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ABSTRACT. The weight distribution {Wéw)}gzo of a linear code C C Fy is
put in an explicit bijective correspondence with Duursma’s reduced polyno-
mial Dc(t) € Q[t] of C. We prove that the Riemann Hypothesis Analogue
for a linear code C requires the formal self-duality of C'. Duursma’s reduced
polynomial Dp(t) € Z[t] of the function field F = F4(X) of a curve X of genus

> .
g over [Fy is shown to provide a generating function % = «Z:O B;t* for

the numbers B; of the effective divisors of degree i > 0 of a virtual function
field of a curve of genus g — 1 over Fy.

Let F, = U%_,F m be the algebraic closure of a finite field F, and X /F, c PV (F,)
be a smooth irreducible projective curve of genus g, defined over F,. Denote by
F =TF,(X) the function field of X over F, and choose n different F,-rational points
Pi,...,P, € X(F,) := X NPN(F,). Suppose that G is an effective divisor of F
of degree 2g — 2 < deg G = m < n, whose support is disjoint from the support of
D =P, + ...+ P,. The space L(G) := H°(X,0x(G)) of the global holomorphic
sections of the line bundle, associated with G will be referred to as to the Riemann-
Roch space of G. We put [(G) := dimg, L(G) and observe that the evaluation
map

Ep: L(G) — F7,

Ep(f) = (f(P1),.... f(Py)) for VfeL(G)

is an Fy-linear embedding. Its image C' := im(Ep) = EpL(G) is known as an
algebraic geometry code or Goppa code. The minimum distance of C is d(C) >
n—m. The equality d(C) = n—m holds if and only if there exists a rational function
fo € L(G), vanishing at exactly m of the points Py, ..., P,. For an arbitrary s € N
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let Ny(F) := | X(Fgs)
formal power series

be the number of the Fys-rational points of X. Then the

Zp(t) :=exp <i NSEF)tS>

s=1

is called the Hasse-Weil zeta function of F'. It is well known (cf. Theorem 4.1.11
from [6]) that
Lp(t)
Zp(t) = 7—ii——

=0
for a polynomial Lp(t) € Z[t] of degree 2g. We refer to Lp(t) as to the Hasse-Weil
polynomial of F.

In [2], [3] Duursma introduces the genus of a linear code C' C Iy as the deviation
g:=n+1—k—d of its dimension k := dimp, C and minimum distance d from the
equality in Singleton bound. Let Wéw) be the number of the codewords ¢ € C of
weight d < w < n. Then

n
Wel(z,y) = a™ + Z Wéw)xnfwyw
w=d(C)
is called the homogeneous weight enumerator of C. Denote by M, 4(x,y) the MDS-
weight enumerator of length n and minimum distance s. Put g for the genus of
the dual code C+ of C and 7 := g + g-. In [2], [3] Duursma proves that the
homogeneous weight enumerator
WC(J:’ y) = GOMn,d(xv y) + a'an,d-‘rl(xa y) +...+ a?‘Mn,d-‘rT('xa y) (1)

of an arbitrary linear code C' C [y has uniquely determined coordinates ao, . .., a, €
Q with respect to the MDS-weight enumerators M, q4i(z,y), 0 < ¢ < r. He refers

T .
to Po(t) := Y a;t* € Q[t] as to the (-polynomial of C'. The present note establishes

i=0

iz
that the difference

r—2
n —d—i, d+i
Wele,s) = Munias(on) = =0 e )1 )@ ==yt

=0
of the homogeneous weight enumerator We (z, y) of C and the MDS-weight enumer-
ator My, n41-k(x,y) of the same length n and dimension k as C has uniquely deter-

mined coordinates ¢y, ..., c,_2 € Q with respect to (z —y)" "4 iydt 0 <i<r—2
r—2 .

(cf.Proposition 1). The polynomial De(t) = . ¢;t* € Q[t] is in a bijective corre-
i=0

spondence with Po(t) = (1 —¢)(1 — qt)De(t) + t9. Theorem 11.1 from Duursma’s
[4] expresses the generating function (¢ j(t) = D¢ ;(t) + ht9T7 =1 Zp(t) for the j-th
support weights of C by a polynomial D¢ ;(t) and the Hasse-Weil (-function Zp(¢)
of the function field F' = F,(P/(F,)) of the projective space P/(F,). In the case of
j =1, Duursma’s D¢ 1(¢) coincides with our D¢ (t) and that is why we call D (t)
Duursma’s reduced polynomial of C'.

The classical Hasse-Weil Theorem establishes that all the roots of the Hasse-Weil
polynomial Lp(t) € Z[t] of the function field F,(X) of a curve X of genus g over

F, are on the circle S (%) : {z eC ‘ |z| = ﬁ} (cf. Theorem 4.2.3 form [6]).

Suppose that there is a complete set of representatives Gi,...,Gy of the linear
equivalence classes of the divisors of F,(X) of degree 2g — 2 < degG; < n with
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Supp(G;) NSupp(D) =P forV1<i<n,D=P +...+ B,. f C; = EpL(G;) are
the algebro-geometric Goppa codes, associated with these divisors, then according
to Theorem 12.1 from Duursma’s [4], the (-polynomials of C; are related by the
equality

Z tg—g(Ci)pCi (t) = Lp(t).

to the Hasse-Weil polynomial Lg(t) of F. Baring in mind this fact, Duursma says
that a linear code C' C Fy satisfies the Riemann Hypothesis Analogue if all the

roots of its zeta polynomial Pc(t) = > a;t* € Q[t] are on the circle S (%) Let
i=0

C be an Fg-linear code of dimensionlk and minimum distance d, which satisfies
the Riemann Hypothesis Analogue. Proposition 2 shows that C is formally self-
dual. Let us recall that C' is formally self-dual if it has the same weight distribution
W(Cw) = Wg’i), Y0 < w < n as its dual code C*+ C Fy. In the light of Duursma’s
results and our Proposition 1, the formal self-duality of C' turns to be equivalent

to the functional equation Po(t) = Po ( ) q9t%9 for Pc(t) and to the functional

equation D¢(t) = D¢ ( )qg 1429=2 for D¢(t). Proposition 3 from the present

note expresses explicitly the homogeneous weight enumerator We (2, y) of a formally
self-dual code C' C ' by the lowest half of the coefficients of D¢ () or by the

numbers W(d) ...,W((;k) of the codewords ¢ € C, whose weights are between the
minimum dlstance d of C and the dimension k.

In [1] Dodunekov and Landgev introduce the near-MDS code C' C Fy as the
ones with quadratic zeta polynomial Po(t). Kim and Hyun’s article [5] provides a
necessary and sufficient condition for a near-MDS code to satisfy the Riemann Hy-
pothesis Analogue. By Theorem 3 from Duursma’s [3], the zeta polynomial Pc(t) of
a formally self-dual code C' C Fy is of even degree. Our Proposition 4 is a necessary
and sufficient condition for a formally self-dual code C' C Fy with zeta polynomial
Po(T) of deg Po(t) = 4 to be subject to the Riemann Hypothesis Analogue. In
analogy with the classical Hasse-Weil Theorem, we intend to express the Riemann
Hypothesis Analogue for a linear code C' C Fy in terms of the coefficients of the

power series expansion of log [%] .

The last, third section is devoted to Duursma’s reduced polynomial D (t) of the
function field F' = F,(X) of a curve X/F, C PN(F,) of genus g over F,. Corollary
5.2 from Duursma’s [2 [ | shows the existence of Dp(t). Explaining formula (10.1) from
[4], he mentions that Dg(t) accounts for the contribution of the special divisors of
F' to the zeta function Zp(t). The present article establishes that Dp(t) € Z[t] is
determined uniquely by its lowest g coefficients, which equal the numbers A; of the
effective divisors of F' of degree 0 < i < g — 1. Our Proposition 5 reveals that the
zeta function

(lft lfqt ;Bt’

associated with Dg(t) has the properties of a generating function for the numbers
B; of the effective divisors of degree ¢ > 0 of a virtual function field of genus g — 1
over F,. There arises the following

Open Problem: To characterize the function fields F = F,(X) of curves
X/F, C PN(F,) of genus g over F,, for which there are curves Y/F, C PM(F,)
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of genus g — 1, defined over I, with Hasse-Weil zeta function
Dp(t)

S (e o)

1. The homogeneous weight enumerator of an arbitrary code.

Proposition 1. Let C' C IFZ be a linear code of dimension k = dimpq C, minimum
distance d and genus g =n+1—k —d > 1, whose dual C+ C Fy is of minimum
distance d*- and genus g~ =k +1—d+ > 1. If

gt+gt—2

Do(t)= Y cit' € Qi

i=0
is Duursma’s reduced polynomial of C and My, 11—k (x,y) is MDS-weight enumer-

ator of length n, dimension k and minimum distance n+1—k, then the homogeneous
weight enumerator of C' is

g+gt—2 n
We(z,y) = Mpnt1—k(z,y) + (¢ — 1) Z Ci( >(m _yynmdeigdti (g

pre d+i
gtg -2
More precisely, Duursma’s reduced polynomial Do (t) = > ¢;t* determines uni-
i=0

quely the weight distribution of C, according to

m@”:(q—n<2)§fp4whw4<“’>q for d<w<d+g-1, (3)

par d+i

min(w—d,n—d—d")

we =(¢—1) (Z) > (—v— (di Z) ci

i=0
n w—n—1+k ; w ot (4)
+<w> jzzzo (-1) (j)(q —1) for d+g<w<n.
Conversely, for Y0 < i < g+ g+ — 2 the numbers Wéd),...,WgHi) determine
€L
uniquely the coefficient ¢; of Duursma’s reduced polynomial D¢ (t) = g+2)2 cit® by
n \ 'S n—w
=o)X (e ®)

for0<i<g-—1,

+ di_:z n—w W(w) _(n u)_n_1+k(_1)j w (qwfnJrk*] 1)
n—d—1 c w : J
w=d+g 7=0

forg<i<g+gt-2.
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In particular,

(q_1)<di )czez

are integers for all0 <i < g+ gt — 2.

The aforementioned formulae imply that ng), R ng+g+gL72)

the homogeneous weight enumerator We(x,y) of C by the formula

determine uniquely

d+g+gt -2
Welz,y) = > WEAu(z,y) + Az, y), (7)
w=d

with explicit polynomials

d+g+g*—2
<n

Ao (z,y) = Z

w)(x—y)”sys for d<w<d+g+g-—-2 (8)

= n—s
and
dtg+g*—2
A(m,y) = Mn,n+1—k(xvy) - Z Mn ntl—k w(xvy)~ (9)
w=d+g

Proof. In the case of g = 0, note that C'is an MDS-code and We (2, y) = My, ny1-k(x,y).
Form now on, we assume that g > 0 and put r := g + g*. According to Proposi-
tion 9.2 from Duursma’s [2], the ¢(-polynomials of C' and C* satisfy the functional
equation

1 n
Pes(t) = Pe (qt) Q1+ (10)

g9 = (%)g and the

As a result, there is a

and Po(1) = Poi(1) = 1. Therefore Po (l) =

polynomial Po(t) —t9 € Qt] vanishes at ¢ = 1 and t =
polynomial

e (
1

De(t) == (1P_cg1_qt ; cit' € Q[t] (11)

Making use of (1), let us express

Wo(x,y) = Muarg(@,y) + Y biMuayi(z,y)

i=0
by the coefficients of Po(t) —t9 = Y b;t'. The comparison of the coefficients of
i=0
Po(t) —t9 = (1 —t)(1 — qt)De(t). (12)
yields
bi=c¢;i—(g+ 1eci—1 +qci—o for YVO<i<r

with c_o = c¢_1 = ¢,_1 = ¢, = 0. Therefore

Wel(x,y) = M arg(@,y) + Z ciMn,ati(z,y)

=0

—(q+ 1) ciraMpari(@,y) + 9 cioMpayi(x,y)-

=0 =0
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Setting j = ¢ — 1, respectively, 7 = ¢ — 2 in the last two sums, one obtains

WC’ (l‘, y) = Mn,d+g (l’, y) + Z CiMn,d-‘ri(x? y)

i=0
r—1 r—2
—(g+1) Z cjMnarit1(z,y) +q Z cjMu,atj+2(2,y),
j=-1 j==2
whereas
WC (ZL’, y) = Mn,d+g (1'7 y)
r—2 (13)
+ ¢ Muayi(@,y) = (0 + D Mg (2,y) + aMaarjia(e,y)).
j=0
Let us put

Widj(2,y) = My arj(2,y) — (@ + DMy ar i1 (2, y) + gMaparjr2(z,y)

and recall that the MDS-weight enumerator of length n and minimum distance d+ j
equals

Mo ati(z,y) = 2™ + Z Mnd+] n—wyw

w=d-+j
with
n w—d—j w
(w) _ i w+l—d—j—i
M= () X ()t oy 1
7=
Therefore
d+ j d+j+1 d+j+1 —d—j— j
Waars (@) = MU= d+f+[M2,dij D= g+ DM e Tyt

(w) (w) -
+ Z n d+J (q + 1)Mn ,d+j+1 + qu:jjd+j+2]xn wyw'
w=d+j+2

Making use of the MDS-weight distribution (14) and introducing

Wy(L“ii).t,_] : Mi:jd)_,_j (¢ + 1)./\/[(“)[1_’_]_’_1 + Mng)d)-i-j+2 for d+j+2<w<n,

one expresses

n —d— i .
Waa+j(2,y) = <d+ ) (q— 1)a"~ @Iyt

n n— n—w, w
_(d+j+1)(q_1)(d+3+1) Tyt Z Wi 2"y
w=d+j+2

For any d + j + 2 < w < n one has

Wiy = (Z) (di j) (q—1)(=1)" .

Baring in mind that
n w _(n—d—j n
w)\d+j) \w—-d—j)\d+j)’
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one obtains

n
Wn,dJrj(xv y) = (

d+j) (q— 1)1,nfdijd+j B < n >(q_ D(d+j+ 1)xn7d7j71yd+j+1_’_

D [ LR

Then by the means of

@ritn(p, ) =-a-a(,h ).

one derives that

n
Wi (z,y) = (

d+ > (g — 1) [¢" 9y — (n — d — j)a" i ydHitly
J

n .
_a—ifm—d—j _
e L
w=d+j+2 w—d—j
Introducing s := w — d — j, one expresses

n . n—d— .

S s (1 g S g (M s
w=d+j+2 w—d- ‘7 s=2 §

and concludes that

Wn,d+j ($7 y) = (

n

o) D=y, (15)

The equality Wy n—k(z,y) = (})(q — 1)(x — y)*y"~* is exactly the claim (c) of
Lemma 1 from Kim and Nyun’s work [5]. Plugging in (15) in (13) and bearing in
mind that d + g = n + 1 — k, one obtains (2).

In order to prove (3) and (4), let us put

Ve(z,y) == We(z,y) — M nt1-k(2,9)
and note that Vo (z,y) = > Véw)ﬂﬁn_wyw with Véw) = W((;w) ford <w <n—Fk,
w=d

w—n—1+k
w w w w n ifW w—n+k—i
Ve =W M= = (1) ()@

2
=0

ford+g=n+1—k <w <n. Making use of (2), one expresses

Ve(z,y) =(g—1) ﬁi_Qci (d Z‘r Z) n_zd:_ (” - j - ’) (1)n—d=i=sgsyn—s

i=0 s=0
n—d [min(n—d—s,g+g*—2) n n—d—i
—(g—1 s —r ety
(q ); ; C<d+i>< s >( ) i

after changing the summation order. Setting w := n — s, one obtains

n min(w—d,n—d—dL)

Vola,y) = (¢-1) Y Y e ( diz’) ("n‘ .- ")<_1>w—d—i e

w=d =0
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) (0 =G0

allows to concludes that

Then

min(w—d,n—d—d*)

(w) _ . n ' w  w—d—i < <
Vel =(q D(w) Z Cl(d—&—i)( 1) for Vd <w <n,

=0
which proves (3), (4).
Towards (5), (6), let us introduce z :=  — y and express (2) in the form

g+g~ -2 n
— _ 1 X n—d—1 d+i' 1
Vely+2,y)=(¢g—1) ;:0 @(dﬂ.)z Y (16)

On the other hand,

Vely+z,y) =Y Ve (y+2)"y®

w=d
ST E[E (] o
w=d s=0 < ) 0 Lw=d
after changing the summation order. Comparing the coefficients of y¢+iz"=4= in

the left and right hand side of (16), one obtains

S n- n
- -1 7 R
wz_:d<n—d—z>vc = (=1L (d-i—z)
n \ ' E [/ n-w (w)
i =(qg—1)7" v
¢ =a-1) (d—l—i) u;l(n—d—z)]/
Combining with (14), one justifies (5) and (6). These formulae imply also that

(g — 1)(dii)ci € 7 are integers for all 0 < i < g+ g+ — 2.
The substitution by (5), (6), (14) in (2) yields

g+g —2 d+i ) )
We(z,y) = Map1-k(2,y) Z Z ( Z) WE (= )iyt

whereas

gtgt—2 dti ' ‘
S0 S i (R P N

=g w=d+g

One exchanges the summation order in the double sums towards

dtgtgt—2 92 o
Wez,y) = Muns1-x(z,y) + Z we? (n_ d_i> (@ —y) "y
i=w—d
d+g+gt—2 » 92
- i db
S Y MU X (e
w=d+g i=w—d

Introducing s := d + ¢, one obtains (7) with (8) and (9).
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Comparing the coefficients of 2"~ 9y? in the left and right hand sides of (2), one

obtains W(Cd) =(qg—-1) (Z)co for a linear code C' of genus ¢ > 1. We claim that
¢p < 1. To this end, note that for any d-tuple {i,...,iq4} C {1,...,n}, supporting
a word ¢ € C of weight d there are exactly ¢ — 1 words ¢’ € C with Supp(c¢’) =
Supp(c) = {i1,...,iq}. That is due to the fact that the columns H;,, ..., H;, of an
arbitrary parity check matrix H of C' are of rank d — 1 and there are no words of
weight < d—1 in the right null space of the matrix (Hj;, ... H;,). If v is the number

of the supports of the words of C' of weight d then v(qg—1) = ng ), whereas

()
cozwic: v <1.

-1 @)
If we assume that ¢y = 1 then any d-tuple of columns of H is linearly dependent.
Bearing in mind that rkH = n — k, one concludes that d > n — k. Combining with
Singleton Bound d < n — k + 1, one obtains d = n — k + 1. That contradicts the
assumption that C' is not an MDS-code and proves that cy < 1 for any Fg-linear
code C C Fy of genus g > 1. Note that ¢y can be interpreted as the probability for
a d-tuple to support a word of weight d from C.

2. The Riemann Hypothesis Analogue and the formal self-duality of a
linear code. Recall that a linear code C' C Fy with dual ct c Fy is formally
self-dual if C and C+ have one and a same number Wéw) = Wéui) of codewords
of weight 0 < w < n. Let us mention some trivial consequences of the formal

self-duality of C. First of all, C' and C* have one and a same minimum distance
d=d(C) =d(Ct) = d*. Further, C and C* have one and a same cardinality

¢dimC — - ww) _ - W(w):qdimc*’
2 W=D W

w=0

so that k = dimC = dim C+ = k* and the length n = k 4+ k* = 2k is an even

K3

2g .
integer. The genera g = k +1 —d = g* also coincide. Let Po(t) = . a;t* and
)

2g )

Pei = 3" ajt' be the zeta polynomials of C, respectively, of C+. The consecutive
i=0

comparison of the coefficients of a?~dy®, gn—d=lyd+l — gn=d=294d+29 from the

homogeneous polynomial
agMak,a(,y) + a1 Mok,ap1(2,y) + - .. + azg Mok atog (. y) = We(z,y)
=We(,y) = ay Maoa(,y) + ai Mogap1 (2,y) + . .. + azuMog ay2g(2,7)

in z, y yields a; = a;- for VO < i < 2g. It is clear that a; = aj for VO < i < 2g suffices
for We(z,y) = Wea(z,y), so that the formal self-duality of C' is tantamount to
the coincidence Po(t) = Poo(t) of the zeta polynomials of C' and C+. Duursma

has shown in Proposition 9.2 from [2] that Mac Williams identities for Wg“”) and
Wéwi) are equivalent to the functional equation (10) for the zeta polynomials Pe(t),
Pei(t)of C,C+ C [y with genera g, g*t. Thus, an F-linear code C' C [y is formally
self-dual if and only if its zeta polynomial Pc(¢) satisfies the functional equation

Po(t) = Pe (qlt) g1 (17)

of the Hasse-Weil polynomial of the function field of a curve of genus g over F,,.
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Proposition 2. If a linear code C C Fy satisfies the Riemann Hypothesis Analogue
then C' is formally self-dual, i.e., the zeta polynomial Pco(t) of C is subject to the
functional equation (17) of the Hasse-Weil polynomial of the function field of a
curve of genus g over Fy.

Proof. Let us assume that Po(t) of degree r := g + g+ satisfies the Riemann Hy-
pothesis Analogue, i.e.,

r

Po(t) =a, [[(t - o) € QIt]

j=1
for some «; € C with |a;| = % for all 1 < j <r. If a; is a real root of Po(t) then

o = % with ¢ = £1. We claim that in the case of an even degree r = 2m, the

zeta polynomial Pe(t) is of the form

Pelt) = azn [ [~ a2}t — ) (18)
or of the form
Pe(t) =z (= 1) TL ¢ - 0t — ). (19)

i=1
while for an odd degree r = 2m + 1 one has

Pco(t) = agm+1 (f - %) H(t — o)t — @) (20)
i=1

for some € € {£1}. Indeed, if o; € C\R is a complex, non-real root of Po(t) € Q[t] C
RJt] then a; # «; is also a root of Po(t) and Pe(t) is divisible by (t — o) (t —az). If
1 1
VarVa
coincide. For a; = ap = \% one has (t — a1)(t — ag) = (t — aq)(t — @7). Thus,

Pc(t) = 0 has three real roots aq, s, a3 € , then at least two of them

P (t) has at most two real roots, which are not complex conjugate (or, equivalently,
equal) to each other and Px(t) is of the form (18), (19) or (20).

If Po(t) is of the form (18), then Po(t) = aam [] (t2 — 2Re(a;) + %) and (10)
i=1

reads as

m

Pe (t) = asm lH (; — 2Re(ay)t + t2)

i=1

¢ = Po(t)g’™™, (21)

after multiplying each of the factors # — 21{37(;”) —&—% by qt?. If Do (t) is Duursma’s

reduced polynomial of C and D¢ (t) is Duursma’s reduced polynomial of C+, then
(1=t)(1=gt) Do ()47 = Po () = Po(t)g™™ = (1-)(1-qt)g" ™ Do (t)+¢° ™"t
implies that

(1—)(1 - qt)[Dew (t) — ¢* ™ De(t)] = ¢ ™9 — 19"

Plugging in t = 1, one concludes that ¢9~™ = 1, whereas ¢ = m. As a result,
g+ g+ = 2m = 2g specifies that g = g* and (21) yields Pz (t) = Py (t), which is
equivalent to the formal self-duality of C.
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If Po(t) is of the form (19) then (10) provides

Poi(t) = agm <; - t2) ﬁ:[l (; — 2Re(a;)t + t2>

i=1

¢~ =—Po(t)g?™™. (22)

Expressing by Duursma’s reduced polynomials D¢ (t), De o (t), one obtains

(1—8)(1— gt)Dor(t) +t9 = Pou(t) =
—Po(t)g’™™ = —(1=t)(1 — qt)¢? " Dc(t) — ¢? 7",
whereas
(1—=t)(1 —qt)[Der(t) + ¢ ™ Dc(t)] = T T

The substitution ¢ = 1 in the last equality of polynomials yields —1 — g9~ = 0,
which is an absurd, justifying that a zeta polynomial Po(t), subject to the Riemann
Hypothesis Analogue cannot be of the form (19).

If Po(t) is of odd degree 2m + 1, then (20) and (10) yield

Poi(t) = —ex/gazm (t - 5) [H (1 — 2Re(ay)t + t2>

qgfmfl
\/E] i=1 q
= —e\/qPc(t)g? ™!

£
Va
by Duursma’s reduced polynomials

1 2Re(oy)
q2t? qt

after multiplying i - by f%qt and each + % by qt%. Expressing

(1—8)(1 = ) Do () + 17" = Pes (t) =~ 3 Po(t)
= —qu_m_%(l —t)(1 — qt)De(t) — qu_m_%tg,
one obtains

(1 =8)(1 —qt) |Dcr(t) + €qg7m7%Dc(t)} S T

The substitution ¢ = 1 implies —1 — qu_m_% = 0, which is an absurd, as far as
q* = 1 if and only if = 0, while g — m — % cannot vanish for integers g, m. Thus,
none zeta polynomial of odd degree satisfies the Riemann Hypothesis Analogue.

O

Proposition 3. The following conditions are equivalent for a linear code C C Fy':
(i) C is formally self-dual, i.e., the zeta polynomial Pc(t) of C satisfies the
functional equation

qt

of the Hasse- Weil polynomial of the function field of a curve of genus g over Fy;
g+gt-2
(#i) Duursma’s reduced polynomial Do(t) = >, ¢;t* satisfies the functional
i=0

pet - e () i

equation
1
De(t) = Do (qt) g0 (23)

of the Hasse- Weil polynomial of the function field of a curve of genus g—1 over IFy;
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g+gt-2 .
(i) the coefficients of Duursma’s reduced polynomial Do(t) = > ¢it* of C
i=0
satisfy the equalities
Cg—14i = qicg_l_i for Vi<i<g-—1,; (24)

i) the dual code C+ C F? of C has dimension dimg_ C+ = dimg, C = k, genus
q q q
g(C*) = g(C) = g and the homogeneous weight enumerator of C is

g—1

We(z,y) = Mok ki (z,y) + Z Cg—1-jw; (T, Y), (25)

Jj=0

where
o) o= (= 1)(

Jfor1<j<g-1

sz) [(z = )"y* T + ¢ (@ —y)" Iy (26)
anfe.) = (0= 1)) ) o - 0o (27)

(v) the dual code C+ C Fy of C has dimension dimg, Cct = dimp, C' = k, genus
g(C*) = g(C) = g and the homogeneous weight enumerator

Wel(,y) = Mog s (z,y) + Zw<1“>sow<x7y> W (@ =)yt (28)
w=d

with
k
2k —w e s s s s 2k —w
Z( Y=oy o=y ()t

(29)
ford < w < k—1, so that C can be obtained from an MDS-code of the same
length 2k and dimension k by removing and adjoining appropriate words, depending

explicitly on the numbers W(d),W(dH), ..,Wék) of the codeword of C' of weight
S k= dim]Fq C.

Proof. Towards (i) = (i), one substitutes by Po(t) = (1 —t)(1 — gt)Dc(¢) + 9 in
(17), in order to obtain

(1—t)(1—qt)De(t) +t7 = (gt — 1)(t — 1) [DC (qlt) q91t2g2] 419,

whereas (23).
Conversely, (ii) = (i) is justified by

P = 1 t(lfqt)Dc()+tg:

e e e
(-3) (-2 3) -G

That proves the equivalence (i) < (i7).
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Towards (ii) < (447), note that the functional equation of D¢ (t) reads as

2g—2 1 2g—2 o
> eit' = De(t) = De (t> @2 = (Z jﬂ) g 1292
=0 q =0 q

2g—2 2g—2

—1-i2g—2—i — g1+
= E cg? T = E C2g—2-jq ST
i=0 =0

Comparing the coefficients of the left-most and the right-most side, one expresses
the formal self-duality of C' by the relations

9+1+j629,2,j for V0 <j<2g9—2.

c;=q
Let i:=¢g—1—j, in order to transform the above conditions to

Cog—1+i = qicg_l_,- forV—g+1<i<g-1. (30)
For any —g +1 < ¢ < —1 note that cy_14; = qicg_l_i is equivalent to cg_1_; =
¢ cg—1+; and follows from (30) with 1 < —i < g — 1. In the case of i = 0, (30)
holds trivially and (30) amounts to (24). That proves the equivalence of (i7) with
(iid).

Towards (4i7) = (iv), one introduces a new variable z := x — y and expresses (2)

in the form

2g—2
2%k s
Vo(y+2,9) = Weoly+2,y) — Mapsni(y+2,0) = (g-1) > _ @ <d N Z) y i
=0

= Qk d k—d 2 2k d k—d
—(g—1 , +i 2k—d—i -1 } +i 2k—d—i
(@-1)) @(dﬂ)y z +@-1> @(dﬂ.)y z

i=0 i=g
Let us change the summation index of the first sumto 0 < j:=¢g—-1—-i<g—1,
put 1 <j:=i—¢g+1<g—1in the second sum and make use of d+ g =k + 1, in
order to obtain

VC(y + Zay)
g—1 g—1
2% i 2% vai i (31)
=(qg— 1)]2::009_1_j (k —j)y ik 4 (g—1) ch+g_1(k+j)y +i k=
Extracting the term with j = 0 from the first sum, one expresses

Vel + 2.9) = (g = ey )+
)

= 2%k
+) (a-1) ) [egm1-y" 2 4 eyt
o k+j
for an arbitrary Fy-linear code C' C Fy. If C' is formally self-dual, then plugging in
by (24) in (32) and making use of (26), (27), one gets

g—1

Voly+2,y) =Y cg1-jw;(y + 2,9).

§=0
Substituting z := z —y and Veo(z,y) := We(x,y) — Moy ky1(2,y), one derives the
equality (25) for the homogeneous weight enumerator of a formally self-dual linear
code C' C F2F,
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In order to justify that (iv) suffices for the formal self-duality of C, we use that
(25) with (26) and (27) is equivalent to

g—1

2k iy _

Vo(y+2,y) = ch—l—j(q —1) (k +j)yk I k+i
j=1

(33)

-1
+e _1(C]— 1) 2k ykzk _|_ch _1_‘(61— 1) 2k yk+jzk—j
g k = g J k-i-]

Comparing the coefficients of y*72F=7 with 1 < j < g — 1 from (32) and (33), one
concludes that
Cg—14j = cg_l_jqj for ViI<j;<g-1.

These are exactly the relations (24) and imply the formal self-duality of C.
g—1
Towards (iv) < (v), it suffices to put £(z,y) := > cg—1—;w;(z,y) and to derive
§=0

k=1

that E(z,y) = > W0u(x,y) + W (2 — y)*y*. More precisely, introducing
w=d

1:=¢g—1—j, one expresses

g—2

2k —d—i, d+i —1-i i, 2k—d—i
5(x,y)=Zci(q—1)<dH> [( — ) 2R dmiyt i 4 g9 170 (g — ) dHiy2hmd )]
=0

+eg-1(g —1) (%f) ( —y)*y".

Plugging in by (5) and exchanging the summation order, one gets
2

k—1 -
2k —w w —d—i i —1—1 7 —d—1
g($7y)zz ( )Wé)[(x—y)Qk d yd-i- + ¢’ 1 (x—y)d+ ka d ]
—d

d+i—w
k 2k —w
+ E ( 1 )Wg”)(a:y)kyk

w=d

w=d i=w

Introducing s := d + i and extracting Wéw) as coefficients, one obtains

k—1
E@y) =Y W u(z,y) + W (z — y)Fy".
w=d

O

Let C C Fy be an F,-linear code of genus g, whose dual Cct c [y is of genus
g*. In [1], Dodunekov and Landgev introduce the near-MDS linear codes C' as the
ones with zeta polynomial Pg(t) € Q[t] of degree deg Pc(t) := g + g+ = 2. Thus,
C is a near-MDS code if and only if it has constant Duursma’s reduced polynomial
D¢ (t) = ¢p € Q. Kim an Hyun prove in [5]) that a near-MDS code C satisfies the
Riemann Hypothesis Analogue exactly when

1 1
—— s —-
(va+1)? (vVa—-1)?
The next proposition characterizes the formally-self-dual codes C' C Fy of genus
2, which satisfy the Riemann Hypothesis Analogue. By Proposition 3 (iii), C' is
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a formally self-dual linear code of genus 2 exactly when its Duursma’s reduced
polynomial is
Dc(t) = co + it + qeot?
for some cg,c1 € Q, 0 < ¢p < 1.
Proposition 4. A formally self-dual linear code C C ng with a quadratic Du-

ursma’s reduced polynomial Do (t) = co +cit +qeot? € Q[t], 0 < ¢ < 1 satisfies the
Riemann Hypothesis Analogue if and only if

[(q+ V)eo + e1]? > 4oy, (34)
q—4\/a+1§2—;§q+4¢6+17 (35)

. 1 1
c1 < min ((\/6— e~ 2/qceo, 7(\/6“‘ I + 2\/§CO> . (36)

Proof. According to (18) from the proof of Proposition 2, the zeta polynomial
Po(t) = (1 —t)(1 — qt)(qeot® + ert + o) + 12
satisfies the Riemann Hypothesis Analogue if and only if there exist ¢, € [0, 2m)

with _ L g -
=2 (-55) (-5 (-59) (-55).

Comparing the coefficients of ¢ and t? from Pc(t), one expresses this condition by
the equalities

c1 — (¢4 1)co = —24/qeo[cos(p) + cos(v))],
14 2qco — (¢ + 1)e1 = 2qep[1 + 2 cos(p) cos()].

These are equivalent to

cos(ip) + cos(v)) = (4 JF;};(;O 1
and . .
cos(p) cos(y)) = iqq;)cl.

In other words, the quadratic equation
— 1 1-— 1
F(t) = 12 4 A= (0 Do, @+ Der
2\/q¢co 4qco

has roots —1 < t; = cos(¢) < t2 = cos(yp) < 1. This, in turn, holds exactly when
the discriminant

2
— 1 41 — 1
2,\/q¢o 4qco
is non-negative, the vertex
g latDo—a (38)

- 4\/660

belongs to the segment [—1,1] and the values of f(t) at the ends of this segment
are non-negative,

f) =0, f(=1)=0. (39)
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The equivalence of (37) to (34) is straightforward. Since C' is of minimum distance
d=k—1and W(Ck_l) =(g—1) (,f_kl)co € N, the constant term ¢y > 0 of D¢ (%) is a
positive rational number and one can multiply (38) by —4,/gco < 0, add (¢ + 1)co
to all the terms and rewrite it in the form
(¢ —4/q+1)co <1 < (q+4/q+ 1)co.

Making use of ¢y > 0, one observes that the above inequalities are tantamount to
(35). Finally,

4geo f(1) = 4geo+2v/g[er — (g +1)eo] +1—(g+1)er = (=1 —2/g¢0) (Vg —1)* +1 > 0

and
dgeo f(—1) = 4gco—2y/qler — (q+1)co] +1—(g+1)cr = (2y/gco—c1)(v/a+1)*+1 >0

can be expressed as (36).
O

3. Duursma’s reduced polynomial of a function field. Let F' = F,(X) be
the function field of a curve X of genus g over F, and h, := h(F) be the class
number of F, i.e., the number of the linear equivalence classes of the divisors of
F of degree 0. The present section introduces an additive decomposition of the
Hasse-Weil polynomial Lz (t) € Z[t] of F, which associates to F a sequence {h;}9_]
of virtual class numbers h; of function fields of curves of genus ¢ over F,,.

Lemma 3.1. The following conditions are equivalent for a polynomial Ly(t) € Q[t]
of degree deg Ly(t) = 2g:
(i) Ly(t) satisfies the functional equation
1
Ly(0) = £, (3, )
of the Hasse- Weil polynomial of the function field of a curve of genus g over Fy;

g Ly(t) - Ly(1)t9
" Fo O UG a

is a polynomial with rational coefficients of degree 2g — 2, satisfying the functional
equation

1 C1,20—
Lg_1(t) = Lg_1 (qt) q° 142g—2

of the Hasse-Weil polynomial of the function field of a curve of genus g—1 over Fy;

g

(iit) Lg(t) =Y hit'(1=t)97* (1—qt)?™"

i=0
for some rational numbers h; € Q.
Proof. Towards (i) = (i), let us note that the polynomial M (t) := Ly(t) — Ly(1)t9
vanishes at t = 1, so that it is divisible by 1 — ¢. Further,

1\ L,1) 1

— _ 9 — — ) -9 9429 — =) g9429
My(0) = Lo(0) - L0 = |2, (3 ) = 2o arer = ag, () o

satisfies the functional equation of the Hasse-Weil polynomial of the function field

of a curve of genus g over F,. In particular, M, (%) = Mg(l)é—gg =0 and M,(t) is
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divisible by the linear polynomial ¢ (% - t) = 1 — qt, which is relatively prime to
1 —tin Q[t]. As a result,

M, (t)
(1—1)(1—qt)
is a polynomial of degree deg L,_1(t) = 2g — 2. Straightforwardly,

1 1 1 1
Lo 4| =) g9 1429-2 = M, 1- — 1- 2 9—1429-2
o (qt) ! at gt t)]1

_My(t) (gt -1)E-1) M)
- 2 2 - - Lg—l(t)
qt qt (1=1)(1—qt)
satisfies the functional equation of the Hasse-Weil polynomial of the function field
of a curve of genus g — 1 over IF,.

The implication (i) = () follows from the functional equation of L,_1(¢), ap-
plied to Ly(t) = (1 —¢)(1 — qt)Ly—1(t) + Ly(1)t9. Namely,
1
L =) q9t29
g(¢>q

O [0 [ G St
— (gt = 1)t~ Dy (8) + Ly(1)t7
=1 —=t)(1—qt)Ly_1(t) + Ly(1)t? = Ly(t).
We derive (i) = (ii4) by an induction on g, making use of (ii). More precisely,
for g = 1 one has Lo(t) := W € Q[t] of degree deg Lo(t) = 0 or Ly € Q.
Then

Lya(t) = € Qi

1
Li(t) = (1= t)(1 = gt)Lo+ Li(1)t = > _ ht'(1 =)' 7 (1 — qt)*
i=0
with hg := Ly € Q and hy := Li1(1) € Q. In the general case, (ii) provides a
polynomial
Ly(t) = Ly(1)t?

Lot = =gy

subject to the functional equation

1 1,29
Ly—1(t) =Ly (qt> ¢~ 14292

of the Hasse-Weil polynomial of the function field of a curve of genus g — 1 over F,,.
By the inductional hypothesis, there exist h; € Q, 0 <i < g — 1 with

Zh/tz g 1— 2(1 7qt)gflfi'

Ly(t) = (1 —t)(1 — qt)Ly_1(t) + Ly(1)t9 = Zh (1 — )91 — qt)9 "

with h; :=h} € Q for 0 <i < g—1and hy := Ly(1) € Q justifies (1) = (ii7).
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9. ,
Towards (iii) = (i), let us assume that Ly(t) = Y hit"(1 —t)97*(1 — qt)9~
i=0
Then

1 I\ b 1\?" 1\
L= )¢t = - (1- = 1—-- 9429
(qt> ! [z_% q't’ ( qt) ( t) ] !

g S g—i g—i
-] (o)) [0
i=0

= Zg:hiti(qt — 197t —1)97" = Ly(t)

=0

~~

satisfies the functional equation of the Hasse-Weil polynomial of the function field
of a curve of genus g over IFy.

O

Proposition 5. Let F' =T, (X) be the function field of a smooth irreducible curve
X/F, c PN(F,) of genus g, defined over F,, with h(F) linear equivalence classes
of divisors of degree 0, A; effective divisors of degree i > 0, Hasse-Weil polyno-
mial Lr(t) € Q[t] and Duursma’s reduced polynomial Dp(t) € Q[t], defined by the
equality
Lp(t) = (1 —=t)(1 = q)Dp(t) + h(F)t?

Then:

(i) Dp(t) = E Ai (8 4 g9 17297270 4 A, 4t971 € Z[t] is a polynomial with
integral coeﬁczents which is uniquely determined by Ao =1, A1,..., Ag—1;

(ii) the equality

Dr(t Z B;t! (40)

(1 —1t)( l—qt —~

of formal power series of t holds for

B; _ZA ( (i 1) (41)

fOTOSZ‘Sg*L

g—1 i—j+1 qi9t2 — gim9tl
§=0
for g <i<2g—3,
qifg+2 -1

fori>2g—2;
(iii) the natural numbers B;, ¢ > 0 from (ii) satisfy the relations

i—g+2 _

. 1
B; = ql_g+2529747i + Dp(1) <(]1> for Vg—1<i<2g—4; (44)

qi—g+2 -1
q—l) for Vi>2g-—3. (45)

B; = Dp(1) (
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(iv) the number h(F) of the linear equivalence classes of the divisors of F of
degree 0 satisfies the inequilities

(Va—1)* <h(F) < (Vg +1)*

Proof. (i) By Theorem 4.1.6. (ii) and Theorem 4.1.11 from [6], the Hasse-Weil zeta
function of F is the generating function

_ Lp(t J
ZF(t)_(l—t 1—qt jZOAt

of the sequence {A4;}°,. According to Lemma 3.1 and Lg(1) = h(F),
Lp(t) — h(F)t9
D =
R R TeRry

is a polynomial of deg Dp(t) = 2¢g — 2, subject to the functional equation of the
Hasse-Weil polynomial of the function field of a curve of genus g — 1 over F,. Thus,

hF
Zp(t) =Dp(t) + ————— it 46
#(8) = Delt) + T ZA (46)
Let [(G) is the dimension of the space H°(X,Ox(G)) of the global holomorphic

sections of the line bundle Ox(G) — X, associated with a divisor G € Div(F).
Riemann-Roch Theorem asserts that

I(G)=l(Kx —G)+deg(G)—g+1

for a canonical divisor Kx of X. For any j > g — 1, suppose that G1,...,Gpr) €
Div(F) is a complete set of representatives of the linear equivalence classes of the
divisors of F' of degree j. Then

ME) G hE) /UKy —G) —g+1
g —1 o q v) — 1 ¢g—9tt -1
A= T =gt <q—1 >+h(F) (q—l (47)
v=1

v=1

for g < j <2g—2and

qj*ngl -1
A; = h(F) (1> for Vj>2g—1. (48)
q-—
Note that Ky —Gf, ..., Ky —Gp(p) is a complete set of representatives of the linear

equivalence classes of the divisors of F' of degree 2g — 2 — j, so that

ME) v =6y _q

Agg_o_j = 49
29—2—j L q—1 (49)
Plugging in by (49) in (47), one obtains
. 1 @9t —1
Aj = qjigjL AQg_Q_]‘ -+ h(F) < —1 ) for g<j<2g9-—2, (50)

whereas
g—1 2g—2

j j—g+1 j — (¢TI =1\
t) = ZAjt] + Z ¢TI Agg_a_it) + h(F)Z ( ) t,

j=0 Jj=g Jj=g
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Putting ¢ := 29 — 2 — j in the second sum and ¢ := j — g in the third sum, one
expresses

-2
ZF(t) _ Ai(ti+qg_1_it2g_2_i)+Ag,1tg_1

7
@t [~ i 9 i
i=0 1=0

Summing up the geometric progressions

Q

Il
=]

+h(F)

oo
Zqz Ce g S
=0
one derives
- i, g—1—i2g—2—i g—1 t9
Zp(t) —;Az(t + 97 )+ Ag_1t +h(F)m,
whereas
g—2
Dp(t) =Y Ai(t' + ¢/ 729727 4 Ay g9
i=0

In particular, Dp(t) € Z[t] has integral coeflicients.
(ii) Let us expand

1 (oo}
_ 7 7
e LE *qut
i=0 i=0
as sums of geometric progressions and note that
1 s =T =1
_— = 1 Ottt = — |t~
(1—1)(1—qt) Z( Tatetd) Z( q—1 )
i=0 i=0
Then represent Duursma’s reduced polynomial in the form

2g—2

ZA 43 Aagmaest (51)

Now, the comparison of the coefficients of t*, i > 0 from the left hand side and the
right hand side of (40) provides (41), (42) and

z]+1_1 29—2 i=j+1 _ 1
B—ZA( ) ZA292 7q+1<qq_1> for i > 2 — 2.

The last formula can be expressed in the form

2g—2 2g—2

ZAJq + Z.Azq ST ZA]—s— ZAQ ¢t

i+1
q 1 1

= DF<>—D
q—1 q q—1
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According to Lemma 3.1 (i) = (i7), Duursma’s reduced polynomial of F' satis-
fies the functional equation Dp(t) = Dp (i) @9~ 1t2972, In particular, Dp(1) =
Dr (é) ¢~ and there follows (43).

(iii) Due to A; > 0 for Vi > 0, B; are sums of non-negative integers. Moreover,

B; > A; (‘3:11) > Ay =1 > 0 for Vi > 0 reveals that all 3; are natural numbers.

9-2 .
Towards (44), let us introduce the polynomial ¢ (t) := >  A;#? € Z[t] and express
3=0

g—2 g—2
Dp(t)=> At/ +q* #2972 1> " As(gt) 7 | + Ag_1t?!
§=0

=0

=Y(t) + (qlt) UM A gt

In particular,

1
De(t) = 1)+ () 0+ Ay (5)
Straightforwardly,
Bgfl - qu,3
qg g—2 ' 1 g—2 qg_l g—2 4 q g—2
= Ajg | - — Aj |+ Ay — Ajg 7 |+ —— A,
q—1 jgo J qg—1 = J g—1 qg—1 j;) J qg—1 jgo J

=1 (;) ¢+ (1) + Aym1 = Dr(1).

That proves (44) for i = g—1. In the case of g < i < 2g—4 note that 0 < 2g—4—i <
g—4 and

(q—1)(Bi — ¢ 9" Boy_4—)

I
-

g 7 2g—4—
=D AT S D Aapa (@ ) = 3T A ),
j=0 Jj=g j=0

Changing the summation index of the second sum to s := 2g — 2 — j, one obtains

(q—1)(Bi — ¢ 92 Bag_4_;)

g—1 g—1 g—2

— 4it1 —J i—g+2

=aT AT S | A T Y A
7=0 7=0

s=2g—2—1

2g—4—i 2g—4—i

g—2
—¢H D At = DD A | A D A
=0 =0

s=2g—2—1
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An appropriate grouping of the sums yields
(q—1)(Bi — ¢ 92 Bag_4_i)

=0 (2] 0 A ) = A ) (1) 0

=@ 1) o+ o () g+ g | = D - 1),

That justifies (44).
Note that (45) with ¢ > 2¢g — 2 coincides with (43). In the case of i = 2¢g — 3,

g—1 g—2
(q — 1)82g73 = ZAj(q2g—2—j _ 1) + ZAS(qg—l _ qg—l—s>7
j=0 s=1

after changing the summation index of the second sum to s :=2g — 2 — j. Then

(q_l)BQg—?)
g—2 g—2 g—2
S )= (S )+ at-nse (S ) o (San
J=0 =0 j=0

@ =0 [pw + e (1) e+ A = Dee - 1),

which is tantamount to (45) with ¢ = 2g — 3.
(iv) By the Hasse-Weil Theorem, all the roots of Lg(t) belong to the circle

S (—) {z eC | |z= } The proof of Proposition 2 specifies that

:
=l (- 25) (- )

for some ¢; € [0,2m). The functional equation Lr(t) = Lp < ) q7t%9 implies that

azg = q?ag. Combining with ap = Lr(0) = 1, one gets

g g
H Vat — €9 (/qt — e~ 1) H (qt* — 2¢/gcos pjt + 1).

Jj=1

The substitution ¢ = 1 provides

W(F) = Le(1) = [[(a - 2v/Gcos o, +1).

<.
=

However, cos¢; € [—1,1] requires

(Va—1?%<q—2yqeosp; +1<(Vg+1)?

whereas

(Va = 1)* < h(F) = [I(a—2vacoso; +1) < (Va+1)*

j=1
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