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Abstract

The paper concerns subrecursive computability of real numbers. Cer-
tain significant real numbers are shown to be M?-computable, and the
set of the M2-computable real numbers is shown to be closed under the
elementary functions of calculus.
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1 Introduction

1.1 The subrecursive class M?2

The class in question was implicitly introduced by Grzegorczyk in [4] when he
formulated the problem whether it is possible to define the class £2 by using
bounded least number operation instead of bounded primitive recursion.

Definition 1 The class M? is the smallest class of total functions in N which
contains the projection functions, the constant 0 (as a function with no argu-
ments), the successor function, the function \xy.x =y, the multiplication func-
tion, and is closed under substitution and bounded least number operation.'

!There are different ways to define (ut < y)[f(%,t) = 0] in the case when there is no t <y
with f(Z,t) =0, namely by using 0, y or y + 1 as the corresponding value. It does not matter
which of them is accepted, and the function Azy.z -y may be replaced with Azy.|x —y| in the
above definition.



All functions from M? are lower elementary in Skolem’s sense, but it is an
open problem whether the converse is true (it would be true iff M? was closed
under bounded summation).

The class M? consists exactly of the total functions in N which are poly-
nomially bounded and have A, definable graphs. Hence a relation in N is Ag
definable iff its characteristic function belongs to M?2. This interconnection be-
tween M? and Aq definability is especially useful in combination with the result
below due to Paris, Wilkie, Woods, Berarducci and D’Aquino (cf. [5, 1]).

Theorem 1 If N €N, and the graph of a function f: NV*1 5 N is Ag defin-
able, then so arejhe graphs of the functions g(T,y) = Xi<iog,(y+1) f(T: k) and
h(ﬂ?,y) = Hksy f(.’E, k)

Corollary 1 If f : NV*! 5 N is in M2, and g, h are as above, then g € M? and
\zyz. min(h(T,y), 2) € M2,

Definition 2 We will call a convenient class any class of total functions in N
which contains M? and is closed under substitution.

Clearly M? is the least convenient class. All good classes in the sense of [10]

are convenient, and all convenient classes are acceptable in the sense of [6].2

1.2 F-computability of real numbers
We will denote by Ty the set of all k-argument total functions from N to N.

Definition 3 Let f,g,h € T1. We define a function (f,g,h) : N - Q by setting

f(n) —g(n)

(F0:h) ) = Hpe

The triple (f,g,h) is called to name a real number & if |{f,g,h)(n) —¢| < ﬁ
for all n e N.

The mappings of T into T; will be called k-ary operators.

Lemma 1 Let the ternary operator K be defined by

2n+1)=g(2n+1) +1

K(f9.m)(n) = | (n+ 1) h@n+ )11 2

Then, whenever f,g,h € Ty and n € N, some of the numbers K(f,g,h)(n) and
K (g, f,h)(n) is 0, and if the triple (f,g,h) € T3 names a real number &, then
the triple (K(f,g,h), K (g, f,h),idy) also names &.

2A good class is any class of total functions in N which contains the projection functions, the
constant 0, the successor function, the function Azy.xz+y, and is closed under substitution and
bounded summation. An acceptable class is any class of total functions in N which contains
the projection functions, the constant 0, the successor function, the function Azy.|z — y|, the
multiplication function, and is closed under substitution (the constant 0 is missing in the
definition from [6], since only functions with arguments are considered there).



Proof. We note that, for all x,y,z,r,s,t €N, we have z(z +y) = zx = 2y,
1
< =

lrLs 1J {547" 1J (VLS 1J ler 1J) r—3s
+—=1=0 or +—=1=0, +=|- +-|]- <-—.
t+1 2 t+1 2 t+1 2 t+1 2 t+1] 2
Let f,g,h € Ty1. For any n € N, the above observation yields K(f,g,h)(n) =0 or
K(g7f7h)(n) = 07 |(K(f7g7h)(n) _K(g7fvh)(n)) - (n+ 1)(fvgvh>(2n+ 1)| < %
If (f,g,h) names a real number £ then
|<K(fagah)aK(gvf7h)vldN>(n)_£| <
(K (f,9,h), K (g, [, h),idn)(n) = (f, g, h)(2n+1)[ + |(f, g, h)(2n + 1) = ]
1 1 1
< + = )
2(n+1) 2n+2 n+1
Definition 4 Let F be a class of total functions in N. We will call an F-triple
any triple of elements of Ty nF. The functions of the form (f,g,h), where
(f,g,h) is an F-triple, will be called F-expressible. A real number & will be

called F-computable if there exists an F-triple naming £. The set of the F-
computable real numbers will be denoted by Ry.>

[m]

Remark 1 If F is the class of all recursive functions then Rz is the set of all
computable real numbers.

The next theorem is proved in [6].

Theorem 2 Let F be an acceptable class of total functions in N. Then Rx is
a field, and if F is closed under the bounded least number operation, then Rz
s a real closed field.

Corollary 2 Rz is a real closed field.

It seems that many significant concrete real numbers are M?2-computable.
We showed that the numbers e and 7, as well as Liouville’s transcendental
number L = 1/10" +1/10% +1/10% +--- and several other mathematical constants
belong to the set Ryz and that Ry is closed under the elementary functions
of calculus (we actually prove such a closedness of R for any convenient class
F, thus strengthening a result of this kind from [10]). Unfortunately we do not
know whether the Euler-Mascheroni constant is M?-computable (we know it is
lower elementary computable).?

3In the papers [6, 8]) the definition of F-computability of a real number £ uses a slightly
weaker requirement, namely the existence of one-argument functions f, g, h from F such that
(in the present notation) |(f, g, h)(n) - €| < ﬁ for all n € N. This requirement is equivalent
to the one imposed here (which is with < instead of <), whenever the class F contains the
successor function and is closed under substitution.

4The study of MZ2-computability of real numbers began in June 2008 when the second
author proved the MZ2-computability of the numbers e and L. He did this by improving an
approach used in [7] for showing the &2-computability of the numbers in question, namely
the construction of appropriate £2-expressible functions (regarded as sequences there) whose
values are partial sums of expansions of these numbers (an M?2-computability proof of this
kind is given here in the next subsection). However, an accommodation of reasonings from [8]
was needed for other constants, and such an accommodation was done in the Master Thesis [3]
(defended in March 2009). The proof that R, 2 is closed under the elementary functions of
calculus was completed in August 2009 and refined several weeks later.



1.3 Proving M?-computability by using M?-expressible
functions whose values are partial sums

Theorem 3 Let £ =Y, ﬁ, where f: N —>N~A{0}, f(k) is a proper divisor
of f(k+1) for any k € N, and the graph of f is Ao definable. Then £ € R y2.

Proof. Let oy = Zﬁoﬁ for any m € N. Then |o,, - €| < 2/f(m + 1)
for all m € N. Let m,, = min{m/|f(m + 1) > 2n + 2} for any n € N. Then
|om,, =& < (n+1)7! for all n € N. We will show that o,,, is an M?-expressible
function of n. This will be done by using the equality o,,, = f(myn)om, [f (M)
and proving that the functions An.f(m,)o,,, and An.f(m,) belong to M?2.
The second of them belongs to M?, since the equality I = f(m,,) is equivalent
to (Jk<)(l=f(k)&(k=0vI<2n+2)&(Vj<2n+2)(j# f(k+1))), and this
condition implies I < 2n + f(0) + 1. To prove that An.f(m,)om, € M2, we note
that m,, <logy(2n + £(0) + 1) and hence

f(mn)gmn = Z [f(mn) /Inin(f(k)a f(mn) + 1)J - O

k<log,(2n+f(0)+1)
Corollary 3 The numbers e and L are M?-computable.

Proof. We take f(k) = k! for e and f(k) = 105+ for L. g

2 Stronger tools for proving M?2-computability
of real numbers
2.1 F-computability of real-valued
functions with natural arguments

Definition 5 Let F be a class of total functions in N, and let N e N. A partial
function @ from NV to R is called F-computable if there exist N + 1-argument
functions f,g,h € F such that the triple (An.f(Z,n), \n.g(T,n), n.h(T,n))
names the number 0(T) for any T € dom(6).

Example 1 A real number a is F-computable iff the argumentless function
with value o is F-computable.

Example 2 Let 61 : N?x (N\{0}) - Q and 02 : Nx (N~ {0}) = R be defined by

T -
01(x1, 22, 23) = 1m 2, O2(x1,22) = \/21/22.
3

Then 61 and 0y are M?-computable.

PT’OOf. Take f(xlaanx?nn) =1, g(l’1,l’2,$3,n) =22, h($1,$2,$3,n) = 333;1
for 6;, and f(z1,22,n) = min{y|y = (n + Dzy v (y + 1)%25 > (n + 1)%2;},
g(x1,x2,n) =0, h(xy,x2,n) =n for Os. 4



Example 3 Let fo,g0 : NV = N belong to M2, hy be a partial function from
N¥ to N whose graph is Ao definable, and 6, be as in Example 2. Then the
partial function X2.01(fo(T), 90(T), ho(T)) is M?-computable.

Proof. We may take f(Z,n) = fo(T), g(T,n) = go(T), and
h(Z,n) =min{y|y=(n+1)|fo(Z) —go(T)| =1 v y+1=he(T)}. o

Obviously, any restriction of an F-computable function of the considered
type will be again F-computable. The next two statements are also obvious.

Lemma 2 Let F be an acceptable class, and 0 be an F-computable real-valued
partial function with natural arguments. Then all substitutions of functions from
F into 0 produce again F-computable functions. In particular, range(#) € Rx.

Lemma 3 If F is a convenient class then definition by cases using F-comput-
able real-valued partial functions with natural arguments and controlled by pred-
icates of the class F produces again a function of this kind.

In next three lemmas, N can be any natural number (including 0).

Lemma 4 Let F be a convenient class, and 0 be an F-computable partial func-
tion from N~ to R. Then there exist N + 1-argument functions f,g € F such
that the triple (An.f(Z,n), An.g(T,n),idy) names 0(T) for any T € dom(H).

Proof. By Lemma 1 and Proposition 1, making use of the fact that F is
closed under the operator K from Lemma 1. 4

Lemma 5 Let a partial function @ from NN*1 to R be M?-computable. Then
50 is the partial function defined by 0% (T,y) = Leclog, (y+1) 0 (T, k).

Proof. By Lemma 4, N + 2-argument functions f,g,h € M? exist such that
(Mn.f(z,k,n), An.g(Z,k,n),idy) names 0(T, k) for any (T,k) € dom(d). Then,
for any (Z,y) € dom(6*), the triple of the functions

An. Z f(f7k7hz(jay7n))ﬂ An. Z g(fakahz(fay/n))a
k<log,(y+1) k<log,(y+1)

b (Z,y,n)),
where h¥(Z,y,n) = (n+1)({logy(y + 1)| +1) - 1, names the number 0% (Z,y).

Lemma 6 Let 6 be an M?-computable partial function from NV*! to R, and
o be a partial function from NV to R such that dom(c) x N ¢ dom(f) and,
for any T € dom(o), the equality o(T) = Y5y 0(T, k) holds. Let there exist an
N + 1-argument function p € M? such that |Zk>logz(p(5,n)+1) 9(5,k)| < ﬁ for
any T € dom(o) and any n € N. Then o is also M?-computable.



Proof. Let #* be as in Lemma 5, and f*,¢>,h” be N + 2-argument func-
tions from M? such that (An.f>(Z,y,n), A\n.g> (T, y,n), A\n.h*(Z,y,n)) names
6% (z,y) for any (Z,y) € dom(#*). Then the triple of the functions

M. fE(Zp(T,2n+1),2n+1),  An.g™(Z,p(Z,2n+1),2n+ 1),
Mn.h*(Z,p(Z,2n +1),2n + 1)

names the number o(Z) for any T € dom(o). g
Example 4 The number 7 is M?-computable.

Proof. Since m = 4(arctan § +arctan %), it is sufficient to show that arctan -
is in Ry,2 for any natural number m, greater than 1. Let m € N and m > 1.
Then we can apply Lemma 6 to the expansion arctan % =Yoo 0(k), where

(-1*

) = Gy Dymz

(the requirements of the lemma are satisfied by [1], Example 3, the equality
(-1)* = (k +1) mod 2 - k mod 2 and the inequality |#(k)| < 1/2%%*1). 4

Example 5 Let 0: N\ {0,1} > R be defined by o(z) = —1n(1 - %) Then o is
M?2-computable.

Proof. For any x € dom(o), we have o(x) = Y1 0(z, k) with

1

Q(x,k‘):m O

Note. By application of Lemma 6 with IV = 0 to appropriate expansions,
the M?-computability of the following constants is also shown in [3]: the Erdos-
Borwein constant F, the logarithm of the golden mean ¢, the paper folding
constant 0. The expansions in question are

oo 1 ) 00 (_1)k+1 oo ok g2 -1
E: s 21 = 3 = 2 1—2 .
oo Xy oot 02

2.2  Uniformly F-computable real functions

We are going to define a notion of uniform F-computability for real-valued
functions of real arguments in such a way that:

e in the situation considered in [10], the uniform F-computability of a func-
tion is equivalent to being uniformly in F (cf. Remark 4 for a proof of the
easier direction of this equivalence), and the uniform M?-computability of
partial functions from NV to R is equivalent to their M2-computability;

e the elementary functions of calculus are uniformly M?-computable at least
after restriction to compact subsets of their domains;



e all uniformly M?2-computable functions are computable in the sense of
[11], they preserve F-computability of real numbers for any convenient
class F, and the uniform M?2-computability is preserved at substitution
and at restriction to arbitrary subsets of the domain of the function.

A class of operators needed for the definition will be introduced firstly.

Definition 6 Let F be a class of total functions in N. For any k € N, some
k-ary operators will be called F-substitutional, the notion being introduced in-
ductively as follows:

1. The k-ary operator F, defined by the equality F(f1,...,fr)(n) =n, is
F-substitutional.

2. For anyie{l,...,k}, if Fy is an F-substitutional k-ary operator, then so
is the operator F, defined by F(f1,..., fx)(n) = fi(Fo(f1,---, fx)(n)).

3. For any natural number 1, if f : N\ - N belongs to F, and F,...,F
are F-substitutional k-ary operators, then so is the operator F, defined by

F(fi,. ., fe)(n) = f(FL(frs oo fe)(n), .o Fi(f1, . fr)(n)).

Intuitively, a k-ary operator F' is F-substitutional iff there is an expres-
sion for F'(f1,..., fr)(n) build from the variable n by using function symbols
fi,--+, fr and function symbols for functions from F.

Example 6 The operator K from Lemma 1 is M?-substitutional.

Example 7 If i is some of the numbers 1,... k then the k-ary operator F,
defined by F(f1,...,fr) = [i, is F-substitutional.

The next propositions can be proved by induction on the construction of the
operator F.

Proposition 1 Let F contain the projection functions and be closed under
substitution, and let F be a k-ary F-substitutional operator. If m € N and
Sy oy e € Ty N F, then Asn.F(At.f1(5,t),..., At.f(5,t))(n) € F. In partic-
uwlar, if f1,...,fe € TynF, then F(f1,...,fx) e F.

Proposition 2 Let F and G be k-ary F-substitutional operators. Then so is
the operator H defined by H(f1,.., )(n) = F(f1,. ., fi)(G(f1s- . fi) (n).

Proposition 3 Let F be a k-ary F-substitutional operator. If | € N, and
G1,..., Gy are l-ary F-substitutional operators then so is the operator H, de-

fined by H(g1,-..,91) = F(G1(g1,---,91),-- -, Gr(g1,---,91))-

Proposition 4 Let all functions from F be dominated by polynomials, and let
F be a k-ary F-substitutional operator. Then, for any two-argument polyno-
mial P, there exists a two-argument polynomial QQ such that, whenever a is a
non-negative real number and fi,..., fr are functions from Ty1 dominated by
An.P(a,n), the function F(f1,...,fr) is dominated by An.Q(a,n).



Remark 2 The class of the F-substitutional operators increases monotonically
in F (with respect to inclusion,).

Definition 7 Let N € N, and 0 : D — R, where D ¢ RYN. We will call a
3,3-computing system for 0 any triple (F,G, H) of 3N-ary operators such that,
whenever (&1,...,6x) €D and (fi,91,h1),...,(fn,9n,hn) are triples from T3
naming &1, . ..,EN, respectively, the triple (f,g, ?L), where

f:F(flvglahla"'7fNagN»hN)7 g:G(flvglvhla'"7fNagNahN)7
iL:H(f17glvh17'"7fNagNahN)7

names 0(&1,...,EN).

Definition 8 Let F be a class of total functions in N. A tuple of operators will
be called F-substitutional if all its components are F-substitutional. A function
0:D — R, where D ¢ RY, will be called uniformly F-computable if there exists
an F-substitutional 3,3-computing system for 6.

Example 8 Let NeN,ie{l,...,N}, and 0 : RY = R be defined by the equality
0(&1,...,6n) = &. Then 0 is uniformly M?-computable.

Example 9 The functions \&. — & and \E.|€| are uniformly M?-computable.

Example 10 Let F be a convenient class, and « be an F-computable real num-
ber. Let N € N. Then the function 0 : RN — R, defined by 0(&1,...,én) = o, is
uniformly F-computable.

Example 11 Let 6 :R — [0, 00) be defined by 0(¢) = \/E Then 6 is uniformly
M?2-computable.

Proof. By the proof for Example 2, there exists a three-argument function
a € M? such that
1

a(x1,w2,n) e
n+1

n+1 To

for all x5 € N\ {0} and all x1,n € N. Let the ternary operators F,G, H be
defined by

F(f,g,h)(n):a(ml,m2,2n+1), G(fvgvh)(n):()v H(f,g,h)(n):2n+1,

where my = |f((2n+2)2 - 1) —g((2n +2)?2 = 1), ma = h((2n +2)2 - 1) + 1.
These operators are M?2-substitutional. Suppose f,g,h € T; are such that the
triple (f,g,h) names a real number £&. We will show that the corresponding
triple (F'(f,g,h),G(f,g9,h), H(f,g,h)) names the number 0(¢). Let n € N, and
m1, mo be defined as above. Then

(E(f.9.1).G(f.0.h), H(F,0.h))(n) ~0(6)] - ”(ml’z’”ﬁ”* SENGIE
a(my,mo,2n +1) m m
e ‘\/—f] ey |-k <
Vg (@221 =8 < 27“2:”11. -

2n+2



Proposition 4 allows proving that the absolute value of any uniformly M?2-
computable function is bounded by some polynomial (hence the function is
bounded on each bounded subset of its domain). This can be done by using the
fact that any real number ¢ is named by some triple (f,g,idy) such that, for
any n € N, some of the numbers f(n) and g(n) is 0, and therefore they both are
less than (n+1)|¢|+ 1.

Let F be a convenient class. Definitions 7 and 8 obviously imply that
all restrictions of a uniformly F-computable function are also uniformly F-
computable. By Remark 2, all uniformly M?-computable functions are uni-
formly F-computable. Making use of the last statement in Proposition 1, we see
that, whenever a function § : D - R, where D ¢ RY is uniformly F-computable,
and &1,...,&y are F-computable real numbers such that (£1,...,&n) € D, the
real number 6(&y,...,&y) is also F-computable. Proposition 3 shows that the
class of the uniformly F-computable functions is closed under substitution.

Remark 3 If F is a convenient class whose elements are recursive functions,
then all uniformly F-computable functions are computable in the sense of [11].

Proof. All F-substitutional operators will be recursive ones. g

Remark 4 Let F be a good class in the sense of the paper [10], and the function
6:D — R, where D is an open subset of RY | be uniformly in F in the sense of
that paper. Then 6 is uniformly F-computable.

Proof. By the assumption that # is uniformly in F, there exist a one-
argument function d € F and 3N + l-argument functions f,g,h € F such that,

whenever (&1,...,&n) €D, p1,q1,71,...,DN,qN, TN, m € N, and the inequalities
Pk — Gk 1

<m+l, ‘ - ‘<7, k=1,...,N, 1

€] e+ 1 fk d(m)+1 (1)

hold, the numbers

p= f(p15q17r17" 'apNan'rNam)a q :g(phqlvrlv"' apNaQN'TN7m)a (2)
7':h(plafhﬂ“lwn7PN»QN-7“N7m) (3)
satisfy the inequality
1

pP—q
— -0 < .
r+1 (517 afN) m+1

Let us define 3N-ary operators F,G, H by setting

F(fi,91,h1,..., fn,gn, b )(n) =p, G(f1,91,h,.. ., N, gn, ) (n) = g,
H(fi,91,h1,..., fn.gn, hw)(n) =1,

where the numbers p, ¢, are defined by means of the equalities (2-3) with

m:maX(H(.flaglahﬂ(O)H7"'ﬂ”(fN;gN;hN>(O)H7n)a
i = fr.(d(m)), qr=gr(d(m)), 7% =hg(d(m)) for k=1,...,N.



These operators are F-substitutional, and if an element (&1,...,&x) of D and
functions f1,91,h1,---, fn,9n,hn € Ty are given such that (fx, gk, hr) names
& for k =1,...,N, then, for any n € N, the above numbers m,p1,q1,71,- ..,
PN, qn, N will satisfy the inequalities (1) and the inequality m > n, hence the
corresponding numbers p, ¢, will satisfy the inequality

1
n+l’

pP—q
— -0
r+1 ('513 7€N) < [m]

Definition 9 Let N €N, and§: D - R, where D ¢ RN, Then we will call a 2,3-
computing system for 6 any triple (F,G, H) of 2N-ary operators F,G, H such
that, whenever (§1,...,6n) € D and (f1,91,idy), ..., (f~,gn,idN) are triples
from T3 naming &1, ...,EN, respectively, the triple (f,§,h), where

f:F(fhgla"'avagN)a QZG(fhgla"'vaagN)?
il:H(flaglv"'7fN7gN)7

names 0(&1,...,EN).

Proposition 5 Let F be a convenient class, and let @ : D — R, where D ¢ RN .
Then 0 is uniformly F-computable iff there exists an F-substitutional 2,3-compu-
tational system for 6.

Proof. We make use of Lemma 1, Example 6 and Proposition 3 (clause 1 of
Definition 6 is also used). g.

Proposition 6 Let F be a convenient class. Let §: D — R, where D ¢ NV for
some N € N. The function 0 is uniformly F-computable iff 0 is F-computable
in the sense of Definition 5.

Proof. For the “if”-part of the proof, suppose f, g, h are such functions as in
Definition 5. Let the 2N-ary operators F, G, H be defined as follows:

F(flagh" 'afNagN)(n) = f(fl(o) ;gl(o)a' 7fN(0) ;gN(O)an)a
G(fhgla .. 7fN7gN)(n) = g(fl(o) ;gl(o)w . afN(O) ;gN(0)7n)7
H(f1,91,-- - [n,gn)(n) = h(f1(0) = 91(0),..., fn (0) = gn (0), n).
Then F,G, H are F-substitutional, and whenever T € D, f1,91,..., fn,gn €Ty
and the triples (fi,g1,idn),..., (fn,gn,idy) name Z, respectively, the triple
(f,g,h), defined as in the first clause of Definition 9, names 6(z) thanks to
the equalities f(n) = f(Z,n), g(n) = g(x,n), h(n) = h(x,n). For the “only if”
part, suppose the function 6 is uniformly F-computable. Let (F,G,H) be an
JF-substitutional 3,3-computing system for 8, and let us set
f(@,n) = F(\t.x1,\t.0,\L.0,..., Xt.zn, AL.0, AE.0) (),
9(T,n) = G(At.x1, .0, At.0, ..., At.xn, At.0, AL.0)(n),
h(Z,n) = H(A\t.x1, \t.0, X0, ..., At.xy, AE.0, AL.0) (n).
By Proposition 1, the functions f, g, h belong to F. Since (At.z, At.0, At.0) names
x for any x € N, the functions f, g, h satisfy the condition from Definition 5. g

10



Corollary 4 If F is a convenient class then all functions from it are uniformly
F-computable.

Proposition 5 facilitates giving some more examples to Definition 8.

Example 12 Let 0 : R? —» R be defined by 0(£1,&2) = E1+&. Then 0 is uniformly
M?-computable.

Proof. We can build a 2,3-computing system (F,G,H) for § by setting

F(f1,91, f2,92)(n) = f1(2n+ 1) + fa(2n + 1),
G(flagl7f2792)(n) = gl(2n+ ]-) +92(2n+ ]-)7
H(f1,g1,f2,gz)(n) =2n+1. m]

Corollary 5 The function \é1&2.€1 — & is uniformly M2 -computable.

Example 13 Let 0 : R? —» R be defined by 0(&1,62) = £165. Then 0 is uniformly
M?2-computable.

Proof. Let the operators F,G, H be defined by

F(flvglaf2792)(n) :fl(m)fQ(m)+gl(m)92(m)7
G(f1,91, f2,92)(n) = fi(m)gz2(m) + g1(m) f2(m),
H(f1,91, f2,92)(n) = (m+1)* -1,
where m = (|f1(0) = g1(0)| + |f2(0) = g2(0)| + 3)(n + 1) = 1. Then (F,G,H) is

a 2,3-computing system for 6 (to prove this, one makes use of the fact that,

whenever 61762 € R7 f17gl7f2u92 € Th (fhglaidN) names 517 and (f27927idN)
names o, the inequalities |&;] < |fi(0) — ¢;(0)|+ 1, i = 1,2, hold). ¢

The function A¢.1/€, is not uniformly M2-computable, but some functions
related to it are uniformly M2-computable.

Example 14 Let D = {(&1,&) € R?| [61&] > 1}, and let 6 : D — R be defined by
0(&1,&2) = 1/€1. Then 0 is uniformly M?-computable.

Proof. We consider the quaternary operators F,G, H defined by

F(f1,91, f2,92)(n) = (m+ 1) fr(m), G(f1,91, f2,92)(n) = (m +1)g1(m),
H(f1,91, f2,92)(n) = (f1(m) = g1 (m))? = 1,
where m = (n+ 1)1 + 1 -1 with [ = |f2(0) — g2(0)| + 1. These operators are M?-

substitutional. Suppose that (£1,&2) € D, f1,01, f2,92 € T1, and (fx, gk, idy)
names & for k =1,2. Then |&3] <, hence |&;] > % Let n e N, and let us set

o= fi(m) - g1(m)

m+1

)

11



where m is as in the definition of F, G, H. Then |p - & | < —=, hence

m+1 "’

1 1 1 (n+1)

> - > - =
|p| |£1| m+1 | m+1 m+1

Therefore
|<F(flaglvf2a92)7G(flaglaf2a92)7H(f17gl7f2792)>(n)_9(61)| =
DTN
p &l lpllé] n+1l "

Corollary 6 Let F be a convenient class. Let p: D - R, where D € RY | be uni-
formly F-computable, and let some uniformly F-computable function ¢ defined

everywhere in D satisfy ¢(&1,. .., En)UV (&, ..., EN) 2 1 for all (&1,...,&N) in D.
Then the function X ...,En.1/0(&1, ... EN) is also uniformly F-computable
(in particular, the restriction of N.1/€ to the complement of a neighbourhood
of 0 is uniformly M?-computable).

Proof. If 0 is the function from Example 14, and (&1,...,€n) € D, then
(&, €n) = 0(p(&, .o En), (& -, €N))- o

3 Uniform M?2-computability of certain
functions related to the logarithmic
and to the exponential ones

We will strengthen here some results from [9] by showing that certain two-
argument functions related to the logarithmic and to the exponential one, re-
spectively, are uniformly M?2-computable.

3.1 A formula for the logarithms of the positive integers

Theorem 4 For any x € N\ {0}, the following equality holds:

x = 2llos 7] I [x/2kJ

k<|log, x| l$/2kJ - lx/QkJ mod?2 "

Proof. Let z € N\ {0}, and let us set m = |log,z|. Since Lx/QOJ =z,
|z/2™] = 1, |z/2F*1| > 1 for any k <m, and |2/2%| = 2|2/2"*"| + |2/2% | mod 2
for any k € N, we have

R G0 I [2/2"
-1 [/2k+1 ] -2 11 |z/2F] - |2/2% | mod2 " ©

k<m k<m

Corollary 7 For any x € N\ {0}, the following equality holds:

Inz = [logyz|In2- )" ([x/2kJ mod 2) In (1 -
k<|logy x|

)

12



3.2 M:?2-computability of the logarithmic function
on the positive integers

Theorem 5 The function A : N\ {0} - R defined by A(x) = Inz is M?-
computable.

Proof. The statement follows from Lemma 5, since, by Corollary 7,

A(z) = [logy z]o(2) + ). ([x/ZkJmon)a([m/QkJ): > 0(x,k),

k<|log, | k<log, o

where ¢ is as the function from Example 5, and 6 is defined by the equalities
0(z,0) = |logy z|o(2) O(z,k+1)= ([x/QkJ mod2) o ([m/2kJ) a
Corollary 8 There exist three-argument functions a,be M? such that

a(xvyan) _b($7y7n) —1n£ < 1
n+1 yl n+1

for all z,y e NN {0} and all n e N.

Proof. By the equality lnf =Inz - Iny and Lemma 4. 4

3.3 Uniform M?-computability of a function
related to the logarithmic one

Theorem 6 Let D = {(51,52) € R2| & >0, &8 > 1}. Let 0: D — R be defined
by 0(&1,&) =In&;. Then 0 is uniformly M?-computable.

Proof. We define quaternary operators F,G, H by setting

F(f1,91, f2,92)(n) = a(p,q,2n+1), G(f1,91, f2,92)(n) =b(p,q,2n +1),
H(flvglvf2792)(n) =2n+1,

where a and b are as in Corollary 8, g = 3(n + 1)l with I = (f2(0) = g2(0)) + 1,
p=fi1(¢—1)=gi(g—1). The operators F,G, H are M?-substitutional. Suppose
now that (£1,&2) € D, f1,91, f2,92 € T1, and (f, gk, idn) names & for k =1,2.
The inequalities & > 0, £1€2 > 1, & <[ imply that & > % Let n e N. Then

‘13_5 filg-1)-gi1(g-1)
q 1

q
hence % >& — % > % (thus both p and ¢ are greater than %) Therefore

(F(f1,91, f2,92), G(f1.91, f2, 92), H(f1,91, f2,92))(n) = 0(&1,&2)| <

1 1 1
51‘<

<

=<
q¢ 3(n+1)" 3

2n+1)-b 2n+1 1 l
a(p,¢,2n+1) ~b(p.q.2n+1) | pi, m? e < +3—‘£—€1 P
2n+1 q q 2n+2 2 g
1 1 1

+ = .
om+2 2n+1) n+1" °

13



Corollary 9 Let F be a convenient class. Then
1. For any positive & €e Rx, the number In€ is also F-computable.

2. If o2 D - (0,00), where D € RY, is a uniformly F-computable function,
such that some uniformly F-computable function v defined everywhere in
D satisfies the inequality (&1, .., En)V (&, .-, €N) 2 1 for any element

(&1,...,&N) of D, then the function N ..., En.-Inw(&1,...,EN) is also
uniformly F-computable (in particular, the restriction of A§.In& to the
numbers, greater than a positive one, is uniformly M?-computable).

Proof. Let 6 be the function from the above theorem. Then, for any positive
real number &, we have Iné = 0(&, k) if k is a natural number satisfying the
inequality £k > 1. Under the assumptions of item 2 of the corollary, we have the

equahty lnso(flw"?gN) =9(SD(£177£N))¢(£177§N)) [m]

3.4 Uniform M?2-computability of a function
related to the exponential one

Let the function # : R? — R be defined by 6(&,7n) = min(exp(€),n). We will
prove that 6 is uniformly M?2-computable.

Lemma 7 There exists a five-argument function c € M? such that

n+1l t+1'n+1/)| n+1

c(r, s, t,u,mn) 0(7"—5 u+1)‘< 1

for all r;s,t,u,n e N.

Proof. Let a and b be such functions as in Corollary 8. For any u,n,k € N
we set

k+1 alk+1,n+1,2u+1)-b(k+1,n+1,2u+1)
= sy NMunk = P
2u+ 2

gn,k

n+1

1
2u+2 °

thus we will have [9y,n k — In&, k| < Given any r,s,t,u,n € N, we set

r—s 1
,S, T, =min{ k | k=u Vv > + .
e(ry s, t,u,mn) mln{ ‘ UV Nunk 1 90 2}

Then ¢ € M?, and we will show that the inequality (4) holds.
Let us set j = ¢(r, s,t,u,n) for short. Of course

c(r,s, tyu,n) j ey 1
n+1 “n+l1 " on+ 1

(r—s u+1) . ( (r—s) u+1)
ol ——, = min [ exp , .
t+1 n+1 t+1) n+1

14



We will prove that

r—-s u+1l
20—, —).
bn.j 2 (t+1’n+1)
This is clear in the case of j = u, and otherwise it follows from the fact that
1 r—s
1 j > -
Mg > thend = 505 2 a1
hence
&n.j > exp ( r- S)
" t+1)

Thus surely

J (r—s u+1) 1
>0 , - .
n+1 t+1 n+1 n+1
To complete the proof, we have to prove that
J Se(r—s’u+1)+ 1 7
n+1 t+1 n+1 n+1

This inequality is obvious in the case of j < 1. Suppose now that j > 1. Then
the inequality is equivalent to

. r—s\ u+l
&n,j—2 <min (exp( ) ),

t+1) ' n+1

and we may reason as follows. By the minimality of j, we have

r—s 1

| < u, 1< —+—,
J Theym.j-1 t+1 2u+2

Thus 1
u+

Enj—2 <&n,j-1< 3

and
n+1 1
n&nj-z <I&nj1 = = (Gng1 = &ng-2) =&y = —
< ' 1 < r—s

Tend =l T 9 e S te1

therefore

f < 7 S
i exp ——.
n,j—2 t+1 m]

Lemma 8 For any &1,& € R and any positive real number n, we have
|0(&1,m) = 0(&2,m)| < nl&r — &a.

Proof. Let us set £ =1nn. Then
16(&1,m) = 0(&2,m)| = [min(exp(&1), exp(£)) — min(exp(&2), exp(§))| =
|exp(min(&y,§)) —exp(min(&z,£))| < exp(§)[min(&y, &) -min(&s, ) < nl&1-Eaf- o

15



Theorem 7 The function 0 is uniformly M?-computable.

Proof. Let the function ¢ be as in Lemma 7. We set

C(flaglvf%gQ)(n):C(T’Svtauv3n+2)a
where
t=((f2(0)=92(0)) +2)(Bn+3) -1, r=fi(t), s=g1(t),
u=fo(3n+2)=(g2(3n+2) +1).

Then we define quaternary operators F,G, H as follows:

F(flagla f2?92)(n) = { ?;((‘217;!‘}:,2{2’92)(71) IOft{IQG(I'iZSZ,Q) ’ g2(3n : 2),

_]o if f2(3n+2)>g2(3n+2),
G(f1,91, f2,92)(n) = { g2(3n +2) otherwise,

H(flaglaf2vg2)(n) =3n+2.

The operators F,G, H are M?>-substitutional. Suppose now that (£;,&) € R,

f1,91, f2,92 € T1, (f1,91,1dy) names & and (fo, g2,idy) names &s.
Let n e N. If fo(3n+2) > g2(3n+2) then we get

(F(f1,91, f2,92), G(f1,91, f2, 92), H(f1,91, f2,92))(n) = 0(&1,&2)| =

e(r, s, t,u,3n +2)
.y <
3In+3 (51752)
c(rys,t,u,3n + 2 r—s u+l r—s wu+l
( )_9( , )+‘9(—,7)_9(€17§2) <
3n+3 t+1 3n+3 t+1 3n+3
1 r—s u+l u+l u+1
+10 , —9( , )‘+‘9( ,7)_9 7 <
3n+3 ‘ (t+1 3n+3) SR Sty 06 &)
1 u+l |r-s ‘u-kl 1 u+1l 1 1 1
+ =&+ — &l < + + < 7
3n+3 3n+31t+1 3n+3 3n+3 3In+3t+1 3n+3 n+l

making use of Lemma 8 and of the fact that

1 1 1
31;++3 <§2+3n+3 < f2(0) = g2(0) + 2 < (f2(0) = g2(0)) +2 = 37;++3-

Suppose now that fo(3n +2) < g2(3n +2). Then

(F(fl,glvf2592)7G(f1a917f2392)7H(f17917f2792))(n) = <f2a92aidN>(3n+ 2)?

and

1
<77
n+3 n+1

[(f2, 92,1dn) (3n +2) = 0(&1,&2)| <

since we have the inequality

(f2,92,idn)(3n +2) - <0(&1,62)

3n+3
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(because its left-hand side is less than each of the numbers exp(&;) and & in
this case), whereas always

0(&1,62) < &2 <(f2,92,1dn)(3n +2) +

O

3n+3°

Corollary 10 Let F be a convenient class. Then
1. For any & € Ry the number exp(§) is also F-computable.

2. If p: D - R, where D ¢ RY, is a uniformly F-computable function,
such that some uniformly F-computable function v defined everywhere
in D Satisﬁes eXP(Sﬁ(fla s 7€N)) < 1/’(51, cee agN) fO’/‘ all (517 s 7£N) in
D, then the function X ..., En.exp(@(&1,...,EN)) 1s also uniformly F-
computable (in particular, the restriction of the exponential function to the
numbers less than a fized one is uniformly M?-computable).

Proof. Let 6 be the function from the above theorem. Then, for any real
number £, we have exp(¢) = 6(&,k) if k is a natural number satisfying the
inequality k& > exp(£). Under the assumptions of item 2 of the corollary, we

have the equality exp(¢©(&1,...,En)) =0(p(&1,. ., €N )Y (&1, .-, EN)). o

4 The function arctan is uniformly M?2-computable

The proof of the uniform M?2-computability of the function arctan will be based
on the fact that arctan £, where z e N\ {0}, y € N, is M?-computable as a func-
tion of x and y. This fact will be proved by using the interconnection between
complex logarithms and the arctan function. As well-known, the domain of the
main branch of the complex logarithmic function consists of all complex num-
bers except the zero and the negative reals. For any ( in this set, let In { denote
the corresponding value of the branch in question, i.e. In( be the unique com-
plex number ¢’ which satisfies the conditions exp(¢’) = ¢, [Im(¢")| < 7. Then,
in particular, In(§ +ni) = %ln(f2 +n?) +iarctan Z for any positive real number
¢ and any n € R. Thanks to this equality, any computational algorithm for the
logarithms of the Gaussian integers in the first quadrant yields also a compu-
tational algorithm for the values of the arctan function on the positive rational
numbers. Of course, we will look for an algorithm that can be performed by
means of functions of the class M?2.

4.1 A formula for logarithms of Gaussian integers
in the first quadrant

For any natural number ¢, let t° denote the greatest even number not exceeding t,
ie. t°=t—tmod2. If z = x +yi, where z,y € N, we set z° = 2° + y°i. We set
also |z +yi| = |z] + |y]i for all z,y e R.

17



Theorem 8 Let z = x +yi # 0, where z,y € N, and let m = |logy max(z,y)].
Then

=2 ®)

Proof. For any k < m, we have |z/2¥"1| # 0 thanks to the inequalities
2F+L < 9m < max(z,y). Therefore

m |2/2*]
= 12/2 T it
=2 L ]
For any I,k € N, the equality [I/2*| = 2|1/2¥*!]| + [1/2¥] mod 2 holds, hence
[l/Qk”J = 2]1/2%|°. Therefore

22 L2 L2
ey = L gy =" ey

1
k<m 2

Note. Under the assumptions of Theorem 8, |z/2™| = 1 in the case of
2™ > gy, |2/2™] = 4 in the case of 2™ > x, and |2/2™| = 1 + 4 otherwise (this
follows from the inequalities 2™ < max(z,y) < 2™*1).

By formal application of the equality In((;{2) = In ¢y +In {5 to the equality (5)
we could get the following one:
z/2kJ
] (6)
l2/2

Inz=mn2+1In[z/2"]+ ) In

k<m

Both sides of this equality make sense, but its validity would not be certain
without some additional reasoning, since unfortunately In(¢(1¢s) = In¢; + In¢s
does not always hold (one could take (; = (2 = -1+ as a counter-example).

Lemma 9 Let (1 and (5 be numbers from the domain of the main branch of the
complex logarithmic function, and let (3 and (1(2 have non-negative real parts.

Then In(¢1¢2) =In(y +In(s.

Proof. Let (1¢2 = ¢. Since ¢ # 0 and Re(¢) > 0, In( is also defined. Let

In¢; =¢1, InGy = ¢, In¢ = ¢’. Then exp(¢]) = 1, [Im(¢7)] < 7, exp(¢z) = G2,

[Tm(¢3)| < 5, exp(¢’) = ¢, Im(¢")| < 5. We get from here that

exp(¢] +¢3) =exp(¢), (¢ + ) ~Tm(¢)| <+ &+ 5 =2m,

hence (1 + ¢, =¢(". o

Lemma 10 If {7 is a positive real number then In(¢1¢2) =In¢y +In{s for any
(o from the domain of the main branch of the complex logarithmic function.

Proof. Rather easy. g
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Theorem 9 Let z = x +yi # 0, where z,y € N, and let m = |logy max(z,y)].
Then the equality (6) holds.

Proof. By means of induction downwards from m to 0, we will show that

> k
In|z/2'| = (m = 1)In2 +In|z/2™ ] + ls;m In L[Z//;JJO . (7)

for any natural number ! < m, and of course (6) is the case [ = 0 of (7). The
equality (7) is trivially valid if [ = m. Suppose now that [ < m and

" m z[2F
In|z/2" | = (m —1-1)In2 + In| z/2™| +l+1§<mln [lz//2’“JJ° .

Making use of the equality

o Lz/2'] /9!t
|Jz/2J_ lz/2l+1JL /2 J>

of the inequalities Re(|z/2/*1]) > 0, Re(]|2/2'|) > 0 and of Lemma 9, we get

Py l
In|z/2'] = In [L/Q?JJ +1In|z/2"1].

Since the equality
=12 _, 152
lz/2541] Lz/2H)°

and Lemma 10 yield

2]y 22
e2t] - A e

we thus get (7) for the considered I.

n

Corollary 11 Let z = x+yi, where x,y € N, z £ 0, and let m = |log, max(z,y)].
Then

2k
arctan% =Im(In|z/2™[) + >  Im (ln llzz//2kJJo) :
Remark 5 Under the assumptions of Theorem 9, either |2/2™] =1, In|2/2™] =0,

or |2/2™] =4, In|z/2™] = Zi, or [2/2™] = 1+, In[2/2™] = L In2+ Zi.

k<m

Let us define a partial function ¢ from N? to R by means of the equality

t(s,t) :Im(ln S+il,)
s° +1°1

(dom(t) consists of the pairs (s,t) € N? such that max(s,t) > 2). Then, under
the assumptions of the above corollary,

LZ/QkJ — o (1z/2F k
tn 1o ) (L2 L),

Therefore it would be important to prove that ¢ is M?-computable. This will
be done in the next section.
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4.2 M?2-computability of the function ¢

Let (s,t) € dom(t), and let z = s+ ti, §(2) = s mod 2 + (¢ mod 2)i. Since
16(2)] < V/2 < 2 <|z] <|22], the following transformation can be done:

4(2)

1+
z z 22-6(z)
In—=1In =1In
z ZT 5(2) 1- 2z6—(62()z)

If at least one of the numbers s and ¢ is odd, then

0(2) 1

d(z) #0, = ,
(2) 22-0(2)  22/6(2) -1
and
2s—1+2ti if sis odd and ¢ is even,
2z[0(z)-1=12t-1-2si if s is even and ¢ is odd, ()
t+s-1+(t—s)i if both s and ¢ are odd.

Since max(s,t) > 2, it is easy to see that |22/6(z) — 1| > V17 in the first two
of the above three cases, and [22/6(z) — 1| > /13 in the third one. Taking into
account that d(z) = 0 if both s and ¢ are even, we conclude that always

0(z)

1
1
2z -6(2) <

< ,
V13

hence 1+ 226_(§()z) and 1- 2Z5_(§()Z) have positive real parts. From here and Lemma 7,

we conclude that

1+ 20
In— 220G 1+& _In 1_& 7
1- 25f§()) 2z-0(z) 2z -6(z2)

and therefore

mZ -2y 1 ONAN
2 T2 +1\22-6(2) '

Hence ¢(s,t) =2 %72, 0(s,1,7), where

N i)\
0(s,t,J)—2j+11m((2z—6(z)) )

We will use the above representation of the function ¢ for applying Lemma 6.
Since |0(s,t,7)| < (1/3/13)%9*1 it would be sufficient to prove the M2-comput-
ability of the partial function 6, and actually it would be enough to prove that

the partial function
2j+1
, 0(2) :
t,j)=1 —_—
X(s,t,7) m((22_5(z)) )
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is M?2-computable.
If both numbers s and ¢ are even then x(s,t,7) =0 else

. 1
x(stj) = Im((2z/5(z) "1y ) '

Having in mind the equality (8), let us consider now the function ¢ : N* - R
defined by

@[J(u,v,w,k‘):lm( 1 )

(u+1+(v-—w)i)k

Then, whenever (s,t,75) € dom(x),

1(0,0,0,0) if both s and ¢ are even,

. (28 +2,2t,0,25 + 1) if sis odd and ¢ is even,
X(s,t.7) = (2t +2,0,25,25 + 1) if s1is even and t is odd,
Y((t+s)~2,t,825+1) if both s and ¢ are odd.

Therefore we can be sure that ¢ is M2-computable if we succeed to prove the
M?2-computability of the function ).

Since
1 (u+1-(v-w)i)k

(u+1+(w-w)i)* ((u+1)2+(v-w)2)k’

we have the equality

folu,v,w, k) — go(u,v,w, k)

Y(u,v,w, k) = (v-w) (s 12+ (w-w))k

where
k _ .
folu,v,w, k) = Z ( ) )(u+1)k’4j’3(v—w)4“2,
jeks 47+ 3
k ) .
go(u,v,w, k) = Z ( ) )(u+1)k’4j’1(v—w)4j.
ek 47 +1
Let us set

flu,v,w,k,n) = (v=w)folu,v,w, k) + (w=v)go(u,v,w, k),
g9(u,v,w, k,n) = (w =) fo(u,v,w,k) + (v=w)go(u,v,w, k),
h(u,v,w, k,n) = ((u+1)?+ (v-w)?)F -1
if ((u+1)2+ (v-w)?)*<(n+1)2, and
flu,v,w, k,n) =g(u,v,w, k,n) =h(u,v,w, k,n)=0
otherwise. Then f,g,h:N° - N and, since

1
((u+1+(v-—w)i)k

1
V(@ 1)2+ (0 -w)?)*

|1)Z}(u7 U? w’ k)| S

b
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we have
f(u,v,w,k,n) —g(u,v,w,k,n) 1

- k
h(u,v,w,k,n)+1 Y(u,v,w, k)| <

for all u,v,w,k,n € N. It remains to show that f, g, h e M?2.

If u, v, w, k, n satisfy the inequalities ((u+1)%+(v-w)?)* < (n+1)2, v —w # 0,
then k < 2logy(n+1), therefore the summation for computing the corresponding
values of fo(u,v,w, k) and go(u,v,w, k) will be logarithmically bounded for such
u,v,w, k,n. This, together with results from [1, 2, 5], allows proving that each
of the functions f,g,h has a Ay definable graph. On the other hand, for any
u,v,w, k,n € N the corresponding values of these functions are less than (n+1)2.
This is obvious for the function h, and to get the same conclusion for f and g,
we may use the fact that

n+1

[v—wl fo(u,v,w, k) +|v-w|go(u,v,w, k) < (u+1+v-w|)* < ((u+1)%+(v-w)?)".
Thus each of the functions f, g, h is dominated by a polynomial and therefore
belongs to M2.

4.3 The main result

Theorem 10 The function 0(£) = arctan€ is uniformly M?-computable.

Proof. After we proved the M?-computability of the function ¢, we can use
Corollary 11 and Remark 5 to show that arctan ¥, where x € N\ {0}, y € N,
is M2-computable as a function of 2 and y. This can be done be writing the
equality from Corollary 11 in the form

arctan% = Z U((ll”/QkJ»[y/ZkJ)’

k <log, max(z,y)
where the function v : N?> - R is defined as follows:

B L(S,t) if max(s,t) 2 27
v(s,t) = {(Zt = 5)% otherwise.

By the M2-computability of Azy. arctan% and Lemma 4, there exist three-
argument functions a,b € M? such that (An.a(z,y,n), A\n.b(x,y,n),idy) names
arctan ¥ for all z € N\ {0} and all y € N, and we may assume that b(z,y,n) =0
by taking a(x,y,n) = b(x,y,n) as a new a(x,y,n). Then a(x,0,n) =0 for any
z € N~ {0} due to the inequality |a(z,0,n)| < 1, and therefore
a(z,r+s,n)-alz,s=rn) aretan 5| < 1
n+1 T n+1
for all x e N\ {0} and all r,s,n € N. Let the binary operators F, G, H be defined
as follows:

F(f,g9)(n)=a(2n+2,f(2n+1) = g(2n+1),2n+1),
G(f,9)(n)=a(2n+2,9(2n+1) = f(2n+1),2n+1),
H(f,9)(n)=2n+1.
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These operators are M2-substitutional. Suppose now that ¢ € R, f,g € Ty, and
(f,g,idy) names £. Let n € N. Then

(E'(f9),G(f,9), H(f,9))(n) - arctan(f,g,idn)(2n + 1)+

+1(f,9,1dn) (2n +1) = €] <

|arctan(f, g,idy)(2n + 1) — arctan €| < |

1
2n+2 n+1

Corollary 12 The functions arcsin and arccos are also uniformly M?-computable.

Proof. This follows from the equalities

¢
e

by Examples 11, 12, 13 and Corollaries 5, 6. g

arcsin¢ = 2arctan arccos€ = 2arctan 1 — arcsin &

Corollary 13 Let F be a convenient class. Then arctan € Rg for any & € Rg,
and arcsiné, arccos€ € Ry for any € € Ry with || < 1.

5 The sine and cosine functions are uniformly
M?2-computable

We will firstly prove the following statement.

Lemma 11 There exists a three-argument function c € M? such that

c(s,t,n)—(n+1)_COS s | 1
n+1 t+1| n+1

(9)

for all s,t € N satisfying the inequality s < (¢t +1)m and all n € N.

Proof. By Example 2, Proposition 6 and the M?-computability of the func-
tion arccos, the value of
—-q
+1’
where p,q,7 €N, [p—¢| <7+ 1, is an M?-computable function of p,q,r. There-
fore (by Lemma 4 and the non-negativeness of this value) there exists a four-
argument function a € M? such that

p
arccos
T

a(p,q,r,n) P-q 1
— — arccos <
n+1 r+1 n+1

for any p,q,r e N with [p-¢/|<r+1and all neN.
For any n,k e N, let us set

k-n _a(k,n,n,2n+1)
kS T o2

gn,k =

n+1
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_1

5.5 » Whenever k < 2n + 1. Given any

Then -1 < &, 1 < 1, [Ny —arccos&, x| <
s,t,n e N, we set

1 S
t =min k| k=2n+1 Vv nup+—< —¢.
c(s,t,n) mln{ ‘ n Mk 575 t+1}

Then ¢ € M?, and we will show that (9) holds, whenever s < (t + 1)7.
Let the natural numbers s and ¢ satisfy the inequality s < (¢+1)7. Of course

c(s,t,n)—(n+1):§ - 1

n+1 n+1l’

We shall prove that

S
>CcoS——.
fn,c(s,t,n) f+1

This is clear if ¢(s,2,n) = 2n+1, since then &, (54 ») = 1, and otherwise it follows
from the fact that

1 S
arccos gn,c(s,t,n) < Mn,e(s,tn) T 27?,7+2 < m .
Thus surely
C(S’t’n)_(n+1)2cos s 1 .
n+1 t+1 n+1
To complete the proof, we have to prove that
C(s’t’n)_(n+1)gcos s 1 7
n+1 t+1 n+1

i.e. that

- <Ccos ——.
Enses,tm) n+1 t+1

This inequality is obvious in the case of ¢(s,t,n) < 1, since then the left-hand
side does not exceed —1. Suppose now that ¢(s,t,n) > 1. Then we may reason
as follows. By the minimality of ¢(s,t,n), we have

. 1 . s
Mn,e(s,t,n)-1 om+ 2 1 5
hence
G 13 + + 13 +
—— < arccos _ = arccos _
t+1 R T S T me(stm)-1 T T

= arccos gn,c(s,t,n)—l + (gn,c(s,t,n)—l - gn,c(s,t,n)—Q)
< arccos gn,c(s,t,n)—l + (arccos fn,c(s,t,n)—2 — arccos gn,c(s,t,n)fl)

= arccos gn,c(s,t,n)—2 .

Therefore 5

n+1

S
COS i+1 > gn,c(s,t,n)—Z = gn,c(s,t,n) - - O
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Lemma 12 Let 6y be the restriction of the cosine function to the interval [0,7].
Then 0y is uniformly M?-computable.

Proof. Let the binary operators F, G, H be defined as follows:
F(f,9)(n) =c(s,t.2n+1), G(f,g9)(n)=2n+2, H(fg)(n)=2n+1,

where t = 4n + 3, s = f(t) = (9(¢) + 1), and the function ¢ is as in the above
lemma. These operators are M?-substitutional. Suppose now that ¢ € [0, 7],
f,g €Ty and the triple (f,g,idy) names £. Let n € N. Then

c(s,t,2n+1) - (2n+2) s
(E(f,9),G(f,9), H(f,9))(n)-0o()| < 53 ~cos —— |+
COSi—cosglg c(s,t,2n+1)—(2n+2)_ o8 s . s —5‘.
t+1 2n+2 t+1| le+1

The inequalities
1 1
£~ PEETR (f,g.1dw)(t) <€+ —

t+1
imply
2 t) — t 1
EEED ORICIOES
t+1 t+1
hence 5
s s
— < - < —— <.
t+1 ™ g t+1 t+1_£
Therefore
c(s,t,2n+1)—(2n+2)_cos s | 1 ’ s _§‘< 2 _ 1 .
2n+2 t+1 2n+2 t+1 t+1 2n+2

Lemma 13 Let 61 : R — [0, 7] be defined by 61(&) = arccos(cos&). Then 0; is
uniformly M?-computable.

Proof. For any £ € R, we have 6,(¢) = 27rdist(%7Z) = ZWdist(‘% ,N),
thus it would be sufficient to prove that the function A¢.dist(|€],N) is uniformly
M?2-computable. Let the binary operators F,G, H be defined as follows:

(1)) = m= s ) |2 s 2| Glrg ) =0, H(Fg) () =,

2

where m = |f(n) — g(n)|. They are M?-substitutional. Suppose now that ¢ € R,
f,g €Ty and the triple (f,g,idy) names €. Let n € N. Then

(F(F.9). GUF9). H(f.)) () = dist (€1 )| = [dist (=" N = st (€] <
e <4 g () - <
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Theorem 11 The sine and cosine functions are uniformly M?-computable.

Proof. We may use the equality cos& = 0y(01(£)), where 6y and 6, are as in
the above lemmas, and the equality sin€ = cos(2arctanl - ¢&). o

Corollary 14 Let F be a convenient class, and let £ e Ry. Then siné and cosé
also belong to Ry (hence if cos€ # 0 then tan& € Ry too).
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