I'maBa 3

CpaBHeHus.

3.1 EjgemeHTapHM CBOICTBA HA CPAaBHEHUSTA.

Hedunuurusa 3.1.1 Hexa n # 0 e yaro wucao. Kazsame, we yeaume wucsa a v b ca cpas-
HUMU (KOH2PYeHMHU) No MOOYA N U BEAEIHCUM C

a=b(modn),
Koeamo padasuxama a — b ce deau na n.

Teopema 3.1.2 B cuna ca caednume ceoticmea:
1) a =b(mod n) e perayus na exeusaseHmMHOCM;

2) Axo a =b(modn) uc=d(modn), mo(axc)=(bxd)(modn);

(1)

(2)

(3) Awo a = b(mod n) u c = d(mod n), mo ac = bd (mod n);
(4) Axo f(z) € Zlz] u a = b(mod n), mo f(a) = £(b) (mod n);
(5) Axo ma = mb(modn) ud = (m,n)), moa=b(mod ™);
(6)

6) Axo a = b(mod n) u d e obw deaumen na a un (6 wacmnocm d = (a,n)), mo d|b.

Hoxazameacmeo. (3): Or ycinosuero a —b = kn u ¢ —d = In. Torasa ac —bd =
ac — bc + bc — bd = ken + lbn = (ke + 1b)n.

(5): Cobrnacuo yciaosuero umame ma — mb = kn. [deneiiku na d mosydasame
mi(a —b) = kny, kbaero m; = m/d, n; =n/d. Ho (m1,n1) = 1 u crenoBarenno
ni|(a—Db).

Cwriacho cgoiictBo (1) mesmre yucsia ce pasbuBaT Ha N HENPECHYAIH Ce KJIACOBE CPaB-
HUMU IIOMEXKy Ynca. Bcekn ejeMeHT oT JajieH KJac Ie HapudaMe IIPeICcTaBUTe Ha KJlaca.

3abenexxkka 3.1 /lagenara gepuruus ce b6aszmpa caMO Ha MOHSITHETO JEJIHMOCT, Taka e
MOZKe Jla ce Jajie BbB BeaKa 00JIacT Ha Is/IO0CT. B 4acTHOCT, IOHATHEeTO CpaBHHMOCT H CBOIiC-
TBaTa My OCTaBaT B CHJIA 3a IIPBCTEHH OT IIOJMHOMH HaJ[ 1oJie, KakTo u B Z[x|. B airebpara
IIOHATHETO ce 0bobmiaBa A0 CpaBHEHHE IO MOAYJT Hjeasl B IPBHCTEH.

45
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Ot TYK HaTaTbK 1€ CHUTaMe, 9€ MOJYJ/JIbT € ITOJIO2KUTEJICH.

Hedununusa 3.1.3 Beaka co6KynHOCT, 0M N UCAU HUCAG A1, (2, . . - , Oy, ABABAWU CE NPEIC-
MABUMENU HA PAAUYHU KAACOBE (M.€. HeCPABHUMU 06€ N0 J6€) N0 MOOYA N CE HAPUHA NBAHA
cucmema om oCmamsuu no Mooys Nn.

Enna nbiHa cucrema octarbin 1o Moy n obpadysar uuciara 0,1,2,....n — 1. Ta ce
Hapwia CUCTeMa OT Hall-MaJKHATe HEOTPHUIIATETHU OCTATHITH.

3abenexka 3.2 CpolicTBaTa Ha CPABHEHHSITA TI0KA3BaT, 9€ MHOXKECTBOTO
Zn,=40,1,2,...,n—1}

€ KOMyTaTHBEH MPBHCTEH OTHOCHO ONEPAI[HUTe ChOHpaHe H YMHOXKEHHE IO MOIYJI M, T.e. MO
IIPOU3BEJICHHUE Ha, JIBa eJleMeHTa B 7, pa3bupame ocTaTbKa Ha MPOU3BEJICHHETO UM KaTO IIeJIH
qHCsIa CJIe] JJeJIeHHETO My Ha N (aHAJOrHIHO U 3a cymara). IIpberensr Zy, € ¢ equanma, HO B

obmust ciryqaii He e obsact Ha 1stoct. Hanpumep 3 - 4 = 12 (mod 12), r.e. paBHO Ha HyJia B
Zlg.

Teopema 3.1.4 Axon um ca dée 63aUMHONPOCTNU ECMECMEEHU YUCAA, 4T € L, MO YUCAAMA
rrm+r2m+r, ..., (n—1)m+r
06pasy6am NeANa CUCTEMA 0CTNATNBUL 10 MOOYA M.

Joxazameacmaeo. JlocTtaTbiHO e J1a MoKarkeM, 4e TOPHUTE YUCJIa JBE 110 JIBe He
ca cpasanmu. Hamernna na npennonoxum, de km + r = Im + r (mod n). Torasa
(k—1)m =0 (mod n). Ho (n,m) = 1. Cnenosaresnno n | (k—1), koero Biede k = [.

Teopema 3.1.5 Hexa n u m ca dee 83aumHonpocmu ecmecmeenu wucaa. Axo x npobsazea
NBAHA CUCTNEME OCTMAMBUL NO MOJYA N, G Y NBAHG CUCTNEMA OCTAMBUL N0 MOOYA M, MO
mn-me wucaa

mx + ny

06pa3y6am nsAaHa cucmema ocmamasuyu no MOOy./L mn.

Hoxaszameacmeo. TocrarbuHo e Jja moKazkeM, e TOPHUTE THUCIIA JIBE 110 JIBE He
ca kourpyentuu. Hancruna na npeamonoxnm, 1e mx+ny = mai+ny; (mod mn).
Torasa mx —mx1+ = ny; —ny (mod mn) u cvruacuo (6) na Teopema 3.1.2 mz =
mzx1 (mod n) u ny = ny; (mod m). Msnonssaiiku, 1e (n,m) = 1 nosyuasame, 1e
x = x1 (mod n) u y = y1 (mod m).

Hedununms 3.1.6 Beaka cosxynnocm om @(n) 63auMHONPOCTIU € N YeAU HUCAA, KOUMO Ca
dee no dee nexkonepyenmHu no Modya N ce Hapuyua PedYUUPaAHaG CUCMeMa oM oCmamsuu
no Mooy n.

Teopema 3.1.7 Hexa n u m ca dee 83aumHonpocmu ecmecmeeny wucaa. Axo T npobszea
PEQYUUPAHG CUCTNEMA OCTNAMBUL N0 MOOYA T, G Y PEJYUUPAHG CUCTNEME OCTNAMBUL 1O MOJYA
M, YEAUME YUCAG

mx + ny

ca p(n)p(m) na 6pot u 0bpasysam pedyuuPaHa CUCTNEMA OCTNAMBUL NO MOJYA TN
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Hoxaszameacmeo. Ot (m,n) = (z,n) = (y,m) = 1 ciensa, e
(mz +ny,m) = (ny,m) =1 u (mx+ny,n) = (nz,n) = 1.

Canenosarenso (mz+ny, mn) = 1. O6parHo , aKO MT+nyYy e B3AUMHOIIPOCTO C Mn,
To (z,n) = 1 u (y, m) = 1, Tbil KATO IPOTUBHOTO BOjM J10 ipoTuBopedne. OT apyra
crpana, cbryiacHo Teopema 3.1.4, KOraro ocTaBUM T U Y Jia IPUEMAT TPOU3BOJIHU
CTOMHOCTH Pa3rJIeXKIaHOTO MHOXKECTBO 0OpasyBa I'bjiHa cucreMa, CiieoBaTesHo
¢ orpaaunvenuero (x,n) = (y,m) = 1 yuciaara mz + ny Ie ONUIIAT PeLyIUPaHa
cucTeMa OT octarbin. B wacHocT noyvasame, de mpu (m,n) = 1

p(mn) = p(n)p(n).

Teopema 3.1.8 (Maaxa meopema na Pepma) Hexa p e npocmo wucao. 3a écaxo a € 7
€ 6 cuaa
a? = a(mod p).

Zloxazameacmeo. ChbriiacHo cBoOCTBATA HA CPABHEHUSITA JOCTATHIHO € J1a I110-
KaxkeM, de TBbpenueTo e Bsapuo 3a 0,1,2,...,p — 1. Pa3zcbxkmaBaMe WHIyKTUBHO
o a. IIpy @ = 0 u @ = 1 TBBp/IEHNETO € OUEeBUTHO BsApHO. Jla mpeanonoKum, e
aP = a (mod p) 3a a < p. llle ro noxkaxkem u 3a a + 1.

p—1
(a+1)P =d’ + Z (i)a”_k + 1
k=1

<p> _pp=1)...(p—k+1) — 0 (mod p).

k!

CiretoBaTeto
(a+1)P=d”+1=a+1(mod p).

Ila oTGenexknM, ge TBLPAEHNETO Ha TeopeMaTa e eKpupatenTHo ¢ a’~ ' = 1 (mod p)
3a BCsko (a,p) = 1.

B 1760 r. Oitnep joka3Ba CIEIHOTO 0DOIIEHNE Ha MOPHATA TeopeMa, n3BecTHO Karo Teo-
pema Ha Oiisep.

Teopema 3.1.9 Hexa n e ecmecmeeho wucao. Axo a € 7 € 83aUMHONDOCTO C N, MO
a?™ =1 (mod n).

Hoxaszameacmeo. Heka k = p(n) u ai,ag,...,a; € enHa pegaynupaHa CHCTEMA
oT ocraTblIy 10 Moaysa n. Torasa duciara

aal,aag, . ..,aqk

OYEBUHO Ca B3aMMHOIIPOCTH C N ¥ Ca HECPABHUMHU JBe 10 Ase 1o momya n. Cie-
JIOBATEJIHO 00pa3yBaT pelyllipaHa CHCTeMa OT OcTaTbhIu 1o Moaysa n. Ho Torasa
e B cuia

a1a.a2G . . . axa = ajaz . .. a, (mod n).
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Karo pasjenum jiBere crpaHi Ha FOPHOTO cpaBHeHHe Ha | [ a;, KOETO € Bb3MOXKHO
coruacto (5) ma Teopema 3.1.2, nosmy4yasame

af =1 (mod n).

IIpu n = p npocTo dnc/o moydaBamMe Jpyro JoKa3aTe/cTBo Ha MaJjikara TeopeMa
Ha Pepwma.

Hedbununus 3.1.10 Edno uar0 wucso Hapuvame 06pamumo no mMoodya n, Ko2amo cou,ec-
meyea x € 7, maxosa we axr =1 (mod n). Yucaomo x ce napuua o6pammo Ha a nNOo Modya
n.

fcHo e, e BCAKO 1, KOETO y/IOBJIETBOpsiBa ropHaTa jedunuius € cpaBuumo ¢ x. [lo-obimo,
aKo a1 = a U X1 = X, TO T1 € 00paTHO Ha a1 [0 MOIYJ 1. 3aTOBa Ka3BaMe, 4e 0OpaTHOTO
YUCJIO € ONPEIEIEHO eTHO3HAYHO C TOYHOCT JI0 CPABHUMOCT II0 MOJYJI 7 U MOYKEM J1a TOBOPUM
3a 00paTHU €IMH Ha APYr KJIACOBE OCTATbBIH.
9 6 1<z<n—-1meb ~1 (mod

HCJIOTO X, KoeTo e obpatHo Ha a u 1 < x < n e Gestexxum ¢ ¢~ (mod n) mim Tpocro ¢

a_l, KOraTo € siCeH MOJYJIbT.

Teopema 3.1.11 Heka n e ecmecmeeno wucao. Laromo wucio a € o6pamumo no modys n
mozasa u camo moeasa, xozamo (a,n) = 1.

oxaszameacmeo. a € 7 e obpaTuMo IO MOIYJI N UHUCJIO <> CbIIECTBYBa &
110, Taka e ax = 1 (mod n). IocaeqHOTO € M3IbIHEHO TOraBa U CaMO TOTaBa,
KOI'aTO CBINECTBYBaA Y € Z, Taka 4e

ar +yn = 1.

TopHOTO paBeHCTBO € Bb3MOXKHO <=  (a,n) = 1 u uuciara £ U y ce HAMHPAT
4pe3 anropurbMa Ha Ekimi. fcHo e, ue b € Z,, : b = x(mod n) e Tbpcenus
obpaten Ha a eneMent. Toit Moxke Ha ce mspasu u upes a. Coriaacuo Teopemara
na Oiiznep b = a?™~! yroBnersopsisa cpasrenuero ab = 1 (mod n).

Babesexxka 3.3 IopHara Teopema I10Ka3Ba, 4e OpOST Ha 0OpATHMHUTE €JI€MEHTH B Ly, T.e
peabT Ha MysaruimkarupHarta rpyna |7 | = ¢(n). CrexoBaresHo Z, e moJie ToraBa U CaMo
Torapa, korato p(n) =n — 1, T.e. koraro n e npocro uucsao. O6paTHUAT HA a B Ly, ce JaBa ¢
dbopmymara a~' = a®™ =1 (mod n), Ho HamupaneTo My upes anropurbMa Ha BBk nsucksa
1I0-MAaJIKO ONEPAIUH, JJOPU KOTaTo CTOHHOCTTa ¢(n) e H3BeCTHA.

Teopema 3.1.12 (Teopema na Yuicon) Heoxodumomo u docmamsuno ycrosue ecmecmee-
HOMO “HUCAO T 00 € TPOCTNO HUCAO €

(n—1)!4+1=0(mod n)

Joxasameacmeo. Heobxodumocm. Hexa n = p e npocro uncio. Toit karo 22 =

1 (mod p) Torasa u camo Torasa, Koraro p jeau r — 1 uiau £ + 1, To e[MHCTBEHUTE
qHCIa, KOUTO ChBIAJAT CbC CBOMTE 00paTHu 10 Moy p ca 1 u p— 1. Ocrananure
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qucaa oT 2 10 p — 2 ce pasdbuBaT Ha JABOMKU OT OOpaTHHU €IUH Ha APYL eJIeMEHTH.
CireoBareno

23...(p—2) =1 (mod p).

Ho Torasa
(p-Dl=p-1

—1 (mod p),

OTKB/JIETO IIOJIydaBaMe

(p— 1!+ 1=0(mod p).

Jlocmamaunocm. Heka ecrecTBEHOTO YHCI0 N = ab yJOBIETBOPsiBA CPABHEHUETO
ul<a<n. Tsit karo a|(n — 1)!, To or ceoiicro (6) Ha Teopema 3.1.2 ciezpa,
e a|l, Te. a =1 u n e opocro.

3.2 Jluueiinu cpaBHeHusiTa. Kutaiicka TeopeMa 3a ocTaTbIUTE.

Ha pasriegame nmneitnoro cpasaenue ax + b = 0 (mod n). Ilo nedununus n we nenn a, t.e.

a # 0 (mod n).
Teopema 3.2.1 Cpasneruemo
ax +b=0(mod n) (3.1)

UM PEWEHUE MO2A6A U CaMO Mo2asa, koeamo d = (a,n) deau b. B mosu cayuaii cpasheruemo
uMa Mmoo d pewerus

o, a;o—i—g,xo—i-Qg,...,xo—i-(d—l)%, (3.2)
Ksdemo
xo = —blaf(m)fl (mod ny)

way =a/d, by =b/d uny =n/d.

Hoxazameacmeo. Cobriacho ceoiicto (6) Ha Teopema 3.1.2, ako cpaBHEHHETO
uma perterne, o d = (a,n) Tpsibsa ga geau b. O6parHO, HEKA IIOCIEIHOTO €
m3nbineno. Torasa (5) ma Teopema 3.1.2 um jaBa, ue cpasmennero (3.1) mva
pellleHre ToraBa 1 caMo TOraBa, KOIaTo MMa PelieHue

a1z + by = 0 (mod nq), (3.3)

Kbaero a3 = a/d, by = b/d nu ny = n/d. Tvit karo (a;,n1) = 1, To cbrIacHO
Teopema 3.1.11 cblmecTByBa €IMHCTBEHO IO MOJYJI 7| €CTECTBEHO UHCJO T, Ta-
ka e ajz; = 1(mod ny). Caemosarenno xg = —bjxy yaosiersopsisa (3.3) u e
eJIMHCTBEHOTO My O MOJyJ ny pemenue. Yuciara gajenu ¢ (3.2) cbBoajgar Kato
pemiernst (o mMoiys n1) Ha (3.3), HO ca pasnuunu pemenust zHa (3.1). OT npyra
cTpaHa BCsiKo pemnienne Ha (3.1) TpsabBa ja e cpaBHUMO ¢ g 110 Moy ny. Ciemo-
BaTeJIHO TPsAOBA JIa € CPABHUMO C o + kni, T.e. ¢ Hsakoe oT (3.2), no moxyn n. C
TOBa TEOpEMAaTa € JIOKa3aHa.
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Yupaxkuenue 3.2.1 Jloxasceme, we axo (ay,as,....ax,b,n) = d, mo pewernuama Ha

a1xy + agxe + -+ - + aprr = b(mod n)

ce dasam ¢ gopmysume

n

x0+y+d

v,

ksdemo xo = (Zo1,. .., Tok) € pewenue na

y:

a, =a;/d, b =b/d uny =n/d, a v = (v1,vs,...

Teopema 3.2.2 Hexa mq, ma,..
B8CAKA CBEKYNHOCTL OM UEAU “HUCAG 1, G2, . .
m =

ajzy + ajxs + - - + ayx, = b (mod ny),
(Y1,---,Yr) e pewenue 1a

ajzy + ajwe + -+ ayxr = 0 (mod ny),

, V) ydosaemeopasa v; € {0,1,...,d—1}.

CienBalnara TeopeMa € IOIyJspHa 1moJ uMero Kumaticka meopema 36 0CMaMasUl-
me. Qopmynupana e B Kaura Ha kuTaiickust maremaruk Cyn T3y (okoso 250 r.), HO BEpOSITHO
1 Omjia M3BECTHA Ha KUTAWCKUTE MaTeMaTHUIIM OIle IIpeau HoBaTa epa. B Kpast Ha IbPBU BEK
ot noBata epa Hukomaxyc, maremaruk ot [laylecruna, jgaBa perenne Ha KOHKPETEH IPUMEP
CJIEJIBAKM CT'BIIKUTE B JIAJIEHOTO IO-I0/y JI0KA3aTeJICTBO.

MIM3 . .. My, YAAO YUCAO T, KOEMO € eOHOBPEMERHO DEWEHUE HA KOHZPYEHUUUTNE
r = ay (mod my), © = az (mod ma), ..., x = a, (mod my,).

Hoxazameacmeo. Jla oznauum ¢ M; = m/m;. YCJI0BHETO 338 MOJLYJIUTE M,; BIeYe
(My, My, ..., M,) = 1. CaeaoBaTeJHO CHINECTBYBAT IEIH THCTA Ui, U, - - - , Up,
TaKNBa Y€

ur My +uoMs + -+ + up My, = 1.

Torasa 3a Besiko @ = 1,2, ..., n e usmbianeno e; = u; M; = 1 (mod m;), KoeTo 3ae-
HO ¢ oveBHAHHUTE cpaBHeHu:A €; = ujM; = 0 (mod m;), 3a BesaKo j # i, IOKa3Bar,
e

= aiuy My + asuoMs + - - - + au, M,

e pelenne Ha cucremara (3.4).

Ako y e npoussosiHO pererne Ha (3.4), To pasimkaTa y — & TpsibBa Ja ce JeJiu
Ha BCEKM OT MOJyJIMTe m;. Tbil KaTo Te ca JBe Mo JBe B3aMMHOIIPOCTH, TO TS CE
JIeJIT ¥ Ha TIPOU3BEJICHUETO UM 1M = M1Ms . . . M.

Babesexxka 3.4 Cpasrernuero u; M; = 1 (mod m;) nokassa, 4e u; = Mt (mod m;).

JIOBaTEJIHO YHUCJIATa U7, . .

)

aaropurbMma Ha EBrmma 3a M; mm;, 1 =1,...,n.

., My, €6 J6€ NO d6e 83aUMHONPOCTNU ECTMECTNEEHY YUCAA. 3a
.y Qp COWECTNBYBA U MO eQUHCMBEHO NO MOOJYA

(3.4)

Cire-

., Uy, MOTAT JTa c€ HAMEPAT HE3ABHCHMO €HO OT JPYIO NpHUIaraiKu
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IIpumep 3.2.1 [a permuM cucreMara CJIeJIHUTE TPU CDABHEHMUSL:
x=1(mod 3), z=4(mod 5), =4 (mod 7).

Tpure Moay/Ia ca IBa II0 JBa B3aNMHO IIPOCTH U ChIviacHO KuTaiickaTa TeopeMa 3a 0CTaTbIUTe
cucreMaTa MMa, eIUHCTBEHO perreHne Mo Moy 3.5.7 = 105. Cienpaiiku J10Ka3aTeJICTBOTO 1
mamupame My = 35, My = 21 u M3 = 15. Torasa u; = 357! = 27! = 2 = —1(mod 3),
ug =21"1 =171 =1(mod 5) n ug = 1571 =171 = 1 (mod 7). Torasa Tbpcenoro pemenne e

x=1-(-1)-35+4-1-214+4-1-15=109
Cre10BaTEIHO BCSIKO
x = 4 (mod 105)

€ pemeHnue Ha cucremMara.

Teopema 3.2.3 Hexa mi,msa,..., M ca d6e no d6e 63AUMHONPOCTU €CMECTNBEHU YUCAL U
m=mims...my. lozasa

Iy =11 @ L& @Iy 2 Ly ®ZLiny @ -+ ® Ly,
kedemo Ij = Ly, ca udeanrt 1a Ly,.

oxazameacmeo. NzomopduaMbT MOXKE Ja ce JOKarKe JTUPEKTHO KaTo ce pas-
reia n300paskeHueTo

. Zm%Zml@ng@@ka
7 o) = (@2, ),

Kbjero z; = x (mod m;), i = 1,...,k. Or kuraiickara Teopema ciejBa, de TOBa
n300pakeHue € CIOPEKTUBHO M T'bil KATO OYEBUJIHO € WHEKTUBHO II0JIydYaBaMe, e
@ e buektnust. CBolicTBaTa Ha CpaBHEHUSITA HU JABAT, Y€ TO 3ala3Ba OlEPaIlnTe,
T.e. siBABs ce u xoMoMopduszbM. CIIeJI0OBATENHO ¢ € THhPCEHUAT U30MOPMUIBM.

ITo-untepectnoe e, obate, Kak Zj, ce IpeAcTaBd KaTO NUPEKTHA CyMa Ha CBOU
noanpberenn (uaeann). CraeaBaiiku O3HAYEHUATA OT JOKA3ATEJICTBOTO HA KUTAC-
KaTa Teopema 3a ocrarbuure Heka M; = m/m; u e; = u;M;. Torasa B Zp,

etrtex+--+e =1 u ee; =0,

OTK'LIETO II0JIydaBaMe 1
2
e; =e;(1— E e;) = €.
J#i
CnenoBarento I; = €;Zpy; = {0,e;,2e;,...,(m; — 1)e;} ca ugeamn B Zy,, a e;

U3II'LJIHABAT poJidTa Ha eauauin B I;. CbrylacHO KUTaiicKaTa TeopeMa 3a BCAKO
T € Zp, € B CHJIa €JJUHCTBEHOTO TPEJICTABSIHE

T =2z1€1 + T2€2 + - - - + T,

kbJero x; = x (mod m;). ToBa nokassa, e Z,, e JUpeKTHA cymMa OT ujeaaure I;.
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Cnexncrsue 3.2.4 Axon = p{'ps*... pZ’“ € Pa3aazaHemo Ha 1 Ha NPOCTU MHOHCUMEAU, O

Loy, = Zpil @Zp? D--- @Zpik

VYupaxxuaenune 3.2.2 Jloxaosceme, we 1eobrodumomo u dOCMAmMsUHO YCAOBUE CUCTNEMAMA
CPABHEHUA
x = aj (mod my), x = az (mod ma), ..., © = a; (mod my)

da uma pewenue e 3a 6caxo i # j da e usnsanerno (m;, m;j)|(a; — a;). Pewernuemo e edunc-
MBEHO NO MOOYA HAT-MAAKOMO 000 KPAMHKO [N, . .., My Ha Modysume.

3.3 CpaBHeHHusiTa OT BTOPa 1 MO-BUCOKa CTEIIEH.

Jedbununusa 3.3.1 Hexa f(z) = ag + a1 + - + apz® w g(x) = by + byz + --- + bz! ca
dsa nosuroma ¢ uyeau xoepuyuenmu. Kazsame, we me ca msaclecmeeHo KOH2PYEHIMHU
u 3anuceame

f(x) = g(x) (mod n),

Kozamo a; = b; (mod n) sai=0,1,... max{k,l}.

Babenexka 3.5 Or anrebpara e H3BeCTHO, 4e IPbCTEHBT Z[x] € 06s1acT Ha ISLIOCT C €IHO3-
HAYHO pa3JaraHe Ha HEPA3JIOXKHUMH MHOXKHTETH (Makap Jja He € MPBCTEH OT [VIABHU HJICAJIH)
u Beekn jiBa noymaoMa umar HOJI (KoiiTo He e 3a1bJIXKUTETHO ChC cTapiiu KoeguimeHT 1).
3aroBa cpoiicTBaTa Ha cpaBHeHHsITa JajeHn ¢ Teopema 3.1.2 ocraBaT B cujia - IPU TOBA IO
MOJIYJI IIPOUBOJIEH IIOJIHHOM, HE CAMO IO IISIJIO IHCJIO.

Axo f(z) = g(z) (mod n), TO 3a BCAKO ISJIO YUCIIO @ € B CHJIA
f(a) = g(a) (mod n).
Ho obpaTHoTO He € BAPHO JOPH IOCJIEIHOTO CpaBHEHME Jia € B cujia 3a 6e30poii MHOIO a.

IIpumep 3.3.1 Hampumep, cpaBHeHHETO
(z+1)(z+2)...(z+n)=22(x—1)(x—2)...(x —n+1) (mod n)
e BAPHO 3a BCSAKO ISJI0 X, HO JBETE MYy CTPAHHU KATO MOJMHOMU HE C& CDABHUMMU 110 MOJLYJI 7.
Hedbununnus 3.3.2 Kassame, we g(x) deau f(x) no modys n, xozamo e udnsinero
f(x) = g(x)h(x) (mod n),
3a h(z) € Zlx].

Ipumep 3.3.2 IHomunomsbr 22 + 5 ce genn Ha © — 1 110 Moy 6, Thil KATO € H3IbIHEHO
2?2 +5 =22 — 1 (mod 6).
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Hebununus 3.3.3 Heka f(z) = ag+arx+---+apz® € Z[z]. Aneebpuvwna xonepyenyus
HAPUMAME CPABHEHUETNO
f(z) =0 (mod n), (3.5)

YUUMO peweHue T ce mspcu no mModya n. Axo ax = -+ = arr1 = 0, Ho ar Z 0 no modya n,
Mo KaA36aMe, “E CPABHEHUEMO € om cmenen t.

Koedunnenrure a; ua f(x) B (3.5) Morar ga ce 3aMecTBaT ¢ IPOM3BOJIHU, KOHIDYEHTHH
Ha a; 110 MOJLYJI 10 1IeJIU YHUCJIa, T.€. Te Ca MPEeJICTABUTEIN Ha ChOTBETHUTE KJIACOBE 110 MOJLYJI N.
CrenoBarento f(x) MoxKeM Jia pasriiex/amMe KaTo HOJIUHOM HaJl Zy, U Jja HAMEePUM pelleHusITa
B 1esin dncia Ha (3.5) o3HauaBa ja permmM B Z, ypasaenuero f(z) = 0. Ako u3pudno He e
YIOBOPEHO JIPyTo Ie cuutame, de f(z) e 3amucaH ¢ MCTHHCKATA CH CTEleH, T.e. CTApIIUT
KoeUIMEHT He € CPABHUM C HYJIa 10 MOJLYJI 7.

JIema 3.3.4 Heoxodumomo u docmamasuro ycaosue a da € Kopen na (3.5) e
f(x) = (z — a)g(x) (mod n), (3.6)
ksdemo g(x) € Zlx].

oxazameacmeo. JloctarbaHOCTTa € OueBUIHA. 3a J1a JJOKaXKeM HeoOXOMMOCT-
Ta Heka na pasjaeanM f(x) Ha x — a. [lonyuasame f(x) = (x — a)g(x) + r, Kbaero
g(z) € Z[z], a r € Z. 3amecTBaiiku x ¢ a noiaydasame r = f(a). ciaeaoBaTesHO,
ako f(a) =0 (mod n), o (3.6) e n3bIHEHO.

Teopema 3.3.5 Axo p e npocmo wucro u

f(x) = 0 (mod p),
e KoHepyeHuua om cmenen t > 1, mo ma uma Hatli-mHo20 t Kopera.

Hoxazameacmeo. Axo t = 1 TBbpiennero e BapHo. a npeanosoxuMm, de e
BsipHO 3a t — 1. Heka a e kopeH, r.e. f(a) = 0(mod p). Cbriacuo Jlema 3.3.4
chinecTByBa moauHoM g(x) ot crened t — 1, takbs de f(x) = (z —a)g(z) (mod p).
Heka ¢ e npyro pemenne, r.e. ¢ Z a (mod p). Torasa (¢ — a)g(c) = 0 (mod p), or-
KbJeTo ciensa, e g(c) = 0 (mod p). [To uaayknnonuoTO Npemonokenne g(xr) =
0 (mod p) uma maii-muoro t — 1 pemenust. Cienosarenno f(z) = 0(mod p) uma
Hali-MHOTrO t pemnieHusi. B 9acTHOCT OT JI0KA3ATEJICTBOTA CJIE[BA, Y€ aKO A1, . . ., ds
ca HEKOHI'DYEHTHU DEIIeHHUsI, TO

f(z) = (& —a1)(x — ag) ... (z — as)g(x) (mod p),
kbaero degg(z) =1t — s.

l'opnara TeopeMa BCHITHOCT TBbPJE, Y€ B Zj, ypaBHEHUE OT CTelleH t MMa Hali-MHOro ¢
kopena. Ho Z,, e noe, a 3a nmojmnoMu HaJ1 OJI€Ta TO3H PE3y/ITaT € JOOPe N3BECTEH M FOPHOTO
JIOKA3aTe/ICTBO CHBIIaJIA C PA3ChKICHUATA B 001U caydail. KakTo ce BIKIa, TO ce OCHOBaBa
Ha ¢akTa, 9e B [1oJie HaMa JeanTean Ha Hyaara. He e Taka, obade, B Zjy, KOraTo n € CbCTaBHO.

CpaBHeHuero
22 =1 (mod 12)
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uMa 3a pemenns ¥ = 41, +5. B Tosu ciywait B 22 — 1 = (2 — 1)g(x) (mod 12) nonaraiiku
x = 5 He Moxke Ja 3akimounM, e ¢(5) = 0 (mod 12), Tbit Karo B Zig 14nciaoro 4 e jeaures Ha
Hysata. B npberena Zia[r] HaMa 1 €HO3HAUHO pasiiaraHe Ha HEPA3JIOKIMH MHOKHTEIN:

2 —1=(r—-1)(z+1)=(z-5)(z+5)

Teopema 3.3.6 Hexa n = pi'p5?.. .pzk € Pasna2anemo Ha M HG NPOCMU MHOACUMEI U

f(z) € Z]z]. Aneebpuunama xonepyenyusa

f(z) =0(mod n) (3.7)

€ eKBUBAAEHTIVHA HA CUCTNEMATNA
f(@) = 0(mod pt*), f(x) =0(mod p?), ..., f(x) =0 (mod p}). (3.8)
IIpu mosa, axo f(x) =0 (mod pi*), i =1,...,k, uma t; nekonepyenmmu no modya p;' pewie-

nus, mo (3.7) uma mouno tity . ..ty HexonepyerHmuu no MOOYA N PEULEHU.

Hoxaszameacmeo. Axo x( e pemienue Ha (3.7), TO OUEBHHO € pellleHUE U Ha
€; .

(3.8). Obparno, Hexka g e pemenne Ha (3.8). Torasa p;’ | f(xo) 3a Besko i. Ho

p;' ca xBe 1o aBe B3auMmHounpocry uducia. Cie[oBaTesIHO TAXHOTO IIPOU3BELCHHE

n oo gean f(xg).

Cera jia npebpoum perenusita Ha (3.7). Heka a; € Z, i = 1,..., k, e pemenune Ha

f(z) = 0(mod p;*). CbruacHo kuTajickara TeopeMa 3a OCTATBIUTE CHIIECTBYBA
x € 7, TakoBa ue

z = a1 (mod p7'), = = az (mod ps?), ..., z = a, (mod pi¥) (3.9)

U T € eJHO3HAYHO OIpeJieieHo 10 Moyl n. OcraBsiiku a; J1a TpobsrBa BCUIKHU
Pa3JINYHA t; peleHns moryaaBame t1ty . . .ty pazmmann cucremu (3.9) U CbOTBETHO
TOJIKOBa perenns Ha (3.7).

Hedbunnusa 3.3.7 Kaseame, we a € 7 e k-kpamen xopen no modya n wa f(x) # 0, axo

f(x) = (& — a)*g(z) (mod n), (3.10)

k+1

no f(x) ne ce deau na (xr — a) no modya n.

Coraacuo Jlema 3.3.4 qucioro a e k-KpaTeH KOPEeH 10 MOJLYJI 7 TOYHO TOraBa, KOraro € B CHJIa

(3.10), 1O g(a) # 0 (mod n).

Hedbunnnms 3.3.8 Hexa f(z) = ag+ a1z + -+ + apa™ € Zz]. IIod npouseodna na f(x)
Pasbupame noAuUHOMA

f'(x) = a1 + 2a9x + - - - + mayz™ L.

VYupaxxaeuue 3.3.1 [lposepeme, ue maxa depurupaHama npoudsodna NPumMeHcasa c8otc-
meama:
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(1) [f(2) £9(@)] = fl(x) £¢'(2), [f(x)g(@)] = f(x)g9(z) + f(x)g'(z) u[cf(2)] = cf'(2);
(2) f(k) (m) = k! [ak + (kzl)ak-i-lx 4ot (Tg)ammm—k} :

(3) f(x) = f(a) + (x — a)f/(a) 4+t %(w _ a)kf(k)(a) 4+t #(x _ a)mf(m)(a>
(@opmyaa na Tetinop).

Teupaenne 3.3.9 Axo a € Z e k-kpamen xopen no modya n wa f(z) € Zlzx], mo a e none
k — 1-xpamen xopen no modya n na f'(z) u

f"(a) f*V(a)
2 (k—1)!

fla) = f'(a) = = 0(mod n). (3.11)

Obpammno, axo (3.11) e usnsaneno, mo a e none k-kpamen xopen no modya n wa f(x).
Jloxazameacmso. Ilo ycnosue f(x) = (x — a)¥g(z) + nh(x), orkbaero
f(z) = (& — a)* M kg(x) + (x — a)g/ ()] + nb'(x)
CirenoBaTerHo
f(z) = (& = a)* ' [kg(2) + (z — a)g'(2)] (mod n),

KOETO JOKa3Ba I'bPBaTa 4acT OT TBbpAeHueTo. OT TYK HEIOCPEICTBEHO CJIeIBa,
(3.11). Heka cera e usmbineno (3.11). 3amecrBaiiku BbB dhopmynara za Teitiop
HoJIydaBame, de

f(z) = (¢ — a)*g(x) (mod n)
3a 1oxo s nosmHoM ¢(x) € Z[x]. Ha orbenexxum, e (2) na Yupaxkuaenne 3.3.1
HU OCUTYpsiBa, 4e %f(k)(a) ca neJu 9ucIa.

[ITe or6emexxum , ve (3.11) He MOXKe J1a TO 3aMEHUM C
fla) = f'a) = f"(a) = --- = f& D (a) = 0 (mod n).
CileBamusT nNpuMep HJIIOCTPHPA TO3U (baKT U FOPHOTO TBbPJICHUE.
IMpumep 3.3.3 Heka f(r) = 2* — 1 u n = 4. Jlecno ce nposepsia, ue
2t —1=(x—1)%@* +22 - 1) = (z — 1)%g(z) (mod 4)

ng(l)=14+2-1% 0(mod 4). CienoBaresino 1 e 2-kparen Kopet 110 moays 4. Tbit KaTo
F(x) = 423, f"(x) = 1222, 10 mo momyn 4 f(1) =0=0, f/(1) =413 =0u L =6 £0.
Ho f”(1) =12 = 0 (mod 4).

Jlema 3.3.10 Hexa 0 < a < p"~! e xopen na xonepyernyuama f(z) = 0 (mod p"1). Tozasa
(1) axo pt f'(a), mo cowecmsysa edurcmeeno
r=a+tp" 0<t<p, (3.12)

KOEMO € peweHue Ha

f(z) =0 (mod p"); (3.13)
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(2) axop | f'(a) up” | f(a), mo f(x) =0 (mod p") uma mouno p pewenus om euda (3.12);

(3) axo p | f'(a), no p" 1 f(a), mo (3.13) nama pewenue om suda (3.12).

Joxazameacmeo. Ilpunaraiiku dopmyrtara na Teitnop 3a ¢ = a+tp" !, kbirero
0 <t < p, norygaBame

Flarttp ™) = flaybtp ™ f @)+ (7 W (a) o (1 ),

Cienosaresno 3a r > 2
fla+tp™™") = f(a) +tp"~" f'(a) (mod p").
Ho p"~!| f(a), re. f(a) = c.p"~ . CnenoBarenmo
flat+tp™ 1) =p" e +tf'(a) (mod p).
(1) Axo pt f'(a), To cbruacuo Teopema 3.2.1 cpaBHeHHETO
c+tf'(a) =0 (mod p)
“Ma eJIMHCTBEHO perrneHue t,. Torasa

fla+ tapr_l) = pr_l(c + f'(a)ty) = 0 (mod p"),

T.e. a +t,p" ! e exmHCTBEHOTO pemtenme Ha (3.13) ot Buma (3.12).

Heka p | f'(a). Torasa
fla+tp™ ) =p"le= f(a) (mod p"), 3a Besiko 0 <t < p.
(2) Ako p" | f(a), Te. p|e, TO
fla+tp"™1) =0 (mod p"), 3a Besixo t=0,1,...,p— 1.

Caenosarenso (3.13) uma p pemenus or Buja (3.12).
(3) Ako p | f'(a), vo p" 1 f(a), To p 1 ¢ u ciaegoBarTesHO

fla+tp"™1) # 0(mod p"),

r.e. (3.13) Hama HUTO eaHO perrenne or Buaa (3.12), TakoBa Ye a ja € KpareH
KOPEH 110 MOJLYJI P.

Ha mamomuum oveBuaust (akt, ue Besiko perterue Ha (3.13) e pernenue u Ha f(r) =
0 (mod p*) 3a Besko i < 7. Ipu ToBa “criyckame”, obate, MOKe [a ce TIOJyHdH “cierBane’ Ha
pellenns, KaKTO ce BUK/1a OT TropHara Jiema u [Ipumep 3.3.5. [lo-unrepecen e BbIPOCHT KOTa
eiuH KopeH Ha f(x) mo Moyt p Moxke n1a ce “nosaurae” 710 Koper 1o Moy p'. Crensarure
TEOpEMH JaBaT OTTOBOP HA TO3U BbIIPOC.
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Teopema 3.3.11 Heka f(x) € Zlx] u p e npocmo wucao. Ako x1 = a e npocm Kopen Ha
f(z) = 0(mod p), mo 3a scaro r > 2 cowecmeysa u mo eQuHcmeeHo pewenue T, Ha (3.13):

f(z) =0 (mod p"), (3.13)
maxosa we T, = a(mod p). Tepcenomo pewernue uma 6uda
T, =a+tp+tep?+ -+ t_1p T, 0<t <p. (3.14)

Hoxaszameacmeo. Ouesnnno Besiko perenne x < p' Ha (3.13) Moxe na ce
sanuiie BbB Bia (3.14) (B p-uuna Gpoiina cucrema). Tosa, KoeTo e jgoKaxeM e,
ve ¢ ca eJHO3HAYHO OIIPEJIeJIEHH OT X1 = .

oM a e mpoct Koper 1o Moay:t p, 1o p { f'(a). Torasa or f'(z;) = f'(a) #
0 (mod p) 3a Besiko j = 1,2,...,r — 1 ciejBa, Ye BCIKO €JHO OT CDABHEHUSITA

Y

f'(z)z + M = 0 (mod p) (3.15)
P

IMa eJ[MHCTBEHO pertenne z = t;. IIpunarame nocienosarento (1) Ha Jlema 3.3.10

3a j = 1, cjes ToBa 3a j = 2 MBMNOJA3BAMKH ITOJIYIEHOTO X9 U T.H. JIOKATO OT Tp_1

HOJIy9UM THPCEHOTO PEIeHne T.

ITpumep 3.3.4 Hexka p e veyerno npocro uuciao u f(z) = z? 4 p? — 1. CpaBuenueTo flz) =
0 (mod p) uma xBa upoctn kopera a = 1 u @’ = —1. Comure, 29 = 1+ 0.p, 2 = -1+
0.p, ocTaBar apere emuncrTsenn pemenus Ha f(x) = 0(mod p?). Twit xaro f'(x) = 2z n
f(£1)/p? = 1, To pemenusaTa o Mozuyn p° ca 1 +tp? u —1 + sp?, xbaero 2t + 1 = 0 (mod p)
1 —2s+ 1 =0 (mod p). Creosarento pemenusaTa Ha f(r) = 0 (mod p?) ca

2 -1 2 1
re-1y -, retl)

1
+ 2 2

Teopema 3.3.12 Heka f(x) € Z[x] u p e npocmo wucao. Axko x1 = a e xkpamen Kopen Ha
f(x) = 0(mod p) u z,—1 = a(mod p) e pewenue na f(x) = 0(mod p"t), mo (3.18) uau

nama pewenue T = rp_1 (mod ") uau uma Mmouro P MAKUCE HEKOHPYEHMHU PEULCHU:

Tro1, Tpo1 +0 N e 207 L e+ (p— 1p L

Jloxasameacmeo. Coraacuo Jlema 3.3.10 p™~!' | f(z,_1). Ao p He memm
f(z,—1)/p ! momananme B ciryuait (3) ma Jlema 3.3.10 u cienosatenso (3.13) Hama
pemtenne oT Buaa T,—1 + tp" L. Ako % = 0 (mod p), To HaHIE € ciydaii (2)
na Jlema 3.3.10 m x,_1 +tp" ! e pemenme na (3.13) 3a Beaxo t, 0 < t < p.

IMpumep 3.3.5 Heka p e npocto wucio n f(x) = (z—1)2+p?. Cpasrernero f(z) = 0 (mod p)
MMa eJIMH BOeH KopeH = = 1, a konrpyenmusaTa f(x) = 0 (mod p?) mma TodHO p Kopena:

1, 14p, 142p, ..., 1+ (p—1)p.

Touno ToBa Hu gasa u Teopema 3.3.12, Toit karo f'(z) = 2(x — 1) (upu p = 2 npoussogHara e
Tk aecTBeno myna) f(1) = p? ce menm ma p?. Cera ja pasrieamMe KOHIPYEHIIHATA MO MOYJI
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p3. OT TOpHUTE KOPEHNU 110 MO P2 JI0 KOPEH 110 MOJLYJ p° Morar Ja ce “HoBaurHar” Te3n u
camMo Te3u 1 + tp, 38 KOUTO

f(1+tp) =0 (mod ps),

T.C.
t2 +1 =0 (mod p).

Ho roBa cpaBHeHme nma perienne camo, ako p = 2 wian (Bmk [viaBa 4) p e mpocTo [dncsio
or Buma p = 4s + 1. B nbpBug ciay4ait uma eauncTBeHo perenue ¢ = 1, a BbB BTOpUS -
nBe pemenns t = +b. Hanpumep npu p = 17 pemenusra ca +4. CiiemoBaTeTHO KOPEHUTE 10
Moy pP npu p =4s+1cal+bp+kp?ul—bp+kp?, knaero k =0,1,...,p—1. B guacrrocr
npu p = 17 nmosnyaaBame x = 69 4 289k u x = 289k — 67, kpmero k =0,1,...,16.

Ako p =45 — 1, 1o f(x) = 0 (mod p3) uama pemenue.

Teopema 3.3.13 Hexa n = 2%)?1 p§2 .. .pzk € paszaa2aHemo Ha N HA NPOCTU MHONCUMEAU,
K60emo p; ca HeuemHu npocmu wucaa. Tozasa 6poam K wna nexonzpyenmnume peuwenus ma

% —1=0(mod n)

ce 3adasa ¢
2k 3ae=0,1
K = 21 30e=2
2k+2 30 € > 3.

Tespdernuemo ocmasa 6 cuaa u npu k =0, m.e. Kozamo n e cmenen Ha deolikama.

Jloxaszameacmeo. Cobriaacuo Kurajickara TeopeMa 3a OCTATBIUTE JIAIEHOTO
CpaBHEHMe € eKBUBAJIEHTHO CbC cucremMara oT k + 1 cpaBHeHUs:

22 —1=0(mod p{"), i=1,2,...k (3.16)

2% — 1 =0 (mod 2°). (3.17)

[Mopasu cBoiicrBara Ha npocrure ducia (jopu 6e3 ja usnonssame Teopema 3.3.11
BCsIKO OT cpasHuHEsTa (3.16) mMa TouHo jBa KopeHa x = =+1. CienoBaresHo
IIPUHOCHT HA BCHYKH TE3W CPABHEHMsI B 0OIIHst Gpoiil pemrennsi e MHOKHTET 2F
(cvruacao Teopema 3.3.6).

Cera na pasriename kourpyennusara (3.17). Ilpu e = 0 umcsioro 2 He yuacrBa B
pasjaraHeTo Ha n, Taka Ye MOXKeM Jia caurame, 4de IpuHOCHT Ha (3.17) B TO3M
ciygait e maoxkuresn 1. [Ipm e = 1 cpaBHeHHeTO MMa €JIUH JIBOEH KopeH © = 1 u
npuHOCHT ocrasa 1. 3aroa npu e = 0 u 1 obmust 6poit perenust e 1.2%. Heka
e = 2. Torasa (3.17) uma nBe pemennst © = +1, KoeTo Biiede o061 6Ol pereHs:
261 TIpu e > 3 (3.17) uma werupn kopena: © = £1 =+ 1 + 2°~1, Crenosaresno
obuus 6poit permenus wa 2 — 1 = 0 (mod n) e 282,
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3.4 IlpuMUTUBHU KOpPEHU W WHIEKCH.

Hedbunnnus 3.4.1 IToxazamen (nopsadsk uau ped) HA UAAOMO YUCAO 4 TO MOOYA
N HAPUHAME MUHUMAAHOMO ecmecmeeno wucao v = v(a), maxosa e

a” =1 (mod n).
Kassa ce owe, we a NPUHAOAENHCU HA TOKA3AMER V TLO MOOYA N.

Jla orbesiekKuM, 4e He BCSIKO @ MMa IoKasares 1o Moays n. OcraBsMe Ha duTaTEIs I3
nokazke ciemaoro HJILY 3a cbillecTByBaHe Ha ITOKA3ATE.

Vapaxkneuune 3.4.1 I[[a.10mo wucao a uma nokasamen no mMoodys n moz2asa U camo mozasa,
koeamo (a,n) = 1.

CrieiBaiure TBbPJIEHUSI JIaBAT OCHOBHUTE CBOICTBA HA IIOHSITUETO MOKa3aTes (IIpeCTaBIsl-
BAIl0 BCBHIHOCT DPeJl Ha €JEMEHT B MyJTUIUIMKATHBHATA Tpyna Z)), 9uuTO JT0KA3aTEICTBO
CBINO OCTaBAME HA YUTATEJIS.

VYupaxkuenue 3.4.2 Axo a uma nokazamen v no mooya n, mo cpasuenuemo o =1 (mod n)
€ 6 CUAG T02a8a U CAMO MO02G6a, K02amo V | m.

Vopaxkuenue 3.4.3 Axo a uma nokasamen v no modya n, mo a* uma noxazamen (V" Ak
K

VYupaxkaeuune 3.4.4 Axo a,b € 7 npunadasescam csomeemHo Ha NOKA3AMEAU V U [ 1O
MOOYA M, MO npouseederuemo um ab uma 3a noxkazames Hali-maskomo obwo Kpammo [V, pl.

CnegBamaTa TeopeMa IIOKa3Ba, Y€ 3a BCAKO IIPOCTO YHUCJ/IO P CHhIONECTBYBa IIAJIO YTHCJIO
IIPpUHaIJIE2KAIIIO Ha IIoOKa3aTeJa P — 1.

Teopema 3.4.2 Ako p e npocmo “ucio, Mo CoULLCMBYEA ECMECTNEEHO YUCA0 § < P, MAKOEA
we gP~1 =1 (mod p), no g¥ # 1 (mod p) sa ecaxo k =1,2,...,p—2.

Zloxazameacmeo. Ille namem jiBe J0Ka3aTEICTBa Ha TeopeMaTa.
Joxazatenctso . Moxkem u ma cuunrame, de p > 2, Thil KATO caydas p = 2 e

rpusnasien. Heka ¢ g(d) o3naunm 6posT Ha eCTeCTBEHHUTE YUCIa < P, KOUTO UMAT

noka3zares Touno d. Ot Masikara Teopema Ha @epma u Yupaxkuenne 3.4.2 ciiejiBa,

ge d | (p — 1). Ho rorasa
> gld=p-1.

d|(p—1)
Or apyra crpaHa TOYHO CBIIOTO PABEHCTBO YIOBJIETBOPsBa U (pyHKInATa Ha Oii-
nep (Teopema 1.4.11), orkbaero u Teopema 1.4.15 (dbopmynara 3a obpbiiame)
HoJly4aBame, de

g(p—1) =p(p—-1).
Canenosarenno g(p — 1) > 1, KoeTo 110Ka3Ba, Y€ CHIIECTBYBA €CTECTBEHO UUCIIO C
rmokazares p — 1.

Hoxkazarencrso II. a o3HaUIMM ¢ m MUHUMAJJIHOTO €CTECTBEHO UHCJIO, TAKOBA
ge ™ = 1(mod p) 3a Begro = = 1,2,...,p — 1. Mankara Teopema na Pepma
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HI JlaBa, Ye TAKOBa 4IHCJIO chbinectByBa 1 m < p — 1. Ho ako m < p — 1, To me
[OJIyYUM, Y€ CDABHEHHUETO
2™ —1=0(mod p)

UMa [oBeYe OT 1 HEKOHTPYEHTHH PellleHus, KOeTo IIpoTusopedn Ha Teopema 3.3.5.
Cauenosaremno m = p — 1. Heka p — 1 = ¢7'¢5* ... ¢;*. 3a Bcsiko i CbliecTByBa
m

m €
- m/q; .
o;, TakoBa 4e o' # 1(mod p). Torasa v; = «; /%" 1 noxasaTen TowmHO q.

Cera Yupazkuenue 3.4.4 HH JaBa, de UUCIOTO § = Y172 ...~k HPUHAIJIEKHA HA
nokazares ¢t q5? ... q" =p— 1.

3abenexkka 3.6 C roprara TeopeMa BCBIIHOCT JOKa3axXMe, de MYJTHIIHKATHBHATA T'DYyIIa
Z,, e mukmana. Topa e wacren ciydaii Ha no-obmus anrebpuden pesynrar: Beska kpaii-
Ha MOJATPyIa Ha MYJTHIIMKATHBHATA I'PYIAa Ha €JHO IoJie e MUKAuYHA. /[oKa3aTejCcTBOTO B
00IIIsT CaIy9gaii Mo ChIecTBO He ce pa3/jIndaBa oT H3J0xkeHoTo rope Jlokaszareicrso I1.

Hedbununusa 3.4.3 [[aromo wucao g ce napuua npumumuser Koper no modya p, axo
g"~t =1 (mod p), no g¥ # 1 (mod p) 3a ecaro ecmecmeeno k < p—1 (m.e., axo g nopasicda

X
Z, ).
[TorsAiTHETO TPUMUTHBEH KOPEH MOXKe J1a ce jedrHUpa U 3a TPOU3BOJIEH MOJIYJI.

Hedbunnums 3.4.4 [[sromo wucao g, (g,n) = 1, ce napuva npumumuser Kopew mo
MOOYA N, aKO Npuradsedcy na nokasdamen @(n). (m.e. axo g nopascda 7). B mosu caywat
Kazsame, ue N NPUIMeHCasa NPUMUMUEEH KOPEH.

Teopema 3.4.2 ocurypsiBa, e BCAKO MPOCTO YUCJIO UMa IMPUMUTHBEH KOpPEH, HO 3a pas-

JIMIHUTE P PA3JIUIHU JUCTA MOTAT Ja ca NPUMUTUBHEU KopeHu. Hampumep, yuciaoro 2 e npu-
MITHBEH KOPEH MO0 MOy p = 5, HO He e TaKbB Mo MOy p = 7, Thil Karo 2% = 1 (mod 7).
[IpuMuTHBEH KOpeH 1o Momyil 7 e dncioro 3 - semdkn crenenn 3°, 3, 32, 32, 3%, 3% ca mecpas-
HUMU IO MOIYJT 7.
AKO n He e TPOCTO YUCJI0, TO MOXKe Jla HsMa MPUMHUTHBEH KopeH. Hamnpumep 6 mma 3a npu-
MHTHBEH KOPEH UHCIOTO b, A0KaTo 12 HsMa mpuMuTuHBeH KopeH. Hamermna 52 = 72 = 112 =
1 (mod 12). Kora enHo 4mcjio uMa IPUMUTHBEH KODEH e pasryiefiaMe B CJIeJBAIlUs [apar-
pad.

Hekxa n e ecrecTBeHO 4WmCI0, KOETO MPUTEXKaBa NMPUMUTHUBEH KopeH ¢. ToraBa BCHYKHU
CcTelleHu

]"g? 927 ct gw(n)_l

ca HEKOHI'DYEHTHM 110 MOJYJ M, Thil KaTO JOMYyCKAHETO Ha MPOTUBHOTO OU O3HAYABAJIO, |e
g MMa 1okazares 1no-Maiabk or p(n). CiesoBareslHO TOpHUTE YHCIa 00pasyBaT pejylupaHa
CHCTEMa OCTATBIM MO MOJLYJI L U BCSIKO a, 3a KoeTo (a,n) = 1, e cpaBHUMO C HSIKOSI OT TOPHUTE
CTEIEeHN Ha ¢.

Hedbunnnms 3.4.5 Heka n e ecmecmeeno wucao, K0Emo npumestcasa npumMumueer Kopen
g u (a,n) = 1. Eduncmeenomo ecmecmeeno wucao e € {1,2,...,p(n) — 1}, maxosa ue

a = g°(mod n)

ce Hapuua undexc Ha a mo modya n npu ocnosea g. Beiesicum e = indga uau e = ind a,
Koeamo € ACHO, KOs € OCHOeaMma (npumumusnu& KOPGH).
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Tebpaeuune 3.4.6 B cuna ca caednume ceolicmea:
(1) ind (ab) = ind a + ind b (mod ¢(n));
(2) ind (a*) = k.ind a (mod ¢(n)) sa ecaxo ecmecmeeno k;
(3) ind 1 = 0 npu scexu uzbop na ocrosama;
(4) indg g = 1;

(5) ind (—=1) = ¢(n)/2 3an > 2;

Hoxazameacmeo. IlbpBure deTHpH TBLPIACHUS CJIEBAT HEIOCPEICTBEHO OT
JneduHIIIATE U J0KA3aTEICTBOTO UM OCTaBsIMeE 32 yIPasKHEHHEe Ha UUTaTeIs.

(5): Hexa k = ind (—1). Torasa g* = —1 (mod n), orkbaero ¢** = 1 (mod n).
Tbit KaTo ¢ € MPUMHUTHBEH KOpPeH 10 Moiays n, To ¢(n) | 2k. Ho k < ¢(n). re.

pn)

2k < 2¢(n), xoeto Breve 2k = p(n). Cnemosarenno k = &5

Tebpaenne 3.4.7 Heka (a,n) = 1. Axo v e noxazamens na a no modya n, mo

¢(n)
(p(n),inda)’

vV =

Joxazameacmeo. llokazaTensaT v e MUHHUMAJIHOTO €CTECTBEHO YHCJIO, TAKOBA
e ¢ = 1 (mod n). Torasa npunaraiikn Tsbprenne 3.4.6-(2) nonyuasame

v.ind a = 0 (mod ¢(n))

Axko mosoxum d = (¢(n),inda), TO MUHIMAJIHOTO €CTECTBEHO HHCJIO, KOETO €
pelleHre € TOYHO

UnnekcnTe HE JaBaT Bb3MOXKHOCT JIa PElaBaMe u IoKasaTeHn cpasaenns. Heka (a,n) =
(b,n) =1 u na pasriegame

a® = b(mod n).
[Tpunaraiiku Tebpuenne 3.4.6-(2) nosyuasame
z.ind a = ind b (mod ¢(n)).
SlcHo €, e MOC/IeHOTO CpaBHEHHWe IIe MMa peNIeHre ToraBa M CaMO Torapa, Korato d =

(p(n),inda) gemm indb u B TO3M cirydail uMame TOYHO d HEKOHIDYEHTHH 110 MOiys ¢(n)
peleHust.
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3.5 CwobinecTByBaHe Ha MPUMUTABEH KOPEH.

Teopema 3.5.1 Hexa k e ecmecmeeno wucao. 3a ecaxo k > 3 e 6 cusa

(1) Beako newemmo wucao a ydoesemsopasa

2k—2

a =1 (mod 2%).

(2) Yucaomo 5 uma noxazamen 2872 no modya 2F.

(3) Yucaama
45, +52 +53 ... 45277

obpazysam pedyyupara cucmema no modya 2F.

Hoxazameacmeo. (1): C ungykuus no k. [lpu k = 3 TBbpeHneTo e BIPpHO T'bit
2k—2

karo 12 = 32 = 52 = 72 = 1(mod 8). OT WHIYKIHOHHOTO JOIyCKaHe a
1 (mod 2¥) cienpa, we a2t = 14 2k [Topmuraiiku Ha KBaJIpaT IOJydaBaMe
a® ™' = (1+2%)2 = 1 (mod 2~+1).

(2): Or (1) crensa, [e 5277 = 1 (mod 2%) 3a k > 3, T.e. mokazarenar Ha 5 1o
Moy 2F e e pasen na 2%, 3a nskoe s < k — 2. Caenosarenno 2% | (527 — 1), no
2k + (52" —1). Twit kato 52" = 1 (mod 4) 3a Besiko 7 > 0, 10 (52 +1) ce e na 2,
Ho ne ce g na 4. Crenosarenno 52 —1 = (52" =1)(52"+1) ce aesm na 2841 Te.
52" = 1 (mod 251). Or apyra crpana, ako gomychen, e 52 = 1 (mod 281,
me noyunm ananormano, ue 28 | (52 — 1), koeto mpormsopeun ma nsbopa
Ha s. CiesoBaresHo mokasaress Ha 5 o Moy 251! me e pasen nma 2571, Cera
TBLPJICHUETO CIe/Ba OT (haKTa, ue ToKa3aTeqaT mo Moays 2° e 2.

(3): Tbit Karo 6posaT Ha unctaTa e 2-28-2 = 28— = »(2¥) 1o ocrasa ja mokasken,
Ye BCHYKH YHC/IA Ca HEeCDaBHHMHU jBe 1o ase mo Moy 28, Ako nomycmem, we
5! = £5' (mod 2%), t > I, To 5! = £1 (mod 2¥). Ho cwriiacuo or6ess3anoro
no-rope 570 # —1 (mod 2%) 3a k > 1, a 57! = 1 (mod 2*) Breue 2872 | (t — 1),
KOETO € HEBbMOXKHO 3a t # [.

Ot (1) ciempa, ue 2F uma npumuTHBen Kopen camo npu k = 1 u 2, T.e. B cuia e

Caencreue 3.5.2 I'pynama Zy, € qurautma mo2asa U camo mozasa, xozamo k=1 u 2.

TeopeMma 3.5.3 Ako p e newemno npocmo wucio, mo pr uma npumumueer xopen 3a 6cAKo
k. Eoun maxss npumumueen Koper 3a 6cAKo k e ecmecmeeno wucao g, Koemo e npumMumueeH
Kopen no modya p, no gP~+ # 1 (mod p?).

Zloxasameacmeo. AKo g e IPUMUTHBEH KOPEH 10 MOJLYJI P, TO OUEBHIHO U ¢ + P
CBIIO € TaK'bB IPUMUTUBEH KOpeH. IIoHe equHusT OT TAX yIOBJIETBOPSIBa

P! # 1 (mod p?). (3.18)
Haucruna, ako gP ! = 1 (mod p?), To

(g+p)P 1 =g"""+ (p—1pg"? + p°A,
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KOeTO He e cpaBHIMO ¢ 1 110 Momyst p?, Tbit karo p? § (p — 1)pgP~2. U Taxka moxem
Jla pejosarame, de g yaosiaersopsisa (3.18).

JlupekTHaTA MPOBEpKA ITOKa3Ba, 4e ot a = 1 +p'A crensa, ge a? = 1+p' 1B, re.
a? = 1 (mod p!*1). Cuenosarenno gPP~Y = 1 (mod p?) u mopaau (3.18) g mma
nokazares p(p— 1) = ¢(p?) mo Momyn p?, T.e. g € IPUMHUTHBEH KOPEH 10 MOJLYJ p.
Torasa gp2(p*1) = 1(mod p?) u p?(p — 1) e MEHUMATHATA CTeIIeH, 3a KOATO TOBA €
usnbaeno. CieJoBaTeIHO ¢ € IPIMHUTHBEH KOpeH 1o Moyl p°. [IpoabizKkasaiik
AHAJIOTUYHO II0JydaBaMe, 9€ g € IIDUMUTUBEH KOPEH 110 MOJLYJI pk

.5. A A .
Caenctsue 3.5.4 ['pynama Z;k € YUKAUYHA 30 BCAKO ecmecmeeno k u 6cako npocmo p > 2

Teopema 3.5.5 Ecmecmeenomo wucao n > 1 uma npumumusen Kopern mozasa U camo mo-
2a8a, K02aMO
n=2, 4, pk UAU ka,

KB0emo P € HEHEMHO Npocmo, a k npou3eoaAHO eCTNECMBEHO YUCAO.

oxazamencmeo. Heka n = 2°p{'p5? ... pi*. Ot Teopema 3.2.3 cienpa, de

Ly =T" XI{ XI5 X -+ X I} 25 X LFey X+ X LFey.
Py Py
B TakbB ciayuail Z; e e NUK/JIMYHA TOraBa U CaMO TOraBa, KOraTO NUPEKTHUTe
U KOMIIOHEHTH Ca NUKJIMYHE U OT B3aUMHO IPOCTH PEJOBE. Z;ei ca IUKJIUIHU
2

OT YeTeH PeJi ChIVIACHO ITPEJX0/HaTa TeopeMa. Torasa, ako B pasjlaraHeTo Ha n
y9acTBaT ABE PA3JIMYHU HEYETHN IIPOCTU YHUCJIA, TO IIIE UMA IIOHE ABE KOMIIOHEHTH,
KOUTO He ca B3amMuornpoctu. CremoBaTe/lHO B pa3jaraHeTo y4acTBa Haii-MHOTO
€JIHO TTpoCcTO uncyio > 2. 'pymara Zi. e nukimaHa camo 3a e = 1,2, HO 1ipu € = 2
He MOXKe B pasjiaraHeTo Ja yd9acTBa HeYeTHO IpocTo ducio. O6paTHo, ako n e oT
HOCOYEHUsI BUJ, TO Z) WM € MUKINIHA WK € AUPEKTHO MPOM3BEJCHIE HA JBE
IUKJINIHU OT B3aMMHOIIPOCTH pejiose (Z3 X Z;l).

CanencrBue 3.5.6 ['pynama Z; e yurxiuvna mozasa u camo mozaea, Ko2amo
n=2, 4, pk UAU 2pk,

Kx50emo P € HeHemHo npocmo, a k npou3eoaAHO eCTmeCmMEeHO YUCAO.
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3.6 JdonmbiaHuresnHnu 3agauu kbm [J1aBa 3.

Samaua 3.1 Hexa a u b ca ueau wucaa. Hokasiceme, ue axo n deau a™ — b"™, mo n deau u

(a" = b")/(a — b).
Samaua 3.2 Jloxasiceme, ue cswecmsysam b6e3bpoti mnozo npocmu wucaa om euda 4k + 1.

Banaua 3.3 /Jla ce pewam cucmemume cpasHeHus
3r =5 (mod7)

x =7 (mod 33) dr+3y =5 (mod12)
a) _ 6) | 2z =3 (modb5) 6) _

x =3 (mod 63) S0 =3 (mod9) 6x+5y =7 (mod12)
Bamaua 3.4 Jla ce pewam ypasheruama
a) 22 = —1 (mod 85); 6) 22 4+ 3z + 1 = 0 (mod 25); 6) 2" +x+1=0(mod 27);

2) 1123 = —1 (mod 56).

Samaua 3.5 /Jla ce pewam cucmemume cpasherus
2) 92 =1 (mod 17) 5) 25 =1 (mod11)
2r =3 (mod9) 5¢ =2 (mod 31)

Samaua 3.6 Jloxasiceme, we axo b = 2B £ 1, xsdemo v > 2 u B wnewemno, mo b uma
nokazamen 2577 no MOJYA 2k,

Samaua 3.7 Jloxaosceme, e

"3 -1 — ()" ()" - 1)
4

A=
e uyano wucao ut = 28 e munumannomo t, sa xoemo A = 0(mod 2%).

Samaua 3.8 Hexa p u q ca npocmu wucaa, makusa 4e p = 2q + 1. Hokaosiceme, ue none edro
om UCAGMA 2 UAU —2 € NPUMUMUBEH KOPEH MO MOOJYA P.



