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Abstract: Let m : D — S be the projection of a period domain
D = G/V onto a Riemannian symmetric space S = G/K of non-
compact type with K O V. The totally geodesic variations of Hodge
structure U C D are exactly the equivariantly embedded Hermitian
symmetric subspaces U of D, which map diffeomorphically onto totally
geodesic subspaces w(U) C S. The article shows that a variation of
Hodge structure U C D is totally geodesic exactly when 7(U) is a
left quasi-subgroup of a left quasi-group with right neutral element
(S, @y, K), induced by a real analytic section o : S — G of 7 : G —
G/K = S. It establishes that U C D is totally geodesic exactly when
(7r(U),-) is a Loos-symmetric subspace of the Loos-symmetric space
(S, ). We introduce the notion of a Loos-Hermitian symmetric space of
non-compact type and prove that U C D is a totally geodesic variation
of Hodge structure if and only if there is a Loos-Hermitian symmetric
structure (7(U), *) of non-compact type, whose square (mw(U),*?) is a
Loos-symmetric subspace of (S, -)
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The study of the totally geodesic variations of Hodge structure is
motivated by the presence of families of Calabi-Yau manifolds, whose
Teichmiiller spaces have totally geodesic images under the period map
(cf.[']). On the other hand, [*] shows that any irreducible Hermitian
symmetric space of non-compact type is realized as a totally geodesic
variation of Hodge structure of Calabi-Yau type.

If G is a real linear algebraic group and H < G is a compact subgroup
then g = Lie(G) admits a non-degenerate Adg-invariant bilinear form
(,):gxg— Rand M := Lie(H)* C g is called a canonical lift of
TR(G/H) = g/Lie(H) to g. In particular, if H is a maximal compact
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subgroup of G then the canonical lift of T2(G/H) to g with respect to
the Killing form of g is denoted by p.
Recall that a subspace s C g is a Lie triple system if [[s, 5], 5] C s.

Proposition 1. Let m : D — S be the projection of a period domain
onto a Riemannian symmetric space of non-compact type, U C D be
a totally geodesic variation of Hodge structure and s C p be canonical
lifts of TEn(U) C TES to g = Lie(G). Then there is a Lie subgroup
G(U) of G with Lie(G(U)) = s@®|s, s], such that U = G(U)V/V C D is
an equivariantly embedded Hermitian symmetric space of non-compact
type, m(U) C S is totally geodesic and 7 : U — 7w(U) is a global
diffeomorphism.

Conversely, if U C D 1is a variation of Hodge structure with totally
geodesic w(U) C S, then U C D is totally geodesic.

Proof. For an arbitrary variation of Hodge structure U C D, for every
o € U and for 6 = 7(0), the differential (dr), : TRU — Tew(U) is an
R-linear isomorphism and there is a canonical lift TRU = Tin(U) = s.
Moreover, 2 := T1OU is an abelian Lie subalgebra of g ®g C, so that
s = (A D A) N g satisfies [5,5] C [A,A] Ng C Lie(V).

If U C D is totally geodesic then w(U) C S is totally geodesic be-
cause m maps the D-geodesics onto the S-geodesics. By [*], s is a Lie
triple system, there is a Lie subgroup G(U) < G with Lie(G(U)) =s®
s, 5] and an equivariantly embedded totally geodesic U(s) := G(U)V/V C
D with TRU(s) = s = TRU. Since D is complete and U, U(s) are geo-
desic at o, the coincidence TRU (s) = TRU suffices for U(s) = U. Sim-
ilarly, [3] reveals that W = G(U)K/K C S is an equivariantly embed-
ded, totally geodesic Riemannian symmetric subspace of non-compact
type. By Lie(G(U)NK) = Lie(G(U))NLie(K) = [s,5] = Lie(G(U)NV)
it follows G(U)NK = G(U)NV and 7 : U — W turns to be a global dif-
feomorphism. As a result, U is a Riemannian symmetric space of non-
compact type and the holomorphy of the geodesic isometry s, : U — U
at o € U implies that U is Hermitian symmetric.

If W := n(U) C S is totally geodesic then TRU = TEW = s is
a Lie triple system of g, there is a Lie subgroup G(W) < G with
Lie(G(W)) = s ® [s,8] and U = G(W)V/V C D is an equivariantly
embedded, totally geodesic submanifold. U

From now on, for a binary operation Q) x Q — @ and a,b € @, let us
denote by z,(a,b),y,(a,b) € @ the solutions of the equations ax = b,
respectively, ya = b, if they exist. In 1935 Moufang defines a quasi-
group ) as a set with a binary operation @) x (Q — @, with respect to
which there exist unique z,(a,b), y,(a,b) € @ for for all a,b € Q.
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Definition 2. The pair (L, ®) with ® : LX L — L is a left quasi-group
if for any a,b € L there exists unique x,(a,b) € L. An element e, € L
is right neutral with respect to & if a ® e, = a for all a € L.

Let G be a group, H < G be a subgroup and let 7 : G — G/H be
the canonical homomorphism defined by m(a) = aH, a € G. A map
o:G/H — G is a section if 7o = Idg/g. Any o induces a left quasi-
group &, : G/H x G/H — G/H, aH &, bH = w(o(aH)o(bH)) =
o(aH)bH for all aH,bH € G/H with right neutral element H. Let
(L, ®,e,) be a left quasi-group with right neutral element and L : £ —
Sym(L), L,(x) := a @ x for all x € L. Rephrasing [*], note that L is
injective and the subgroup G, := (L(L)) < Sym(L) is isomorphic to
L(L) x Hp with H; := Stang,(e,) as a set. Thus, o : Go/Hy — G,
or(LoHp) = Ly is asection of 7 : Gy, — G /H, and L : (L, ®,e,) —
(Ge/Hr, @0, He) is an isomorphism of left quasi-groups with right
neutral elements. For a group G and a subgroup H < G let A :
G — Sym(G/H) be the group homomorphism, associated with the G-

action G x G/H — G/H, (a,bH) — abH. For any section o : £ :=
G/H — G of m : G — G/H, the subgroup Ge = (c(G/H)) < G
acts transitively on £ and Gg¢ = A(GNS), due to Loy = A(o(aH)),
LouA(o(aH) ) = Idg/y. Moreover, He = Ge N A(H) = A(@; NH)
by ker A = ﬂbeg(be_l).

Definition 3. If (L, ®) is a left quasi-group, then L1 C L is a left
quasi-subgroup if the inclusions a®b, x,(a,b) € L1 hold for alla,b € L.

Theorem 4. Let o € U C D be a variation of Hodge structure with
a closed image W := w(U) under m : D = G/V — G/K = S. Then
U C D is totally geodesic if and only if there is a real analytic section
og:5 =>Gofrg:G— S with 0(0) = e € G, such that (W, &,) is a
left quasi-subgroup of (S, ®,, K).
Proof. Let t® p = g = Lie(G) be the Cartan decomposition and exp :
g — G. Then exp; : p — S is a global diffeomorphism and o :=
expexp,’ : S — G is a real analytic section of 7. If U C D and
W C S are totally geodesic then W = G(W)K/K for G(W) < G
and exp;(a) ®, exp;(B) = exp(a) exps(B) € W, z,(exps(), exp,(8)) =
exp(a)texpy(B) € W for all o, B € TSW. Thus, (W, ®,, K) is a left
quasi-subgroup of (S, ®,, K).

Conversely, suppose that (W, ®,, K) is a left quasi-subgroup of (S, ®,, K).
Then W = G,K/K for the subgroup G, := (o(W)) < G. Since
o(W) C G is closed and G, N K < G is a compact subgroup,

o(W)(GoNK) = {o(p)k |peW, ke G,nK}
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is a closed submanifold of G. Clearly, o(W)(G,NK) C G,. Anya € G,
has T (a) = aK = o(aK)K € G,K/K = W, so that a = o(aK)k,
for some k, € G, N K and G, C o(W)(G, N K). The coincidence

of manifolds G, = o(W)(G, N K) implies that G, is a closed and,

therefore, a Lie subgroup of G. The diffeomorphism o : W — (W)

induces (do), = Id : ToW — TRo(W) for ToW C p. If v € TXW
_dys(t)

then the S-geodesic 7¢(t) : R — S with 77(0) = o, T = v has
It li=o

factorization ¥ (t) = mx exp(tv) and takes values in 7xG, = W. Thus,

W C S is geodesic at 0 € W and, therefore, totally geodesic. 0

Definition 5. A complete manifold S with a smooth binary operation
Sx S =S, (x,y) = x-y is a Loos-symmetric space if it satisfies the
aTIOMmS:

(Al) x -z ==z forallz € S;

(A2) x - (x-y) =y for all z,y € S;

(A3)z-(y-2)=(z-y) - (v-2) forall z,y,z € S;

(A4) Every x € S has an open neighborhood U, C S such that x -y =y
fory € U, implies y = x.

Theorem 6. (Loos [°], cf. also [°]) Any Riemannian symmetric space
S = G/K is a Loos symmetric space (S,-) with respect to x -y :=
sz(y) for the involutive isometry s, : S — S with isolated fixed point
x € S. Any Loos-symmetric space (S, -) is supported by a Riemannian
symmetric space S.

Any Loos-symmetric space (S, ) is a left quasi-group with x,(a,b) =
a-bforall a,b € S by (A2) from Definition 5.

Definition 7. A Loos-symmetric space (S, ) is of non-compact type if
foranyy € S with x -y =y it follows x = y.

Proposition 8. The following conditions are equivalent for a Loos-
symmetric space (S, -):

(i) S is a Riemannian symmetric space of non-compact type;

(ii) (S,-) is a Loos-symmetric space of non-compact type;

(iii) (S,-) is a quasi-group.

Proof. (i) = (ii). Since exp, : T®S — S is a global diffeomorphism,
xy = spexp exp,’ (y) = exp,(—exp,'(y)) = exp,(exp,(y)) = y is
equivalent to exp,'(y) = 0 and holds only for z = y.

(ii) = (i). If the Riemannian symmetric space S is of compact type,
there is a periodic geodesic v : R — S through ~+(0) = 6 with minimal
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to t

period t, € R>?. Then s, (7 <§)> =7 <—§O> implies ~ (%’) = 0,

to .
whereas v | t + 5)= v(t) for all t € R, which is an absurd.

(ii) = (iii). By assumption, y - a = a forces y = a. If a # b and
Yya 1 R = S is the unique geodesic with 7, ,(0) =y, 7..(1) = @ then
b = vy..(—1) and the unique solution y,(a,b) € S of y - a = b is the
middle point of the geodesic segment from a to b.

(iii) = (ii). If y-a = @ = a-a has unique solution in S theny = a. O

Definition 9. A submanifold Sy of a Loos-symmetric space (S,-) of
non-compact type is a Loos-symmetric subspace if for all a,b € S it
holds a - b, x,(a,b),y,(a,b) € S.

Definition 10. A complete manifold S with a smooth binary operation
SxS =8, (z,y) — xxy is a Loos-Hermitian symmetric space of non-
compact type if it satisfies the following axioms:

(al) zxx =z forallz € S;

(a2) x x{z*x [z *x (z*xy)|} =y for all x,y € S;

(a3) x* (y*2) = (x*xy) x (xx2) for all x,y,z € S;

(ad) if z % (x xy) =y for some x,y € S then x =y.

Theorem 11. A complete manifold S admits a Loos-Hermitian sym-
metric structure (S, %) of non-compact type if and only if it is a Her-
mitian symmetric space of non-compact type. If so, then (S, *?) with
xxly =1 % (x *y) is the Loos-symmetric space of non-compact type,
supported by S.

Proof. The axioms (al)-(a4) for (S,*) imply that (S,%?) is a Loos-
symmetric space of non-compact type. The integrable almost complex
structures

Jo : TRS — TRS,  J(u) := exp,*(z * exp,(u))

turn the Riemannian symmetric space S of non-compact type into a
Hermitian symmetric space of non-compact type.

Let S = G/K be a Hermitian symmetric space of non-compact type
and J, : TS — TXS be the almost complex structure at z € S. Then
it is clear that zxy = j,(y) := exp, J, exp, ' (y) is subject to (al), (a2),
(a4) from Definition 10 and (S, **) satisfies Definition 7. Towards (a3),
note that S = Uue:rg%s’yzj (R) is covered by the images of the geodesics

dry (t)
dt li=0

g (t) = jyexp, (tv) = exp, (t.J,(v)) = 7, (t)

Y,y i R — S with v,(0) =y, = v. Further,
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. v djz)yv . .. v dj )y Iy (V
and j,72(t) = 14 (t) imply that j,j,72(t) = 14 (t). The
differentials of the holomorphic isometries j, : S — S are subject to
(djz)yJdy = Jj, ) (djz)y. As a result,

.. v J'x (dja)y(v) . djz)y (v . )
Gedyry(8) = 72 () = G ) = Gdes (1),

whereas jgj, = Jjj. () J= and (a3). O

Corollary 12. The following conditions are equivalent for a variation
of Hodge structure U C D and the projection m : D — S onto a
Riemannian symmetric space S of non-compact type:

(i) U C D is totally geodesic;

(ii) (7(U),-) is a Loos-symmetric subspace of (S, -);

(iii) there is such a Loos-Hermitian symmetric structure (w(U), x) of
non-compact type that (7(U),*?) with x %>y := x x (x * y) is a Loos-
symmetric subspace of (.S, ).

Proof. For a Riemannian symmetric space R of non-compact type and
r € R, let s : R — R be the geodesic isometry with unique fixed
point z.

(i) = (ii). Any totally geodesic subspace W C S is Riemannian
symmetric and, therefore, Loos-symmetric with

x-y=sy (y) =expy (—(expy ) (y)) = exp (—(exp) ' (y)) = 5 (v)

for all z,y € W.

(ii) = (i). By Proposition 8, W = G(W)/K (W) C S is an equivari-
antly embedded Riemannian symmetric subspace of non-compact type,
as far as G(W) = (s = s3|y ‘ x € W) is a subgroup of G.

(i) = (iii). follows from the Hermitian symmetry of the totally
geodesic U C D and (iii) = (ii) is obvious. O
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