
Qn—l = Pn - aOQn-

BamectrBaiiku B paBeHcTBO (1.8) mosyuaBame
Py —@QuD=(-1)"".

IIpumep 1.5.1 Jla pazBuem BbB BepukHa Japob v/ 14:

1 1 1 1
VId=34+ ——— =3+ =3+ =34+ — =
14 V14-2 1+ 10 14_% 14— 1
T S(Vit2) 24 Y2 2 it
1 1 1
34 . =3+ - =34+ - =[3:1,2,1,6,1,2,1,6,...
1+2+ - 1+2+%5 1+2++1
1 A= R .

3a npubnKeHnTe ApPodU MOIyIaBaMe:

P,=1, Py=3, P =4, Py—=11, P;=15,
Q—lzoa Q(]:lv lela Q2:31 Q3:47
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AnropursbMm 3a pasBuBaHe Ha V) B IepuUOJMYHA BEPUXKHA JIPOO.

ag = VD, ap = |aol, Py =1, By =ay, Q-1=0, Qo=1;
1
ap = ; ap = |ai, P =a1Py+ Py, Q1=0a1Qo +Q-1,
ap — Qg
1
ay = , ay = |az], Py, =ayPy + P, Q2 = aQ1 + Qo;
a1 — aq
1
a = —, ap, = |oul, P, =apPy_1+ Py_2, Qr = apQr—1 + Qr—2;
Qp_1 — a1
Ha k-ta crbika nposepssame: AKo ay = ai, crmpame i v/ D = [ag; a1, ..., Gr_1 -

Ako ag — ag = 0, ciupame u ToBa O3HaUaBa, 4e ) e TOUeH KBajpar.

Bapuanr na anropurbMma (10 jokasaresctBoro Ha Teopema 1.3.4).

Vb= St VD

S0 = 07 tO = ]-a Qp = ¢ ap = LQOJ;
D—S% s1+vD "
81 = agty — So, 1= ——, a=——, a; = |oq];
to t1
B D — 53 _ so+ VD _ _
so = aty — s1, ty=—2,  apg=—"——, az = [az];
t1 to
D—si sk—l—\/ﬁ
Sk = ak—1tk—1 — Sk—1, ty = ——, o] =—"", ar, = |ax];
tr—1 173

Ha k-ta crbuka nposepsiBame naiu (S, i) = (S1,t1). AKO € BIPHO ciupaMe U moJiaraMe

VD = [ag; @i, -5 a1 -
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Ilpumep 1.5.2 Jla pa3BueMm BbB BepuzkHa JApob /14 MOJIB3BAKU TOPHUSA aJTrOPUTHM:

sp = aity — 81 = 2,

S§3 = agto — So = 2,

S4 :a3t3—53 :3,

85:a4t4—84:3:81,

CrenoBaTesHo

to = 1,
tl:MIBQ:&
t2:14;22:27
t3=14g22=57
t4:14;32:1’
t5:14;32:5:t17

V14 =[3;1,2,1,6].

0++v14

ag = ———,
1

3++V14

oy = ——
)

2414

oy = —(——,
2

24414

a3 = ———,
)

3+v14

Oy = ——,
1
a5 = aq,

ap = |ag] = 3;
ap = o] =1;
az = |az] =25
az = |ag| =1;
as = |ag] = 6;

a5:a1:1;
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1.6 Honbanureanu 3aga4dm KbMm lmasa 1.

Bagauaa 1.1 Jokaoiceme, we axo 2" + 1 e npocmo wucao, mo n = 28, 3a waxoe k > 0.
k
(Ipocmume wucaa om euda Fy, = 22 + 1 ce napunam npocmu wucaa na Pepma.)

Bamaua 1.2 Ilposepeme, we Fy, F1, Fo, F3 u Fy ca npocmu, no F5 = 641 - 6700417.

Bamaua 1.3 IIposepeme, e wucaomo wa Mepcen My = 211 — 1 e caemasho wucaro.

—1)!
Sagaua 1.4 Jokxaosceme, ue % € UANO YUCAO.

Banaga 1.5 Ilokasiceme, we ako p u 8p — 1 ca edrnospemenno npocmu, mo 8p+1 e cacmasno
YUCAO.

Bamaua 1.6 IIposepeme, we cmotinocmume wa f(x) = 2 +x +41 (noaurom wa Otaep) 3a
x = —40,-39,...,0,1,...,39 ca npocmu wucaa (3a x =0,...,39 ca pazavuru).

Bamaua 1.7 Jloxaosceme, we e cowecmeysa nosurom f(z) ¢ yeau xoeduyuenmu, 3a Koumo
f(n) da e npocmo 3a ecara yara cmotinocm na n.

Bamaua 1.8 Peweme duogarmosume ypasrerus
a) 1192 — 29y = §; 6) 122 — Ty =15 6) 132z — 153y = 178.

Bamaua 1.9 Peweme 6 UeAlu “UCAG CUCTIEMUME

r1 + o + 4dxs + 224 = b
—3.%'1 — X2 — 6.TU4
—x1 — To 4+ 2x3 — 224 = 1

20x + 44y +50z = 10
Y| 7p 13y 4112 = 19 6)



