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Abstract

The present note establishes the equivalence of Mac Williams identities for lin-
ear codes C,C⊥ ⊂ Fnq with the Polarized Riemann-Roch Conditions for their ζ-
functions. It provides some averaging and probabilistic interpretations of the coef-
ficients of Duursma’s reduced polynomial of C.
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1 Introduction

Let C be an Fq-linear [n, k, d]-code of genus g := n + 1 − k − d ≥ 0 with
dual C⊥ ⊂ Fnq of genus g⊥ = k + 1 − d⊥ ≥ 0. Throughout, denote by
WC(x, y) the homogeneous weight enumerator of C and put Mn,s(x, y) for
the MDS homogeneous weight enumerator of length n and minimum distance
s. In [1] and [2] Duursma introduces the ζ-function of C as the quotient
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ζC(t) = PC(t)
(1−t)(1−qt) of the unique polynomial PC(t) =

g+g⊥∑
i=0

ait
i ∈ Q[t] with

WC(x, y) =
g+g⊥∑
i=0

aiMn,d+i(x, y) and PC(1) = 1. The terminology arises from

the algebro-geometric Goppa codes on a smooth irreducible curve X/Fq ⊂
PN(Fq) of genus g, defined over a finite field Fq. More precisely, suppose that
there exist different Fq-rational points P1, . . . , Pn ∈ X(Fq) := X ∩PN(Fq) and
a complete set of representatives G1, . . . , Gh of the linear equivalence classes of
the divisors of Fq(X) of degree 2g− 2 < m < n with Supp(Gi)∩Supp(D) = ∅
for D = P1 + . . .+ Pn and ∀1 ≤ i ≤ h. The evaluation maps

ED : H0(X,OX([Gi])) −→ Fnq , ED(f) = (f(P1), . . . , f(Pn))

on the global sections f ∈ H0(X,OX([Gi])) of the line bundles, associated
with Gi are Fq-linear. Their images Ci = EDH0(X,OX([Gi])) are linear codes
of genus gi ≤ g, known as algebro-geometric Goppa codes. Duursma’s con-
siderations from [1] imply that the ζ-functions of X and Ci are related by the

equality ζX(t) =
h∑
i=1

tg−giζCi
(t).

Lemma 2.1 from the first section of the present note expresses the Riemann-
Roch Theorem on a curve X in terms of ζX(t), in order to motivate Definition
2.2 for Riemann-Roch Conditions on a formal power series of one variable.
Definition 2.3 is a polarized form of the Riemann-Roch Conditions. The main
Theorem 2.4 establishes that Mac Williams identities for the weight distribu-
tion of C,C⊥ ⊂ Fnq are equivalent to the Polarized Riemann-Roch Conditions
for ζC(t), ζC⊥(t). Thus, Mac Williams duality can be viewed as a polarized ver-
sion of the Serre duality on a smooth irreducible projective curve. The proof
of Theorem 2.4 is based on the properties of Duursma’s reduced polynomials
DC(t), DC⊥(t), introduced and studied in [3].

The second section is devoted to some averaging and probabilistic inter-
pretations of the coefficients ci of Duursma’s reduced polynomial DC(t) =
g+g⊥−2∑
i=0

cit
i ∈ Q[t] of a linear code C. After showing that ci

(
n
d+i

)
∈ Z≥0 for all

0 ≤ i ≤ g + g⊥ − 2, Proposition 3.1 establishes that ci with 0 ≤ i ≤ g − 1
is the average cardinality of an intersection of the projectivization P(C) of
C with n − d − i coordinate hyperplanes in the ambient projective space
P(Fnq ) = Pn−1(Fq). Proposition 3.2 expresses ci by the probabilities π

(w)
P(C),

respectively π
(w)

P(C⊥)
of a word [b] ∈ Pn−1(Fq) of weight w to belong to P(C), re-



spectively, to P(C⊥). The coefficients ci of DC(t) with 0 ≤ i ≤ g−1 are related

also to the probabilities π
(d+i)
[a] of a (d+ i)-tuple {β1, . . . , βd+i} ⊆ {1, . . . , n} to

contain the support of a word [a] ∈ P(C). In the case of g ≤ i ≤ g+ g⊥− 2 =

n − d − d⊥, the coefficients ci are described by the probabilities π
(n−d−i)
[b] of

{β1, . . . , βn−d−i} ⊆ {1, . . . , n} to contain the support of a word [b] ∈ P(C⊥).

2 Mac Williams identities for linear codes as Polarized
Riemann-Roch Conditions on their ζ-functions

Lemma 2.1 Let X/Fq ⊂ PN(Fq) be a smooth irreducible curve of genus g,

defined over a finite field Fq and ζX(t) =
∞∑
m=0

Am(X)tm be the ζ-function of X.

Then the Riemann-Roch Theorem on X implies the Riemann-Roch Conditions

Am(X) = qm−g+1A2g−2−m(X) + (qm−g+1 − 1)Res1(ζX(t)) for ∀m ≥ g,

where Am(X) is the number of the effective divisors of degree m of the function
field Fq(X) of X over Fq and Res1(ζX(t)) is the residuum of ζX(t) at t = 1.

The above lemma motivates the following

Definition 2.2 A formal power series ζ(t) =
∞∑
m=0

Amtm ∈ C[[t]] satisfies the

Riemann-Roch Conditions RRCq(g) of base q ∈ N and genus g ∈ Z≥0 if

Am = qm−g+1A2g−2−m + (qm−g+1 − 1)Res1(ζ(t)) for ∀m ≥ g

and the residuum Res1(ζ(t)) of ζ(t) at t = 1.

Here is a polarized version of the Riemann-Roch Conditions.

Definition 2.3 Formal power series ζ(t) =
∞∑
m=0

Amtm, ζ⊥(t) =
∞∑
m=0

A⊥mtm

satisfy the Polarized Riemann-Roch Conditions PRRCq(g, g
⊥) of base q ∈ N

and genera g, g⊥ ∈ Z≥0 if

Am = qm−g+1A⊥g+g⊥−2−m + (qm−g+1 − 1)Res1(ζ(t)) for ∀m ≥ g,

Ag−1 = A⊥g⊥−1 and

A⊥m = qm−g
⊥+1Ag+g⊥−2−m + (qm−g

⊥+1 − 1)Res1(ζ
⊥(t)) for ∀m ≥ g⊥,

where Res1(ζ(t)), Res1(ζ
⊥(t)) stand for the corresponding residuums at t = 1.



Note that PRRCq(g, g
⊥) imply Am = κ1q

m + κ2, A⊥m = κ⊥1 q
m + κ⊥2 for all

m ≥ g + g⊥ − 1 and some κj, κ
⊥
j ∈ C. These are equivalent to the recurrence

relations Am+2 − (q + 1)Am+1 + qAm = A⊥m+2 − (q + 1)A⊥m+1 + qA⊥m = 0 for

∀m ≥ g + g⊥ − 1 and hold exactly when ζ(t) = P (t)
(1−t)(1−qt) , ζ

⊥(t) = P⊥(t)
(1−t)(1−qt)

for polynomials P (t), P⊥(t).

The main result of the present note is the following

Theorem 2.4 Mac Williams identities for an Fq-linear [n, k, d]-code C of
genus g := n+1−k−d ≥ 0 and its dual C⊥ ⊂ Fnq of genus g⊥ = k+1−d⊥ ≥ 0
are equivalent to the Polarized Riemann-Roch Conditions PRRC(g, g⊥) on
their ζ-functions ζC(t), ζC⊥(t).

The proof of Theorem 2.4 makes use of Duursma’s reduced polynomial

DC(t) =
g+g⊥−2∑
i=0

cit
i ∈ Q[t] of C, whose coefficients relate the homogeneous

weight enumerator

WC(x, y) =Mn,n+1−k(x, y) + (q − 1)

g+g⊥−2∑
i=0

ci

(
n

d+ i

)
(x− y)n−d−iyd+i

of C with the homogeneous weight enumeratorMn,n+1−k(x, y) of an MDS-code
of the same length n and dimension k as C (cf.[3]). It reveals that Randri-
ambololona’s Riemann-Roch Theorem 44 for linear codes from [4] implies the
Polarized Riemann-Roch Conditions PRRCq(g, g

⊥), stated by Definition 2.3.
As a byproduct, we obtain the following

Corollary 2.5 The lower parts ϕC(t) =
g−2∑
i=0

cit
i, ϕC⊥(t) =

g⊥−2∑
i=0

c⊥i t
i of Du-

ursma’s reduced polynomials DC(t), DC⊥(t) of C,C⊥ ⊂ Fnq with genera g ≥ 1,
respectively, g⊥ ≥ 1 and the number cg−1 = c⊥

g⊥−1 ∈ Q determine uniquely

DC(t) = ϕC(t) + cg−1t
g−1 + ϕC⊥

(
1

qt

)
qg

⊥−1tg+g
⊥−2,

DC⊥(t) = ϕC⊥(t) + cg−1t
g⊥−1 + ϕC

(
1

qt

)
qg−1tg+g

⊥−2.



3 Averaging and probabilistic interpretations of the co-
efficients of Duursma’s reduced polynomial

Let C ⊂ Fnq be a linear code with Duursma’s reduced polynomial DC(t) =
g+g⊥−2∑
i=0

cit
i and P(C) ⊂ P(Fnq ) = Pn−1(Fq) be the projectivization of C, viewed

as a subspace of the projectivization P(Fnq ) = Pn−1(Fq) of the ambient space
Fnq . Note that the weight wt : Fnq → {0, 1, . . . , n}, wt(a) = |{1 ≤ i ≤ n | ai 6= 0}|
for all words a = (a1, . . . , an) ∈ Fnq descends to an weight function

wt : P(Fnq )→ {0, 1, . . . , n}, wt([a]) = wt([a1 : . . . : an]) = |{1 ≤ i ≤ n | ai 6= 0}| .

Let us denote by Pn−1(Fq)(s) := {[a] ∈ Pn−1(Fq) |wt([a]) = s} the set of the
words of Pn−1(Fq) of weight 1 ≤ s ≤ n and put P(C)(s) := Pn−1(Fq)(s)∩P(C) =

{[a] ∈ P(C) |wt([a]) = s}. For an arbitrary 1 ≤ s ≤ n, let
(
[n]
s

)
be the collection

of the subsets α = {α1, . . . , αs} ⊆ [n] := {1, . . . , n} of cardinality |α| = s.

Recall that a linear code C ⊂ Fnq is non-degenerate if it is not contained
in a coordinate hyperplane V (xi) = {a ∈ Fnq | ai = 0} for some 1 ≤ i ≤ n.

Proposition 3.1 Let C be an Fq-linear [n, k, d]-code of genus g ≥ 1 with dual
C⊥ ⊂ Fnq of minimum distance d⊥ and genus g⊥ ≥ 1. Denote by DC(t) =
g+g⊥−2∑
i=0

cit
i ∈ Q[t] Duursma’s reduced polynomial of C.

(i) Then ci
(
n
d+i

)
∈ Z≥0 are non-negative integers for ∀0 ≤ i ≤ g + g⊥ − 2.

(ii) If C is non-degenerate and P(C)(⊆β) := {[a] ∈ P(C) | Supp([a]) ⊆ β}
is the set of the words of P(C), whose support is contained in some β ∈

(
[n]
s

)
then

ci =

(
n

d+ i

)−1 ∑
β∈( [n]

d+i)

∣∣P(C)(⊆β)
∣∣
 for ∀0 ≤ i ≤ g − 1

is the average cardinality of an intersection of P(C) with n− d− i coordinate
hyperplanes.

By Theorem 1.1.28 and Exercise 1.1.29 from [5], the homogeneous weight
enumerator of a non-degenerate Fq-linear code C ⊂ Fnq can be expressed in the

formWC(x, y) = xn+
n−d∑
i=0

Bi(x−y)iyn−i withBi = (q−1)

 ∑
α∈([n]

i )

∣∣P(C)(⊆¬α)
∣∣.



Thus, our Proposition 3.1 (ii) reveals that Tsfasman-Vlădut-Nogin’s coeffi-
cients Bd+i =

(
n
d+i

)
(q − 1)ci for ∀0 ≤ i ≤ g − 1 and the coefficients ci of

Duursma’s reduced polynomial DC(t).

Proposition 3.2 Let C be an Fq-linear [n, k, d]-code of genus g ≥ 1, whose

dual C⊥ is an [n, n−k, d⊥]-code of genus g⊥ ≥ 1 and DC(t) =
g+g⊥−2∑
i=0

cit
i ∈ Q[t]

be Duursma’s reduced polynomial of C. For any 1 ≤ w ≤ n denote by π
(w)
P(C)

the probability of [b] ∈ Pn−1(Fq)(w) to belong to P(C)(w) and put π
(w)
[a] for the

probability of β ∈
(
[n]
w

)
to contain the support Supp([a]) of some [a] ∈ P(C).

Then:

(i) ci =
d+i∑
w=d

π
(w)
P(C)

(
d+ i

w

)
(q − 1)w−1 for ∀0 ≤ i ≤ g − 1,

ci = qi−g+1

[
n−d−i∑
w=d⊥

π
(w)

P(C⊥)

(
n− d− i

w

)
(q − 1)w−1

]
for ∀g ≤ i ≤ g + g⊥ − 2;

(ii) ci =
∑

[a]∈P(C)

π
(d+i)
[a] for ∀0 ≤ i ≤ g − 1,

ci = qi−g+1

 ∑
[b]∈P(C⊥)

π
(n−d−i)
[b]

 for ∀g ≤ i ≤ g + g⊥ − 2 = n− d− d⊥.
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