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The approach we shall use can be described as follows. Given a class F of totalfunctions in the set of the natural numbers, as long as F satis�es certain closednessconditions, a simple reasonable notion of expressibility through functions from Fis de�ned for functions from the natural numbers into the rational ones. Then weconsider the real numbers � satisfying the condition that for any natural number n arational approximation A(n) of � such thatjA(n)� �j � 1n+ 1(1)can be found by means of an expressible function A. Of course the notion of arecursive real number can be obtained in this way by taking F to be the class of allrecursive functions. If the narrower class of the primitive recursive functions is takenas F , then we get the notion of a primitive recursive real number studied for examplein [11, 7, 8, 6, 4, 5, 2].1 The set of all real numbers corresponds to the case when Fcontains all total functions in the set of the natural numbers. Some other choices of Fwill be indicated in the present paper, for example F can be any of the Grzegorczykclasses En (introduced in [1]) with n � 2.2 The acceptable classes F and the corresponding�elds of real numbersLet N, Q and R be the set of the non-negative integers, the set of the rational numbersand the set of the real numbers, respectively. A class F of total functions in N will becalled acceptable if it is closed under substitution and contains the functions �n:n+1,�mn:m � n, �mn:mn (where m � n = maxfm � n; 0g), as well as the projectionfunctions �n1 : : : nk:ni, k = 2; 3; 4; : : : ; i = 1; 2; : : : ; k. If F is an acceptable class oftotal functions in N then a function A : N �! Q will be called expressible through For shortly F-expressible if it can be represented in the formA(n) = u(n)� v(n)w(n) + 1 ;(2)where u, v, w are functions belonging to F (if all values of A are non-negative thenclearly u(n) � v(n) = u(n) � v(n) and, taking u(n) � v(n) as a new u(n), one mayuse the representation (2) without the term �v(n)). Of course, one can treat quitesimilarly also those Q-valued functions that depend on several natural arguments. Areal number � will be called computable through a given acceptable class F or shortlyF-computable if there is an F-expressible function A : N �! Q that satis�es theinequality (1) for all n in N. The set of all real numbers computable through anacceptable class F will be denoted by RF .All classes F mentioned in Section 1 are acceptable in the sense of the abovede�nition. Other examples are the class of all functions recursive in a given totalfunction and the class of all functions primitive recursive in such a function.1The preliminary version of this paper presented on the CCA 2001 Seminar under the title "Wellcomputable real numbers" actually has been restricted to this particular instance of the presentconsiderations (with some additions concerning topics speci�c for that case).2



R e m a r k 1. Obviously there is a smallest one among the acceptable classes(it can be de�ned by using the conditions from the de�nition of the notion of anacceptable class as an inductive de�nition). We note that each one-argument func-tion belonging to that minimal class is almost a polynomial with integer coeÆcients,namely the function coincides with such a polynomial for all suÆciently large valuesof the argument (this can be shown by inductively proving the following statement:whenever we substitute in a function from the mentioned class some functions fromN into N that are almost polynomials with integer coeÆcients, the function we getis also one of this sort). Therefore the minimal acceptable class is di�erent from theones listed above.R e m a r k 2. Let F be an acceptable class. Then clearly all constants from Nbelong to F . Thanks to the equalities n = (n+1)�1,m+n = (m+1)(n+1)�(mn+1),jm�nj = (m � n)+(n � m), sg(n) = 1 � n, sg(n) = sg(sg(n), min(m;n) = m � (m � n),max(m;n) = m+(n � m), the functions �n:n, �mn:m+n, �mn:jm�nj, sg, sg, min andmax also belong to F . Of course F contains as well all polynomials with coeÆcientsfrom N.If F is an arbitrary acceptable class then all constant functions from N into Q areF-expressible, therefore Q � RF . For some acceptable classes F there are no otherF-computable real numbers except for the rational ones. Such is the case for examplewhen F is the minimal acceptable class.For any two functions from N into Q that are expressible through an acceptableclass F their sum and their product can be easily shown to be also F-expressible.If all values of a function A from N into Q are distinct from 0 and A is expressiblethrough an acceptable class F , then the function �n:1=A(n) is also F-expressible. Infact, if A has the representation (2), where u, v, w belong to F , then we have theequality 1=A(n) = (w(n) + 1)u(n)� (w(n) + 1)v(n)jju(n)� v(n)j2 � 1j+ 1 :Of course, all these statements can be immediately carried over to F-expressiblefunctions of several arguments.If F is an acceptable class and A is an F-expressible function from N into Q then(thanks to the closedness of F under substitution) the function �m:A(f(m)) is alsoF-expressible for any one-argument function f belonging to F (and quite similarlyfor functions from F and functions A depending on a greater number of arguments).R e m a r k 3. Let F be an acceptable class, � be a real number and A be anF-expressible function from N into Q such that njA(n) � �j remains bounded whenn ranges over N. Then � 2 RF . To see this, it is suÆcient to take a positive integerc which is an upper bound of njA(n)� �j and to observe that for all n in NjA(cn+ c)� �j � 1n+ 1 :Since the number �1 belongs to RF for any acceptable class F , the next statementimplies that RF is a �eld for any such class.3



P r o p o s i t i o n 1. Let F be an acceptable class. Then for any two numbers� and � from RF the numbers � + � and �� also belong to RF . For any non-zeronumber � from RF the number 1=a also belongs to RF .P r o o f . Let � and � belong to RF , and let A and B be F-expressible functionsfrom N into Q such thatjA(n)� �j � 1n+ 1 ; jB(n)� �j � 1n+ 1for all n in N. Thenj(A(n) +B(n)) � (�+ �)j � jA(n)� �j+ jB(n)� �j � 2n+ 1 ;jA(n)B(n) � ��j � jA(n)� �jjB(n)j + j�jjB(n) � �j� jB(n)j+ j�jn+ 1 � 1 + j�j+ j�jn+ 1 :Since �n:(A(n) + B(n)) and �n:A(n)B(n) are F-expressible, the above inequalitiesand Remark 3 lead to the conclusion that �+ � and �� belong to RF . Additionallysuppose now that � 6= 0. Let c be a number from N such that (c + 1)j�j � 2, andconsider any n in N satisfying the inequality n � c. ThenjA(n)j � j�j � j��A(n)j � 2c+ 1 � 1n+ 1 � 1c+ 1 ;hence A(n) 6= 0 and ���� 1A(n) � 1� ���� = j��A(n)jjA(n)jj�j � hn+ 1with h = (c+ 1)2=2. Now de�ne a function C from N into Q as followsC(m) = 1A(m+ k) :Then C is F-expressible and ����C(m)� 1� ���� � hm+ k + 1for all m in N, hence 1=� 2 RF .It is known [9, 5] that the �elds of the recursive real numbers and of the primitiverecursive ones have the property to contain the real roots of the one-argument poly-nomials with coeÆcients from these �elds.2 We shall present now a generalization ofthis.An acceptable class F will be called closed under bounded �-operation if, wheneverf is a k + 1-argument function from F , the class F contains also the function�n1 : : : nknk+1:minfm 2 N j f(n1 ; : : : ; nk;m) = 0 _m = nk+1g :(3)We note that all above-mentioned concrete acceptable classes except for the one con-sidered in Remark 1 satisfy this condition.2The proof in [5] (concerning the �eld of the primitive recursive real numbers) has a gap, since itsupposes that not only the �rst derivative of the given polynomial is distinct from 0 for the consideredroot, but also the second one. This gap can be �lled by multiplying the polynomial by a suitablelinear function. 4



T h e o r e m 1. Let F be an acceptable class closed under bounded �-operation,and let �0, �1, : : :, �k�1, �k, where �0 6= 0, belong to RF . Then all real roots of thepolynomial P (x) = �0xk + �1xk�1 + : : :+ �k�1x+ �kalso belong to RF .P r o o f . Let � be a real root of the polynomial in question. Without loss ofgenerality (at least non-constructively), we may assume that P 0(�) 6= 0. Then thereare rational numbers a, b, c and d such that a < � < b, 0 < c < d andcjx� �j � jP (x)j � djx � �jwhenever a � x � b. Making use of the computability through F of the numbers �0,�1, : : :, �k�1, �k, let us consider F-expressible functions A0; A1; : : : ; Ak�1; Ak fromN into Q such thatjAi(n)� �ij � 1n+ 1 ; i = 0; 1; : : : ; k � 1; k; n = 0; 1; 2; 3; : : :Consider now the polynomialsPn(x) = A0(n)xk +A1(n)xk�1 + : : :+Ak�1(n)x+Ak(n); n = 0; 1; 2; 3; : : :Clearly there is a rational constant h such thatjPn(x) � P (x)j � hn+ 1 ; n = 0; 1; 2; 3; : : : ;whenever a � x � b. We shall de�ne now a function X from N into Q. Given any nin N, let us divide the interval between a and b into n+ 1 equally long subintervals.Let Mn be the set of the middle points of these subintervals. There is at least onenumber x in Mn satisfying the inequalityjPn(x)j � d(b� a) + 2h2(n+ 1) :(4)In fact, there is some x in Mn such thatjx� �j � b� a2(n+ 1) ;and for any such x we have the inequalitiesjPn(x)j � jP (x)j+ hn+ 1 � d b� a2(n+ 1) + hn+ 1 = d(b� a) + 2h2(n+ 1) :We set X(n) to be the leftmost x in Mn satisfying the inequality (4). ThencjX(n)� �j � jP (X(n))j � jPn(X(n))j+ hn+ 1 � d(b� a) + 4h2(n+ 1) :Therefore the product njX(n) � �j remains bounded when n ranges over N, and,having in mind Remark 3, it is suÆcient to show the expressibilty of the function Xthrough F . For that purpose we shall use the fact thatX(n) = a+ (b� a)2g(n) + 12n+ 2 ;(5) 5



where g(n) is the least m 2 f0; 1; 2; : : : ; ng such that (4) is satis�ed byx = a+ (b� a)2m+ 12n+ 2 :Thus we haveg(n) = min�m 2 f0; 1; 2; : : : ; ng ���� Pn�a+ (b� a)2m+ 12n+ 2 �� h0n+ 1 � 0� ;where h0 = d(b� a)=2 + h. SincePn�a+ (b� a)2m+ 12n+ 2 � = kXi=0 Ai(n)�a+ (b� a)2m+ 12n+ 2 �k�i ;it is not diÆcult to see that the function�nm:Pn�a+ (b� a)2m+ 12n+ 2 �� h0n+ 1is expressible through F . Hence this function can be represented in the form�nm:u(n;m)� v(n;m)w(n;m) + 1 ;where u, v, w are some functions from F . If we set f(n;m) = u(n;m) � v(n;m), thenf 2 F and we shall have g(n) = g0(n; n), where the function g0 is de�ned by meansof the equality g0(n1; n2) = minfm 2 Njf(n1 ;m) = 0_m = n2g. The closedness of Funder bounded �-operation allows us to conclude that g0 2 F and hence g 2 F . This,together with the equality (5), shows the expressibility of the function X through F .R e m a r k 4. It is natural to consider also complex numbers that are comput-able through a given acceptable class F , i.e. such ones both components of whichare F-computable. Theorem 1 remains valid after replacing "real" by "complex"in its formulation. This can be shown by means of certain natural changes in theabove proof (one replaces intervals by squares, divides the initial square into (n+1)2ones and so on). Another way to see the validity of the mentioned generalizationof Theorem 1 has been indicated to the author by Alex Simpson. Namely he notedthat, once such a theorem is proved, its generalization to complex numbers can beimmediately obtained by applying results from [12].The following remark and the proposition after it will be useful later.R e m a r k 5. If an acceptable class F is closed under bounded �-operation thenthe functions �ik: � ik + 1� ; �ik:i mod (k + 1)belong to F thanks to the equalities� ik + 1� = minfm 2 N j f(i; k;m) = 0_m = ig ; i mod (k+1) = i�� ik + 1� (k+1) ;where f(i; k;m) = sg((m+ 1)(k + 1) � i).6



P r o p o s i t i o n 2. Let F be an acceptable class closed under bounded �-operation, f be a k + 1-argument function belonging to F , and the functions f_ andf^ from Nk+1 into N be de�ned by means of the equalitiesf_(n1; : : : ; nk; nk+1) = maxff(n1; : : : ; nk;m) jm 2 N;m � nk+1g,f^(n1; : : : ; nk; nk+1) = minff(n1; : : : ; nk;m) jm 2 N;m � nk+1g.Then f_ and f^ also belong to F .P r o o f . We shall carry out the proof only for the function f_ (for the other oneit would be very similar). Let the functions h0 and h1 from Nk+2 into N be de�nedas follows:h0(l; n1; : : : ; nk; i) = minfm 2 N j (l + 1) � f(n1; : : : ; nk;m) = 0 _m = ig,h1(n1; : : : ; nk; nk+1; j) = (nk+1 + 1) � h0(f(n1; : : : ; nk; j); n1; : : : ; nk; nk+1 + 1).Then h0 2 F and for all l; n1; : : : ; nk; i 2 N the equality i � h0(l; n1; : : : ; nk; i) = 0 isequivalent to the condition l to be an upper bound of ff(n1; : : : ; nk;m) jm 2 N;m < ig.Therefore h1 also belongs to F and, whenever n1; : : : ; nk; nk+1; j 2 N and j � nk+1,we have the equivalenceh1(n1; : : : ; nk; nk+1; j) = 0 , f(n1; : : : ; nk; j) = f_(n1; : : : ; nk; nk+1) :Thus if we setg(n1; : : : ; nk; nk+1) = minfj 2 N jh1 (n1; : : : ; nk; nk+1; j)) = 0 _ j = nk+1gthen g 2 F andf_(n1; : : : ; nk; nk+1) = f(n1; : : : ; nk; g(n1; : : : ; nk; nk+1)) ;hence f_ 2 F .3 F-convergenceLet F be an acceptable class. An in�nite sequence �0; �1; �2; : : : of real numbers willbe called F-convergent if there is an one-argument function f 2 F such that for anyn in N j�i � �j j � 1n+ 1(6)whenever j > i � f(n). The sequence �0; �1; �2; : : : will be called computable throughF or shortly F-computable if there is an F-expressible function A : N2 �! Q suchthat jA(m;n)� �mj � 1n+ 1 ; m; n = 0; 1; 2; 3; : : :(7)Clearly any F-convergent in�nite sequence of real numbers has a limit, and the mem-bers of an F-computable in�nite sequence of real numbers always belong to RF . Wenote also the F-computability of the sequence of the values of any F-expressiblefunction from N into Q.P r o p o s i t i o n 3. Let �0; �1; �2; : : : be an F-convergent in�nite sequence ofreal numbers that is F-computable. Then limm!1 �m 2 RF .7



P r o o f . Let � = limm!1 �m. If f is a function with the properties from thede�nition of F-convergence, and A is a function with the properties from the otherde�nition above, thenjA(f(n); n)� �j � jA(f(n); n)� �f(n)j+ j�f(n) � �j � 2n+ 1for any n in N, and the function �n:A(f(n); n) is F-expressible, hence Remark 3 isapplicable.The notion of F-convergence is transferred in a natural way to in�nite series,namely an in�nite series of real numbers will be called F-convergent if the sequenceof its partial sums is F-convergent.Next two propositions show that certain often used tools of calculus for showing theconvergence of in�nite series always or usually establish in fact their F-convergence.P r o p o s i t i o n 4. Let �0; �1; �2; : : : be an in�nite sequence of real numberssuch that the series1Xk=0 j�k j(8)is convergent by D'Alembert's, Cauchy's or Raabe's test. Then the series1Xk=0 �k(9)is F-convergent.P r o o f . Let us set �m = Xk<m �k ; m = 0; 1; 2; 3; : : :To show the F-convergence of (9) in the case when the series (8) is convergent byD'Alembert's or Cauchy's test, we consider a number  such that 0 <  < 1 and forall suÆciently large k in N the inequality j�kj � k holds. If i; j 2 N, j > i and i issuÆently large thenj�i � �j j � Xi�k<j j�kj � Xi�k<j k = i � j1�  < i1� Since (i+ 1)i tends to 0 when i tends to in�nity,i1�  < 1i+ 1for all suÆciently large i in N. Hence there is a number c 2 N such thatj�i � �j j < 1i+ 18



whenever i; j 2 N and j > i � c. By setting f(n) = max(n; c) we get a functionf 2 F such that (6) holds whenever j > i � f(n). Suppose now that the series (8)is convergent by Raabe's test. This implies the existence of a positive integer a suchthat for all suÆciently large k in N the inequality j�kj � (k + 1)�1=a � (k + 2)�1=aholds. Let c be such a number from N that the above inequality holds whenever k � c.If i; j 2 N and j > i � c then j�i � �j j � (i + 1)�1=a � (j + 1)�1=a < (i + 1)�1=a.Thus by setting f(n) = max((n+1)a� 1; c) we shall again get a function f 2 F suchthat (6) holds whenever j > i � f(n).C o r o l l a r y 1. Each power series with a non-zero radius of convergence isF-convergent at any point inside its convergence interval.P r o p o s i t i o n 5. Let �0; �1; �2; : : : be a monotonically decreasing in�nite se-quence of real numbers that is F-convergent with limit 0. Then the in�nite series1Xk=0(�1)k�kis F-convergent.P r o o f . If we set �m = Xk<m(�1)k�k ; m = 0; 1; 2; 3; : : :then, as it is well-known, j�i � �j j � �i whenever i; j 2 N, j > i.4 Strongly acceptable classesLet F be an acceptable class. The class F will be called strongly acceptable if F con-tains the function �n:2n and F is closed under bounded primitive recursion, i.e. undersuch primitive recursion that produces a function bounded by some function from F .All above-mentioned acceptable classes except for E2 and the one from Remark 1 arein fact strongly acceptable.R e m a r k 6. Making use of the inequalities mn � 2mn, n! � 2n2 , as well as ofthe primitive recursive equations for the functions �mn:mn and �n:n!, we see thatthese functions belong to any strongly acceptable class.P r o p o s i t i o n 6. Any strongly acceptable class is closed under bounded �-operation.P r o o f . Let F be a strongly acceptable class, f be a k + 1-argument functionbelonging to F , and g be the corresponding function (3). Then g 2 F thanks tothe inequality g(n1; : : : ; nk; nk+1) � nk+1 and the equalities g(n1; : : : ; nk; 0) = 0,g(n1; : : : ; nk; nk+1 + 1) = g(n1; : : : ; nk; nk+1) + sg(f(n1; : : : ; nk; g(n1; : : : ; nk; nk+1))).R e m a r k 7. The converse statement to Proposition 6 is not true. For examplethe class of the functions in N that are bounded by polynomials is an acceptable classclosed under bounded �-operation, but it does not contain the function �n:2n.9



P r o p o s i t i o n 7. Let F be a strongly acceptable class, f be a k+1-argumentfunction belonging to F , and the functions f� and f� from Nk+1 into N be de�ned bymeans of the equalitiesf�(n1; : : : ; nk; nk+1) = Xm<nk+1 f(n1; : : : ; nk;m) ;f�(n1; : : : ; nk; nk+1) = Ym<nk+1 f(n1; : : : ; nk;m) :Then f� and f� also belong to F .P r o o f . Let the function f_ be de�ned as in Proposition 2. By that propositionand Proposition 6 f_ 2 F . Therefore we may use the primitive recursive equationsfor the functions f� and f�, as well as the inequalitiesf�(n1; : : : ; nk; nk+1) � f_(n1; : : : ; nk; nk+1 � 1)nk+1 ,f�(n1; : : : ; nk; nk+1) � f_(n1; : : : ; nk; nk+1 � 1)nk+1 .Proposition 7 has its analogue for F-expressible Q-valued functions. We shallformulate and prove here only the part concerning summation.P r o p o s i t i o n 8. Let F be a strongly acceptable class, A : Nk+1 �! Q beF-expressible, and the function A� from Nk+1 into Q be de�ned by means of theequality A�(n1; : : : ; nk; nk+1) = Xm<nk+1A(n1; : : : ; nk;m) :Then A� is also F-expressible.P r o o f . Let A has the representationA(n1; : : : ; nk;m) = u(n1; : : : ; nk;m)� v(n1; : : : ; nk;m)w(n1; : : : ; nk;m) + 1 ;where the functions u, v and w belong to F . After settingh(n1; : : : ; nk; nk+1) = Ym<nk+1(w(n1; : : : ; nk;m) + 1)we have A�(n1; : : : ; nk; nk+1) = �u(n1; : : : ; nk; nk+1)� �v(n1; : : : ; nk; nk+1)�w(n1; : : : ; nk; nk+1) + 1 ;where �w(n1; : : : ; nk; nk+1) = h(n1; : : : ; nk; nk+1) � 1,�u(n1; : : : ; nk; nk+1) = Xm<nk+1 u(n1; : : : ; nk;m) � h(n1; : : : ; nk; nk+1)w(n1; : : : ; nk;m) + 1�and similarly for �v(n1; : : : ; nk; nk+1). 10



The presented results enable us to show for many concrete real numbers playing arole in analysis that they belong to RF for any strongly acceptable class F . This canbe done by using appropriate representations as sums of in�nite series with rationalterms and applying the case k = 0 of Proposition 8 together with some of the suÆ-cient conditions from Section 3 for F-convergence of in�nite series. For example therepresentation ln 2 = 1�1=2+1=3�1=4+ : : : can be used in this way in combinationwith Proposition 5 for showing that ln 2 2 RF . For doing similar things in the case ofin�nite series with not necessarily rational terms, the following statement can be oftenhelpful (in fact, this statement and Taylor series for the basic elementary functionsof analysis can be used to show that all values of such functions for F-computablevalues of the argument are also F-computable).P r o p o s i t i o n 9. Let F be a strongly acceptable class, and �0; �1; �2; : : : bean F-computable in�nite sequence of real numbers. Let�m = Xk<m �k ; m = 0; 1; 2; 3; : : :Then the sequence �0; �1; �2; : : : is also F-computable.P r o o f . Let A be an F-expressible function from N2 into Q satisfying thecondition (7). Then�����Xk<mA(k; n)� Xk<m �i����� � Xk<m jA(k; n)� �k j � mn+ 1for all m and n in N. Hence by settingB(m;n) = Xk<mA(k;m(n+ 1))we get an F-computable function B from N into Q such that�����B(m;n)� Xk<m �k����� � mm(n+ 1) + 1 < 1n+ 1 :For any strongly acceptable class F we shall prove a characterization of the realnumbers in RF by means of in�nite signed-digit binary fractions. The characterizationwill be obtained as a corollary from the next statement.L e m m a 1. Let the class F be strongly acceptable, and let � 2 R, 0 � � � 4.Then the following two conditions are equivalent:1. The number � belongs to RF .2. There is an one-argument function f in F with values in f0; 1; 2g such that� = 1Xi=0 f(i)2i :(10) 11



P r o o f . First suppose condition 2 is satis�ed. We have to show that condition 1is also satis�ed. Let A(n) =Xi<n f(i)2i ; n = 0; 1; 2; 3; : : :The function A is F-expressible by Proposition 8. SincejA(n)� �j = 1Xi=n f(i)2i � 42n � 4n+ 1 ;the product njA(n) � �j is bounded, and the implication from condition 2 to con-dition 1 is thus proved. To prove the converse implication, suppose condition 1 issatis�ed. Let A be an F-expressible function from N into Q satisfying for any n in Nthe inequality (1). By setting ~A = �n:A(2n+1 � 1) we get an F-expressible function~A : N �! Q satisfying the inequality j ~A(n) � �j � 2�n�1 for all n in N. For anyrational number r let '(r) = 2 if r > 5=2, '(r) = 1 if 5=2 � r > 3=2, and '(r) = 0otherwise. We de�ne a function u : N �! N in the following recursive way:u(0) = 0, u(n+ 1) = 2u(n) + '(2n ~A(n)� 2u(n)) :By setting f = �n:u(n+1)�2u(n) we get a function f from N into f0; 1; 2g. We shallprove that equality (10) holds and f belongs to F . For proving (10) it is suÆcient toprove that for any n in N the equalityu(n) =Xi<n f(i)2n�1�i(11)holds, as well as the inequalities 0 � 2n� � 2u(n) � 4, since these statements implythe inequalities 0 � ��Xi<n f(i)2i � 42n :The proof of (11) is by an easy induction using the equality u(0) = 0 and the de�nitionof f . The proof of the inequalities 0 � 2n� � 2u(n) � 4 is also by induction. Theseinequalities hold for n = 0 since 0 � � � 4. Now suppose that they hold for a certainn in N. Then we set r = 2n ~A(n)�2u(n) and note that j2n��2u(n)�rj � 1=2, hencemaxfr � 1=2; 0g � 2n�� 2u(n) � minfr + 1=2; 4g. Consequentlymaxfr � 1=2; 0g� '(r) � 2n�� u(n+ 1) � minfr + 1=2; 4g� '(r).By considering separately the three cases in the de�nition of '(r) it is easy to checkthat always 0 � maxfr � 1=2; 0g � '(r) and minfr + 1=2; 4g� '(r) � 2. Therefore0 � 2n� � u(n + 1) � 2, hence 0 � 2n+1� � 2u(n + 1) � 4. Thus the proof of theequality (10) is completed and it remains only to prove that f 2 F . For doing this it issuÆcient to show that u 2 F . Since u(n) � 2n+1�2 for all n in N, it would be enoughto prove that �nm:2m + '(2n ~A(n) � 2m) belongs to F . For that purpose we �rstnote that �nm:2n ~A(n)�2m is an F-expressible function, i.e. there are two-argumentfunctions �u, �v and �w in F such that2n ~A(n)� 2m = �u(n;m)� �v(n;m)�w(n;m) + 1for all n and m in N. But it is not diÆcult to see that the above equality implies12



'(2n ~A(n)� 2m) = h(�u(n;m); �v(n;m); �w(n;m)),where h(i; j; k) = sg(2i � (2j + 5k + 5)) + sg(2i � (2j + 3k + 3)), and this completesthe proof of the lemma.The mentioned characterization by means of in�nite signed-digit binary fractionsreads as follows.T h e o r e m 2. Let F be a strongly acceptable class, � be a real number, and kbe an integer such that 2k+1 � j�j. Then the following two conditions are equivalent:1. The number � belongs to RF .2. There is an one-argument function f in F with values in f0; 1; 2g such that� = 2k 1Xi=0 f(i)� 12i :(12)P r o o f . Let �0 = 2�k� + 2. Then 0 � �0 � 4, and � 2 RF i� �0 2 RF .On the other hand, for any one-argument function f in F with values in f0; 1; 2g theequality (12) is equivalent to the equality�0 = 1Xi=0 f(i)2i :Thus it is suÆcient to apply Lemma 2 to the number �0.R e m a r k 8. In the case of non-negative � one could be interested in replacingthe signed-digit binary fractions in the above theorem by ordinary binary fractions.In general, such a replacement is not possible (although it is possible for example ifF is the class of all recursive functions). The impossibility in question can be seen bytaking as F the class of the primitive recursive functions and using the existence of aprimitive recursive number not representable as a primitive recursive in�nite binaryfraction. The existence of such a number is clear from the generalization in [2] of theexample in [11] of a primitive recursive real number not representable as a primitiverecursive in�nite decimal fraction.3R e m a r k 9. If F is a strongly acceptable class, and �0; �1; �2; : : : is an F-computable sequence of real numbers then there is some F-computable real numberthat is distinct from all members of the given sequence. To prove this, one can takean interval with rational end points and use a re�ned version of the classical diagonalprocedure to construct an F-computable number belonging to the chosen interval and3It is also possible to proceed by means of a slight modi�cation of the mentioned example. Namelyone may consider in�nite hexadecimal fractions instead of decimal ones and set� = 1Xk=0 �(k)16k ;where the primitive recursive function � is de�ned as in [11], but with values 1, 5, 9 instead of 1,3, 5, respectively. Then � is a primitive recursive real number, hence 3� is also primitive recursive.Nevertheless, a reasoning similar to the one in [11] shows that 3� cannot be represented in the formof a primitive recursive in�nite hexadecimal fraction, hence 3� is not representable also in the formof a primitive recursive in�nite binary fraction. 13



distinct from all members of the sequence in question (cf. the proof of Theorem 4.2.6in [13] for a similar construction in the case when the considered computability isrecursiveness). Intuitively, the construction can be described as follows. We divide thegiven interval into three equally long subintervals and �nd a rational approximationof the number �0 suÆciently close to it for enabling either the conclusion that �0does not belong to the leftmost of the three subintervals or the conclusion that �0does not belong to the rightmost of them (it would be enough if the distance betweenthis approximation and �0 is less than 1/6 of the length of the given interval). Thenwe take such one among the leftmost and the rightmost subintervals that does notcontain �0, and we proceed with it and �1 in the same way to �nd a three timesshorter subinterval with rational end points that does not contain �1. By continuingthis ad in�nitum we get a sequence of nested intervals with a real number � belongingto all of them and therefore distinct from all members of the sequence �0; �1; �2; : : :It is a routine task to transform this intuitive description into a precise mathematicalde�nition of the number � and to prove that � is F-computable (of course by makinguse of the F-computability of the sequence �0; �1; �2; : : : ).4R e m a r k 10. For some strongly acceptable class F it may happen that a largerstrongly acceptable class F 0 contains a two-argument function ! that is universal forthe one-argument functions in F , i.e. the functions obtainable by substitution ofconstants from N for the �rst argument of ! are exactly the one-argument functionsfrom F (a well-known example of such a situation is the case when F is the class ofthe primitive recursive functions, and F 0 is the class of the recursive functions). Ifsuch F , F 0 and ! are given then let us de�ne an in�nite sequence �0; �1; �2; : : : ofreal numbers by setting�m = 2!(m;0) 1Xi=0 min(!(m; i+ 1); 2)� 12i ; m = 0; 1; 2; : : :By Theorem 2, the set of the members of this sequence is exactly RF , and, on theother hand, it can be shown that the sequence �0; �1; �2; : : : is F 0-computable.5 Asa particular instance of this we get the conclusion that the primitive recursive realnumbers can be e�ectively enumerated { a thing that is not obvious from the de�nitionof the notion of such a number. By Remark 9, the sequence �0; �1; �2; : : : constructedabove can be used to show that RF is a proper subset of RF 0 in the consideredsituation.6There is another way of proving the existence of a number in RF 0 n RF in thesituation considered in Remark 10. Namely, if ! is a two-argument function from4Some of the details will be similar to ones in the proof of Lemma 1, but powers of 3 will play arole now instead of powers of 2.5To satisfy the requirement of the corresponding de�nition, one could setA(m;n) = 2!(m;0) n+!(m;0)Xi=0 min(!(m; i+ 1); 2) � 12i ; m;n = 0; 1; 2; : : :6The existence of recursive numbers that are not primitive recursive (proved in [11]) will be aparticular instance of this result. 14



F 0 universal for the one-argument functions in F , then the one-argument function�i:sg(!(i; i)) belongs to F 0 n F and all its values belong to the set f0; 1g. We shallshow now that the existence of such a function is suÆcient for the existence of anumber in RF 0 n RF , even without an assumption that F � F 0.7T h e o r e m 3. Let F and F 0 be strongly acceptable classes, f : N �! f0; 1g bea function belonging to F 0 n F , and let� = 1Xi=0 f(i)3i :Then � 2 RF 0 n RF .P r o o f . To show that � 2 RF 0 , let us setA(n) =Xi<n f(i)3i ; n = 0; 1; 2; 3; : : :The function A is F 0-expressible (by Proposition 8), and the product njA(n) � �jis bounded, hence � 2 RF 0 . We shall indicate now a speci�c way of computing thevalues of f on the base of arbitrary suÆciently close rational approximations of �.Namely, whenever i 2 N, r 2 Q andjr � �j � 3�i�2 ;(13)we shall see that 3ir + 1=9 is non-negative and the following equality holds:f(i) = [3ir + 1=9] mod 3 :(14)In fact, the de�nition of � implies that [3i�] mod 3 = f(i), 3i� � [3i�] + 1=2. Onthe other hand, the inequality (13) implies that 3i� � 3ir + 1=9 � 3i� + 2=9, hence[3i�] � 3ir + 1=9 � [3i�] + 1=2 + 2=9 < [3i�] + 1. Therefore [3i�] = [3ir + 1=9],and from here the equality (14) follows. Suppose now � 2 RF , i.e. some functionA : N �! Q expressible through F satis�es the inequality (1) for any n in N. Thenwe can satisfy (13) by taking r = A(3i+2 � 1), but the equality (14) with this choiceof r easily leads to the contradictory conclusion that f 2 F (one may use Remark 5and the fact that �i:3iA(3i+2�1)+1=9 is a non-negative function expressible throughF). Hence � =2 RF .R e m a r k 11. Theorem 3 generalizes a variation of an example given in [10].Up to denotations, the mentioned example concerns a real number � de�ned as in thetheorem, but with 4i in the denominator instead of 3i. It is shown in the example thatsuch a number is recursive, but not primitive recursive, if f : N �! f0; 1g is recursive,but not primitive recursive.8 The replacement of 4i by 3i became possible thanks toa simpli�cation in [3] of the reasoning in the case considered in [10] (if F and F 07We did not explicitly used this assumption in the situation considered above, but anyway theexistence of the universal function ! implies the mentioned inclusion.8Unfortunately, at the time of writing [10] the author did not know that the same statement(presented in a slightly more complicated form) has been proved in [5] (cf. the proof of Theorem 1.27there). 15
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