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Abstract

This paper gives two definability results in the local theory of the w-enumeration
degrees. First we prove that the local structure of the enumeration degrees is
first order definable as a substructure of the w-enumeration degrees. Our second
result is the definability of the the classes H,, and L, of the high, and low,
w-enumeration degrees. This allows us to deduce that the first order theory of
true arithmetic is interpretable in the local theory of the w-enumeration degrees.

1. Introduction

One of the oldest and most widely used mathematical approaches to under-
standing a structure is placing it in a wider context. This approach has often
proved to be very effective, revealing properties of the structure that remain
hidden in the smaller context. For example study of the enumeration degrees
has been motivated largely (but not exclusively) by the fact that the structure
of the Turing degrees is embedded in it, a result due to Myhill [8]. Support
for this motivation has recently been given by Soskova and Cooper [14] who
apply a structural result of the XY enumeration degrees to prove an extension
of Harrington’s non-splitting theorem for the Turing degrees.

The structure of the w-enumeration degrees is a further attempt to widen
the degree theoretic context. This structure is introduced by Soskov [12] and
studied in the works of Soskov and Ganchev [4, 5, 13]. It is an upper semi-
lattice with jump operation, where the building blocks of the degrees are of a
higher type - sequences of sets of natural numbers. The main interest in this
structure arises from the result that D, is itself an extension of the structure of

Email addresses: ganchev@fmi.uni-sofia.bg (Hristo Ganchev),

msoskova@fmi.uni-sofia.bg (Mariya Soskova)

IThe author was supported by an BNSF Grant No. D002-258/18.12.08

2The author was partially supported by the European Operational programm HRD through
contract BGO051P0001/07/3.3-02/53 with the Bulgarian Ministry of Ed- ucation and by
BNSF through contract D002-258/18.12.08.

3The author was supported by a Marie Curie European Reintegration Grant No. 239193
within the 7th European Community Framework Programme

Preprint submitted to Elsevier October 23, 2009



the enumeration degrees D.. There is mapping k of D, into D,, which preserves
the order, the least element, the least upper bound and the jump operation. In
this case however the known relationship between the two structures are much
stronger. Soskov and Ganchev [13] prove that the structure of the enumeration
degrees is first order definable in the structure of the w-enumeration degrees and
furthermore the two structures have isomorphic automorphism groups.

In this article we will be mainly focused on the local structure of the w-
enumeration degrees, G, and its connections to the local structure of the enu-
meration degrees, G.. The local structure of the w-enumeration degrees consists
of all w-enumeration degrees that are below the first jump, 0/, of the least
w-enumeration degree. Previous work by Soskov and Ganchev [13] reveals the
excessive information content of this structure. For instance for every natural

(0™ of w-enumeration

number n there is an embedding of the interval [0
degrees, where 05,”) denotes the n-th iteration of the jump on the least degree.
Our first result is a local analog of the above quoted relationship between

the structures of the w-enumeration degrees and the enumeration degrees.

Theorem 1. The local structure of the enumeration degrees, viewed as a sub-
structure of the w-enumeration degrees, is first order definable in the local struc-
ture of the w-enumeration degrees.

Motivated by this connection we turn to the study of the high-low jump
hierarchy of w-enumeration degrees. For every n we denote with H,, the class
of all w-enumeration degrees in the local structure whose n-th jump is as high

OSJ"H) and with L,, the class of all w-enumeration degrees

as possible, namely
in the local structure whose n-th jump is as low as possible, namely O&n). Our

second result shows that these classes are also first order definable.

Theorem 2. For every natural number n the classes H,, and L,, are first order
definable in the local theory of the w-enumeration degrees.

Wether or not the classes of all high,, and all low,, enumeration degrees are
definable in the local theory of the enumeration degrees is not known. As an
immediate corollary of these two results we can obtain however that they are
definable in the local theory of the w-enumeration degrees.

A more significant application of Theorems 1 and 2 is the following result:

Theorem 3. The first order theory of true arithmetic is interpretable in the
local theory of the w-enumeration degrees.

This result gives further proof of the complexity of the local structure of the
w-enumeration degrees. It does not however characterize the strength of the
theory completely, as unlike the theory of the c.e. degrees or the local theory
of the enumeration degrees, it is not clear whether or not one can interpret the
local theory of the w-enumeration degrees in first order arithmetic.

The proof techniques used in this article use extensively the notation of a
KC-pair. This notion is introduced and used by Kalimullin [6] to prove that the



enumeration jump is definable in the theory of the enumeration degrees. We
leave formal definitions for Section 6, but note here that K-pairs have very in-
teresting properties. For example every K-pair {a, b} of 39 enumeration degrees
is a low quasi-minimal minimal pair. In Section 6 we study the properties and
give a characterization of K-pairs in the local w-enumeration degrees.
Additionally we use a structural property of the enumeration degrees. Re-
call that the total degrees are the images of the Turing degrees under Rogers’
embedding. Cooper, Sorbi and Yi [3] prove that every nonzero AJ enumeration
degree can be cupped to 0, by a total incomplete AY e-degree. Later Soskova
and Wu [15] show that every nonzero A9 enumeration degree can be cupped by
a non-total and low AY enumeration degree. We give an alternative proof of
Soskova and Wu'’s result, which we see as structurally more informative.

Theorem 4. For every non-zero AY enumeration degree a there exists a half
of a nontrivial K-pair b, such that aVvb =10".

The proof of this theorem is rather technical and we will present it in the
last section of this article. We also show how this proof can be relativized to
prove the following.

Theorem 5. For every total enumeration degree g and every degree a, such
that g < a and a contains a set AY relative to g, there is a degree b > g such
thatbva=g =D

2. Preliminaries

We will use standard notation as can be found in [10] and [2]. We assume
that the reader is familiar with basic degree theoretic notions and refer to Cooper
[1] and Sorbi [11] for an extensive survey of result on both the global and local
theory of the enumeration degrees. For completeness we outline basic notions
used in this article.

Intuitively a set of natural numbers B is enumeration reducible (<.) to a
set of natural numbers A if one can obtain an enumeration of the set B given
any enumeration of the set A. More formally:

Definition 1. B <. A if there exists a c.e. set W such that
B={n| Fu((z,u) e WAD, C A},
where D,, denotes the finite set with canonical index u.

The c.e. set W can be viewed as on operator on P(N) and will be referred
to as an enumeration operator or e-operator. The elements of the set W will be
called axioms. As each axiom consists of a natural number z and the code u of
a finite set D,,, we will denote an axiom by (z, D,,).

The relation <, is a preorder on the powerset of the natural numbers and
gives rise to a nontrivial equivalence relation =.. The equivalence classes under



this relation are called enumeration degrees and the their collection is denoted
by D.. The enumeration degree of a set A is denoted by d.(A). Enumeration
reducibility between sets gives rise to a partial ordering <. on the enumeration
degrees, namely

d.(A) <.d.(B) < A<.B.

We denote by D, the partially ordered set (D, <.). The enumeration degree
of (), O, is the least element in D,. Furthermore, the enumeration degree of
A @ B is the least upper bound of the degrees of A and B, so that D, is an
upper semi-lattice with least element.

The enumeration jump of a set A is defined as A, = L7, where L4 = {(z,1) |
x € W;(A)}. This jump operation preserves enumeration reducibility and we
can define d.(A4)" = d.(A.). Furthermore, A <. A, and hence for an arbitrary
enumeration degree a, a <. a’. Finally we note that the jump operation is
uniform in the sense that there exists a computable function g such that for
arbitrary set A and B if A = W(B) then A" = W (B’).

The standard embedding ¢ of the partially ordered set of Turing degrees
D7 in D, is defined by ¢(dr(A4)) = de(A"). It preserves the order, the least
element, the least upper bound and the jump operation. A set A is called total
if A=, AT and a enumeration degree a is total if it contains a total set. Hence
the range of ¢+ consists exactly of the total enumeration degrees.

The jump operation gives rise to the local substructure, G., consisting of all
enumeration degrees below the jump, 0., of the least degree. Cooper [1] proves
that these are exactly the X enumeration degree, i.e. the enumeration degrees
of XY sets.

3. The w-enumeration degrees

Soskov [12] introduces a reducibility, <., between sequences of sets of natural
numbers. The original definition involves the so called jump set of a sequence
and can be found in [12]. We use an equivalent definition in terms of uniform e-
reducibility, which is more approachable. Before we define w-reducibility we will
need to introduce one more notation. Let S, denote the class of all sequences
of sets of natural numbers of length w. With every member A € S,, we connect
a jump sequence P(A).

Definition 2. Let A = {A,}n<w € S The jump sequence of the sequence A,
denoted by P(A) is the sequence {P,(A)}n<w defined inductively as follows:

[ ] Po(A) - Ao.

o Poi1(A) = Ap11 D P (A), where P, (A) denotes the enumeration jump of
the set Pp(A).

The jump sequence P(A) transforms a sequence A into a monotone sequence
of sets of natural numbers with respect to <.. Every member of the jump
sequence contains full information on previous members. The jump sequences



of sequence of natural numbers will be the objects that we are interested in,
the building blocks of the w-enumeration degrees. We define w-reducibility
appropriately so that every sequence turns out to be equivalent to its jump
sequence.

Definition 3. Let A = {A,}i<w, B € S,. We shall say that A is w-enumeration
reducible to B, denoted by A <, B, if for every n we have A, <. P,(B) uni-
formly in n.

Clearly “<,” is a reflexive and transitive relation and defines a preorder
on S,. The degree structure obtained from <, by the standard method is
the structure of the w-enumeration degrees, D,,. We define the relation <, on
w-enumeration degrees by

d,(A) <, d,(B) < A<, B,

The degree 0., of the sequence (J,,, whose every member is the empty set, is the
least element in D,, with respect to <.
For arbitrary sequences A = {Ay} k<o and B = {Bj }r<w We set

A®B={A; ®Bi}i<w-

It is not difficult to see that d,, (A @ B) is the least upper bound of d,, (A) and
d,,(B) and so the structure D, = (D, <,,) is an upper semilattice with least
element.

Denote by A T w the sequence (A, 0,0, ...). It follows from the definition of
w-enumeration reducibility and the uniformity of the enumeration jump opera-
tion that for every pair of sets of natural numbers A and B:

Atw<,Blw < A<, B, (3.1)

Using equivalence (3.1) we may define an embedding of the upper semilat-
tice of the enumeration degrees in the upper semilattice of the w-enumeration
degrees. Indeed, consider the mapping x : D, — D,, defined by

K(de(4)) = du(A Tw).
It follows from (3.1) that & is correctly defined and that
Va,b € D.Ja <. b < k(a) <, x(b)],

which implies, that x is order preserving and injective. Furthermore, note that
for arbitrary sets A and B we have (A® B) | w = (A T w) ® (B ] w) and hence

k(aVb) = k(a)Vk(b).

Finally we have that 0, = 0 T w, so that



We shall refer to k as the natural embedding of the enumeration degrees in
the w-enumeration degrees. We denote the range of x by D; and call it the
natural copy of the enumeration degrees.

In addition to embedding the enumeration degrees in D, we can define a
surjective order-preserving mapping from D, onto D.. Consider the mapping
A: D, — D, acting by the rule

)‘(dw(A)) = de(PO(-A))

By Definition 3 if A <, B then Py(A) <. Py(B). From this it follows that A

is correctly defined and order preserving. To see that the mapping A is onto,

notice that for an arbitrary set A, we have that Py(A 1 w) = A and hence

A = Adw(A T w)). On the other hand, as for any sequence A we have that
Py(A) T w <, A and therefore

Va € D,[k(A(a)) <, a].

Furthermore A preserves least upper and greatest lower bounds (whenever
they exist). The first one follows directly from the fact Py(A @ B) = Py(A) &
Py(B). For the second one suppose that a,b,c € D, and aAb = c. Fix
x € De, such that x <. A(a), A(b). Then x(x) <, k(A(a)) <, a and xk(x) <,
k(A(b)) <, b. From here k(x) <, ¢ and therefore x = A\(k(x)) <, A(c).

We summarize the properties of x and A described above in the following
proposition.

Proposition 1. The mappings & and A have the following properties:
(K1) Ya,b e D.[a<.b <= k(a) <, x(b)]

(K2) Ya,b € D.[s(aV b) = k(a) V k(b)]

(K3) £(0c) =

(L1) Ya,b € D,[a <, b= A(a) <, A(b)]

(L2) Va,b € D,[A(aVb) = A(a) V A(b)]

(L3) Va,b,c € D,JaAb=c= A(a) A A(b) = \(c)]
(KL1) Va € Dc[A(k(a)) = a]

(KL2) Va € D,[k(\(a)) <, a]

4. Jump operation and least jump invert

The jump operation in D,, is defined by Soskov and Ganchev [13].

Definition 4. Let A € S, be a sequence of sets of natural numbers. The w-
enumeration jump of A is the sequence A" = { P11 (A) br<w-



In other words, the jump of A is the jump sequence of A with deleted first
element. For an arbitrary sequence A the jump operation has the properties
A<, A,and A <, B= A" <, B, allowing to define a jump operation on
w-enumeration degrees by

(do(A)" = du(A).
As a direct consequence of the definition we obtain
k(a') = k(a)’. (4.1)
We define the iteration of the jump in the usual way, setting
A® = A and AFD = (AMY,

Soskov [12] proves that for an arbitrary sequence A, Py(A) =, Pi(P(A)) uni-
formly in k& and hence

A = (P (A hcw. (4.2)
From here we obtain
In particular

Vx € Dy[A(x) <. M(X)]. (4.4)

Furthermore (4.3) together with Definition 3 give us the following charac-
terization of the partial order <,:

Proposition 2. Let a and b be arbitrary w-enumeration degrees. For alln € N
a<,b < Y0<k<n [A(a("')) <. AbM] &a™ <, b™.

Proof. The direction from left to right is clear. For the converse suppose that
V0 < k <n[Aa®) <. A(b®)] and a™ <, b(™. Take A € a and B € b. The
inequality a(™ <, b yields A™ <, B™. From here, applying (4.2) and
Definition 3, we obtain

Vk[Pyyk(A) <¢ Pptr(B) uniformly in k. (4.5)
The inequalities A(a®)) <, A(b®)) for 0 < k < n together with (4.3) give us

Y0 < k < n[Py(A) <. P(B)]. (4.6)

Finally combining (4.5) and (4.6) we obtain A <, B
O
The jump operation on the w-enumeration degrees exhibits a property (Soskov,
Ganchev [13]), that neither the Turing nor the enumeration jump do. Namely,
if Ow(") <w a, then there exists a least solution to the equation

x(" = a.



We shall denote this solution by I™(a). We can give an explicit representative
of I"*(a) by setting for arbitrary A € S,

I"(A) = (0,....0, Ay, As,...).

n

Then for all a € D, above 0,,(™
Aca < I"(A) € I"(a). (4.7)

Lemma 1. Let n € N and let a,b € Dy, be such that 0, <, a,b. Then:
10) Vk < n[A(I"(a)®)) = 0,7)].
I1) a<,b < I"(a) <, I"(b).

12) Vx € D,[x <, I"(a) = I"(x(") =x].

I4) aAb=c= I"(a) AI"(b) = I"(c).

(

(I1)

(12)

(I3) I"(aVvb)=1"(a)V I"(b).

(14)

(I5) Vx € D VE < n [A((x VvV I"(a))®)) = A(xH)].
(

16) vx € D,, [(x vV I"(a))™ =x(™ v a].

Proof. (10) is a direct corollary of (4.6).

(I1) For the left to right direction suppose that a <, b. Then I"(a)(™) =
a <, b =TI"(b)™. On the other hand, for k < n, A(I"(a)®) = \(I"(a)*)) =
0. so that applying Lemma 2 we obtain I"(a) <, I"(b).
For the other direction suppose that I™(a) <, I™(b). From the fact, that the
jump operation is monotone, we obtain a = I"(a)(™ <, I"(b)™) = b.

(I2) Let x <, I"(a). According to Proposition 2 for k < n,

AMx®) <, A1 (@)®) = 0,8 = A1 (x™)R),

On the other hand x(™ = I"(x(™)), so that applying again Proposition 2 we
obtain x <, I"(x(™). Now the equality x = I"(x(™)) is obvious.

(I3) is again a direct application of (I0) and Proposition 2.

(I14) Let aAb = c and let x <,, I"(a), I"(b). According to (12) x = I"(x(™).
Furthermore x(™ <, a,b and hence x(™ <, c. Thus from (I1) we obtain
x = I"(x") <, I"(c).

(I5) and (I6) follow from that whenever X € x and A € a, we have that
P(X @I"(A)) = Pp(X) for k < n and P,(X & I"(A)) = P.(X) ® Py (A).

Claims (I3) and (I4) of Lemma 1 show that the least jump invert operation
preserves both least upper and greatest lower bounds in D,,. The first author
[4] proves that the jump operation on D,, preserves greatest lower bound, i.e.

aAb=c=a' Ab = (4.8)



On the other hand one can easily see that the jump operation does not
always preserve least upper bounds. Indeed, take a low splitting of 0., i.e.
w-enumeration degrees a and b, such that a’ = b’ = aVv b = 0, (such a
splitting of 0, exists, since it exists in the case of enumeration degrees). Then
a'vb' =0," <0,” = (avb)'. We give a sufficient condition for the preservation
of the least upper bound.

Lemma 2. Let a,b € D, be such that (A(a) V A\(b))" = A(a)’ V A(b)’. Then
(avb) =a' vb'.

Proof. Note that for arbitrary x € D,, we have
x = rk(A(x)) V I (xX). (4.9)
Indeed, according to claims (I5) and (I6) of Lemma 1 we have
AR(AE)) V I (x)) = AE(A(x))) = A(x)

and
(kM) VINX)) = k(A\(x)) VX =%

which together with Proposition 2 yield (4.9).
Let a,b € D, be such that (A(a) V A(b))’ = A(a)’ v A(b)’. Applying (4.9)
to a and b we obtain

aVvb=r(Aa))VI'a)VkeAb)VIHD)=r(AaVb))VvIi(a Vvb).

From here using (I6), the properties of k and A, and (A(a)VA(b))" = A(a)’VA(b)’
we obtain

(avb) = (s(AMaVvb))vI'@ vb)) =k(A\aVvb))va vb' =
k(A(avb))va vb' =k((Aa)VvA(b)))va Vb =k(A(a) VA(b))va Vb =
k(A(@)) VE(A(b)) va vb' =a vb

O

5. The local theory of the w-enumeration degrees.

The local theory of the w-enumeration degrees is the theory of the degrees
that are in the interval with endpoints the least w-enumeration degree and its
first jump. It is considered for the first time by Soskov and Ganchev [13], who
establish some basic properties of these degrees.

We shall denote by G,, the collection of the degrees below 0./, i.e.,

G,={xeD,|x<,0,}.



First of all note that in contrast to local structures in the Turing degrees and
the enumeration degrees, there are degrees in G,, that can be explicitly defined.
Indeed, consider the n + 1-st jump of 0, for arbitrary natural number n. Set

0, = In(Ow(n+1)).

We have o%") = 0,0t = (0,/)(™ and hence o, <, 0,/, i.e., 0, € G,.
Since the operation I™ is first order definable in the structure D, (the partial
order of the w-enumeration degrees augmented with the jump operation), the
degrees o,, are first order definable in D,,".

In addition we can show an explicit representative of o,,. We have

((Z)gn+1)7 (Z)gn—i-2)7 ®£n+3)) ) ) c Ow(n—i-l)7

so applying (4.7) we obtain

@,...,0,000D gint2) gn+3) Y e o,. (5.1)

n

Since oy, is the least n-th jump invert of 0,,"*1) and every degree in G,, is
bounded by 0., we may conclude that

vx € G, [x™ =0, — o, <, x]. (5.2)

The degrees x <,, 0.,/ having the property x(™) = 0,,"*1 are called high,,,
since their n-th jump is as high as possible. We shall denote the collection of
the high,, degrees by H,. Thus

Vx €@, x € H, < o, <, X]. (5.3)

Conversely the low,, degrees are the degrees from G,, with least possible n-th
jump. In other words, x € G, is low,, if and only if x(™ = 0,(™. We denote
the collection of all low,, degrees by L.

As in (5.3) we shall see that the degrees in L,, are exactly those satisfying
an algebraic property involving o,,. First we need to prove the following.

Proposition 3. Let x € G,,. Then for every natural number n
x Ao, = I"(x™). (5.4)

Proof. Let x € G, and fix a natural number n. Since x <, 0./, we have
x(™ <, 0, 50 that using claim (I1) of Lemma 1 we obtain I"(x(™) <,, o,.
On the other hand it is obvious, that I"(x(™) <, x.

Now take y € G, such that y <, x,0,. From y <, o, and claim (I2) of
Lemma 1 we obtain

y =I"(y"™).

On the other hand y <., x implies y(™ <, x(™ from where we conclude

y = ]n(y(n)) <, ]n(x(n)).

10



As a corollary of Proposition 3 we obtain
Vx € Gyx € L, <= x Ao, =0,] (5.5)
Indeed, for arbitrary x <., 0.’
x(™ =0, — I”(x(”)) =0, < xANo,=0,.

Another corollary of Proposition 3 is that the degrees o, form a strictly
descending sequence, i.e.,

0,/ =09g>0;>02>--->0p,>...

Indeed, 0, A 0p41 = "1 (04") = I"+1(0,(")) = 0,,,,. Soskov and Ganchev
[13] prove that this sequence does not converge to 0, meaning there is a nonzero

degree x, such that
Vn[x <, op]. (5.6)

The degrees that have the property (5.6) are called almost zero (a.z.). Their
representatives can be characterized by

Vaz x [X ex «—= X <,0, & VE[Pp(X) =, @gk)]}
In other words
X is a.z. <= x <, 0,/ & VEAx®) = 0.1

Let us denote by H and L all the degrees in G, that are respectively high,,
and low,, for some n. In [13] it is shown that the classes H and L can be
characterized using the a.z. degrees. Namely, for arbitrary a <, 0,,’

ac H < Va.z x[x <, al,

acl < Vaz x[x<,a=x=0,]

From the second equivalence it follows that the only low, a.z. degree is 0.
On the other hand, according to (5.6) and (5.3) no a.z. degree is high,, for
some n. Thus the a.z. degrees are intermediate, i.e., they belong to the class
I=G,—-(HUL).

So far we have seen that I # 0 and H, 1 — H, # ( for arbitrary n > 1.
In order to prove that the high/low jump hierarchy of G, does not collapse, it
remains to be shown that L, 1 — L, # 0. To prove this we shall use that for
an arbitrary n there is an enumeration degree x, such that

0. <. x &x' =0,Y, (5.7)

Fix a natural number n and an enumeration degree x satisfying (5.7). Note
that 0, <, x <, 0,(""Y). Consider the w-enumeration degree I" (k(x)). From
the properties of the mapping x and the operation I"™ we immediately conclude

11



that I"(k(x)) <, 0.'. Now, (I"(r(x)))"™ = k(x) > 0, so that I"(k(x)) ¢
L,,. On the other hand (I"(x(x)))"+) = k(x) = k(x') = k(0,1 = 0,1
and hence I"(k(x)) € Lyy1. Thus Ly,41 — Ly, # 0.

The equivalences (5.3) and (5.5) give a first order definition of the classes H,
and L, using as parameter the degree o,. Thus if the degree o, is first order
definable in (G, <,), the classes H,, and L, shall be also first order definable
in (G,, <,). Besides, the next lemma shows that the first order definability of
01 in G,,, leads to first order definability of the class D; NG, .

Lemma 3. Let x € G,. Then
xeD| — Vyegw[y\/olzx\/olzxgwy].

Proof. Let x € G,, and suppose that x € Dy. Let y € G, be a degree for which
y Vo; =xVo;. From claim (I5) of Lemma 1 we obtain

AMy) =AMy Vo) =AxVor) = \x). (5.8)

Since x € Dy, we have x’ = k(A(x)’), so that (5.8) together with (4.1), (4.4)
and (KL2) from Proposition 1 yield

x' = k(AX)") = s(AY)) <u 5(AY) <u ¥’ (5.9)

Now the inequality x <, y follows from (5.8), (5.9) and Proposition 2.
For the converse suppose that for all y € G,, the implication

yVo,=xVo —=x<,Y¥y

holds. Consider the degree k(A(x)). According to claim (KL2) of Proposition 1
k(A(x)) <, x and hence k(A(x)) € G,,. Applying claims (KL1) of Proposition
1 and (I5) from Lemma 1 we obtain

AR(A(X)) Vo1) = Ak(A(x))) = A(x) = A(x V 01) (5.10)

On the other hand r(\(x))" <, x’ <, 0,”, so that claim (I6) of Lemma 1 gives
us

(r(A\(x)) Vo1) = k(A(x)) V0, =0, =x"v0,” =(xVoy). (5.11)

Applying Lemma 2 to (5.10) and (5.11) we obtain x(A(x)) Vo; = xV oy and
therefore x <, kK(A(x)). Thus x = x(A(x)) and hence x € D;.
U

6. KC-pairs in G,

The goal of this section is to prove that the degrees o,, are first order definable
in G, for arbitrary n and thus conclude the proof of Theorem 1 and Theorem
2. This shall be done using the notion of K-pairs.

12



Definition 5. Let D = (D, <) be a partial order. We say that {a,b} is a K-
pair (strictly) over u for D, if a,b,u € D, u < a,b (u < a,b) and for all
x € D such that u < x, the least upper bounds x V a, x V b and the greatest
lower bound (x V a) A (x V b) ezist, and the following equality holds:

x=(xVa)A(xVb). (6.1)

If (D, <) is a partially ordered set and u,v € D we shall use the notation [u, v]
for the set {x € D | u < x < v} together with the partial order inherited from
(D, <). Note that if {a, b} is a IC-pair (strictly) over u for D, and a,b < v € D,
then {a, b} is a K-pair (strictly) over u for [u,v].

The following two theorems of Kalimullin give important properties of K-
pairs in the enumeration degrees, which we shall use.

Theorem 6 (Kalimullin [6]). Let A, B and U be sets of natural numbers.

(i) If for some W <., U, we have A x B C W and A x B C W, then
{dc(AU),d.(BaU)} is a K-pair over do(U) for D.. If in addition

do(U) <c de(AaU),do(B®U) <. d(U),
then do(A® U) =d.(Ba®U) =d.(U)

(i) If for no W <, U, Ax B C W and A x B C W, then there is a set
X <. U @At @ Bt such that

do(X) £ (de(X) v do(A)) A (d(X) V d,(B).
In particular if A,B,A,B <, U’, then X <, U’.

Theorem 7 (Kalimullin [6]). For every u € D, there is a K-pair {a,b}
strictly over u for D, such that
avVb=u' anda’ =b' =1’

A useful corollary of Theorem 6 is the following.

Corollary 1. Letu,a and b be enumeration degrees, such that u <, a,b <, u’
and 8’ = b’ =u'. If furthermore {a,b} is a K-pair over u for [u,u’], then for
allu<,x <, u

x<exVa, xVb= (xVa) =(xVb) =x".

Proof. Let u, a and b satisfy the conditions of the theorem, i.e., u <. a,b <,
u,a’=b'=v and forallu <, x <, u’

x=(xVa)A(xVb).

Fix U cu, Acaand Beb. From A’ =, B’ =, U’ we conclude A, B, A, B <,
U’ and hence from claim (ii) of Theorem 6 we obtain Ax B C W and AxB C W
for some W <, U (from here it follows that {a, b} is a K-pair over u for D).
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Now fix u <, x <. v/, such that x <, xVa, xVb and let X € x. Since
W <. U <. X we conclude that {x V a,x V b} is a K-pair above x for D,.
Furthermore we have

u<,x<.,xVa, xvVb <, u <, x\.
From here and claim (i) of Theorem 6 we obtain
(xVa) =(xVb) =x"

O
Our first goal is to characterize the K-pairs in G,,. We start with two lemmas
showing that the jump and least jump invert operations preserve the K-pair

property.

Lemma 4. Let n € N and let a,b € D, be such that {a,b} is a K-pair
over 0, for [0,™,0,"*V]. Then {a’,b'} is a K-pair over 0,V for
[0,V 0,*2]. In particular if {a,b} is a K-pair over O, for G, then
{a®) b*)Y is o K-pair over 0,%) for [0,*), 0, *+1)].

Proof. Suppose {a, b} is a K-pair above 0, i.e. 0,(™ <, a, b and
V0, ™ <, x <, 0,"* [x = (x Va) A (x VDb)]. (6.2)

Consider 0, "1 <, x <, 0,2 and let y <, xVa’, xVb'. From claims
(I1) and (I3) of Lemma 1 we obtain

I'Ny) <o I'(x) VI'(a), I'(x) V I'(b),
and hence
I'y)vo,™ <, (I'(x) vo,™)vI'&), (I'x)vo,™)vI'(b). (6.3)
Since 0,("*D <, x <, 0,2, we have 0, <, I'(x) Vv 0,™ <, 0,1,
On the other hand I*(a’) <, a and I'(b’) <,, b, so that from (6.2) and (6.3)

we obtain
I'(y)vo,™ <, I'(x) v 0,™.

Now applying claim (I6) of Lemma 1 we get
y =0, vy =(0,"vI(y)) <, (0, VvI'x) =0,""vx=x
O

Lemma 5. Let {a,b} be a K-pair over 0,™ for [0,™,0," D] Then the
pair {I"(a), I"(b)} is a K-pair over 0, for G,,.
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Proof. Suppose that a and b satisfy the condition of the lemma. It is clear
that I"(a),I"(b) € G,. Fix x,y € G, such that y <, xV I"(a), xV I"(b).
Then applying (I5) and (I6) of Lemma 1 we obtain

VE < n[Ay®) <. AxM)] (6.4)

y™ <, x™ va, xX™ vb. (6.5)

From (6.5) we conclude y(™ <, x(™) which together with (6.4) and Lemma
2 implies y <, x.
O
The next two lemmas show that the mapping A preserves the [C-pair property
for intervals with endpoints a degree u and its first jump, whereas the embedding
K preserves it in some special cases.

Lemma 6. Let a, b and u be w-enumeration degrees, such that {a,b} is a
K-pair over u for the interval [u,u’]. Then for all AM(u) <, x <. A(u)" we have

x = (xVAa) A (xVAb)).
In particular, if u € Dy, then {A(a), A\(b)} is a K-pair over A(u) for [A(u), A(u)’].

Proof. Let {a,b} be K-pair above u for the interval [u,u’] and consider the
degrees A(a), A(b) and A(u). Note that since a, b € [u,u’], we have A(a), A\(b) €
[A(u), A(1')]. Fix A(u) <. x <, A(u)" and suppose that y <. xV A(a), xV A(b).
From claim (K1), (K2) and (KL2) of Proposition 1 we get

(y) <w K(x) V E(Ma)) <o K(x) V a,
k(y) <w K(X) V K(A(b)) <, K(x) Vb.

From here
uV(y) <, (uVk(x))Va, (uVk(x))Vb. (6.6)

Since A(u)’ <. A(u), and x and y satisfy the inequalities
X,y <e M),

we have
u<,uVekx),uVk(y) <, kA1) <, u.

From here, (6.6) and {a, b} being a IC-pair over u for [u,u’], we conclude
uVk(y) <, uVk(x).
Applying again Proposition 1 we finally obtain

Y <cAu)Vy =AuVi(y)) <cAM(uVk(x)) =Au)Vx=x.
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Lemma 7. Let a, b and u be enumeration degrees, such that {a,b} is a K-
pair strictly over u for [u,u’] and a’ =b’ =u’. Then {k(a),k(b)} is a K-pair
strictly over k(u) for [k(u), k(u)'].

Proof. Let {a,b} be a KC-pair strictly over u for [u,u'], i.e., u <., a, b <, u’
and
Vu<.,x <, u [x=(xVa)A (xVb)].

Counsider (a), x(b) and x(u). It is clear that k(u) <, k(a), k(b) <, k(u)".
Let x(u) <, x <, k(u) and fix y <, xV k(a), xV k(b). Consider the degree
y =Yy V k(u). Since k(u) <, x, x(a), k(b), we have

y <wyY SwxV "?(a), xV Kl(b)

We shall consider two cases. First suppose that a <. A(x) (or respectively
b <. A(x)). From claim (LK2) of Proposition 1 we obtain

k(a) <o k(A(x)) <, x,

so that aVx =x and hencey <, y <, xV k(a) =x.
Now suppose that a,b €. A(x). From claims (L1), (L2) and (KL1) of
Proposition 1 we obtain

u <, /\(X)7 A(Y) <e u/7
Ay) <e AMxVEk(a)) =A(x)Va
Ay) <e A(xVk(a)) = Ax) Va.
Now, since {a,b} is a K-pair strictly above u for the interval ([u,u’], <.), we
get
AMy) <e A(%). (6.7)
Now to prove that y <, x it suffices to prove that y’ <, x’. From a,b %,
A(x), the equalities a’ = b’ = u’ and Corollary 1 we conclude

(A\(x) Va) = (A(x) Vb) = A(x)".

In particular (A(x)Va) = A(x)'Va' and (A(x)Vb) = A(x)’'VDb'. Thus Lemma
2 yields

(xVk(a) =x'"Vk(a) =x'vu' =x".

But y <, xV k(a) and hence
y' <. ¥ (6.8)

Now Lemma 2, (6.7) and (6.8) imply

y <o X.

At this point we will need to use the structural result of the enumeration
degrees announced in the introduction. Recall that Theorem 5 states that for
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every total degree u and every AY(u) degree a >, u there is a low over u degree
b such that aV b = u’. Here a degree a is AJ(u) if a contains a set which is
A relative to a representative of u. In particular every total degree x in the
interval [u,u’] is A9(u). As a corollary of this result we prove that a K-pair for
an interval [u, u'] is also quasi-minimal over u.

Corollary 2. Let a, b and u be enumeration degrees, such that {a,b} is a K-
pair over u for [u,u’]. If furthermore u is total and there is a total degree x,
such that u <. x <. a, then b =u.

Proof. Let a, b, u and x satisfy the conditions of the corollary. Since x is total
and u <, x, Theorem 5 implies that x Vy = u’ for some enumeration degree
u <.y, having the property y’ = u’. Note that, since x <, a <, v/, we have
aVy =u'. Thus we obtain

y=(yVa)A(yVb)=u A(yVb)=yVb.

Therefore b <, y. From here we obtain u’ <, b’ <, y’ <, v/, i.e., b’ = u'.
Now we can apply Theorem 5 to b and reasoning as above we obtain a’ = u’
from where we may conclude that x’ = u’.

Note that since u <, x <, a, the pair {x, b} is also a -pair above u for the
interval [u,u’]. Applying Theorem 6 to x, b and u we obtain X € x, B € b
and W <. U € u, such that X is total and

XxBCW, XxBCW. (6.9)

Kalimullin [6] proves that (6.9) implies B <. W @& X. But X =, X, so that
B <. X. Thus b <, x and hence b = u.
U

Corollary 3. Let {a,b} be a K-pair over 0, for G, and let for some n > 0,
0.(™ <e AMa™) and M(a™) = 0.tV Thenb e Lyiq.

Proof. Suppose that the degrees a, b € G, satisfy the conditions of the corollary.
Since 0™ <, )\(a(”)) <. 0.1 the equality )\(a("))’ =0, together with
Theorem 5 yield

Ma™)vx =x' =0,

for some 0, (™ <e x <, 0.t Consider the w-enumeration degree k(x). We
have x(x) € [0,, 0, Y] so that I"(r(x)) € G,,. Therefore

I"(k(x)) = (I"(r(x)) vV a) A (I"(k(x)) V b),
from where, Lemma 1, and (4.8) we obtain
k(x) = (k(x) Va™) A (k(x) VbM).

By the choice of x we have a™ v k(x) = 0,1 50 that we may conclude that
b <, k(x). But k(x) = 0, and hence b("*+1 = 0,1,
O
Now we are ready to characterize the KC-pairs in G,,,.
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Theorem 8. Let {a,b} be K-pair strictly over 0,, for G,,. Then exactly one of
the following assertions holds:

(i) Both a and b are a.z..

(i) There is a natural number n and a K-pair of enumeration degrees {a, b}
for the interval [0, , 0.+ V] with the property a’ = b’ = 0,"TY | such
that

a=I"(k(a)) and b = I"(k(b)).

Proof. Let {a,b} be a K-pair strictly over 0, for (G, <,) and suppose that
at least one of the degrees a, b is not a.z.. Then, without loss of generality, we
may fix a natural number n such that

0. <. AMa™) & Yk < n[A(@®) = A(b®)) = 0,¥)]. (6.10)

First we shall prove that A(a™)’ = 0.("*Y). Towards a contradiction
assume that 0, < Ma™)’. According to Lemma 4 and Lemma 5 the
pair {A(a®tD) \(b("*+ D)} is a K-pair over 0,V for [0, 0,(2)]. But
0, <. AMa™) <. Ma™tD), so that Corollary 2 and Corollary 3 imply
that

(b)) = 0, "+ & b2 = g ("2 (6.11)

From here we conclude that A(b(™) = 0."*1). Now, if 0.(" <, A(b(™)
applying Corollary 3 we would obtain a1 = 0,1 which is not the case
and hence A(b(™) = 0., From here, (6.10), (6.11) and Lemma 2 we obtain
that b = 0,,. A contradiction.

Thus indeed A(a®™)" = 0, and hence (6.10) and Corollary 3 imply
b+ = 0, But b # 0, and hence it should be the case

Oe(n) <o )\(b(”)) & /\(b(”))’ _ Oe(”+1)-
Thus Corollary 3 yields a1 = 0,*1) and hence
a=I"(k(A(a™))) and b = I"(k(A(b(™))).
O

Corollary 4. Let {a,b} be a K-pair strictly above 0, for G,. Then for every
natural number n

Vx <, o0navVx <o, <= ab<,0n41.

Proof. An obvious application of Theorem 8 and Theorem 5.
O
Finally we have the necessary tools sufficient to give us a first order definition
of o, in (G, <,) for every n and thus by Lemma 3 and the equivalences (5.3)
and (5.5) we conclude the proofs of Theorem 1 and Theorem 2.

18



Theorem 9. For arbitrary n > 0, 0,41 s the greatest degree which is the least
upper bound of a K-pair {a,b} strictly above 0, for G, such that

Vx < o,laVx <, o).

Proof. Theorem 7, Lemma 7 and Lemma 5 give us a K-pair {a, b} for G,,, such
that 0, < a, b and aV b = 0,41. Now the theorem follows from Corollary 4.
O

7. The first order theory of G,

In this section we apply the results from the previous section to prove The-
orem 3. We give an interpretation of true arithmetic in (G, <,).
Consider the class

Rlz{a/\01|a€Dlﬂgw}.

According to Theorem 9 and Theorem 1 Rq, is first order definable in G, .
Furthermore, using Proposition 3 we obtain

XER; <= JaeD NG, [x=1TI'(a)]. (7.1)
From here we obtain the following.

Proposition 4. The partially ordered set of the 11 enumeration degrees greater
or equal 0, is isomorphic to (R1,<,).

Proof. Denote by IT, the set of all enumeration degrees above or equal to 0.,
which contain a I1Y set. According to McEvoy [7]

x€ell, < Ja<.0/[x=4a']. (7.2)
Let the mapping ¢ : II, — G, act by the rule
(%) = ' (5(x)).
The equivalences (7.1) and (7.2) give us
Range(p) = R1.
On the other hand claim (K1) of Proposition 1 and claim (I1) of Lemma 1 yield
v,y eIllx <oy <= p(x) <o o(y)),

and hence ¢ is the isomorphism we are looking for.
O
The class ITs consists exactly of the enumeration degrees, which are images,
under the standard embedding ¢ of D into D,, of the Turing degrees c.e. in
and above 07’. In other words

I, = [’[ROTIL
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where Ro,» = {dr(X) | 0} <r X & X is c.e. in (/-}. Thus Proposition 4
implies

(ROT/v ST) = (Rlv SUJ)

Nies, Shore and Slaman [9] prove that first order true arithmetic is interpretable
in (Ro,7, <r), so that we obtain an interpretation of the first order theory of
true arithmetic in (G,,, <,,) and conclude the proof of Theorem 3.

8. Proof of Theorem 4

In this section we present the construction for the simple case of Theorem 5,
as stated in Theorem 4. For every nonzero AJ degree a we construct a K-pair
strictly over O, {b,c} such that aVv b = 0. In the next section we describe a
method for relativizing the presented construction above any total degree u.

As we will be dealing with sets and not degrees, to simplify notation we shall
say that {A, B} is a KC-pair over U if {d.(A),d.(B)} form a K-pair in D, over
de(U). When U is a c.e. set we shall say that {A, B} is a IC-pair.

We need a dynamic characterization of the ¥ K-pairs of sets given by the
following lemmas:

Lemma 8 (Kalimullin[6]). Let B and C be two %9 sets. B and C form a
K-pair if and only if there are X3 approzimations {B1}}, ., and {C15}},_,
to B and C' respectively such that for every stage s we have that B1*} C B or
clst co.

Of course as every nontrivial K-pair of 39 sets consists of low sets it follows
that if B and C are not c.e. then they are AJ. With this characterization in
mind we proceed to describe the proof of Theorem 4.

Fix a AY representative A of the given nonzero degree a. We will construct
AY approximations to sets B and C so that the following three types of require-
ments are satisfied:

1. First we want to ensure the cupping property. We will construct an enu-
meration operator I' so that

S:T(A,B) =K.

Here T'(A, B) is considered as being enumerated relative to two sources.
We write I'(A4, B), instead of I'(A @ B). Naturally we will assume that an
axiom of the operator I' has the structure (n, D4, Dg) and that it is valid
if an only if Dy € A and Dp C B. K is any II{ representative of the
degree 0.,.

2. To ensure that the set B is not complete it will be enough to prove that C'
is not c.e. and that {B, C} form a K-pair. Fix a computable enumeration
of all c.e. sets {W,}e<w. For every e we have a requirements:

Ne: W, #C.
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3. Finally we ensure the K-pair property. For every s we have the following
requirement:

Ks: Bt cBvott co.

Intuitive description of the strategies. Fix a A approximation {A{*}},_,

to the given set A and a I19 approximation {f{s}}Kw to the set K. Every
c.e. set W, will be approximated by its standard c.e. approximation. The
construction will run in stages. At every stage s we construct C{5} and B{s}
from their previous values at stage s — 1, by activating certain strategies. An
activated strategy will perform actions (e.g. modify the approximation to the
constructed sets or the value of parameters) needed in order to satisfy its cor-
responding requirement. We start by describing the intuition behind each such
strategy.

The S-strategy. The global S-strategy constructs the enumeration operator
I’ so that ultimately we have T'(A, B). At every stage s it ensures that for

every element n < s we have I'(4, B){s}(n) = F{S}(n). Every element n will
be assigned a current A-marker a(n) and current B-marker b(n) by the A/-
strategies. If the element n € K then the strategy enumerates in I' an axiom of
the form (n, A} [ a(n) + 1, B} | b(n) + 1). If later on the element exits the
approximation to K the strategy invalidates the previously enumerated axioms
by extracting the current B-marker from the set B.

The N -strategies. To ensure that C # W, we use the standard strategy.
When first activated at stage s the strategy chooses a witness x. and enumerates
it in the set C'ts}. If this witness never enters the approximation to W, then
the requirement is satisfied and no further actions are needed. If at stage s™
the witness x, does enter the approximation to the set W, the strategy extracts
the witness z. from the set C{SJF}7 and in this case as well succeeds to satisfy
the requirement.

Incorporating the K-requirements. There will be no explicit strategy acti-
vated during the construction to ensure that KC-requirements are satisfied. In-
stead it will be incorporated in the the N -strategies. If a witness is enumerated
at stage s and then extracted at stage s then for all ¢ in the interval [s, s™)
the approximation to the set C is wrong, namely C{t} ¢ C. To ensure that
the K-requirements for such stages are respected, we must therefore ensure that
Bt C B. So any B-marker that appears in the set B{*} must remain in B.
This might obstruct the global S-strategy as it might require the extraction of
such a B-marker in order to keep I' rectified.

To resolve this conflict the N,-strategies must be modified. Before a witness
T is extracted from the set C, the construction must ensure that restraining
certain elements in the set B will not affect the operator I'. As every axiom in
I' is composed of two parts: a finite set D and a finite set Dp, to invalidate
an axiom while at the same time restraining Dg C B would be possible if there
is a useful extraction from the set A. Every N, strategy shall therefore try to
force such an extraction.
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To every N, strategy we assign a threshold d, - the e-th element of K. The
threshold d, marks the point where N, takes control over the axioms enumerated
in T'. Of course we do not know initially which is the e-th element of K but after
finitely many wrong guesses we will eventually find the right one. The strategy
then assigns current A and B-markers to the threshold d.. Through a priority
ordering and initialization of the A/ -strategies we ensure that all axioms for
n > d. are extensions of an axiom for d. in I'. Thus invalidating the axioms for
d. will have the effect of invalidating all axioms for elements n > d and moving
the activity of the S strategy above any pre-fixed restraint. A, will select a
witness x, and try to diagonalize with it against W,. If the witness x. enters
W, then the strategy shall not immediately extract it from C, instead it shall
try to force a change in A by initiating the construction of a c.e. approximation
to A and starting a new cycle with a new witness. If this process is repeated
infinitely often with no useful extraction from A then we can argue that the set
A is c.e. Thus after finitely many unsuccessful attempts at diagonalization the
strategy will eventually be successful.

Construction. We order the N-requirements linearly:
N0<N1 <N2<...
and assign a strategy to every requirement. Next we will define when a strategy
requires attention and the actions that it makes if it is activated.
The S-strategy. The global S-strategy requires attention at every stage. If
activated as stage s, the S-strategy operates as follows:
For every element n < s perform the following actions:

S.1 If n € T(A, B){s} \F{s} then find all valid axioms for n in T{5}. For each
such axiom, (n, A,, By), the finite set B,, ends in an old B-marker b(n)
defined at a previous stage. Extract b(n) from B{s},

S21Ifn € ?{s} and the current A and B markers for n are defined then
enumerate in T'*} the axiom (n, A%} | a(n) + 1, B} | b(n) + 1).

The N -strategies. Fix an N -strategy N,. The strategy N, is equipped with
the parameters listed below. Whenever a parameter is cancelled, it gets its
initial value.

e A threshold d., defined as the e-th element of F{s}. Important attributes
of the threshold will be its first B-marker which will be denoted by bg(d.)
and its current B-marker denoted by b(d.). The threshold and its at-
tributes are initially undefined.

e A current witness z. - the witness from the current cycle, and an old
witness y. - the witness from the previous cycle. These witnesses are
initially undefined. Whenever a witness is cancelled it is enumerated back
in the current approximation to C.

e Finally the strategy keeps a parameter G, which is meant to approximate
the set A and is referred to as the current guess. Initially G, = ().
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We list the cases in which A, requires attention and the actions it makes.

N.0 The strategy is in initial state or the threshold d. ¢ K.

Action: Define the threshold d. € F{S} as the e-th member of ?{s}.
Define its first current B-marker b(d.) = bo(d.) and its current A-marker
a(d,)- as fresh numbers, numbers that have not appeared in the construc-
tion so far. Enumerate b(d.) in the set BU{s}. All other parameters: z., ye
and G,, are cancelled.

N.1 A B-marker for an element n < d. has been extracted from B at stage s.
Action: Extract from the set B{s} all B-markers for the threshold d,
that are greater than or equal to by(d.) and have been defined until stage
s. Define the current marker b(d.) as a fresh number and enumerate it in
the set B{s}. All other parameters: ., ye and G, are cancelled.

N2 G, C At and g, | ¢ C1s
Action: Extract from the set B{$} all B-markers for the threshold d. that
are greater than or equal to by(d.) and have been defined until stage s.
Enumerate v, in C{5}. Cancel the current witness z.. Define the current
marker b(d.) as a fresh number and enumerate it in the set B{s},

N.3 G, ¢ At} and y, |€ O1sh
Action: Let Sgzqrt(ye) be the first stage at which y, is enumerated in the
approximation to the set C. For every stage t, such that ssert(ye) <t <'s
and y, € C{*} enumerate all n € B{*} such that n > by(d,) in the set B},
Extract y. from C{s}. Cancel the current witness z.. Define the current
marker b(d.) as a fresh number and enumerate it in the set B{s},

N4y, Tory e C{s} and G, C As} and the witness z. is not defined.
Define the witness z. as a fresh number and enumerate it in C{5}. Extract
from the set B{s} all B-markers for the threshold d, that are greater than
or equal to bg(d.) and have been defined until stage s. Define the current
marker b(d) as a fresh number and enumerate it in the set B{s},

N5 ye Torye le 015}, and G, € AL} and 2, € Wi
Action: Let sg4.+ be the first stage at which z. is enumerated in the ap-
proximation to the set C'. Set the guess G, to be the set ﬂsgmﬁ<t<s Attt}
a(de). Set y. = z. and cancel z., i.e. the current witness becomes the
old witness and the value of the current witness is cancelled. Extract all
B-markers for the threshold d. that are greater than or equal to bg(d.)
and have been defined until stage s from the set B*}. Redefine the the
current A-marker a(d.) of the threshold as a new fresh number. Define
the current marker b(d.) as a fresh number and enumerate it in B{s}.

The complete construction. At stage 0 we set I = {0} = B0} = ¢, all
markers and parameters are undefined. At stage s > 0 let N, be the highest
priority N-strategy which requires attention. The strategy requires attention
at stage s under the least step which applies.

Case 1: N, requires attention under step N.3. Then N, receives attention.

Case 2: Otherwise the global strategy S receives attention and executes its
actions. This may cause a higher priority A/-strategy to require attention under
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step N.1. Let Nj be the highest priority strategy which requires attention after
the action of the global S-strategy. N receives attention.

In both cases all N-strategies with lower priority than the N-strategy which
receives attention are initialized. All of their parameters are cancelled. Bts}
and C1%} are the final values of the constructed sets at the end of stage s.

This completes the construction.

Below we prove that the construction produces the desired sets B and C.
The proof is divided into a series of simple propositions. We start with a very
simple property of the construction.

Proposition 5. The global strategy S receives attention at infinitely many stages.

Proof. Towards a contradiction assume that there is a stage s such that at all
t > s the strategy S does not receive attention. Then at each stage t > s an N-
strategy requires and receives attention under step N.3. Let N, be the highest
priority strategy which requires attention at a stage ¢ > s. By construction
N. receives attention, and performs action that ensure that it does not require
attention under step .3 at the next stage t+ 1, e.g. enumerates its old witness
ye in the set C{1*}. All lower priority strategies are initialized at stage t and
require attention under N.1 at the next stage. It follows that at stage t + 1
no strategy will require attention under step A.3 and S will receive attention
contradicting our assumption. O

Fix an N-strategy AV, and assume that no higher priority A/-strategy requires
attention after stage s;(e). We will prove that there is a stage sf(e) such that
N, does not require attention at stages ¢ > sy(e) and that the requirement
N, satisfies its requirement. We will do this in three steps, incorporating the
inductive proof that the S strategy succeeds as well.

Proposition 6. There is a least stage s1(e) such that N, does not require at-
tention under steps N'.O and N.1 at stages t > s1(e).

Proof. As N, is not initialized after stage s;(e), whenever N, requires at-
tention, it receives attention and no other strategy can cancel the values of its
parameters.

At stage s;(e) + 1 the strategy N, requires attention under step N.0 and
assigns to d, the e-th element of the approximation to K. The set K is infinite
and approximated by a IIY approximation. There will be a least stage so(e) >

si(e) such that f{t} correctly approximates K on all numbers less than or equal
to its e-th member at all stages t > so(e). At stage so(e) the strategy N, requires
attention for the last time under step A.0. At all further stages the value of its
threshold d. together with its first B-marker by(d.) do not change. All lower
priority strategies are initialized.

There are finitely many numbers n < d. which do not belong to the set
K and for each such element finitely many axioms are enumerated in I'. All
of these axioms are enumerated before stage so(e), as after stage sp(e) the
approximation to K | d. 4+ 1 does not change. Hence each such axiom ends
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in a B-marker b(n) < bg(de). Thus if an axiom for an element n < d is
invalidated by the global S strategy at a stage t > so(e), a marker b(n) < bg(d,)
is extracted from the set B{*}. This marker will not be re-enumerated in the set
B by any N-strategy at any further stage, as higher priority A/-strategies are
not activate, N, and lower priority strategies enumerate elements only under
step N.3, hence elements that are larger than the current value of the first
marker of their threshold, defined after stage so(e), hence larger than b(n).

It follows that there is a last stage si(e) at which the global strategy S
extracts a B-marker for an element n < d. After this stage A, does not require
attention under step N .1. O

From this point on we will not indicate a stage when talking about the value
of the threshold d, and its first B-marker by(d.) as by Proposition 6 the value
of these parameters do not change after stage so(e).

Corollary 5. At stages t > s1(e), B [ by(dy) = B | bo(d). The operator T
is correct on all numbers n < dy.

Proof. The first part of this lemma is straightforward. After stage si(e) the
global strategy does not modify the approximation to the set B [ by(d) and it
follows from the proof of Proposition 6 than no N-strategy does either.

If n ¢ K, as the global strategy receives attention at infinitely many stages
by Proposition 5, it will ensure that all axioms in I" for n are invalid at infinitely
many stages, hence n ¢ I'(A, B). If n € K then n is a threshold of a higher
priority strategy N, k < e. By construction N}, always ensures that the current
A- and B-markers of its threshold are defined and is the only strategy which can
modify their values. After stage s;(e) the strategy Ny does not require attention,
hence the values of a(n){*} and b(n){* are defined at all ¢ > s;(e) and do not
change. Denote their final values by a(n) and b(n). The approximation to
A | a(n) + 1 will eventually settle down and there will be a stage s, > s;(e)
such that (V¢ > s,)(A1 [ a(n)+1 = A | a(n) +1). At stage s,, the global
strategy enumerates the axiom (n, At*»} | a(n) 4+ 1, Bt*»} | b(n) 4 1) which is
valid at all further stages. O

Lemma 9. The set Ge = Utzsl(e) G s computably enumerable.

Proof. We will prove that Git} - GitH} for all t > s1(e). Let s be a stage
such that Gis} # G151} Then at stage s+ 1 the value of the guess is changed,
hence N, executes step A .5.

Denote the previous value of the guess, Gis}, by G and the previous value
of the old witness, yes} by y. . Let s~ > s1(e) be the stage at which these values
are assigned to the guess. At all stages ¢ in the interval [s™, 5], Git} =G and
i =y

At stage s + 1 the strategy N, has a current witness xis} defined at stage
Sstart(Te) > s~ and sets Gl = Msrare(ze)<t<st1 At 1 a(d,). We will prove

that G7 = G € A | a(d,) for all ¢ in the interval [syare(ze), s + 1]. First
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we note that maximal element of G is less than a(d.)¥**'} as every time a new
value of the guess is defined the value of the marker a(d.) is shifted to a greater
number.

Secondly note that every time step N.3 or N.2 are executed the value of
the current witness is cancelled. It follows that these steps are not executed
at any stage ¢ in the interval [ssiart(7e),s + 1]. At stage ssart(ze) step N.4
is executed, hence the old witness y_ is in the approximation to the set C.
The old witness can only be extracted under step N.3, hence at all stages ¢ in
the interval [sgsare(2e), s + 1], yo € CI8. Again by the fact that N, does not
require attention under N.0, .1, A2 and .3 and y € C1%} at all stages ¢
in the interval [sstqrt(2e), < s+ 1], it follows that GJ = Git} C A} and hence
G calt,

O

Corollary 6. There is a least stage ss(e) > s1(e) such that N, does not require
attention under step N'.5 at any stage t > s5(e).

Proof. Assume towards a contradiction that N, requires attention under step
N5 at infinitely many stages. Then at infinitely many stages ¢ we have that
Git} C At} and the value of the guess is redefined. We will prove that A = G, =
Usss1e) G Fix n and let t, be a stage such that (V¢ > t,,) (Al (n) = A(n)).
If n € A then let t5 > t; > t, be two stages at which N, executes N.5.
At stage t; the current witness is cancelled and the marker a(d.) is redefined
to a fresh number larger than any that has appeared in the construction so
far, hence larger than n. The current witness at stage to is defined at stage
Sstart(z) > t1 > t,. Since n € AW} at all t > s,40¢(2) and a(d.){*2} > n, the
element n enters the approximation to the guess G, at stage to. If n ¢ A and
we assume that n € G&) at some stage tg > t, then at all t > tg it ¢ At}
contradicting the assumption that A, executes N.5 at infinitely many stages.
However by Lemma 9 G, = A is a c.e. set, and we have reached the desired
contradiction. (]

We are ready for the final third step in the proof of the satisfaction of the
N -requirements.

Lemma 10. There is a least stage sg(e) > s5 after which the strategy N does
not require attention. The requirement N, is satisfied.

Proof. Let G, = Giss(e)} be the final value of the guess and y. = yésE‘(e)} be
the final value of the old witness (if defined). We have two cases depending on
whether G, is a subset of A or not.

Suppose that G, C A and let s3(e) > ss(e) be the least stage such that
G. C At} at all t > s3(e). Then at stages t > s3(e) the strategy does not
require attention under step N.3. If at stage s3(e) the old witness y, |¢ Ctss(€)}
the strategy will require attention once under step NV.2 and enumerate y, € C'15}
permanently. Hence after a least stage sa(e) > s3(e) the strategy will not require
attention under step N.2. In all cases at stage sa(e) > s3(e) > s5(e) the current

26



witness is not defined as it is cancelled at steps A.1, N2, N'.3 and N.5. At
stage s2(e) the strategy N, requires attention once under step A .4, defines the
final value of the witness current z. and enumerates it in C'152(®)} and after this
the strategy does not require attention under A.4. Hence N, does not require
attention at any stage t > sy(e) = sa(e). Furthermore the final witness . never
enters the approximation to W, or else A, would require attention under step
N.5. Hence z, € C\ W..

The second case is G ¢ A. In this case G. # 0 hence at stage s5(e) the
strategy executes step N.5, assigns as the final value of the old witness y. an
element which belongs to the set W,. Let s¢(e) > s5(e) be the least stage such
that G, ¢ At} at all ¢ > s¢(e). At sg(e) the strategy N, requires attention
under step N.3 and extracts the old witness y. from the set C{/(¢)}. The
strategy does not require attention at stages ¢ > sy(e) and hence y. € W, \ C.

O

So far we have proved that the S- and N-requirements are satisfied. To con-
clude the proof we need to show that the KC-requirements are as well respected.
For this we shall need to following.

Lemma 11. Suppose N. does not require attention after stage sy(e). Let b(d.)
be the current marker of the threshold at stage s¢(e). The approximation to
B [ b(d.) + 1 does not change at stages t > s¢(e).

Proof. At stages t > sy(e) higher priority strategies than N, do not re-
quire attention. Lower priority strategies are initialized at stage s¢(e) and their
parameters are cancelled. At further stages they modify B only on elements
larger than the first marker of their threshold, defined after stage sy(e) and
larger than b(d.).

This leaves the global S-strategy which may modify the approximation to

B at stage t > ss(e) in order to invalidate an axiom for an element n ¢ K.

Suppose that this is the case. It follows that n > d. (otherwise N, would
require attention under step .0 or NV.1 at sage t > sy(e)) and that this axiom
is enumerated in T'{} at stage s < sf(e) as it ends in a B-marker for n which is
less than b(d.). By Corollary 5 the approximation to B | bg(d,.) does not change
at stages t > s1(e) hence this marker is larger than by(d) and so(e) < s < s¢(e),
where so(e) is the last stage at which N, executes N.0.

After stage so(e) the current A and B-markers of the threshold d. are always
defined. Hence at stage s an axiom is enumerated in I" for the threshold d. as
well. Let that be (d., Aq,, B4, ), ending in the current B-marker for d. at stage s,
say bs(de) > bo(d.). We will show that the axiom (d., A4, Bg,) is invalid at all
stages t > sy(e). As the axiom for n enumerated at stage s is an extension of this
axiom we will reach the desired contradiction. There are two cases depending
on the outcome of N.

If N, is satisfied by C ¢ W, by Lemma 10 at stage ss(e) the strategy
executes V.4 and extracts permanently all B-markers for the threshold defined
after the first one, including bs(d.). It follows that the axiom (d., Aq4,, Bq.) is
invalid at all stages ¢ > sy (e).
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If N, is satisfied by W, ¢ C then the strategy has a final old witness y.,
defined at stage Ssqr¢+(y) and a defined final value of the guess G, such that
G, ¢ A} at all stages t > sy (e).

The marker bs(d,) is the current marker for the threshold d. at stages in
the interval [s1, s2] where sl and s2 are two consecutive visits of the strategy
N and s1 < s < 82, If s1 < Sgart(y) then bs(de) is permanently extracted
at stage Sstart(y) > s2 under the actions of N.4. Suppose Sgtart(y) < sl. If
Ye & C{51} then at stage so the strategy N, executes a step different from N .3
and the marker bs(d,) is as well permanently extracted from the set B. Finally
if y. € C11} then at stage s the guess G. C At} otherwise N, would require
and receive attention under N.3 and S would not be activated. In this case
however G. C Ay, and again the axiom is invalid at all stages t > s¢(e).

O

Finally we can conclude the proof of the theorem

Corollary 7. All N -requirements are satisfied. T'(A, B) = K. The sets B and
C form a K-pair.

Proof. That all N-requirements are satisfied follows by an induction on their
priority. Suppose that all requirements of higher priority than N, are satisfied
and their corresponding strategies do not require attention after stage s;.
Then by Lemma 10 N, satisfies its requirement and does not require attention
after stage sy(e).

To prove that I'(A, B) = K fix a number n and select an A -strategy Nj
with permanent threshold di > n. By Corollary 5 the operator I' is correct on
the element n.

Finally to prove that B and C form a K-pair we will show that for every
stage s if C1} ¢ O then B{s} C B.

Fix s such that C'*} ¢ C and assume towards a contradiction that Bis} ¢ B.
Let y € C{8}\C. Then y is the old witness of an A-strategy N, which is defined
at stage Sstart(y) < s, never cancelled and eventually permanently extracted
from the set C at stage sy(e) > s.

As s > s1(e) by Corollary 5 B{s} | by(d.) € B. On the other hand by
Lemma 10 at stage ss(e) the strategy N, executes step N.3 and enumerates in
the set B{#s(¢)} all elements n € BY*} such that n > by(d.) and then sets the
final value of the B-marker for the threshold b(d.) to a fresh number larger than
max B{*}. Finally by Lemma 11 the approximation to B | b(d) 4+ 1 does not
change at stages ¢ > s(e), hence B{*} C B. O

9. Proof of Theorem 5

Theorem 5 is a relativized version of Theorem 4. In order to prove it we will
first show some basic concepts that will allow us to carry out the construction
described in the previous section above any total enumeration degree.

Let G be a total representative of a total enumeration degree g. We can
define a ¥9(G) approximation to a set A to be a uniformly computable from
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G sequence of finite sets {A{}},_, such that n € A if and only if (Is)(Vt >
s)(n € Als}). A 29(G) approximation to a set A is a %9(G) approximation
{Als}}, ., with the additional property that for every s the A{s} € Als+1} A
I19(G) approximation to a set A is a £9(G) approximation {A¥*}},_, with the
additional property that for every s and n if n € Ats}\ Ats+1} then n ¢ At
at all t > s+ 1. A AY(G) approximation to a set A is a X3(G) approximation
{Als}}, ., with the additional property that for every n the limit lim ,A{*}(n)
exists. These are natural definitions motivated by the fact that a set A is X9(G)
(29(@), MY(G) or AY(@)) if and only if it has a X3(G)(ZY(G), T(G) or AY(G))
approximation.
The following lemma is true of any set G, not necessarily a total set G.

Lemma 12. A setY is enumeration reducible to G @ X if and only if there is
aset W <. G such thatY = W(X) ={n| (3(n,D) e W)(D C X)}.

Proof. Suppose Y =T'(G, X) where I is an e-operator, i.e. a c.e. set. Then
consider the set W = {(n, D;)|{n, Dy, D) € ' ADy C G}. Then W <. G and
Y =W(X).

On the other hand if Y = W(X) and W = A(G), where A is an e-operator,
then let I' = {(n, Dy, D;)|((n, D), Dy) € A}. Then Y =T(G, X).

O

Thus, as our set G is total, it follows that the set Y is enumeration reducible
to the set G @ X if and only if there is a set W which is c.e. in G, such that
Y = W(X). Of course a set W is c.e. in G if an only if it is X9(G) if and only
if it has a 39(G) approximation.

Finally we turn to K-pairs with respect to G.

Lemma 13 (Relativized K-pair approximation property). Let B and C
be 29(G) sets with ¥Y(G) approzimations { B}, and {C1*} ), such that
for every s either B1s} C B or C13Y C C. Then B and C form a K-pair over
G.

Proof. Let W =J,_, A} x B{s}. Then W is c.e. in G, hence enumeration
reducible to G. Furthermore for every pair (b,c¢) € B x C then there are stages
sy and s, such that (Vt > s;)(b € B1") and (Vt > s.)(c € C1*), hence at stage
s = max(sy, s.) we have (b,c¢) € BYst x ¢t} € W, hence B x C C W. Now
fix (b,c) € B x C. If b € B} then B{s} ¢ B and hence by the property of
the approximations C1*} C C. But in this case ¢ ¢ Ctst. As this is true for
every stage s it follows that (b,c) ¢ W and hence B x C C W. Now applying
Theorem 6 we get that B and C form a [C-pair over G. O

These properties are sufficient to prove the desired relativization. Fix A such
that A is AY(G) and A £, G. Let K¢ be a I19(G) representative of the degree
g'. We construct AY(G) sets B and C and a c.e. in G set I so that the following
requirements are satisfied:

S:T(A,B)=FKg.
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This will ensure that A ® B @ G = K¢ hence the degree of A is cupped to ¢’
by the degree of B ® G.

Fix a computable enumeration of all c.e. in G sets {WS}..,. For every e
we have a requirements:

N :WE £ C.

Finally we ensure the /C-pair property. For every s we have the following
requirement:

K.: B cBveolt co.

To satisty these requirements we carry out precisely the same construction as
in the previous section but relative to the oracle G. Finally we set b = d.(B®G)
and ¢ = d.(C®@G). Then from the S-requirement we get that bvVa = g’. Hence
b > g. From the N-requirements we get that ¢ > g, as C £, G. From the
K-requirement we get that b and c is a K-pair. Indeed {B{*} & G | s} and
{C1s} @ G | s} are AY(G) approximations to the sets B @ G and C @ G with
the relativized K-approximation property. Finally as b and ¢ are K-pairs over
g it follows that both b and c are low over g and hence b < g’.
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