Haii — rojasgm o0I1I JeJTUTEJ HA TOJHHOM

[Ipenu na neduHupame Hal-TONSIM OO AETUTEIN HA TIOJMHOMHU III€ JJOKaKEeM ClelHaTa HeoOXoauMa

Teopema 1:
Hexa F e mone. 3a ecexu o0ea noaunoma f(x),g(x) € F[x], g(x) # 0 cvwyecmeysam nonunomu

q(x),r(x)eF[x] maxusa, ue f(x) = g(x)q(x) + 1(X), kvoemo c1.1(x) < cT.g(x) uau 1(x) = 0(nynes norurom).
Honunomume q(x) u 1(X) ca eduHcmeeHume, KOUMOo YO0081emMBEOPABAN Me3U YCI08USL.

-BO:
1. CbiecTByBaHe
Axo f(x) ce memm Ha g(x), ToraBa f(x) = g(x)h(x) + 0 u mopanu TOBa ChIIECTBYBaHETO Ha q(X) u 1(X) €
oueBuHO. ET0 3a1mo me npennonarame, ye

f(x) He ce nenu Ha g(x) *)
Ako cT. g(x) > cT. f(x), Torasa f(x) = 0. g(x) + f(x) u cpIIecTBYBaHETO Ha (X) U 1(X) CBIIO € OYEBUIHO.
ll I

q(x) 1(x)
HOpaI[I/I TOBA IIIC © HpeI[HOHaFaMC, qec

cT.g(x) < c1.f(x) (**)
[To-HaTaThK OKA3aTEICTBOTO 1€ HAIIPABUM 110 HHAYKIMS OTHOCHO n = cT. f(Xx). Heka

f(x)=ao+ax +ax +...+ax", a,%0
gx)=b0+bx+...+byx", bp=0

baza n = 0 umame f(x) = ap, ap # 0 u g(x) = by, by # 0 1 oueBHUIHO

f(x)z(aOHbO'I)bOJr (‘?

qx)  r(x)
C koeTo 6a3aTa € J0Ka3aHa.
Hekan > 1
Pasrnexaame h(x) = f(x) — x"™"._a, . g(x)

bm
CernacHo (**) h(x) e momuaom. CerimacHo (*) h(x) e nenyneB nonunom. Thit kato h(x) e paznuka Ha ABa

MOJIMHOMA OT N'* CTEIeH, B KOMTO KOe(HIMEHTHTE Mpeq N’ CTENeH ca paBHH, uMame cT. h(x) < n. 3a

h(X) mpuitarame WHIYKTUBHATA XUIIOTE3a U TOJTydaBamMe
h(x) = q1(x) g(x) + r1(X), kpaeTo cT. 11(X) < cT.g(X) niu r1(x) =0
OT TIOCJICZTHOTO PABEHCTBO ClIE/BA

f(x) = h(x) + a, x"™ g(x) = qu(x) g(x) + ri(x) +.a, x"" g(x).
by,
OTKBAETO MOJydyaBame

f(x) = (qu(x) +.a, x"™) g(x) + 11(x)
by

Y TBPCEHUTE MOJMHOMHU ((X) U 1(X) ca




q()= (qu(x) +2, X)) w r(x)=r1(x).

by
2. EAMHCTBEHOCT
Heka ocen

f(x) = g(x)q(x) + r(x), kbzeTo cT.1(x) < cT.g(x) i r(x) =0
uMame

f(x) = g(x)qi(x) + 11(x), kpAETO CT.I17(X) < cT.g(X) nu ri(x) = 0.
Kato n3Bagum Te3u JBe paBeHCTBA MOTydaBaMe

g(x)(q(x) - qi(x) ) = ri(x) - 1(x). (**%)

Jla momychHem, 4e (X) # (;(X) ToraBa OT JisiBaTa CTpaHa Ha IMOCJIEIHOTO PABEHCTBO MMaMe HEHYJICB
MTOJIMHOM Y€STO CTETICH HE € MOo-MajKa OT cTerneHTa Ha g(x). OT orpannueHusTa 3a r(X) u r1(X) ciensa, ue
B JIICHATA 4acT HAa TOBAa PAaBEHCTBO CTOM IMOJMHOM, YHSTO CTEIEH Ja € MO-MajKa OT CTeneHTa Ha g(X).
[TomyuenoTo nmpoTuBOpeune A0Ka3pa, ue q;(x) = q(x).

Karo 3amectum B (***) momyuaBame r;(x) - 1(x) = 0, T.e. r1(X) = 1(x).

= q(x) u r(X) ca eIMHCTBEHH

Onpenenenue:
Hexa F e none u f(x) u g(x) € F[x]. Hati-econam obw oenumen na f(x) u g(x) (HOHN) rapuuame maxwve
noaurnom d(x) € F[x], ue:

1) d(x) denu f(x) u g(x)

2) axo di(x) oenu f(x) u g(x), moeasa d\(x) denu d(x)

Teopema 2:
Hexka F e none. Toeasa ecexu 0éa norunoma om F[x] umam HO/I.

-BO:
Heka f(x), g(x) € F[x].

Axo f(x) = g(x), Toraa HO/] e f(x).
[Topanau ToBa 1Ie Mpeanonarame, e

f(x) = g(x) (#)
Hedpunupame

S = {M(x) f(x) + N(x) g(x)| M(x), N(x) € F[x]}
Karo momoxum N(x) = 0 u M(x) = 1 nonmyuaBame f(x) € S, a xato monoxkum N(x) = 1 u M(x) = 0
nonydaBame g(x) € S. CnemoBatenno f(x), g(x) € S. Ot (#) = B S uma HeHyneBHu noauHoMH. M3mexay
BCUYKM HEHYJICBH TOJMHOMU B S m30upame TakbB HEHYJeB MOMMHOM d(X), KOMTO MMa Hal-HUCKa
BB3MOXKHa cTerneH. imame

ct.d(x) < ct. h(x), 3a Bceku HeHyneB h(x) € S (##)
Ot d(x) € S cnensa

d(x) = My(x) f(x) + No(x) g(x) (###)

[le noxaxxeM ve d(x) e Hali-rosiM 001 AenuTen Ha f(x) u g(x).




I. 3amo d(x) e 00uy xesuren Ha f(x) u g(x)?

Honyckame, ye d(x) me memu f(x). ToraBa f(x) = d(x) q(x) + r(x), kpaero ct.r(x) < cr.d(x). Karo
u3non3Bame (###) noayuyaBame

r(x) = f(x) - d(x) q(x) = f(x) = (Mo(x) f(x) + No(x) g(x)) q(x) = (1 = Mo(x) q(x)) f(x) = No(x) q(x) g(x)

ciemoBaTenHo, 1(x) = M(x) f(x) + N(x) g(x) nopaau ToBa r(x) € S.

[TonuHOMBT 1(X) MPUHAIJICKN HA MHOXKECTBOTO S M UMa CTETICH Mo-Malika oT d(X), KOeTO € MPOTHBOpeUne
noHexe d(X) UMa CTereH Hail-Majika B MHOKeCTBOTO S. [To-chusaT HaunH ce noka3sa, 4e d(x) menu g(x).
II.Heka d;(x) nemm f(x) u g(x). Ot (###) cnenpa, e d;(x) memn d(x).

Teopemara e nokazaHag

ITo-HaTaThbK 1€ HU € He00X0oarMa CiaeaHaTa

Jlema:

Hexa K e komymamusen npvcmen, 6 KOUumo Hama oeiumenu Ha Hyiama. AKo 06a HeHy1e8U NOAUHOMA Om
K[x] ce oersm e3aumno, moeasa 6ceku om me3u NOIUHOMU MOJCe Od ce NOAYYU Om Opyeusi upes
VBHOJCABAHE C HEeHYle8a KOHCMAHMA.

L-Bo

Ot ycnoBuero nmame

f(x) = g(x).h(x)

g(x) = f(x).t(x).

Ot te3u nBe paBeHcTBa nomydaBame f(x) = f(x).t(x). h(x). CnemoBarenno
cT.f(x) = cT.f(x) + c1.t(x) + cT.h(x). ToBa paBeHCTBO HU AaBa, ue cT.t(X) + cT.h(x) =0, T.e.
ct.h(x) = c1.t(x) = 0. Jokazaxme Jlemara Thit-kaTo h(x) = const # 0 u t(x) = const # O

CaencrBue 1:
Hexa f(x) u g(x) ca nenynesu nonunomu. Toeasa écexu HOJl na me3u nonunomu modice oa ce noayuu om

kot da e opye HOJl upe3z ymnoorcasane ¢ koncmanma.

-BO:
Cwrinacuo ompenenenuero 3a HOJ[ Bcexku nHa Haii-roseMu oOmu genurtenu Ha f(x) um g(x) ce mensr
B3auMHO. Ot Jlemara cienBa, ye Bceku HO/I moxe 1a ce moiyyu OoT KO Ja € APYT 4pe3 YMHO)KaBaHEe C
HEHYJICBa KOHCTAHTA.

CaencrBue 2:

Bcexu HOJI d(x) na f(X) u g(x) moorce 0a ce npedcmasu 6v6 suoa:
d(x) =M(x) f(x) + N(x) g(x),  M(x), N(x) € F[x]

-BO:
Ot nokasarenctBoto Ha Teopema 2 cnenpa, ue equd HOJl Ha f(X) u g(x) Moxe Aa ce MpencTaBu B TO3U
Bua. Twit karo Bceku apyr HOJI moxe na ce nomyuu ot To3u HOJI ¢ yMHOKaBaHe ¢ HEHyJIeBa KOHCTAHTA.
CrnencTBHeTO € JOKA3aHO.

CaencrBue 3:

Hexa f(x) u g(x) ca om F[x]. Eremenmvm o € F e 06w xopen na f(x) u g(x) moeasa u camo moeasa,
koeamo o, e koper ha HOJl na f(x) u g(x).

-BO:
1. Heka d(x) e HO/I Ha f(x) 1 g(x) 1 a € kopeH Ha f(x) u g(x), T.e. f(a) = g(a) =0
[Tonexe d(x) = M(x) f(x) + N(x) g(x) umame d(a) = M(a)f(ar) + N(a)g(a) = 0 = a e kopen Ha d(X).




2. Heka a e xopen Ha d(x), T.e. d(a)=0
f(x) = dx)fi(x) = f(a) =0
g(x) =d(x)gi(x) = g(o) =0
CJIeIOBATENHO oL € o0m1 kopeH Ha f(X) u g(X).o
ITo naratek HO/I Ha f(x) 1 g(x) Makap Aa He € oNpeesieH eIHO3HA4HO I1ie To o3HadaBame ¢ (f(x), g(x))

AaroputsbM HA EBkiana 3a Hamupane Ha HO{

Hexka F e none u f(x) u g(x) € F[x]. [Ipunaraiixu nocienoatenno Teopema 1 nonyyaBame paBeHCTBaTa:

f(x) = g(x)qi(x) + 11(X), kBAETO CT.I}(X) < CT.g(X)

g(x) = 11(x)q2(X) + 12(X), KBAETO CT.12(X) < CT.I1(X)
r1(x) = r2(x)q3(x) + 13(X), KBAETO CT.13(X) < CT.12(X)
12(X) = 13(x)qa(x) + 14(X), KBAETO CT.14(X) < CT.T3(X)

11(X) = rer1(X)qrr2(X) + 12(X), KBAETO CT.Tk+2(X) < CT.Ik11(X)
Tk+1(X) = Iera(X)qQre3(x) + 0
Ik+2(X) — MOCTEAHUAT HEHYJIEB OCTATHK

TBbpaeHue:
Ier2(x) € HOM ma f(x) u g(x)

-BO:
JIBMKEWKH ce 10 paBeHCTBATa OT/AOY HAarope IMmojiydaBaMe, ue ryio2(X) € oomr genuten Ha f(x) u g(x). Ako
d(x) memu f(x) m g(x) upe3 ABMKEHHUE IO paBEHCTBaTa OTrOpe HAOJy JA0Ka3Bame, ue d(X) aenu

r1(Xx), 1r2(X), . ., r2(x) € S. ¢




