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TEMA 1

OTHOCuTesTHA M3UYNCIANMOCT U TIOpuHTOBaA
CBOJIUMOCT

Ille pasmmpuM MOHATHETO MAIIMHU C HeOrpaHwdeHnu peructpu or [1], karo
BbBEIEM MAWUHU € Heozpanuieny peeucmpu ¢ opaxys (MHPO) . da cu mucium,
4ye ocBeH Oe3KpaifHa ITaMeT OT PEerucTpu pasnojiaraMe U ¢ OTHANPE. 3aaJeHa
gactuyHa Gyukus x : N —e» N, koaTo 1me Hapudame opaky.s. KbM OCHOBHUTE
komauau Z(n),S(n),T(m,n), J(m,n,q) me mo6aBUM IOIMbIHUTEIHATA KOMAH]IA
O(n), KOsITO ce 06PBIIA KbM OPAKYJIA Y ChC aPIYMEHT CTONHOCTTA Ha, N-THs PErUCTHP.
AKko opakyIbT majie pe3yaTar, TO3U PEe3YIATAT Ce 3alUCBa B N-TH PETUCTHD, B TPOTUBEH
Cydail U39UCAeHNeTO HA MAIUHATA He 3aBbPIIBA.

Heka o3nadum MHOXKeCTBOTO OT Bcmuko Komamau na MHPO ¢ K.

Jdeonaunmsa 1.1. ITpoepama 36 MHPO napuvame Besika GyHkims P : [r,r +
j] — K'. Ille usnomssave osmauennero If = P(l), 3a na osmauasame [-TaTa
KOMAaH/a OT MPOrpaMara.

Hexka orTryk mHararbk dpukcupame eaus opakya X : N —e—N. Bcuukn momsTums
3a MHP or [1] ce upenacsar aupexrno 3a MHPO. 3a ja nedunupame usubinenue
na MHPO c nanen opaxyn me gedunupame dynkmusarta vall X : K' —s K', KoaTo
npepaboTBa KoH(bUrypalus, ako TeKylnara KoMaHaa Ha nporpamara P e O(n):

(I+1,a1,...,an-1,X(an),ans1,...), axo IF =O0(n),
val®X(l,a1,a9,...) =< (I,a1,az,...), axo If” # O(n)
unm | ¢ [r,r + j].
HEonHUIUA 1.2. Pesyamam om udnsinenuemo wa npozpamama P nas Bxogaure

nauuau (a1, as, . .. ) 3an crbuku e gedunupave upes byuknusara P™X 1o ciequus
HAYWH:

P%X(a) = (r,a),
P"TLX(@) ~ val DX (P ().
Pesyamam om usnsanenuemo wa npozpamama P 1e Hapudame QyHKIIAATA,
{PY¥(@) =b <= (En)(P™X(3) = (I,b)).

HeovnHuius 1.3. Kassame, 4e f e uguuciuma 0OmHOCHO 0PaKYA X, AKO ChINECTBYBA
P - mporpama 3a MaIlIUHA ¢ HEOTPDAHUYEHN PETUCTPHU C OPAKYJ/I, TaKa de:

(1) vx(1f(x) <= YP}*(%,0,0,...));
(2) Axo f(X) ~y, To {P}X(X,0,0,...) ~ (y,b2,...,bn,...).

Jdeounnunus 1.4. Kassame, ue f e Thopunzoso ceoduma kvm x (f <t x), ako
f e u3umcauMa OTHOCHO X.
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Ceoiicra Ha TrOpUHIOBaTA CBOAUMOCT:
(1) 3apazneno x uma uzbpoumo muoro f, raka de f < X, I'bil KATO HpOrpaMuTe
3a MHPO ca u36ponmo MHOTO.
(2) Axo f e mzuncimma, o (Vx)(f <t X), moHexe Bcsika mporpama 3a MHP
e mporpama 3a MHPO ¢ npoussosien opaky..
ITo 10106€H HAYMH MOKEM /14 PENATUBU3UPAME U HOHATHETO YACTUIHO PEKYPCUBHA
dbyHRIMSA:
Jeonnnuma 1.5. Kassame, 4e [ e wacmuuno pexypcueéHna 0mHoCHO X, aKO
f Moke ma ce mosjyum ¢ KpaeH Opoil TpuIaraHus Ha OMEPAIUUTE CyTEPIO3UI,
MPUMATHBHA PEKYPCUST W MAHUMU3ANNS BbPXy 0a30BUTE (DYHKIAN W X.

TBBPAEHUE 1.6. Axo f e wacmuuwno pexypcusna ommnocro x, mo f <p x.

JTOKABATEJICTBO. AHAIOMMYHO HA JOKA3ATEICTBOTO 33 ODUKHOBEHA U3YUCTUMOCT,
KaTO B3eMeM IIPeJIBU/I, Ue IporpaMa 3a X e:

0. 0(1)
O

Hexa cu MucamM, 9e cMe 1aiiu HAKAKBO KOAUPaHe Ha IPOrPAMUTE C eCTECTBEHU
qucia 1 o3HadaBaMme ¢ X win ¢ {e}X GyHKnuaTa, CbOTBETCTBAIIA HA H3I'bIHEHHETO
nporpamara ¢ Koj e u opakys . lorasa MoxkeMm ja JOKayKeM €KBHBAJIEHT HA S,
Teopemara:

TEOPEMA 1.7 (S]"-teopema).
(vim) (V) (IS5 - mp. pex. dywsuun) (Va) (YR) (v9) (V) (9 " (X, 7) = 05U o (7).

JIOKABATEJICTBO. AHAJIOrHYHO HA JOKA3ATEICTBOTO HA S '-TEOPEMATa 33 IIPO-
rpamu 32 MHP. Tsit kato )" dbynknuara npeodbpa3yBa KOJOBE Ha MPOIPAMH, TO
T4 He 3aBUCU OT OPAKYJIa X. (]

TEOPEMA 1.8 (3a pekypcuBHara onpezgenumoct). Hexa n > 1, a e xod na
npozpama 3a MHPQO. Toza6a uma e, maxosa we:

(V% € N") (Vx) ({e} (%) = {a} "V (e, X)).

JTOKABATENCTBO. Heka 0(z,%) ~ X "™ (2, %), a ¢(2,%) ~ 0(SL(z, 2), %) ~
cpi"(n+1)(z7i). Torasa, axo e = S1(b,b), To ouesuno X ™ (¥) ~ gpg"("ﬂ)(b, X) ~
O(SL(b,b),X) ~ O(e,X). Buxna ce, e monemxe ST byHKIHATA HE 3ABUCH OT

OpaKy/1a X, TO U KOABT € ChII0 HAMA J[a 3aBUCH OT X. (]

Mozke f1a ce nokazke, 1€ KOAbT HA IPOrPaMaTa 3a yHuUBepCcaJIHATa (PyHKIU 3a
YaCTUYHO PEKYPCHBHUTE OTHOCHO Y He 3aBUCH OT OpaKysIa X:

TBBPAEHUE 1.9. Hexa n > 1. Cswecmsysa npozpama 36 MHPO ¢ 00 f,,
maxasa we:
(M) (V) ({fn}¥(a, %) ~ {a}*(X)).
JOKABATEJICTBO. AHAJIOMMYHO HA JOKA3ATEJICTBOTO HA TEOPEMATa 33 YHU-
BepcasTHaTa (DYHKIIWSA. O

CHEACTBUE 1.10. 3a npouseoseH opaxys X KAGCT HG YGCMUYHO PEKYDCUG-
HUMe PYHKUUL OMHOCHO X CBENAIA C KAACA HA USYUCAUMUME PYHKUUL OMHOCHO

X-
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TreopPEMA 1.11 (Bropa Teopema 3a pekypcusaTta). Hexa h e usuwuciuma Gyrryus.
Tozasa cswecmsysa e, MaKosa we

(M) (vx) ({e}*(x) ~ {h(e)}¥(X)).
JTOKABATEICTBO. Heka y e npoussosien opakyn u f(a,X) =~ {f,}* (h(a),X) ~

X:(n) (=
Phia) (X). Torasa, cbriacuo Teopemara 3a peKypCUBHA OLIPEJEJIMMOCT UMA €, TAKA

ue (V) ({e} (M) (%) =~ f(e,X) = {h(e) M (%)). 0
Cera 1ie ce cupeM Ho-ToApoOHO HA MOHATHETO TIOPUHTOBA CBOIUMOCT.

HeonHuiiys 1.12. Heka A, B C N.
Kassame, ue A e Tropunzoeo ceéodumo KbMm B:
A<r B < xa <r XB;
KbJIETO X A, XB €& Xapakrepuctuaaute GyHKIUA HA MHOXKecTBara A u B.
Kaszsame, ue A e Tropunzo60 exsusasrenmmo Ha B:
A=1 B < A<r B& B <t A.

CpoiicrBa Ha TrOpUHrOBaTAa CBOAMMOCT 33 MHOXKECTBA:
(1) Axko A e paszperumo, To (VB C N)(A <7 B), NOHEXKE IIOM X 4 € Pa3peInma,
TO X4 <7 X 3a OIPOH3BOJIEH OPAKYJ X.
(2) A <r N = A e pa3peummo, IOHEKE MOXKEM Ja HPEBEIEM IIPOrpaMara

3a MHPO, kosTo cBexkia x4 KbM Xy = O kbM nporpama 3a MHP, karo
3aMeHMM Besika koManga O(n) ¢ Z(n).

TBBPAEHUE 1.13. (VA C N)(A =1 A).

JOKABATE/ICTBO. CiegHara mporpaMa CBEXKId X4 KbM X7 I X7 KbM X A:

0. O(1) /] monumat opaxyaa
1. Z(2)

2. J(1,2,5) // axo Ry # 0, mo
3. Z(1) // espru 0
4. J(1,1,6) /] u cnpu
5. 8(1) /] unaue sspru 1 u cnpu

O
HeovnHuiins 1.14. Heka A, B C N. Kazsawme, ue A e mHno20 ceodumo kbm B
A<,, B < (3h - uzuncauma)(z € A < h(z) € B).
TBBPAEHUE 1.15. Axo A e noaypaspewumo, mo A <,, K.
JIOKABATEJICTBO. ToBa TBBbpAeHHE IIie JOKaxKeM B mo-061 Bua B Tema 3. [
TBBLPAEHUE 1.16. A<,, B,B<,,C= A<, C.

JIOKA3ATEJCTBO. Heka ¢ € A < h(z) e Buz € B < g(z) € C,
KbJeT0 g u h ca uzuncaumu. Torapa z € A <= g(h(z)) € C,1e. A<, C. O
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TBbPAEHUE 1.17. Axo A <,, B, mo A <r B.

JOKABATEJICTBO. Heka h e w3umciaumma yHKIUs, TakaBa e © € A <=
h(zx) € B. Torasa ciennara nmporpama CBeXKIa X4 KbM X B:

0. exec(h) /] myx caazame npozpamama 3a h
j. O(1) /] numame opaxyaa daaru h(zx) € B
]

[MocmenHoTo TBHLPAEHUE TOKA3BA, Y€ M-CBOJUMOCTTA € MO-CUIHa oT T-cBOIU-
MOCTTA. 3a JIa BUMM, Y€ HEePABEHCTBOTO € CTPOro e mokaxeM, ye K <p K, Ho
K ﬁm K. BbB BepHOCTTA Ha MHPBOTO HEPABEHCTBO ce ybemmxme B TBbLprenue
1.13. Ha momycuem, ue K <,, K upes usuuciumara ¢yukiug h. Torasa e scho,
Je mostyxapakrepucrudHara GyHKimd ¢ (x) ~ cx(h(x)) e u3dncanma, oTKbIETO
n3am3a, e K e moJTypas3penmMo, KOeTo € TIpOTHBOPEeTHe.

Jeounnnus 1.18. Kassame, e A e pekypcusho nomepyemo B B:
A<, B < A=dom({a}*?)
3a Hekos nporpama 3a MHPO ¢ kox a.

CaoiicTBa HA PEKyPCUBHATA HOMEPYEMOCT:

(1) Axo A e nonypaspemmmo, 10 (VB)(A <,. B). Haucruna, ako A =
dom({a}) 3a usxos nmporpama 3a MHP ¢ kox a, To ako pasriesame chIiara
nporpama karo mporpama 3a MHPO ¢ kox b, moHexke B Hest HAMA U3BUKBaHE
Ha opakys, 0 A = dom({a}X) 3a npousBosien opakys x.

(2) Ako A <,... N, 10 A e nonypaspemumo, noxezxe or csoiicrsara na Topun-
roBara cBomuMocT Buagxme, ge {a’'} = {a}X", xpnero o’ e npesoxbT Ha a
ot mporpama 3a MHPO B mporpama 3a MHP upe3 3amsina Ha KOMaHInTe
O(n) ¢ Z(n).

TBbPAEHUE 1.19. A<, BB<,. C=A<,. C.

JIOKABATENICTBO. Hexka h e m3unciuma, Takasa ue £ € A <= h(z) € Bu
a e Kox Ha mporpama, Taka de B = dom(pXc). Heka g(x) ~ ¢X¢(h(x)). Torasa
x € A < h(x) € B < lg(x). Ionyunxme, ve A = dom(g) u monexe
g(x) <7 XC, TO A <re. C. g

TBBPAEHUE 1.20. A<r B= A<,. B.

JOKABATENCTBO. Heka x4 = {a}X®. Torasa, ako o3HauuM ¢ b koma Ha
nporpamara:
0. call(a) // myx npenucsame npozpamama ¢ £K00 a
j+1. Z(2)
j+2. J(1,2,5+4) // axo Ry = 0 spswame 0
j+3. J(1,1,5+3) // unaue sayuraame
To ouenaHo A = dom({b}X5). O

OrTyK BHKIaMe, 4e <7 € IIO-CHJIHA OT <, .. 3a Ja BUIUM, 4€ 0OPATHOTO HE €
BSPHO, /Ia BbBEJIEM CJIEJHUTE O3HAYUECHU:

Jeeunuius 1.21. WP = dom({a}*?), Kg = {a]|ac WF}.
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Bapuo e, ue Kp <,... B, KaTo I0Ka3aTeJICTBOTO € AHAJIOTUYHO HA JTOKA3ATEJICTBOTO,

ye K e mosypaspemmmo. AHAJIOrMYHO MOXKE J1a ce JoKaxke, ye Kp ;{m_ B, mo
CbINUsS HAYUH, KAKTO Ce J0Ka3Ba, 4e K He € MOoJypa3pernmmMo. 3a a MOKaKeM, 9e
Kp %7 B, me J0KaxkeM CJIeIHOTO

TBBLPAEHUE 1.22. A<,. B B<p C= A<, C.

JOKA3BATENCTBO. Hexka A = dom({a}X?) 3a msaxos mporpama 3a MHPO c
kox a. Ocsen TOBa uMa mporpama ¢ Koi b, 3a koato xp = {b}X°. Torasa
MOXKEM JIa [PEBEeJeM a, Karo 3aMeHuM Bcgka kKoMauza O(n) ¢ ”usBukBaHe” Ha
b, KaTo MPEIBAPUTETHO Ce TMOTPUKUM 33 3aIa3BAHETO HA CTOMHOCTUTE HA BCUUIKU
MU3TOJI3BAHU PETUCTPU M CJI€ TOBa I'M BH3CTAHOBHUM. TaK& HOJ'Iy‘-IaBaMe mporpamMa
3a MHPO o, 3a kosito e BsipHo, ye {a}X5 = {a’}X°, orkbuero A <, .. C. O

TBbPAEHUE 1.23. A<y B,B<y C =A<y C.

JLOKABATENCTBO. Umame x4 = {a}X5 u xp = {b}X°. Usnon3paiiku cbus
MIPEBOJI, KAKTO B MPEIHOTO TBHPJIEHNE MotydaBame x4 = {a’ }X¢, orkbaero A <r
C. O

Or apyra crpana He e Bapho, ye A <,., B,B <,. C Bieue A <,. C.
Axo ToBa 6eme Taxa, mo Tebpmenus 1.13 u 1.20 umame K <,. K, a K <,.. 0,
nonexke K e mosypaspemumo, orkbaero K <,. (0 <; N. Ho no csoiicrsara na
PEKYPCHBHATA HOMEPYEMOCT TIOJTyuaBaM, de K e TOIypa3perIinMo, KOeTO e MpOTH-
BOpeuwe.

TropuHroBaTa CBOAMMOCT HA MHOXKECTBA ce Aeduampa Karo TIOpHHroBa CBOINMOCT

Ha xapakTtepuctudanTre nM Gyuknuu. IlomobHO cBoiicTBO MOXKe 13 ce maje u 3a
PEKYPCUBHATA, HOMEPYEMOCT:

TBBPAEHUE 1.24. A<, . B < ca <7 XB-

JIOKABATENCTBO. Ako A <,. B, to A = dom({a}};) un Torasa ca(x) =~
O({a}XB(z)). Obparno, ako c4 <7 xB,T0 ca = {a}XE, no A = dom(ca), OTKbBAETO
e scro, ue A <,.. B. O

Hakpas, 3a pekypcuBHaTa HOMEPYEeMOCT ¥ TIOPMHTOBATA CBOAMMOCT MOXKE 1A
ce mokaxke exkpuBasieHT Ha Teopemara ma Iloct:

TBBPAEHUE 1.25 (reopema na Ilocr). Hexa A, B C N. Tozasa
A ST B« A Sr.e. B&Z Sr.e. B.

JLOKA3BATEJICTBO. (=) Heka A <p B. Ot Tbpuenue 1.20 umame, ye A <, .
B, or Tsvpaenne 1.13 monydaBame, te A<p A <p B, oTKb/IeTO OTHOBO TIO
Teopaenue 1.20 noayuasame A <, . B.

(<) Heka A <,.. Bu A <,.. B. Torasa uma nporpamu P u @, Takusa 4e
{P}*” = ca, {Q}*” = ¢z. Torasa MoxkeM na HamumeMm mnporpama P(Q, KosaTo
U3IIbJIHABA MOCT'BIIKOBO W MTapaJsieIHO mporpavure P u () u 3aBbpINBa, C pe3y/araT
0 axo P 3aBbpmm u ¢ pesyarar 1, ako () 3aBbpinu. Torasa

(Vo) (H{PI* (z) VH{QI™ (2))
=(Va)( {PQ}*" (2)).
Ocgen ToBa ce BUXKIa, 9e Taka gebunupana { PQ}*” = xa. Orryk momyuasawme,

‘{eAST B.
O






TEMA 2

ArmrpokcuMariuu Ha I10J1y pa3peninMu MHOXKeCTBa

HeovnHuiius 2.1. Heka a e mporpama 3a MHPO, A e muoxkectBo, k € N. [la
nedbuHEPaMe

A {a}* () ,ako! {a}A () 1 M3YNCIIEHNETO 3aBbPIIBA 38 Kk CTBIKH,
@i ~1!

, AKO M3YUCIEHUETO HE 3aBbPIIBA 38 k CTBHIKU.

BABEJIEKKA. Ouesnano, ako A e paspermmwmo, o (Vk)({a}, e n3umcanva).
ITo-06mo: Beapro e, 4e (Vk)({a}, e n3uncanma orrocro A).

3a ymo0CTBO ITe BbBEAEM U KAHOHUYHO K0JupaHe HA KPARHUTE MHOXKECTBA!

k .
Aeoeunnius 2.2. Dy, = {z1,...,2,} < v=>) . ,2% xaro D, =0 <

v =0.
Or jgedununmsita ce BUXK/IA, Y€ MOXKEM JIa [MOCTPOMM TOTATHA H3YUCIUMA
dbynknua J, Taka 4e Xp, = Q5u). OTTYK crexsa, de MOXeM Jia IOCTPOMM U
dbynkmusa v, raka 1e D, = W,(,). ObpaTnOoTO HE € BAPHO B OOMUsA Cilydvail, T.e.

HSAMa, n34ducanMa QYHKIWs, KoATo ako W, e KpaifHO ToJIypa3perimMo MHOKECTBO
Jla 1aBa KAHOHMYEH KOJI Ha KPAWHO MHOMKECTBO.

Heka BbBegeM criesHaTa HOMepalus Ha [MOJTypa3penmmMuTe MaEoKecTBa: W, =
dom(p,). Torasa 3naem, ue

zeW, < (Fy)(Ti(a,z,y) =0),

Kbaero 1) e npenukarbT Ha KiauHn - TpUMATHBHO peKypcuBHA (DyHKIHS.
Jeoununiys 2.3. Heka WF = {x | 2 < k& 3y < k)(T1(a,z,y) ~ 0)}.
Pemunara {WF} napuuave anporcumayus na Wi,.

CroiicTBa Ha ATTPOKCUMAINNTE:

(1) Wk e xpaiino;

(2) Wy C Wit

(3) Uk Wtf = Wq;

(4) Nwma roranna wsancimma A(a, k), raxa we WF = Dy, 1)
Jeonannmsa 2.4. Heka n € N. OsnauaBame A [n={z € A |z <n}.

HeovnHuuuns 2.5. Uszvwucaumenana Pynryus 3a mosypaspemmmvoro W, Hapu-
yame:

c(n) = pk[Wkn=Ww, n].

SABEJIEXKKA. M3uncanTtennara HyHKIHM He € UIIUCANMA B OOIINST CIIyJai.
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IIle mokazkem HAKOJIKO CBOHCTBA HA M3UMCJAUTETHATA (DYHKIHSA.
TBbPAEHUE 2.6. ¢(n) < c¢(n+1).

JTOKABATEJICTBO. Jlocrarbao e aa gokaxen, ve Wt [ n = W | n, rorasa
OT MUHUMAJIHOCTTA HA k B neduuunusra ua c(n) me ciaeasa, e c(n) < c(n + 1).
(C)Hekaz e Wt [n =2 <n&ar e WD CW =2 € W [n.
(D) Heka z € Win = = < n&kzx € W = z < nka € Wirth) = ¢ ¢
we+1) 1, O

TBBPAEHUE 2.7. Axo W ne e xpaiino, mo lim,_, c¢(n) = oo.
JLOKA3ATEJICTBO. [a nomycuem, de (3k)(Vn)(c(n) < k). Torasa
wem cwk = we) 1 C W n= W =Wk,
OTK'B/IETO U3Mu3a, de W e KpaifHo - MPOTHBOpEIne. O

TBBPAEHUE 2.8. ¢ =7 Xw,-

JTOKABATEICTBO. Nuame z € W, = z € W) «— g ¢ Di(a,c(+1))-

OTryk, mOHEXkKe 0 € M3YUCAUMA, ce BUXKIa e Xw, <7 c¢. O0parHO, Tbil Karo
c(n) = pk[WEn =W, n], ro c e uzunciuma ornocno xw,, r.e. ¢ <1 Xw,- O

3a ymobcTBO OTTYK HaraTbhK e numeMm f <p W Bmecro f <7 xw.
Jdeonnnuusa 2.9. {z;} — ¢ < (3N)(Vk > N)(z = x).

Jdeonaunmsa 2.10. Heka {p} e peauna ot Toranuu GyHKINM W @ € TOTATHA
Py, Kassave, we {px} — ¢ <= (v2)({pr(2)} — o(2)).

Jdeonaunmsa 2.11. Kassame, de peannara ot GyHKIUH {@f} € pEeKypPCHBHA,
ako dyukuuara Ak.Ax.ok(x) e pekypcuBHa.

JeonHuunsg 2.12. ®@yukuusra H mapudame pez2ysamop Ha cxodumocm 3a
pemmuara {pr} — ¢, axo (V) (Vk > H(z))(er(z) = ¢(2)).

JIEMA 2.13 (3a momysa, 3a perynaropa). Hexa W noaypaspewumo. Tozasa
edna momaana o <7 W akxo u camo axo uma pexypcusna peduya {¢r}, maxasa ue
{¢r} — ¢ u H e peeysramop na cxodumocm 3a {pr} — ¢, marse we H <p W.

JTOKABATEJICTBO. (<=) Twit kKato 9(x) = Qi (q)+1(2), peanmarta e peKypcHBHA
n H <r W, ouepngno ¢ <p W.

(=) Hexa ¢ <7 W, re. ¢ = {a}"V. Pastmexnave {W*} - anpoxcumarms
wa W. Ille Bunum, e {xy+} — xw. Haucruna, neka = e npoussosno. Torasa
reW = zc Wt g rorasa (Vk > c(z + 1)) (xw+ () =~ xw(z)).

Hexa

w
u(z) = pg[ B w3uncnenmero ua {a} (z)
BCHUKM aprymentn R, ma xkomangara O(n) ca < g.
u e Hapudame use-pyuxyua . OdeBumno v <p W, noHeKe MOKEM 18 U3UUCTIM

u(x) Karo cuMmysMpame HporpamMmara u cjiaeauM obpblieHudaTa KbM opaKyJa. Torasa

Welu®) e xpaitro muoxectso u W) | y(x) = W | u(x). Tlopaau medbunnmmsTa

w welu(@)

Ha u e sicHo, 4e ¢(z) = {a}  (z) ={a} .
k

Heka @ (z) ~ {a}kw (z).
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(1) {¢x} e pekypcusna pemuna. Haucruna, Tbit karo W) = Dy@,k), TO
OpaKyTbT HA {a}zvf e paspewnm u orram ynxuuara P(k,x) ~ @p(z)
€ pa3penmMa.

(2) {pr} — ¢. Heka = € N. Ilo ycioBue ¢ e TOTaJIHA, TOraBa, H3YMCICHAETO
{a}"V () 3ambpmsa ¢ pesynrar y 3a ko cronku. Heka u(z) = ¢, N =
maz(c(q), ko) u k > N e npoussonuo. k > c(q) = WF[q= WD |q =
W Tq. Ocsen toBa k > kg, OTKbeTO 110 epUHUIEATA HA Q) € SICHO, Y€
vr(x) = y. Orryk crenpa, ve {pr} — ¢.

(3) Heka

H(z) = maz(c(u(x)),6poar na crbnkute B uzuucaennero wa {a}” (z)).

Beue Bunaxmve, ge H e perynarop Ha pexumnara {¢r} — ¢, aor ¢ <pr W
nu<p W cnensa, uwe H <p W.
([

CHENCTBUE 2.14. Hexa B <p W. Tozasa cswecmsysa pexypcusna peduya
By, om kpatinu muoscecmsa, maxusa we:

(a) {xB.} — xB-
(b) Hma pezysamop na crodumocm 3a peduyama {xp, }, maxa we H <p W.

JIOKABATEJICTBO. Heka xp = {a}W. He moxeM 1a TPUIONKUM JUPEKTHO
Jlemara 3a perysiaTopa, IOHEXKe He CMe CUTYPHHU, 9€ BCAKA (DYHKIUS OT PEKYPCABHATA
peauna @i (x) ~ {a}kW’“ () e xapakrepuctuuHa (DYHKIMS Ha KPAHHO MHOXKECTBO.

. Wi
ToBa MOKe JIECHO Ja Ce TIoNpaBn, Karo ce aeunnpa i (z) ~ sg(k—z). {a}, * (z).
(1) {¢k} e pekypcuBHa peauIa - JI0KA3ATEICTBOTO € CHIIOTO, KAKTO B Jlemara
3a perysiaTopa.
(2) {¢x} — ¢. Ako cu duxcupame = € N, p(z) ~ y e gOCTATHIHO ja ce
nebunnpa N = max(c(q), ko, z). Toraa 3a k > N > x, me nmame
or(x) > y.
(3) H(z) = maz(z, c(u(z)),6post na crbnkure B u3uncaenuero va {a}" (x)).
Torasa kpaitHaTa pemura By 1me ce medpuHrpa KAKTO CIEIBA:

By, = {J;|x<k‘&{a},‘?/’“ (x):O}.






TEMA 3

TIOpI/IHI‘OBI/I cTelleHrn M oIllepanusda CKOK

B Tema 1 medpurupaxme peanusaTa =7 KaTo CHMETPUYHO 3aTBapsHe Ha ped-
JIKCMBHATA W TpaH3uTuBHA penarus <p. Cera 1me pasriesaMe KJIaCOBETE HA
€KBUBAJIEHTHOCT HA TAa3HW PeJalis U CTPYKTYPUTE, KOUTO Te 0Opa3yBart.

HAeonnuiiud 3.1. Heka A C N. Twopunzosa cmenen Ha A Hapudame KJiaca Ha
€KBUBAJIEHTHOCT HA A OTHOCHO peJaIusiTa =r:
dr(A) ={B| B=r A}.
JeonHnuusa 3.2. dr(A) <dp(B) < A<rp B

3ABENEKKA. [edbununusra e KopekrHa, Hemo nosede: dr(A) < dp(B) <~
(VAl € dT(A))(VBl S dT(B))(Al <7 Bl).

Axo osznauum ¢ Dy MHOXKECTBOTO OT BCYKM TIOPMHIOBU CTeleHM, JIECHO Ce
Bk aa, e (Dr, <) e wacTnano HapezeHo MHOXkecTBo. Ille mokaskem, ¥e To e u
rOpHa TIOIyperneTKa. 3a IeaTa me aeduHupaMe Omeparys TOYHA FOpHA TPAHUIA,
[0 CJICTHUSA HAYUH:

Jdeonaunysd 3.3 (Oneparnus @ - join). A® B = {2z |z € A}u{2x + 1| = € B}.
TBBHPAEHUE 3.4. dr(A® B) e mowna 2opra epanuya na dr(A) u dp(B).

JIOKABATEJICTBO. Ille mokarkemM CbOTBETHOTO TBbHPIAEHUE 33 MHOMKECTBA.

(1) z€eA < 2x€ A®dB=>A<,, A®dB = A <p A® B. Anajnoruino
r€EB << 2xr+1€ A®B=>B<,, AB=B<r A®B,Te. A®B
e ropHa rpanuna Ha A n B.

(2) Hexka A <7 C,B <7 C, no-touno x4 = {a}*“,xp = {b}*°. Torasa
dyHKIHIATA:

¥ (qt(2, 7)), axo rem(2,z) ~ 0,
XaeB(®)=q 5,
0y (qt(2,2)) , ako rem(2,x) ~ 1.

€ W3YUCIUMa OTHOCHO Yo, T.e. A@® B <p C u cmegoBarenno A® B e
TOYHA ropHa rpanuna Ha A u B.

O

IMomyunxwme, we Dy = (Dp, <, ®,0) e ropHa mojypemerka, Kbaero 0 = dr(0) =
dr(R), R - paspemmumo. Ille nedunupamve oie eana oneparys HaJ MHOXKECTBA U
¢bOTBeTHO TIOPUHIOBU CTENEHH.

Jeonnnims 3.5. A = Ky = {z |z € dom(pZ)}. A’ mapuaame cxok na A.

11



12 3. TFOPUHT'OBU CTEIIEHN 1 OIIEPAIINA CKOK

CBoiicTBa Ha CKOKA:
(]-) KA ér.e‘ A7
(2) B <, A= B <,, Ki. Haucruna, nexa:

0 ,zeB
g(z.y) =1 v ¢ B

ITo S} Teopemara mMaMme, 4e MMa NPUMHUTUBHO PEKYyPCUBHA h, Taka de
@,?(w) (y) ~ g(x,y). ToraBa © € B < !tpf(gv)(h(x)) < h(z) € Ka.
(3) A<y Ka, nouexxe KA £, . A.
TBBLPAEHUE 3.6. A<y B < A’ <,, B’

JLOKA3ATEJCTBO. (=) Heka A <7 B. Tlo croiicteo (1) A’ <,. A wn or
Tebpaenue 1.22 ciensa, ue A’ <,... B. Torasa or coiictso (2) A’ <,, B’.

(<) Heka A’ <,,, B'. Umamvme A <, A= A <,, A’ <,, B’. Anajornuno
A<, A= AL, A <, B'. Taka nomyuanxme, e A <,, B/, A <,, B’, no mo
csoiictBo (1) umame B’ <,.. B u ciaemosarenno no Tebpaenue 1.19 nonyuasame,
qe A <,.. B,A<,. B. Orryx no Teupaenne 1.25 (Teopemara na Iloct) cienpa,
qe A ST B. |

CaencTBUE 3.7 (Monoronuocr Ha ckoka). A <p B= A’ <p B’.

OT MOHOTOHHOCTTA Ha OLEPALMATA CKOK CJIEJBa, 4Ye CjejHara JepUHULMA €
KOpPEeKTHA:

Jdeonaunusa 3.8. (dr(A)) =dr(4").
Toit karo A <7 K4, 10 dp(A) < dp(A).



TEMA 4

Teopema na Kauau-Iloct

Jdeonaunmsa 4.1. Kassame, ue 7 e xpaina dact, ako 7 : [0;n — 1] — Nee
kpaitna dyakuusa. O3HauaBame ¢ |T| = n IbJIKAHATA HA HHTEPBAJIA, BHPXY KOHTO
e mebunupana 7. Ille pasrmexgame Kpaiiaure 9actu Karo HE3 o 0 m 1, KbM
KOHUTO € IPUJIOZKIMA, ollepanuaTa KonkareHamusd. [e usnonssame omie u CIeIHOTO
O3HAYEHHE:

T(x) 3a0<z<n,

a 38 =N.

(t*a)(z) = (T+xn—a)(z) ~

Ako A e muoxkectBo, me mumeMm 7 C A BMmecro no-rounoro 7 C xa. OcBen TOBa
MOXKEM JIa CH MUCJIUM, U€ MMaMe HAKAKBO KOJWPAHEe Ha KpalHW 4aCTH, KOETO I'
HapeXKJa JIMHEHO.

TeEOPEMA 4.2 (Kuunu-Ilocr). Cswecmeysam mmooicecmea A u B, makusa we
A ﬁr,e, BuB ,{J,e, A.

JOKABATEJCTBO. Tpsabsa na namepum A u B rakusa, 4e:
(Ve) (A # dom({e}”) & B # dom({e}")).

Roe Raoet1

Ile mocTpouM x4 = f ¥ XB = g MOCTBIKOBO, KATO HA BCSKA CTHITKA TOCTPOSIBAME
KpaliHHU 9aCTH T4 U pg ChOTBETHO OT f u g. Jedunnmuara me 6bae HHIYKTABHA.

Ja nonoxum 79 = pg = 0. Hexa cme gedbunupanu 74, pq, Karo 74| = ng,
|pg| = mq.

I cn. Heka g = 2e. llle ynosnerBopaBame m3uckBaneTo Ro.. Ille pazriaename
cjlydad B 3aBUCHMOCT OT OTIOBOpPA Ha BbIpoca: " BsApHO su e, ue uma y - Kpaiina
qact, taka ge p D p, &! {e} (ny)?”

I.1) Heka uma TakaBa Kpaiina 4dacT p, ToraBa gedUHHUPAME pqq1 KATO Hail
MAJIKOTO TAKOBa, i (OTHOCHO HAKAKBA NPEABAPUTETHO (PUKCUPaHa HApea0a) U HEKa
Tg+1 = Tg * (ng — 1). .,

I.2) Hexka 3a 3a Huxoe Kpaituo p 2 p, {e}" (n,) He 3aBbpmBa. Torasa e scHo,
Te 3a HUKOe f D p, {e}! (ng) He 3aBDBPIIBA U HOJIATAME Pgt1 = Pq, Tg+1 = Tq* (Ng —
0).

IT cn. Heka q¢ = 2e + 1. Ille ymosnerBopsiBame n3nuckBaneto Ro.y1. Bspmo

I
au e, ge (3 D 1) (H{e}" (myg))?

I1.1) Heka mMa TakaBa KpaiiHa dacT y, ToraBa aedHHEpaMe T,iq1 KATO Hail
MAaJIKOTO TaKOBA [t B HEKA pPy+1 = pPg * (Mg — 1).

I1.2) Heka 3a 3a Hukoe kpaiino u 2 7,{e}" (m,) ne 3aBbpmsa. Torasa e
sicuo, ge 3a mnKoe f O 7, {e} (my) He 3aBLpUBA M mOMATAME Tyy1 = Tg, Pgi1 =
pq * (mg — 0).

3a ma 3aBbpPIIMM JOKA3ATENCTBOTO IIE JOKAKEM JIB€ CUMETPUIHH JIEMU:

13



14 4. TEOPEMA HA KJIMHU-TIOCT

JIEMA 4.3. Hexa e € N,q = 2e. Tozasa, ako f 2O Tyg11,9 2 pet1, Af =

{z| f(z) =0}, B, = {z | g(z) = 0}, mo Rac(Ay, By), m.e. Ay #W2".

JIOKABATEJICTBO. Pasrmexaame {e}? (n,),n, = |7,

I ca. Heka !{e}? (n,), re. n, € W27, Torasa 10 chobpamenust 3a KoM-
NAKTHOCT HA M3YMCJIEHUETO CHIIECTBYBA Kpaiino p C g, 3a xoero ! {e}" (n,). Bes
OrpaHuvYeHre Ha OOIIHOCTTA MOXKEM Ja CUHTaMe, € [l O Pg+1, HOHEKE [ U Pgi1
uMaT o0ImO TOTANTHO MpoabKenwe g. Torasa Ha crbnka ¢ + 1 cme momaaHATM
B cayuait I.1) u caemosarenno 7(ngy) = 1 = f(ng), 3atoBa ny ¢ Ay um orTyk
Ap £ WD

IT cn. Hexa—!{e}? (n,), re. n, ¢ W2, Axo nonycrem, e (Fu 2 pg)(Hel (ny)),
TOTaBa py+1 € Haii-mankoro takosa u ! {e}’*'. Orryk mvame, e ! {e}’ (n,), KoeTo e
nporusopeune. 3arosa (Bu D p,)(! {e}" (n,)) m momamame B cryqaii 1.2), oTkbaeTO
Tr1(ng) = 0= fng) <= ng € Ay #W". O

JIEMA 4.4. Hexa e € N,q = 2e + 1. Toeasa, ako f O Tg41,9 2 pgt1, Af =
A
{z | f(z) =0}, By = {z | g(x) = 0}, mo Racy1(Ayp, By), m.e. By #We'’.
JOKABATEJICTBO. CuMerpudHo Ha IIPEHATA JIEMA. [

OrTyx ce Buzka, 1e axo nonoxuu f = J, 74,9 = U, py, nomyuasame yciosuero
na Teopemara 3a Ay u By. O

CneACTBUE 4.5. ITo Tespdenue 1.20 umame, we A L1 B, B £1 A.

TBBPAEHUE 4.6. Hexa {A,} e peduua om mmnoscecmea, Hukoe om Koumo He
e paspewumo. Tozasa csuecmeysa muooicecmeo B C N, makosa, e

(VT‘)(AT fT B&B fT Ar)

JIOKABATEJICTBO. Ille mpocronm Y p Ha cTbnku. a monoxkum 7o = (). Heka
CMe IOCTPOUTH Ty, KATO |T4| = ng.

I cn. Heka g=2(re).

I.1) Heka {e}"" ~ 0. Homarame 7441 = 74 % (ng — 1).

I.2) Heka {e}A" #0. IMomarame 7411 = 74 * (ng — 0).

I B nBara noxciydas noaydasame Tq41(ng) 2 {e}* (ng).

IT caa. Heka g =2(r,e)+1.

I1.1) Hexa (Vz)(V7 2 75)(!{e} (z) = xa,(z) ~ {e} (z)). Monarame 7,41 =
Ty

I1.2) Heka (3z)(37 2 7)(!{e}” (x) #£ xa,(x)). Torasa momarame 7,41 Ja e
Hal-MaJKOTO TaKOBa T.

Hexa nmonoxum f = |J, 7y u B = {z | f(z) = 0}. Ouesmmo (Vr)(B £r A),
HoHexke ako jomycueMm, ye B <p A,, to f = {e}AT u3a q = 2(r,e) me umame
To+1(ng) Z {e}** (ny), xKoeTo e npornBopetne.

[le noxaxeM cbio, 4e (Vr)(A, £7 B). Ha momycrew, de 3a HIKOe I UMA €,
Taka ue x4, = {e}’. Jla pasrnesanme crooka g = 2 (r,e) + 1.

I1.1) Heka (Vz)(V1 2 74)(!{e}” (z) = xa,.(z) =~ {e} (x)). Torasa x4, (z) ~
y <= {e}! (@) =y = (Or 2 )({e} (&) ~ y). Obpammo, axo (37 2 7,)({e}” (z) ~
y) u gonycHeM, e x4, () 7y uie Bje3eM B IPOTUBOPEYUE C YCJIOBUETO HA CJLydasd.
Taka mosygauxme:

1R

Xa.(z) =y < 3 27)({e}" (x) > y).
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Taka G, W3/1M3a IOy PA3PEIINMO, OTKBIETO X 4, € H3UuCIuMA U A, e pas3penmo,
KOETO € B NMPOTHBOPEYHe C YCJIOBHETO Ha TBbpAeHmeTo. ToraBa TO3W Crydail e
HEBb3MOKEH.

I1.2) Heka (3z)(37 2 75)(! {e}” (z) % xa,(z)), ToraBa ToBa ycaoBHe € BIPHO
3a Tg41, OTK'BIETO {e} (x) # x4, () - upoTUBOPEUHE C JOLYCKAHETO.

Taxa nomyuanxme, ue (Vr)(A, £r B& B %1 A,). O

CHENCTBUE 4.7. Coswecmeysam weu3bpoumo mnozo dee no dee Trpurzoso
necpasnumy (||1) mmooicecmea.

HOKABATEJICTBO. Ille usnonzsame Jlemara ma Ilopn, kosTo riacu, de ako
nMaMe JacTHYHA Hapeada ¢ TOPHA IPAHUIA HA BCIKO JMHEHHO HapemIeHO MOAMHO-
JKECTBO (BEpUra), TO Td UMa MAKCUMAJIEH €JIEMEHT.

Pasrne:x name muO2XKECTBOTO

I={X|XC2" raxopaue (VA€ X)(VBe€ X)((A#B= Alr B)
& A e mepaspernmo)}.

¢ yacrmynara Hapenba C. Or Teopemara na Kmunn-Tloct crnensa, ve I # (). Heka
L C I e Bepura B I. Ille mokaxem, we | JL € I. Heka A # B € |J L. Torasa numa
XeL rakaue ABeX,voXel=A|rB,re. LI

ITo Jlemara na Lopa umame M # () - makcuMadien eneMent Ha I. [da gomycHewm,
we M e u3bponmo, ToraBa moxeM ja mpeacrasum M = {A,}77 . xaro no medu-
HunusTa Ha I 3HaeM, 4e HUTO enHo oT A, He e paspemmumo. Torasa no Tsbpaenne
4.6 umame B || A, u orram I 3 M’ = M U {B} e crporo pasumpenue na M -
nporuBopedne ¢ makcumasnnocrra Ha M. Torasa M e nem3bpoumo. ([l






TEMA 5

I'enepuunoct u popcunr. CsoiictBa. Teopema 3a
oOpbIllaHe HAa CKOKa

Heounnuus 5.1. Kazsame, ge A e zenepuuno MHOMCECMB0, AKO 32 BCIKO
[TOJIy Pa3PeninM0O MHOXKETCBO S OT KPailHu 4acTu € B CHJIa, Je:

Bac A)(acSVVE2a)(f ¢9)).

« paspemasa S

MoxkeM 12 JaJeM eKBUBAJICHTHA, HeDUHUIIIS:

Jdeonnunus 5.2. Kassame, ge S e nbino B A, ako (Yo C A)(36 € S)(a C B).
ToraBa A e remepuyHO, aKO BCEKHU II'bT, KOraro S e rocro B A, to A cpewa S, 1.e.

(3a C A)(a € S).

Muoxkecrsoro String = {x | e Ko Ha KpaiiHa 4acT} e mosypaspemumo. Ao
nosioxkum S, = W, N String ce BuxKJa, 4e MOXKEM /14 IOAPEIMM BCUYKHU IIO-
JIypa3pemmMyu MHOXKECTBA OT KPaiiHW JacTh B pemmna. Hemo mosede, MOKeM
Jla HaMepuMm pekypcuBHa pyHKmua h, koaro Hu JaBa S = Wy ako S =
{(e,x) | x € W. N String} = W} n npunoxkum S' Teopemara 3a MHOKECTBA, TO
h(e) = Si(b,e).

lenepuraHO MHOXKECTBO A MOXKEM /14 IIOCTPOUM 110 CJaieaHus HaduH. [loapexpame
B HAKAKBA, PEIUIA MHOXKECTBATA, Sy, W CTPOUM HA, CT'HIKA KPAWHN JaCTH iy, KOUTO
IIe AIPOKCUMUPAT X 4. 3amousame ¢ ag = 0. 3a q,,11 Ch 3aJaBamMe BbIPOCa - UMa,
JIU (v, PA3IIUPEHNE B MHOKECTBOTO S;,. AKO TaKOBa MMAa, MOJAraMe (v, +1 Ja Oble
HSKOE OT TE3W PA3IMpPEHHsi. AKO TAKOBa HAMA, TO MOJATAME (11 = (. BHKIa
ce, 4e Ta3M KOHCTPYKIUS OCUIyPsiBA T€HEPUIHOCT Ha A, IOHEXKe HAMMPA (v, KOETO
Jla pa3pernara BCIKO MOJIyPA3PEIInMO MHOYKECTBO OT KpaWHU dacT S.

Heka A e mpom3BoaHO reHepnvHO MHOXKECTBO. Ille mokarkem HAKOW CBOHCTBA
HA T€HEPUIHOCTTA!

TBBLPAEHUE 5.3. A He e kpatiHo.

JIOKABATEJCTBO. Homyckame, e uma Hsakoe N, Taka de ¢ € A = x < n, T.e.
A e kpaitno. Heka S = {a | (Im > n)(a(m) ~ 0)} - oueBHAHO € IOIYPA3PEIINMO.
Or renepuunocrra na A cineapa, ue uma «, raka 4 o € SV(VE D a)(8 ¢
S). OuernmHo o ¢ S, mowexxe o« C A = |a| < n. Torapa (VG 2 a)(Vm >
n)(B(m) #0), Koero € HeBb3MOXKHO. IlojlyunxMe MPOTUBOPEUHE C JIOMYCKAHETO,
T.e. A e Ge3kpaiino. O

TBBPAEHUE 5.4. Axo V C A e noaypaspewumo, mo V e kpaiino.

JOKA3ATENCTBO. Heka S = {a| (3z)(a(z) 2 1&x € V)} - oueBugno € no-
sypaspemumo. Ot remepuunocrra Ha A ciensa, ye uma a, Taka ue o € SV(VG D
a)(B ¢ S). Buxpga ce, ye a ¢ S, nonexke unade 3a uakoe r a(xr) ~ 1, re. x ¢ A,
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a coiiespemento © € V C A. Torasa (V3 2 «)(Vz)(B(z) 21 = x ¢ V). Hexka
n > |a|, ToraBa 3a Bcsko 3 D «, TakoBa 4e |G| = n,B(n) = 1 uvame, ve n ¢ V.
dcuo e, 1e Takusa (3 uma 3a BCAKO N > |«f, 3aT0BA esiemenTuTe HA V €A OrPAHUYEHH
1o |al, me. V e xpaiino. O

CJIEJICTBUE 5.5. A ne e noaypaspewumo, nonesice A C A e beskpatino.
TBBPAEHUE 5.6. Axo V <p A e noaypazpewumo, mo V e paspewumo.

JTOKABATEICTBO. Heka V = dom({e}). Bmaem, we V <rp V <7 A, zarosa
uva a, raka e V = dom({a}?). Hexa S = {a| 3z e V)({a}* (z))}. Twit
KaTo S e Momypaspemmmo, TO OT TeHepUIHOCTTa Ha A crnexsa, e mma «, Taka
weaeSVVB2a)B¢s). Akoa € S, 10 (Fr € V)({a} (2) = zeV),
KOETO € NPOTHBOPEYHe.

Torasa ocrasa Bb3moxuoctTa (V3 D o) (Ve € V) (=! {a}’ (z)). Ouesuano, ako
z €V, ro!{a}” (), Toraa mopam KomnakTHOCTTA Ha H3UKCIeHHeTo MMa B C A,
raka e | {a}’ () u Ges orpanmnenne Ha oGIHOCTTA MOKEM [a cauTame, de 3 D a,
ToHexKe Te mMaT o6mo nposbiakenue A. O6parno, meka (33 2 o)({a}” (z)). Ha

nonycreM, ue z € V, Ho Torasa —! {a}” (z) - nporusopeune, re. 3 € V. Homyunxue
eV <= (332 a)({a}’ (2)),
T.e. V e MOMypa3permnMo, KaKTo U V, OTKBIETO V e pa3pernmo. ([l
Jdeounnuus 5.7. Kassame, ue A modeaupa t8bpaenuero Fe(x):
A Fu(z) < e} (2) = ze WA
Jdeounnnus 5.8. Kassame, e kpaitnara gacr « gopcupa tebpaenuero Fe(x):
alkF.(z) < !{e}” (2).

CsoiicTBa Ha (popcuHTa:
(1) aC A& al-F.(x) = A E F.(z).
(2) a C & alkF.(x) = BIF F.(x).
(3) AE F.(x) = (Ba C A)(al- Fu(x)) - crena OT KOMIAKTHOCT Ha W3YHC-
JICHHETO.

JIEMA 5.9. Mnoocecmeomo {(a, e, x) | alk F.(x)} e noaypaspewumo.

JIOKA3ATEJICTBO.

alFF.(z) <= (3n)({e}” (z) 3aBbpmBa 3a n CTHIKN) .

HOJIy Pa3pPernmMo

Heonnuims 5.10.
A= F,(z) < A¥F.(z) < -l{e}” (2)

Ipu nedununusra ua ol —F,(x) Tpsabsa 1a BHUMaBaMe Ja 3a0a3UM KOMITAKT-
HOCTTA;:

JEonHUIMA 5.11.
alk=F.(z) < (V82 a)(BF F.(x)).
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TEOPEMA 5.12 (koMmmakTHOCT Ha oTpunanuero). Hexa A e zenepuuno. Tozasa:
AE-F.(z) < (Ga C A)(alk—F.(x).

JJOKABATENCTBO. (<) Heka oo C A& al-—F,(z). Ja nonycuem, ye AFE —F,(z),
re. A E F.(x) = (36 C A)(BIFF.(x)). Heka v = o« U 3. Torasa v 2O (3 =
vk Fe(x), HO v 2 a, ol = F, () = vW¥ F.(x) - mporuBopeuwe.

(=) Heka A |= = F.(z). Topcum o C A, alF ~F.(x), T.e. HHKOE pa3IIUpeHue
Ha « ma we dopeupa F.(x). Tosa Moxke aa ce Hampasu camo ako A € TeHepu9HO.
Haucruna, neka gomycuem, de (Va C A)(al -F.(z)) <= (Va C A)(IF D
a)(BIF Fe(z)). Hexka Se, = {0 | BIF Fe(z)}. Se, € momypaspemmmo u OCBEH TOBA
e mbaHo B A, otkbAeTo 1Ma o« C A, € S. , <= «alF F.(x) = A | F.(x), xoero
e mporuBopeune. Taka nomyuunxme, e (Ja C A)(alk =F(z)). O

CaeacTBUE 5.13 (Truth nema). 3a A zenepuuro e apro:
AE (0)F.(z) <= (Ba C A)(alkF(=)F.(x)).
CNEIOCTBUE 5.14. Mnoowcecmeomo {(a, e, z) | alb = Fe(x)} <p @,

JLOKABATEJNCTBO. Hombauenmero {(a, e, x) | (38 2 a)(BIF F.(x)} e momypas-
permuMo u cienoBaTento <, K. O

CIEICTBUE 5.15. Axo A e zenepuuno, mo A' =7 AD (.

JIOKA3ATEJICTBO.

(1) O <p A/,A<p A= A’ eroprarpaamna va ' u A = Ve A <p A'.

(2) A=Ky = {:r | z € Wf} <re. A, clemoBaTeHO CHIIECTBYBA €, TaKa e
reKy < {e}'(2) &= AEF.(2) < (3aC A)(alF.(z)) <r
A® 0. Aerenepuuno, 3atoBa anamornuno € K4 <= -l {e}” (z) <
AEF,(z) <= (Ha C A)(alk-F.(z)) <r A®{. Iomyuanxme, we
Kp<pe AV, K4 <. A® W, orxbaero mo Tepoemara ua ITocT caesa,
qe K4 = A’ <r A

(I

TEOPEMA 5.16 (3a ob6pbimane wa ckoka, @punbepr). Hexa (' < B. Tozasea
csuecmeysa zenepuuno A, maxa we A’ = B.

JOKABATEJCTBO. Ille crpoum A, taka ye A <p B u A na e remepudHo.
Torasa e nonyuum A’ =7 0 @ A = A’ <p B. 3a obparnara 110COKa 11 KOJupame
BB A® (/. Crpoum KpaitHu 9acTi o, Ha X 4.

Ha nonoxum oy = @. Heka cMe HOCTPOMIIU «v,. Pa3sriexjaMe BbIPOCA:
”Bsipro s e, 9e (30 2 a,)(B € S,)?”. Thit KaTo MHOXKECTBOTO

)
V={(a,n) | (382 an)(B € Sn)}

e nomypaspemmmo, To V <p K = (), T.e. MOXkKeM Ia OTTOBOPHM Ha BBIPOCA C
opakyn (/. Ako OTTOBOPBT HA BBIIPOCA € Ja, TOTABA MOJIAraMe (v 113 € Hal-MAaJIKOTO
TaKOBa (3, aKO OTTOBOP'BT € He, TOraBa o), = a,,. Taka ocurypsiBaMme T€HEPUTHOCTTA
na A. Hakpas momarame a1 = o * xg(n).
(1) A <r B. Haucruna, noHexe |ay41| > ¢, 10 2 € A <= & € Qy41, HO
KaKTO BHIAXME oy, <7 B® Y <r B.
(2) A e renepuuno, MOHEXKE (), OCUI'YPsiBA FEHEPUIHOCT OTHOCHO Sp,.
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(3) B<r A@l'. Umame k € B <= ay41(]aj|) = 0. Moxkem na nocrpounm
B xaro noBTOpUM KOHCTPYKIusTa, HO 3aMenuM X g(n) ¢ xa(|ak]). Taka
e u3noa3BaMe opakys A u jombiaHurenHo opaxyn () 3a orrosop Ha
pobrpoca. Caenosarenno nmomyuasame B <7 AP (.

[Momyunxme, ue A e renepuano nu A’ =r B. a
CHENCTBUE 5.17. Cewecmeyea AZ, () - 2enepuuno, maxa we A’ =1 (.

CaencTBUE 5.18. Cawecmeyea A - zenepuuno, maxa we) <7 A <p A ' =r 0.



TEMA 6

Teopema na /Ixokymnr u Illop

TEOPEMA 6.1 (Ixkokyui-IlTop). Hexa V' e noaypaspewsumo, Ho He € pa3pewsumo.
Toeasa cowecmeysa zenepuuno A <p V.

JOKABATEJICTBO. Heka {V’“} 3a ampokcumanuure Ha V cbrmacao Tema 2.
Heka c(n) = pk[VF [n =V | n] e uzunciurennara bynkmms ma V.

Ille cTponM xapaxkTepucruynaTa GyHKIuA Ha A Ha crbnku. Heka ag = 0. a
JIONyCHEM, Y€ (g € TIOCTPOEHO.

I ca. s = 2r. ToraBa momarame asy1 = ag % 0, 3a ma cme curypum, e A e
Oe3KpatHoO.

II cn. s=2r+1. Topcum Ha-MaIKOTO U < S, TAKA UE:

(%) (V6 C ) (6 ¢ SN &(EFo 2 a)(|o] < (s + 1) & o € S+

Axo TakoBa u WMa, ToJaraMe (isy1 Ja € Hail-MaJKOTO 0, KOETO ChOTBETCTBA HA
Hal-MaJIKOTO TaKoBa u. B MpOTHMBeH ciyd4ail mojarame g1 = Q.

Heka x4 = U as. OueBngno x € A < 2z € ayzy, HO oy <y c =7 V
coriacao Tebpaenue 2.8.

IIle nokazkem, ye A e renepuano. TpsaOBa Ja IOKaXKeM, 4e

(Vu)(3a C A)(« paspermara S,,).
a JOImyCHEM, 9e He € TaKa U Ja n30epeM Hali-MaJKOTO U, TAKOBA de
pit y o i
(3904 C A)(« paspemiaBa S,,).

Ako v < u, 10 cpmecrByBa Hu3 (§, C A)(d, paspemasa S,). Heka oo = J,_, ¢

v<u “ Y
u So e TakoBa, 9€¢ o C o, € A. Heka s1 > $p € TOJIKOBa TOIAMO, U aKO ¥ < U

w6, € Sy, To 5, € SV, Takoma s, MOWKeMm 1a H3BEpEM, TOMEKE CHIIACHO
Tebpaenue 2.7 ¢(s) pacTe HEOrPAHUYEHO C HAPACTBAHETO HA S.

Jla pasriemaMe HeUeTHA CTHIKA S > S1 3a v < u. llle mokaxkem, 4e OTTOBOPBT
Ha BBOpOCA (*) HA CTBIIKA S 33 ¥ € He. JHaeM, 4e §, paspemasa S, mo m3bopa Ha
u. lmame nsa ciydgast:

Ici 6,€8,=0d,¢ Sf,(s) D Sf,(sl) U ToraBa (*) HAMA JIa € BSPHO.

IT cn. 0, ¢S, = (VB 2 6,)(8 ¢ Sy). Ha nomycrem, de (%) e BApHO 3a v.
ToraBa nMa 0 O ag 2 g, 2 a 2 §,, Taka 4e |o| < ¢(s + 1),0 € et Sy,
KOETO € IIPOTUBOPEYHE.

IMonyuuxme, de 3a BCsika HEYETHA CT'bIIKA § > S1 (%) HE € BAPHO 33 LIPOU3BOJIHO
v < u. OcBeH TOBa 3a TaKABA CTBIKA (*) HAMA JIa € BIPHO U 34 U.

Heka s > s; e Hederna crbnka. Heka 3HaeM o, TOraBa Ime TpeCMeTHEM
c(8),e(s+ 1), sy1, 2. 3HaeM, ye u He yAOBJIETBOPABA (%) HA crbika s. Ocsen
ToBa cMme curypud, e (Vo C ay C a)(d ¢ SE(S)) uHate ¢ me paspemam S,. Torasa
3HaeM, e Vo D ag)(lo| > ¢(s +1)Vo ¢ SE(SH)). Tenepupamve erHOBPEMEHHO

21
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BCUYKH HU30BE 0, KOUTO PA3IIMPABAT (v, W AIIPOKCAMAIIUHATE Ha Sy, , TOKATO HAMEPHAM
0 2 ag,0 € S1. TakoBa e nMa, NOHEXKe UMa TaKOBa o € S,,. Taka me HamMepum
0, 3a Koero mie umame, 4e |o| > c¢(s +1)Vg > ¢(s +1). Torasa c(s +1) <
max(|o|,q) = k. Ot mpyra crpama V [s +1 = V¥ [s+ 1. Taxa mamepuxme
ebexTnBHO ropHa Tpanmna 3a c(s + 1). ToraBa Moxem ma mzuncianm c(s + 1)
- Haii-majakoro takoBa k. Twbii karo Beye mpecmernaroro c(s + 1) me Hu paze
edeKTUBHA MOPHA I'DaHUIA 32 ¢($) IO CblIUsd HAYMH MOXKEM Ja IIpecMeTHeM c¢(s).
Toraga BbOPOCHT (*) CTaBa PA3PEIIUM U MOXKEM 14 HAMEPHM U, 8 OTTaM CJIeIBANKA
KOHCTPYKIHUATA Ja U3YUCIUM (g11, U Ja MOJOKUM (g1 = (grq * 0. Taka mosy-
gExXMe, e KOHCTPYKIHUATA € pa3pemmnma 3a s > s1. Ho ¢ =7 V =1 0, koeto e
MpOTHUBOpedne ¢ ycaosnero Ha Teopemara.

CnenoBarento A e reHepUIHO. O



TEMA 7

Teopema Ha CrieKTbp 3a CbIIIECTBYBaHE HA
MUHUMAJIHIA CTENeHN’

Jeounnuus 7.1. Kassame, ye A e MUHUMAAHO, AKO:

(1) ®§TA7
(2) B<r A=B<r0VB=r A

HeovnHuuus 7.2. /lepeo napudame dyukuusira T : String — String, 3a
KOSITO:

(1) aCB=T(a) S T(B),
2) alB=T(a) | T(B).

Heonnuiiysa 7.3. Kazsame, 4e 1bpBoTo 1’ € PEKyPCUBHO, aKO UMa, PEKYPCUBHA
dyuxiud t, raka e (Vo € String)(t(To ™) ="T(0)™).

Jdeonnunus 7.4. Heka o € String. Kassame, e o € T <= (37)(c C T'(7)).

Jdeounnuus 7.5. Kassame, ge f : N — {0, 1} e xaon na qopsoro T (f C T),
ako (Vo C f)(oc €T).

JIEonHnmA 7.6. Kassame, we T’ e noddspeo na T
T CT <= range(T’) C range(T).
TBbHPAEHUE 7.7. Axo T’ e noddepeo naT uoc €T, mooeT.
JJOKABATENCTBO. Heka o € T'. Torasa (I7')(c C T'(7')). HoT' C T =
T'(7") € Range(T). Torasa (37)(c CT(r) =T"'(7")), Te. 0 € T. O
CHEICTBUE 7.8 (3ana3sane na kaonure). f CT' T'CT = fCT.
TBbPAEHUE 7.9. Hexa [ e xaon na T. Tozasa T(e) C f.

JTOKABATEJICTBO. [la momycuem, we T'(e) ¢ f. Torasa (3o C f)(o || T(e)).
Ha pasriename Takosa, 7, 3a Koero ¢ C T(7) - TakoBa uMa, 3amOTO f € KJIOH.
Ocsen toBa T'(¢) C T(7) = T(e) m 0 uMar obIIO TPOABIIKEHHE, KOETO € B IIPOTH-
Bopeune ¢ dakra, ge o || T'(e). O

TBBPAEHNE 7.10. Hexa T(0) C f, a f e xaon na T. Tozasa
T(ox0)C fvT(ox1)Cf.

JIOKABATENCTBO. [a nomycuem, ue T(o *0) ¢ f&T(ox1) ¢ f. Torasa
(36 C /) (T(o*0) || 6&T(c*1) || §). Ha pasrmemame p = T(c) UJ - ToBa e
BB3MOXKHO, TIoHexke T'(0) m 6 nmar 3a obmo mpoabiskenne f. Torasa p C f, Ho f
e kioH = (37)(T(7) 2 p) 6e3 orpanuyenue Ha obmHocTTa. Torasa

T(r) 2p 2 T(0) = 7 2 0= T(r) 2 T(c* 0) VI(r) 2 T(o * 1),
KOETO € B IIPOTUBOPEYNeE C JIOIYCKAHETO. g

23
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Jdeounnuus 7.11. Heka T e abpso. Ext(o,T)(1) =T (o * 7).
Ouepngpo Ext(o,T) C T, re. Fxt(o,T) e mogabpso Ha T
TBBPAEHUE 7.12. f e kaon 6 Ext(o0,T) < T(0) C f& fCT.

JJOKABATENICTBO. (=) Heka f e knon B Ext(o,T) = FExt(o,T)(e) C f.
Torasa T'(c xe) =T (o ) C f. Ocsen 1082 f C Ext(0,T) CT.

(<) Heka T'(o) C f,f C T. Heka o1 C f e mpomsBosHo. [la TOJOKUM
o2 =T(0)Uo;. fCT:>( T)(T(7) D 02). Hooa D T(0) = 7 2 0, T.e. uUMa p,
raka 4e 7 = o x p. Torasa o1 C T(7) = T'(0 % p) = Ext(o,T)(p), re. f e KioH B
Ext(o,T). O

TBBHPAEHUE 7.13. Heka Ty 2 T1 2 --- D T; DO ... € MOHOMOHHO HAMAAACAULG
peduya om dspsema. Tozasa (If)(Vi)(f e waon na T;).

JLOKA3ATENCTBO. Ille crponm {as} - pemnma or kpaiiun yactn Ha f, Taka
qe:
(]-) Qg g Qg41,
(2) (VTi)(as € T).
Ha nonoxkum oy = €. Ouesngno (V1;)(e € T;). Heka cMe mocTpomiiu g ¢ UCKAHUTE
coiictBa. Ille u3bepem a1 TOBa OT s * 0 M s * 1, KOETO U3II'bJIHSIBA CBOWCTBO
(2). Ia momycHem, 9e HWTO €IHO OT TE€3W PA3IIMPEHWs HA (s HE yJIOBJIETBODPABA
(2). Torasa mma ig,i1, Taka e s x 0 ¢ Ty as* 1 ¢ T;,. Bes orpanuunenue na
OBIIHOCTTa MOXKeM J1a cauTame, 4e ig < 4. ToraBa T;, D T;, = as %0 ¢ T;,. Ot
JIpyra crpaHa ag € T;,, OTKbaeTo uMa 7T, Taka 4de T;, (T) D ay U ChIIeBPEMEHHO
T;, (7%0) 2D as, Ti, (7% 1) D g, T.e. pasmupsBar HAKOe OT s * 0 U g * 1, KoeTo e
B IIPOTUBOPEYHUe C JOIYCKAHETO.
ITom none exno or ay * 0, s * 1 uma csoiicTBoTo (2), HONAraMe (z41 HA TOBA
pasIupenne Ha (rg, KOETO UMa, CBOHCTBOTO (2). OQueBuauo e, ue (1) cbIiro e B cua.
Taka f = J, as e kion ua T; 3a MPOU3BOIHO 1. ]

IIpenu na magem noxasarencrBoro Ha Teopemara Ha CHeKTbp Ie JaJeM OIle
HAKOJKO MeUHUIANA U I1e JOKAXKEM HIKOJKO TEeXHH CBOWCTBA.

Jdeounnnus 7.14. . Heka o € String, a T e nbpso. Torasa kazsawme, ue (p, d)
e e-pasyensane Ha o B T, aKo
(1) oCpoCs
(2) (@r)(lee () Lle (@) & e (@) # 0 (@)).
Heonnuimst 7.15. Ka3pawme, ge abpBoto T’ e e-pasyensawyo, ako
(Vo)((o 0,0 % 1) e e-pasueneare va T').
JIEMA 7.16. Hexa T e pexypcueno 06p60 u o € Hu3, MmaKxss 4e HAMA €-PA3UENn6aHe
wa o 6 T. Tozasa (Vf C Ext(o,T))({e}! e momaana = {e}’ e usuuciuma ).

JOKA3ATENCTBO. Heka f C Euxt(o,T), {e}f e toranna, x € N. Ille namepum
edbeKkTHBHO {e}f (). Twit kaTo ! {e}f (x), To mma msxoe T C f, Taka 4e ! {e}” (z) ~
{e}f (z) nopau KOMIAKTHOCT HA U3YUCJIEHUETO.

Twit karo f C Ext(o,T), To uo Tebpuenue 7.12 umame, ye f C T. Torasa
(Fp)(T'(p) 2 7). OgeBURHO 3a TaKUBA L IIE HMAMe !{e}T(“) (z).

Uckame na mamepum edeKTHBHO HAKOE [ O O, TAKOBA 4e !{e}T(“) (z). Tosa
MOZKE J1a C€ HAIPABU KATO TEHEPHPaMe IMOCIeA0BATEIHO BCUYKH IABOHKH (u, k) n
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THPCUM ITHPBATA TAKABA, 3a KOATO [t O 0 W !{e}f(“) () 3a pPEKypCUBHOTO I'bPBO
T. Coraacuo 3abenexxkara KbM dedununms 2.1 To3u npomec e edeKTuBeH.

He MoxkeM MTUPEKTHO 7a 3aKJIH0UuUM, 9€ {e}T(“) (z) ~ {e} (), nonexe ne cme
CUTYDHHU, Ye eeKTHBHO HAMEPEHOTO [ O T.

Ha momycuewm, de {e}T(” ( ) # {e} (). Ha B3emem nponssommo p O o, Taxa
e T'(p) 2 7. Torara !{e} (ac) = {e} () £ {e}T(”) (x). Toma obave o3HavaBa,
4e (p, p) € e-pasiienBane Ha o B T, KOETO € B TPOTUBOPEYNE C YCJIOBHETO Ha Jlemara.

Taka nosyduxme edexTuBer mporec 3a Hamupase na {e}’ (z), Te. {e}’ e
U3YUCTUMA.

JIEMA 7.17. Hexa T e pexypcusno 06p60, 6 K0emo umMa e-pa3uensame 3a npo-
useonno o. Toeasa cowecmeysa dopeo T C T, maxa we T e e-pasuensauso.

JLOKABATENCTBO. Ille nedunupame T* (o) c unpykius o n = |o|. Ionarame
T*(e) = T(e). Heka cme pedunmpamu T(o) 3a |o| = n. Tbpcum Hali-MaIKoTO
(p, 9,2, k), rakoBa e 0 C p,c C 0 u !{e}f(p) () #! {e}z(a) (). Curypuum cme, ge
TaKWBa WMa, TOHEXKe o mMa, e-pastensane B 1. Ilomarame

T*(cx0)=T(p), T*(c 1) =T(J).

[MonyuaBame abpBoTo T™ - pekypcuBHO u e-pasnensanio. OcBeH TOBa Mo Jie-
bununysa range(T*) C range(T) = T* C T. O

TEOPEMA 7.18 (Cnektbp). Couecmeyss MUuHUMAAHO MHOJICECTEO A.

JIOKABATEJICTBO. Ille mocTporM MOHOTOHHO HaMaJIsBaIIlA PEIUIA OT JIbPBETa
To2Ty2---DOT; O ..., TakaBa 4e:
(1) (Vi)(T; e pekypCHUBHO),
(2) (Ve)(Toeq2 E Re & Toer1 E Qe), KbaeTo

T28+2 ': Re — (Vf g T2e+2)(f 7£ (Pe)
Toer1 E Qe = (Vf C Toer1)({e} e moramma = {e}! e msumcomma Vv f <; {e}?).

Ha uosnoxum Ty(o) = o, 1.e. Ty = Id. Heka T e nocrpoeno.

I ca. s =2e+1. Ile nocrponm Tsyq, TakoBa de Tsiq1 = R.. Tpsabea na
ocurypit (7 C Tyy1)(f # ¢0)-

I.1) ¢, we e roranmna. Twbit kKaro f e rToraiHa, € JOCTATHUHO A MOJOKUM
Ts+1 == TS.

1.2) ¢, e roramma. Twit kato T5(0) || Ts(1), To (Fz)(Ts(0)(z) # Ts(1)(z)).
Torapa (i € {0,1})(Ts(i)(x) # we(x)). Tomarame TS+1 = Ext( Ts).

Heka f C Tsy1. Ilo Tebpaenwe 7.12 umame, we Ty(i) C f C T,. Torasa
Ts(i)(z) = f(z) # e ().

IT ca. s = 2e. e nocrpoum Ts4q, TakoBa ue Tsy1 | Q.. Tpsabsa na
OCUT'YpUM

(Vf C TS+1)({e}f e ToTaaHa = {e}f e m3aucauma V f <p {e}f).

I1.1) Uwma o, 3a koero usima e-pasuensade B Ts. [onarame Tsy1 = Ext(o,Ts).
Torapa 1o Jlema 7.16 nmame Ts11 = Q..

I1.2) 3a npoussosnno o uMa e-pasnensane B Ty. Torasa mo Jlema 7.17 nmame
T - pekypcuBHO u e-pasuensaio. Heka f C T u {e}f € TOTaJIHA.



26 7. TEOPEMA HA CIIEKTHP 3A CBHIIECTBYBAHE HA MUHUMAJIHN CTEITEHU

IIle nokaxewm, ue f < {e}f KaTO HAMEPUM AJTOPUTHM 33 MPECMITAHETO Ha,
f, KOATO M3I0JI3Ba 38 OPaKyJI {e}f . 3a BCAKO N IIEe OIPEIETHM Bb3eJl (l,, TAKa 9e
T (an) C f,lan| =n.

Ha monoxum ag = e. Twit karo f C T, 1o T (o) = Ts(e) C f.

Heka cme ompenenman ay,. Twit karo T e e-pasuenBaimo, 10 (ay, * 0, ay, * 1)

e e-pasuenBane Ha «, B T.. Tbpcum nocremoBaresHo mwbpsara ABoiika (x, k), 3a

T*(on*0 Tr (op*l
Hebp @9 (@) A {e} @Y (a).
Torasa ma mosoKuM

o fenw0axo {e) Y (@) = (e} (@):
T \am 1 ako {e}l @ (2) = {e} (a).

Ha nonycuem, e T (ap41) = To (o, x i) € f. Ho torasa no Tebpaenne 7.10
umame, ge T (o, * (1 —4)) C f. Torasa, oT JedUHHUINATA HA (41 UMaMe, e

Hed 0T (@) = {e (@) ={ed ™ (@),

KOeTo € B IpoTuBopeune ¢ ¢paxra, ge T, e e-pasIenBario.

KOATO

Taka NOMy4YHXME (p11 C OPAKYJ {e}f, Karo |api1| =n+1u Tsiq(ans1) C f.
Twit kKa10 1 = || < |Ts41(a,)|, TO UMame

F(@) = Togr(awir)(@) = f <7 {e}’ .

Ilonyauxme pemunara Ty 2 Ty D --- D T; D ..., KOATO YIOBJIETBOPSBA
nsnckpanusTa. [To Tewpaenne 7.13 nmamve f, Taxka qe (Vs)(f C Ts).
Heka A = {z | f(z) =0}, T.e. f = xa. Ille noxazkeM, Ie A ¢ MEHEMAJIHO.
(1) 0 <7 A. Ha nomycuem, ue ) =r A. Torasa 3a HsKoe e me nMame f = @,.
Ho 1vit karo f C Theyo2, a or apyra crpana Toeyo | Re = [ # @e -
nporusopeune!
(2) Heka B <p A. Torasa uma e, raka 4e {e}f = xp. Twit karo f C Toey1,
aToer1 E Qe = xp e usuuciuma uiu f <p xp < B<r0VA<r B.

O

CnEACTBUE 7.19. Cmenenma dr(A) e munumanna.



TEMA 8

PexkypcuBuo Homepyemu creinieHu. Teopema Ha
@ puadepr u MydHukK

HEonHuima 8.1. Kassame, ge TiopuHTOBATA CTENIEH @ € PEKYPCUBHO HOMEPY-
ema, ako (AW <. 0)(W € a).

SABEJIEXKKA. He e 3ab/2KUTETHO BCUYKHU €IEMEHTH Ha G JIa Ca TOJIypa3pe-
LIUMU MHOXKECTBA.

Emun Tlocr nocrass Bbupoca ganu uMa crenen mexay 0 u 0/, kodaro e mo-
aypaspemmnma. Ako A e remepmuno, To B Tema 5 mokazaxwme, we 0 < dp(A) <
0’. Ho dr(A), He chabpika MOIypa3peniMu MHOXKECTBA, WHade A Imerre ja e
nosypaspemmMo. OTroBopbT Ha TO3W BBIPOC ce masa oT Teopemara na ®punbepr
n My4HuK.

TEOPEMA 8.2 (®punbepr-Myunuk). Cswecmeysam noaypaspewumu A u B,
makusa we A 1 B,B %1 A.

CnencrBuE 8.3 (IIpobsem Ha Ilocr). 0 <p dr(A) <r dr(K). Haeucmuna,
axo 0 =r dp(A), mo A <r B, a axo dr(A) =dr(K), mo B <p K <r A.

JOKABATEJICTBO. Ille BbBegeM HIKOIKO ADUHUITNN.

JeonHnuus 8.4. ¢, 4(v) ¥y <= P. 3abpum Hax (z,0,...) 3a < ¢ CTBIKK
C pe3yJarar y.

OueBuIHO € B cUTIA, € ¢ (2) Xy <= (peq(x) = Yy).

Jdeonaunmsa 8.5. Heka C' C N. u(C, e, x,q) ~ max(0,Haii-roasiMoTo o6pbIneHne
K'bM OpaKyja X¢ B I'bpBHUTE ¢ — 1 CTBIKK Ha n3duciIennero va PXC (x,0,...)) (use-
dynkuus) .

Bspro e, ue ako u(A, e, x,q) ~ u,cpéq(x) ~ywnm Blu=Alu, o gafq(x) ~ 1,

T.e. pB(x) ~y.
e necdbunupame na crouku Ay, By, Taxka ge:
(1) Ay, B, - xpaiinu,
(2) Aq - Aq+1qu - Bq+1>
(3) Aqg = D,g), By = Dy(q) 32 p, X - peKypcuBHE DyHKIIH.
Ha Bcsika cTbITKa 1€ ce ommuTBaMe Jia 33I0BOJIIBAME U3ucksaruama R;:

R, : {C}A # XB
Roci1:{e}” # xa

Howmepara na uzuckBanusaTa e Hapudave npuopumemu. VI3ucKkBanusTa ¢ mo-
HUCDHK HOMED II[€ MMAT [TO-BUCOK IIPUOPUTET.
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3a 1a M3IbJIHAM M3UCKBAHUATA, HA BCIKA CT'BIKA IE MOAIbpKaMe ceudemen

4 = (2,1), KOWTO IIe NOTEbPK/IABA U3UCKBAHETO 110 CJIEIHUS HAYMH:

x’L

(+) wd. & By = {e} (ad.) #1;

Tey1 & Ag = {e}qu (T3e41) # 1.

q

Ocsen TOBa 1me uckaMe (g, e) = ] e n3uncanma GYHKIH 0

3 lim 2! =z,
q—00
KATO I; Ile HAPUIAME OKOHYUAMENEH CEUIEMEN.
ITe nedunupame ouie u orpanudenusta 7(¢,1), CBbP3aHU € i-TOTO UBUCKBAHE
U M3BECTHU HA ¢-TATA CT'HIIKA TAKA Y€ T3 MMAME:

. ) Ag (9 ) ~ 1
Hafl-TOJIeMUAT apryMeHT Ha opakysia , axo i =2eu {e},* (25.) ~
. , , B
r(q,4) = { Haji-roieMuAT apryMenT Ha opakyra , ako i =2e+1u {e},* (v3,,,) =1

-1 , MHAYeE.

Ile nedunrmpame 7(q,7) n x! Taka, 9e Ha BCAKA CT'BIKA 13 NMAMe:

(%) r(g,i) = —1=a! ¢ A, U By,
T.€. CBUIETEJAT /1A U3IbJIHABA () .

Aeounuiiusd 8.6. Kazsame, ue Ry, npedussukea 6HUMAHUE HG CMBNKA ¢, AKO
A
e}, (@3,) =~ 1,r(¢g,2¢) = —1. Kassame, ue Rgei1 npeduseurea enumarue na

CcMBNKaG ¢, AKO {e}fq (25041) = 1,7(q,2e + 1) = —1.

[TpoBepkara qanu 1a/I€HO M3UCKBAHE MIPEIM3BUKBA BHUMAHNE HA JAIEHA CTHITKA
q € ebexrusua. Koraro R; npenn3Buka BHUMAHKE, TOTABA CEe HAJIATA 13 IPUIUCTIUM
ceugerens ) kbM A uin B, 3a 1a u3mbaHAM (%) .

Heka nomnoxum Ag = By = 0,29 = (0,i),r(0,i) = —1. Bcuuku cBuerenn ca
y Ly ) ) )
BaJIMJIHU, KAKTO U yCIOBHETO (k) .
€Ka BeY€e CME MOCTPOUIH xd,7(q,1) n e n3IbJIHEHO .
H Aquqv g) ? Hok
AKO HAMa M3MCKBAHE, KOETO Ja LPEAU3BUKBA BHUMaHue, nosarame Agiq =
. . 1
Ay, By+1 = By, (g + 1,i) = r(g, 1), x;ﬁ' = z! W N0 MHIYKIMOHHO NPEIIIOTIOKEeHne
BCUYIKO € Hape/.
Heka R; 3a i < ¢ € N3MCKBAHETO C HAK-TOJAM IPUOPUTET, KOETO PEIU3BUKBA
BHUMAHME.
I cn. i = 2e Tomarame Ay = Ay, Byr1 = By U {al} r(¢+ 1,i) =
i e g+l _ g
u(Aq, i, 2, q),x]" = xi.
IT cn. i = 2e+ 1. Honarame Ay = A, U {z]},Byy1 = By, r(qg+ 1,7) =
i e q+1
U(qu 1,T;, q)7 x,;
. 1
Buxga ce, ue r(q+ 1,i) = -1 = x;” ¢ Ay+1 U Byyq ocraBa cuia.

— 4
=x,.

1) 3a j < i me nmpomensive cugeresmure. ledurnpave x;ﬁl =ai,r(g+1,j) =
7(q,7). Or uaaykuuoHHOTO Lpeanooxkenue umame (g + 1,5) = =1 = r(q,j) =
zd =29t ¢ A, U B,
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2) 3a j > i ce HaJara Ja ThpPCHM HOBH CBHJIETEJIH, HO TAKMBA, e J[a He HapyaT
HU3UCKBAHUATA C TO-BHCOK TPHOPUTET. 3a TOBA € IOCTATHYHO Ja T'M ThPCUM MO-
roJieMu OT BCUYKU MAKCHMAJIHA aPIyMEHTH K'bM OPAaKYJid, KOUTO CME€ UMAaJH IPHU
3aJ0BOJISTBAHE HA TIO-BUCOKO MPUOPUTETHUTE M3NCKBaHuA. ledunnpame

28 = pz[R(z) = j&(Vk < i)(z > r(g+ 1, k) &z ¢ AU B,)]
Scho e, 9e mo nedpuHUIAS ajzﬁ'1 ¢ A, UB,.

JIEMA 8.7. Besaxo uaucksane R; npeduzsuxea snumarue 1a kpaeH 6poti cmasnkuy
u ¢ mevenue na epememo (amnea. eventually) ce sadosoassa.

JOKABATEJICTBO. Ille mpoBegem mbjaHa WHIAYKIMSA MO mpuopurerta i. Jla
ngonycuem, e (Vj < i)(R; mpeau3BUKBa BHAMAHUE HA KpaeH Opoif crooku). e
JIOKaKeM, 4e TOBa € BApHO u 3a R;.

Heka s e majf-mankaTa TakaBa CTBIKa, 9e Ha CTBIKN ¢ > S N3NCKBAHUATA I;
3a j < i He UpeAM3BMKBAT BHUMaHue. AKo jomycueMm, de r(s,i) > —1, ToraBa ToBa
O3Ha4aBa, de s > 0 m Ha IpeaHaTa CTHIKa HAKOe [T 3a j < i € IpeJIu3BUKAIO
anMmanne. O6ade Torasa, Thit KarTo ¢ > j, To (s,4) = —1 - mpornBopeune. Torasa
MOXKEM JIa TBbpauM, de 7(s,41) = —1.

Ila momycHeMm, dYe CBIIECTBYBa CTbIKA ¢ > S, TakaBa 4de R; Tpeam3BUKBA
BHUMaHuMe. Torasa 3a crbnku ¢ > ¢ R; He IPeIU3BUKBA BHUMAHNE, OHEZKE

/ !/ - .
(Vq' > q)(r(d', i) = r(q,9)),
r.e. r(g,i) MOXKe J1a ce yCTAaHOBM Ha -1 caMo aKo HSIKOe M3NCKBaHEe ¢ HOMep j < i
NpeIU3BUKa BHUMAHHUE, a TOBa HE MOXKE 3 Ce CIy4H, IIOHeXkKe q > S. O

e ompenemum A = |J Aq, B =J By, Tee.
reA = (Jq)(r € Dyy)
r€B <= (3q)(z € Dy)-

Ouesugnao no gedununusa A u B ca moaypaspemmmvu. Ot Jlemara ciensa,

4e 3a BCHYKHM CTBIKH ¢ OT JAJIEHO MSICTO HATATBHK UMaMe T = const = x; u
r(q,1) = const = (7).
Axko r(i) = —1, To 2; ¢ AU B, a oT Apyra cTpaHa, IIOHEXKE U3UCKBAHETO R; HE

Ce € HapyHInJIo moBeve n CJaea0BATETHO
{e}” (w20) #1300 = 2¢;
{e}® (waes1) A1 3ai=2e+1,

T.e. R; e 3a710BOJIEHO.

Axo r(i) > —1, 10 R; e npeau3BUKaJO0 BHUMAHUE TIOHE €JIUH I'bT.

Ako i =2e,T0 29, € B 1 !{e};“‘ (22¢ ~ 1 3a mocaeaHaTa cTbiKa ¢, KOrato Ra.
e IpeIu3BUKaI0 BHUMAHUE,

Amnasoruuno, ako i = 2e+1, 10 X211 € An'! {e};‘B (Z2e+1) ~ 1 3a mocmenmara
CTBIIKA ¢, KOraro Ro.y1 € IPeIu3BUKAJIO BHUMAHUE.

B To3m cry4ait R; OTHOBO ce 3a/I0BOTSIBA.

Hakpas momyanxume, e (Ve)({e}A 4 x5 &{e}? #xa). O






TEMA 9

Howmepaiimonna cBoaAMMOCT

Jeeununmst 9.1. Oneparopa I' : 2V — 2N mapuuame onepamop 3a ceodu-
MOCTI, MO HOMepYemocm, (e-onepamop), ako:
(1) zeT(A) < (3D C A)(z € (D) & D - kpaiino) (I' e xoMnaxTen),
(2) Cobmecrsysa pekypcupHa dynkmusa h, Takasa qe I'(W,) = Wy (T e
edeKkTUBEH ).

Jeounnius 9.2. Kassame, e A e e-c6odumo KbM B:
A<, B <= (3 - e-oneparop)(A =T'(B)).

OueBugno e, ye A <., A 3a I"' = Id. Ocsen ToBa € BAPHO u:

TBBLPAEHUE 9.3. A<, B,B<.C=A<.C.

JOKA3ATENCTBO. Heka B =T'(A),C = A(B), kbuero I' u A ca oneparopu.
ITe nokaxem, e I'o A = Af.I'(A(f)) cbuio e e-oneparop.
(1) (momnoronnocr) Heka A C B. Torasa A(A) C A(B) or MOHOTOHHOCTTA
Ha A u cvorserno I'(A(A)) C I'(A(B)), 3apaau MoHoTroHHOCTTA Ha I
(2) (kpaitrnocr) Heka z € T'(A(A)). Torama or kpaiivoct Ha I' cienpa, we
mma D = {z1,...,2,} C A(A), taka we x € I'(D). Or z; € A(A) n
kpajinocrra Ha A umame D; C A, taka de z; € A(D;). da mosoxum
D' = J,; D;. Torasa ouesunno D' C A u or monoToHHOCTA Ha A Cile/iBa,
qe (Vi)(x; € A(D')), re. D C A(D’). Torasa or MOHOTOHHOCTTA HA I'
caeasa, ue x € I'(D) CT(A(D')) 3a D' - xpaiino.
(3) (edextupmoct) I'(A(Wo)) = T'(Wsa)) = Wo(s(a)), KBAETO PEKypPCUBHATE
dyurumE v u § orroBapsaT Ha edekTuBHUTE Oneparopu I u A.
[l

TBBHPAEHUE 9.4. Hexa T : 28 — 2N, Tozasa T' e (e-onepamop) <= wuma
noaypaspewumo mmodxcecmso W, maxa ue:

I'A) ={z| 3v)({z,v) e W& D, C A)}

JIOKABATEJICTBO. (<) Heka z € T'(A) < (Fv)((z,v) e W& D, C A).

(1) (kpaitroct) Heka = € T'(A) = (Fv)((v,z) € W& D, C A). Torara 3a
D = D, - kpaiino umawme x € I'(D,), nouexe D, C D,,.

(2) (momorommoct). Heka x € I'(D), D C A. Torasa (Fv)({v,z) € W& D, C
DCA)=zecT(A).

(3) (edexrusnocr) z € I'(W,) <= (Fv)((v,x) € W& D, C W,). Heka

R={(a,z) | (Fv)({v,x) € W&(Vy € Dy)(y € Wa))}-

MOJIy Pa3pelInMo yCJIOBUe
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32 9. HOMEPAIITMOHHA CBOJANMOCT

Torapa R = W, u (a,2) € R < z € I'(W,). Ako nonoxum h(a) =
Si(e,a), Torasa umame

rel(W,) < (a,2) ER < 7€ Wsi(cq) < 7 € Wi(a).
(=) Heka I" e kommakTen u edexrusen. Torasa

x €T(A) < (3D - xpaiino)(D C A&z € T'(D))

— (F)(D, C A&z eT(Dy))
— (Fv)(Dy, C A&z € T(Wy(w))
(edbextuBrOCT) = (J0)(Dy C A&z € Wyin(v)))
< (J)(D, C A& (z,v) € W),
Kbjaero W = {<$,U> |z € Wh(/\(v))} :

O

Bux1a ce, de BCAKO 101y Pa3peInnMo MHOKECTBO OIPEJIEJIsd €-0lepaTop. 3aToBa
3a ynoberso mie numeM W (A) Bmecro I'y (A), kbaero 'y e e-oneparopbr, onpeiesen
ot mosypazpermmmoro W.

Oeoununust 9.5. Heka A C N2, Cevopmua na A napuuame MHOXKECTBOTO
(A) ={{z,y) | (z,y) € A}.

Aeouduiinsd 9.6. Heka f e wacrmuna dbyukius. I'pedure wva f Hapugame
MHOKECTBOTO

Gr=A{(z.y) | f(z) = y}.
C (f) me Gemexxum (Gy).
Jdeonnunusda 9.7. Kassame, qe p <, ¢ <= (p) <. (V).

SABEJIEXKKA. Awnamorndro e rmameM ¢ <. A, A <. ¢ Bmecto (p) <, A, A <,
().

TBbPAEHUE 9.8. ¢ <7 ¢ = ¢ <, VY.

JIOKABATEJICTBO. Hexka ¢ <t 1. Torasa mma mporpama e, Taka Je {e}w = .
Topcum e-omeparop ', T.e. momypaspemmmo W, kato

rel(A) < (Fv)({(v,z) e W& D, C A),
raxa e T((1) = (¢).
Hexa W = {((,9),v) | e}’ (@) =y}, kvaero )D((2) = py[(z.y) € D]

W e mosypaspemmmo muoxkectso. Torasa mmame

(x,y) €T((¥)) «= (F)(((z,y),v) € W& Dy C (1))
= (F)({e}”"" () 2 y& Dy C (¥))
= (I xpaimo D C (1) ({e}'”* (z) ~ y)
< (3 kpaiina 0 C )({e}? (z) ~ y)
= {e}’ (2) >y
= o(x) >y
= (1,y) € (p).

Twit kato I' e e-oneparop, 10 ¢ <, Y. ([
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Taka BumsgxMe, e HOMEPAIMOHHATA CBOIMMOCT € mo-cjiaba or TiopmHroBara
CBOAMMOCT. 3a J]a BUAUM, e Td € CTPOro mo-ciaba, Ime JoKaxeM, de X g <. Cx, HO

XK ﬁT CEe

(1) Jda nomycuewm, we xx <r c. ToraBa mma mporpama e, Taka e {e}% =
Xk - ToramHa. Torasa Ipu BCAKO M3IbIHEHWE HA NPOrPaMaTta, T.e. HPH
BCSIKO H3BUKBAHE Ha OPaKysa nporpamara 3asppumsa. Ho leg(z) >y <=
y = 0, ToraBa MOXKeM Ja 3aMeHnM Besika komanaa O(n) B mporpamara e ¢
KOMaHzara Z(n) u e noxy4unM nporama 3a MHP, kosito n3uncaspa x g,
KOETO € MPOTHBOPEYHNE.

(2) Heka

W ={{z,1),v) |z € N& D, = {{z,0)}}U
{{z,0),v) |z € K& D, =0}.

Torasa W ompezens e-oneparop u ce Buxkaa, 1€ W(cg) = Xk
[Mle namem pedununms 3a peKypCUBEH OMEPATOP, KOATO MOXKE JIa C€ HAMEPHU W
B [1].
Aeoudnimd 9.9. Oueparopa A : F,, — F,,, Hapudame pexypcusen onepamop,

aKO:

(1) A(p)(T) ~y < (Ixpaiina 0 C p)(A(0)(ZT) ~ y) (A e KomMmakTeH),
(2) CoimecrByBa pekypcuBHa (GyHKIUs h, TakaBa ue A((p((ln)) = @EIT'Z)) (A e
edeKTUBEH).
ITTe mokazkeM, 4e PEKyPCUBHUTE OIIEPATOPH CBEXK AT HOMEPAIIMOHHO e/THa (DY HKIS
KM JPYTO MO ChIHsT HAYHH, 10 KOWTO e-0MepaTOPUTe CBEXK AT MHOXKECTBA. [I'bpBO

e JI0OKaXKeM CJIeTHATa

JIEMA 9.10. Cswecmsyea pexypcusna dynxyus A, maxasa e Dy = 0,7,
xsdemo 0, e xKpatnama GyHKUUL ¢ K00 v.

JOKABATEJICTBO.

Ou(z) 2y <= (z,y) € (6o)
= (Fn < 0)(palv&v =pY ulkepy fu).

Torasa
)\(’U) = Z 2(90“%) 38V = Hpgl’uyl)
=0 i=0
O

TBBPAEHUE 9.11. Hexa A e pexypcusen onepamop, o, € F, A(p) = 1.
Tozasa ¥ <. .
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JIOKABATEJICTBO. OT KOmWpaHeTo Ha KpaiiHu (QyHKIUU 3HAEM, 9€ UM Pe-
KypcuBHa QyHKIHSA (1, 38 KOATO 0, = ¢, (,). Torasa

P(z) = Alp)(z) ~y = (F)(0y C & A(Oy)(2) >y

) =
= ()0 C & Alpuw) (@) = y)
= (30)(0s C & Pn(uw) (T) = y)
< (F0)(Dr) € (@) &P1(h(p(v)), z) = y)
= () (F)( A\ W) =V & @) () = y& Dy C (p))
= (3)(((z,y),v") € W& Dy C (),
kbaero W= {{(z,y),v") | (Fo)(A(v) = v" & onguwy () ~y)}
= () =W({p)).

O

AHajloruyHo Ha e-oneparopure, MOXKeM Ja BbBejeM T-oneparopu, KOUTO CBEXK-
nat TopuHTOBO DYHKIINN:

HeonHuiys 9.12. Kassame, ue A : F — F e T-oneparop, ako mMa mporpama
e 3a MHPO, raka qe
Alp) = {e}”.

Jlecno ce Buxka, e Bceku T-omeparop e kKoMmakTeH u e(EKTUBEH, TaKa de
or Tebpuenne 9.11 ome eauH IbT MOXKEM Ja BUAUM, 4€ TIOPHHIOBO CBOIMMUTE
dbyHKIMEU ca ¥ HOMepANMOHHO cBoguMu. OOpPATHOTO TBHLPAEHWE € BSIPHO CAMO 33
rorasmauTe BYHKIUA. 3 3 JOKAYKEM TOBA, 1€ BbBEAEM HIKOJIKO JeDWHUINN U
e npokaxkem OCHOBHATa TeopeMa 3a HOMEPALMOHHHU OIEPATOPH.

KakTo BCAKO moypaspeninMo MHOMKECTBO 3aaBa €-OIepaTop, TaKa W BCAKA
nporpama 3ajasa 1  omeparop. ZcHo e cbimo, ge

o <p1p < (JA - T-oneparop)(A(y) = ¢).

Heoudnimd 9.13. Heka A C N, f: N — N. KasBawme, de ¢ ynugopmusupa
MHOKECTBOTO A, aKo:

(1) p(x) =y = (z,y) € A.
(2) Gy)({z,y) € A) =lp(@).

TEOPEMA 9.14 (Ocuosua reopema 3a oueparopu). Hexa W e noaypaspewumo
muooicecmeo. Tozasa cowecmeysa T-onepamop A, maka we ako © e momaaina, mo
A(p) ynugdopmusupa mroocecrneomo W ({(p)).

JIOKABATEJCTBO. Twit kato W e momypa3permumo, TO CbIIECTBYBA PEKyp-
cuBHa ynkuug f, kosaTo ro nomepupa, t.e. f(1) = {({x;,y;),v;). Ha pasriename
dyHKIIIATA,

=l unHade.

W(z) ~ {yi , ako = = x4, (V {u,v) € Dy, )(p(u) = v);

Ouesunno 1 <7 ¢, Taka 4e uma e, 3a Koero {e}¥ =1 u e ne sapucu or . Torasa
axo 3agagem A(p) = {e}? ce Buxa, 9e 3a MPOM3BOIHA TOTATHA © nMame, e A(p)
yuudopmuzupa W({p)). |

CHIEICTBUE 9.15. Axo ¢ e momaana u v <, p, mo Y <p .
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JLOKABATEJICTBO. ¢ <, ¢ = (AW)(W ({p)) = (¢¥)). ITo OcHoBHara Teopema
3a oneparopu uma T-oneparop A, taka 4ye A(p) yaudopmusupa (). Torasa

Alp) = 1. O






TEMA 10

Homeparimonsau creneHmn

B Tema 9 nedunrmpaxme penanuara <. W BHIAXME, de TA € pedIeKCHUBHA, 1
Tpau3uTuBHA. Jla pasriiegame cera HEWHOTO CUMETPHYHO 3aTBapsIHE:

HeonHuiuusa 10.1. A=, B <— A<.,B&B <, A.

Taka IIOJIydYeHaTa peJjlalud € BeYe DeJlallid Ha €KBHBAJEHTHOCT U HeitHuTe
KJjlaCOBE€ Ha €KBHBAJIECHTHOCT HapU4YaMe€ HOMEPDAIMOHHKU CTEIICHH.

HOeoununius 10.2. Heka A C N. Howmepayuonna cmenen ua A Hapudame
KJIaCca HA eKBUBAJEHTHOCT Ha A OTHOCHO PENalusaATa =.:

do(A) = {B| B =, A}.

ITomo6no Ha THOPpUHTOBUTE CTETIEHN U TYK MOYKEM 13, BbBEIEM YACTUIHA Hapes0a
HA CTENEHUTE:

Jeonnnuuda 10.3. d.(A) < d.(B) < A<.B

SABENEKKA. ledununusara e kopekrua, uemo nosede: do(A) < d.(B) <~
(VA1 € de(A))(VB;1 € de(B))(A1 <. B1).

Axo oznaunm ¢ D, MHOXKECTBOTO OT BCYKU HOMEpaIuoHuu crenenu, 10 (D, <)
€ YaCTUIHO HApeJeHO MHOXKecTBO. OmeparusaTa ¢ OTHOBO BbLPIIH PabOTa KaTO
TOYHA TOpHA rpanuia Ha gse cremenu. llle mokakem TBbp/EHUE, AHAJOIUYHO HA
Tebpaenne 3.4:

TBBPAEHUE 10.4. d.(A® B) e mouna 2opna zpanuya wa de(A) u d.(B).

JIOKABATEJICTBO. Ille mokarkem CbOTBETHOTO TBbPIAEHUE 33 MHOXKECTBA.

(1) z€eAd — 2rc A®@B=A<,,A®dB=>A<y AdB=A<.A®B.
Awanornuwo x € B <— 2x+1€ A®B = B <,, A@B = B <r
A®B=B<.A® B, 1e. A® B e ropua rpauurna na A u B.

(2) Heka A <. C, B <. C, no-rouro A = W'(C), B =W"(C). Heka:

W = {(z,v) | (F)((z,v") € W) &((F")({(x,v") € W) & D,, = Dy & Dy }.

Ouerngno W e momypaspernmmo. Oceen ToBa ce Bukga, we W(C) =
A® B, 1e. C <, A®B. Taka A® B e Touna ropua rpanung va A n B.

O

Ako ozuaumm 0, = {W | W e moaypaspemumo}, 0, < a 3a Npou3BOJIHA HOME-
pammonna crernen a. Hamctuna, ako V' € 0. e momypaspemumo, TO 3a TOJIypa3pe-
ummoro W = {(z,v) |z € V& D, = 0} umame W(A) = V 3a npoussosnuo A, re.
V<, A.

Taka nonyuuxwme, ye D, = (D,,0.,®, <) e ropHa moJiypeiierka.
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JNeoununust 10.5. Kassame, ue A C N e momaano, ako A=, AGA= AT,
[le moKaxKeM HAKOM CBOWCTBA HA TOTAJHUTE MHOMKECTBA.
TBbPAEHUE 10.6. AT =, AT, m.e. AT e momaano.
JLOKABATEJICTBO. NUmame
2w €At <= 1¢ A = €A < 2r+1c At
2r+1€AT <= ¢ A < r€ A < 2rc A",
Torasa AT = A® A=, A® A = A*T. Caemosaremno AT = At @ AT =, A+, O
TBBPAEHUE 10.7. AT =, (xa).
JOKABATEJICTBO. Hexka
Wh = {(2z,v) | D, = {(22,0)}} U{(2x + 1,v) | D, = {(2e + 1,1)}}
Wo = {((2,0),0) | Dy = {22}} U{{{z, 1) ,v) | Dy = {2z +1}}
Buxa ce, we AT = Wi((xa)), (xa) = Wa(AT). O

TBBPAEHUE 10.8. Caednume ycaosus ca ek6u8aieHMHU:
(1) A e momanano;
(2) A<, A;
(3) A=c (xa)-
JIOKABATENICTBO. (1) = (2) A=, At >, A
(2) = (3) A<.A= (IW - monypaspenmmo)(W (A) = A). Muoxecrsata
Wi = {{z,v) | Dy = {(z,0)}},
Wy = {<<1'70> 0) | Dy = {:L‘}} U {<<x70> ) 1> | (v,2) € W}
ca mosypaspermumn 1 ocBer ToBa A = Wi ((xa)), (xa) = Wa(A4).
(3) = (1) At =e <XA> =e A. O
TBBPAEHUE 10.9. Axo f e momaana, mo (f) e momaano.
JOKABATEJICTBO. Nmame, de
(w,y) € (f) <= B2)(f(x) = 2& 2 #y)
— (32)((z,2) € (/) &z #y),
re. (f) <e (f) = (f) = (f)T, orxmaero (f) e Torammo. O

[Ipumep 3a TOTATHO MHOMKECTBO € BCAKO PAa3perniuMo MHOXKECTBO A, MOHeKe
toraBa A =, A =. AP A karo nonypaspemmmu. ma MHOXKECTBa, KOUTO HE Ca
Totanmuu - Hanpumep K, nonexe K fe K.

Heonnuiiua 10.10. Ka3zsawme, qe a € D, € moma.ana, aKo CHIECTBYBA TOTATHO
A€ a.

SABEJIEXKKA. He € 331b/12KUTETHO BCHYKN MHOXKECTBA OT €HA TOTAJIHA CTEIEH
ma ca toragau. Hampumep 0. e ToTanmHa, MOHEXKE ChAbPIKA BCUIKU PA3PENTAMU
MHOXKecTBa, HO K € 0, He e TOTATHO.

Oka3zBa ce, 9e CBOAMMOCTTA TI0 HOMEPYEMOCT € JIOCTATHIHO U3PAZUTETHA, 34 1A
onmirie TIOPUHIOBaTA CBOJIMMOCT M PEKYPCHUBHATA HOMEDPYEMOCT.
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TBbPAEHUE 10.11. A<y B < AT <, B™.
JIOKA3ATEJICTBO.

A<r B <= xa<r XB

— xa <cXB (xB e Toramnna, Crencreue 9.15)
— AT <, BT (AT =, (xa),B" =. (xB)).
U
TBBLPAEHNE 10.12. A<,. B <= A<, Bt.
JIOKABATEJICTBO. A <, B = cy <r xp <= A<, BT. O

[IpobeMbT 7@ ce OnpenesisiT TOTAJTHUTE CTeneHn B D U JaJIi TOBA € Bb3MOXKHO
e orsoper. Oka3sBa ce, obade 4e ako pasriefame ToTajaHuTe crenenu B D, TO Te
obpa3yBaT ropHa IoJIyperreTka, n3omopdua Ha Dp.

Oeounniys 10.13. s : Dy 2 D, napuuame Podocspcos uzomopdussm,
KOTaTO

s(dr(A)) = do(A").

CgoiicTna:
(1) (xopexThoct) A=r B < AT =, BT;
(2) range(») = Tot = {a | a e Toranua crenen}. Haucruna, ako A € a € Tot
e roranHo, To nonexe A =, AT umame, ue AT € a = »(dr(A)) =au
caenoBarento a € Range(»). O6parHo, ako a € Range(x), 10 a =
de(AT) = a € Tot.
(3) (obparmmocr) Hexa s(dr(A)) = »(dr(B)) = AT =. Bt = A=r B =
dr(A) = dr(B)
(4) (m3omopdmsbm) A <7 B = x(dr(A)) = AT <. BT = »(dr(B)).
IMomyunxme, we » e m3oMopdHO Baarane Ha Dy B TOTamHUTE CTEmeHU HA D,.
3a ma Bugum, ye Range(s) = Tot C D,, TpsabBa ja nokazxem, 4e UMa HETOTAJHU
crenenn. /loka3aTesrcTBOTO 1€ U3BDPIIUM € (POPCHHT.

Heonnuiiyg 10.14. Ille ka3Bame, ge
Al Fo(r,y) <= (z,y) € Wa(A),
alke Fu(z,y) < {(z,y) € Wa(a™T), xbaero a® = {z | a(z) ~ 0}.
CeoiicrBa Ha dopcuHra:

(1) « C A& alke Fy(z,y) = A Ee Fy(z,y) nopagu MOHOTOHHOCTTa Ha €-
OlepaTOpuUTe.

(2) a CB&alk, Fy(z,y) = BlFe Fu(x,y), nonexe at C G+;

(3) A E. Fu(z,y) = (Ba C A)(alke Fy(x,y)) nopaau KOMIAKTHOCTTA HA
€-OTIepATOPHTE.

TBBPAEHUE 10.15. Hexa A e zemepuuno mmoorcecmeo u ¢ <. A. Tozasa
COULLCTNBYBA U3WUCAUMA GynKyus P, makasa we p C 1.

JJOKABATENCTBO. Heka A e remepuuno u ¢ <. A. Heka (p) = W,(A4).
Torasa (z,y) € (p) <= A=, Fy(x,y). Hexa

S={a]| (3z)3y)Ty)(albe Fu(z, 1) & alke Fo(x,y2) &y1 # y2)} -
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Twoit karo dopcunarsT |-, e momypaspermum, To S e mogypadpemmumo. [lopaau
renepudrocTTa Ha A 3HaeM, 1e (3o C A)(a € SV(VE 2 o)(6 ¢ S)). Ha gomycrewm,
ye a € S. Torasa 3a Y1 7é Y2, A ':e Fa(‘rayl)vA ’:e Fa(xva)a T.e. QO(.’E) =
Y1, () =~ yo # y1 - MpoTMBOpetHe!
IMomyuuxwme, we (V3 2 )(B ¢ S). Hexa
(@) =y <= (38 2 a)(Blke Fu(z,y)).
Tpsabsa na nokaxkem, 4e ¥ e dbyuxuusa. Heka ¢(z) ~ yi,¥(x) ~ yo. Torasa
(361 2 a)(Brlke Fulz,91)), (302 2 a)(B2lFe Falz, y2)). [la nouycuem, ue yy 7 ya.
me KoMOuanpamMe (31 u (o MO CIACIHUSA HATHH:
a(n) ,akon < |af;
B(n)~<0 , ako |a| < n < maz(|f1],|52]);

=l , MHAYE.

Ouesnano umame, ge 3 2 o, 3T D B, 8T D 35 . Torasa or exna crpana 3 ¢ S, a
or upyra Blke Fo(z,y1), BlFe Fu(x,y2),y1 # Y2, KOETO € LPOTUBOPEYHE.

Taka momyunxme, 1ge ¢ e dynkunsa n mo nedbwrnmna G, e TOIypa3permnmma,
T.e. ) € U3UUCIUMA.

Heka ¢(x) ~ y. Torasa

Al Fa(z,y) = (36 C A)(BlFe Fulz,y)) = (38 2 a)(BlFe Fu(x,y)) = ¢(x) ~ y.
Iomyanxwme, ge ¢ C 1. (]
CnenctBuE 10.16. d.(A) ne e momaana cmenen 3a A - zenepuuno.
JIOKA3BATEJICTBO. [onyckame, ye d.(A) e roraana. Torasa
(3X € d.(A))(X - roramno).

Orryk crenpa, ue (xx) = X € d.(A), orkbaero (xx) <. A. OT TBbpPAEHNUETO
CTIEIBA, Y€ UMa M3UIACIUMA 1) D XX, HO X x € TOTAJIHA, CJEJIOBATEIHO € N3UUCINMA.
Orryk cnensa, ve X e paspemmmo. Ot apyra crpana A <. X, T.e. A e momypas-
PeLIMO, KOeTO € HeBbL3MOXKHO, IIOHeXKe A e PeHepUudHO. O

CHEIACTBUE 10.17. Axo A e zenepuuno, X e momaano, X <. A, mo X <. ().



TEMA 11

Perynsapuu somepanuu. Teopema Ha 3eamanH

HeonHuiiys 11.1. MuoxectBoro A HapwIaMe K68A3UMUHUMAAHO, AKO:

(1) AfLe0;
(2) Ako X <. Awu X e rorammo, To X <. 0.

Or CnexncrBue 10.17 ciiefBa, 4Ye BCSIKO DEHEPUYHO MHOXKECTBO € KBA3UMUHU-
MaJTHO.

JeoenHuuus 11.2. Muoxecrsoro A HapuyaMe MUHUMAAON0006HO OTHOCHO B,
aKo:

(1) B<e A® B;
(2) Axo p <, A® B, To (I C ¢)(¢ <. B).
3a 1a moKakeM ChbIIEeCTBYBAHETO HA MUHHMAJIONOAOOHH MHOXKECTBA, C€ HAJIATA,
Jla PeJIATHBU3UPAME IMOHATHETO M€HEPUIHOCT.

HOeounuiius 11.3. Kassame, ye A e B-reHepudHO MHOXKECTBO, aKO 34 BCIKO
MHOXKeTcBO S <. B OT KpaiilHu 4acTu € B Cujia, Je:

Bac A)(aecSVVE2a)(f ¢9)).

« paspemasa S

Mozkem f1a CTpouM B-reHepuYHU MHOXKECTBA CbC ChINATA KOHCTPYKIIHS, KAKTO
CTPOMM TeHEePUYHU MHOKecTBa B Tema 5, ¢ paziaukara, de mosarame S, = String N
We(B). 3a B-reHepudyHOCT MMaMe DeJIATHBU3MPAHUTE CBOMCTBA HA IEHEPUYHO
MHOKECTBO:

TBBLPAEHUE 11.4. Axo A e B-zenepuuno, mo A ne e xpatino.

JIOKABATEJICTBO. /loka3Ba ce aHaJormdHo Ha TBbpaenme 5.3, KaTo B3eMeM
MPEIBUL, 1Y€ ToIypa3permmmocto S <, B. O

TBBPAEHUE 11.5. Axo A e B-zenepuuno, VC A,V <, B, mo V e xpaiino.

JOKABATEJICTBO. [oka3Ba ce anasornyuo aa Tebpaenue 5.4, Karo B3emeMm
upeasug, de muoxkecrsoro S = {a | Iz(a(z) 2 1&2x e V)} <.V <. B. O

CHENCTBUE 11.6. A £, B, nonesce A C A e beskpaiino.
CnenctBuE 11.7. B <. A® B, noneotce unave A <, A® B =, B.

IIle BBHBEIEM CHOTBETHUTE PEJIATHBU3NPAHN TOHATHS 38 (POPCUHT U MOIEINPa-
He:

Jdeonnnuud 11.8. Kaszsame, ue A B-modeaupa rebpaenuero F(z,y):

Afp Fo(z,y) <= e} (1) <= (2,y) € We(A® B),
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HeovnHuuuns 11.9. Kassame, ge kpaiitnara dact « B-gopcupa TBbpIeHHETO
Fe(a,y):
albp Fe(z,y) <= (1,y) € We(a™ @ B),

kbaero o = {z | a(z) ~ 0}.
CeoiicrBa Ha opcunra:

(1) at CA&alkp F.(z,y) = A =g Fe(z,y) - OT MOHOTOHHOCT HA OmEpAIH-
dTa O U e-onmepaTopure.

(2) a C B&alkp F(z,y) = Blrg Fe(x,y) - OT MOHOTOHHOCT Ha ONEPAIUSTA
@ u e-omeparopure u paxTa, e a C f = at C /7.

(3) AEp Fe(z,y) = (3a C A)(alFp Fe(z,y)) - cneasa or KOMIAKTHOCT HA
e-OTepaTopure.

JIEMA 11.10. Mnoocecmeomo {(a, e, z,y) | alkp Fe(z,y)} <. B.
JLOKABATEJICTBO.
albp Fe(z,y) <= (3)((z,y),v) € We& D, Ca’ @ B) <. B.
([

TBbPAEHUE 11.11. Axo A e B-zenepuuno, mo A € MunumaronodobHo ommocHo

B.

JOKABATEJICTBO. TBbpuennero e penatuBuzanusa Ha TBbpaenme 10.15 3a
TreHEPUYIHU MHOXKECTBA.

Ot Cuencrue 11.7 noayuasame, ue B <. A® B. Heka cera (p) <. A® B.
Torasa () = W.(A® B) u (z,y) € (¢) <= Al=p Fe(z,y). Hexa

S={a| (3x)(3y1)Fy2)(alFp Fe(xz,y1) & alkg Fo(x,y2) & y1 # y2)} -

Ot Jlema 11.10 cimena, ge S <. B. ToraBa or B-renepwanocrrTa Ha A 3HaeMm, de

FaC A)(ae SV(VB 2 a)(B ¢ S)). Hda nonycuewm, ge « € S. Torasa 3a y; # Yo,

AEp Fe(z,11), AEp Fe(x,y2), e. () = y1,9(x) = y2 # y1 - nporusopeuue!
IMonyuauxme, ge (VG 2 o)(0 ¢ S). Heka

P(x) =y < (362 a)(Blrp Fe(z,y)).

Hedununusra e KOPEKTHA MOPAIX MOHOTOHHOCTA HA I 5. PakThT, e ¢ e DyHKIusA
ce IpoBepsABa KaKTO B TBbpAeHue 10.15.

Taka nosyuuxme, ge ¢ e Gyukuus u no gebununus () <. B.

Heka p(z) ~ y. Torasa

Ap Fe(z,y) = (38 € A)(Blrp Fe(z,y)) = (36 2 a)(BlFp Fe(x,y)) = ¥(x) ~ .
Tonyunxwme, ge ¢ C 1. [

CnencTBUE 11.12. Axo A e B-zenwepuuno, X e momaano, X <, A® B, mo
X <. B.

JIOKABATEJICTBO. ToBa e penarmBusanus wa Cnencrsue 10.17 u ce moka3sa
AHAJOTHIHO. ([

Enna ekBuBanenTHa nedUHUIMS HA HOMEPAIMOHHA CBOJAMMOCT € JAJeHa OT
Pomxmbpe.

Teoununus 11.13. f: N 2222, B gyapuuame nomepayus na B.
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Pomxmbpe mpejiara fa ce Ka3sa, 4e A ce CBeXKJa M0 HOMEPYEMOCT K'bM B, ako
10 BCsiKa HOMeparus Ha B moxkem na Homepupame A. Taka nagenara nedpuHunms
obate e HeTOYHA, 3aII0TO HOMEPAIIUATA MOZKE BBHOOIIE 13 HE € N3IUCTUMA (DYHKIIHA.
Tlo mpaBmaHO 61 6O A ce Ka3Ba, Ue UMaMe aJIrOPUThM, KOWTO 10 BCSAKA, TTpOTpama,
KOSITO M3MOJI3Ba KATO OPaKyJs HoMeparusaTa f Ha B 3a 7a HOMEpUpA PEeKypCHUBHO
B, mamwupa Jpyra mnporpaMa € OpakyJ f, KOosSTO peKypcuBHO HOMepupa A. 3a
dopmammsupate Ha Tas3u JAepUHUIESA Ce BbBEXKIAT PABHOMEPHUTE OIEPATOPH.

Jeennunmst 11.14. Kassame, e omeparopsr I' : 28 — 2V e pasnomepen,
aKO ChINECTBYBa n34uucanMa DYyHKIHS 7y, TAKaBa e
(Vf € F)Va)T(W]) =W ),

Ile mokazkem eKBHUBAJIEHTCHOCT HA JBETE MePUHUNNN, KATO JOKAKEM, 9€ PAB-
HOMEDHHTE OMEPATOPH €A TOYHO e-OMepPaTOPUTe:

TBBPAEHUE 11.15. T' e pasnomepen < I' e e-onepamop.
JLOKABATEJICTBO. (<) Heka I' ce onpenensa ¢ nonypaspemmmoro W. Torasa
PW)) = {z | Go)({x,v) € W& D, € W))}.
Tobpenm u3uncanMa A(a), Taka ge !gai(a)(v) <= D, CW/. Heka
w(av) = ] {a} (w.
u€D,
eno e, ue f > 1 = {b}) . Ako nonoxum Av) = SL(b,a), 10 umame

veW{, < 4W(ev) < D, CW].

Torasa ako V = {(a,x) | (Fv)({x,v) e W&o e W/{(a))}, 10 f >7 cy = @, oTKB-
neto 3a ji(a) = S1(c, a) momyuasame, e (W) = Wi(a).

(=) Heka 7 e Takasa, ue T(W/) = W,{(a). Ille mokaxkem, e I' e e-oneparop,
KaTO pasriielaMe JeHCTBUETO My BhPXY CIENUAJEH KJIaC OT OPAKYJIH.

Hdeounnnudg 11.16. Kassame, ge rorannara f : N — N e pezyaspra nomepayus
Ha B, ako f(2N+ 1) = B.

BABEEXKKA. B cnyuait, ve B = (), me pasrie:kgaMe peryaspHUd HOMepaIdy
maN=0=,0.

Axo f e perymspra HOMepanus, TO

() ~ sg(umli = F(2n+ 1)
Buxna ce, we cp <7 f, T.e. uMa mporpama b, Taka He 3a NPOM3BOIHA PETyIAPHA
nomeparmst W = B. Heka (b) = a. Torasa I'(B) = W/. Hexa

Wy = {(m,v} |z € W(ZDM} , kbrero Y)D{((x) ~ py[(z,y) € D].
Buxza ce, ue Wy e nonypaspernmo u I'(B) = F(be) =WJS =W ({(f).

Jdeounnnuus 11.17. B-pezyaspna xpating wacrn napudame yuximsa 7 : [0; 2+
1] — N, rakaBa 4e

20+ 1edom(r) = 1(2x+1) € B.
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Ako T e B-perynapHa KpaifHa 9acT, TO OY9EBUIHO
(3f 2 7)(f e peryasipua HOMepanus Ha B).
Nmame

r €T(B) <z € Wal(f)
<= (37 - B-perynspua Kpaiina gacr)(z € Wy ((1)))
<= (37 - xkpaiina gacr)(7* C B&
dom(t) = [0;2¢ + 1] & x € W, ((7))), Kbaero
T ={r2zx+1)|2x+ 1€ dom(r)}.

Or nocieTHOTO PaBEHCTBO ce BUkK/A, Ue I e e-ormeparop, KaKTo e TPOBEpPKaTa
manu T e B-perynsipaa Kpaitna dact e <. B. ([

CuenCcTBUE 11.18. 3a ecarxa B-pezyaapna nHomepayusa f umame, ve B <, f,
nouesice B = be u mozasa mHoocecmeomo Wy = 4 (x,v) | x € WgDv(} ceentcoa
B xam (f).

MoxkeMm 1a BbBeeM MOHSTHs 338 MOfAeaupane u (POPCUHT 33 PEryIsspHU HOMeE-
pamun Ha B u B-peryasapHu KpailHu dacTu:

JEeounHuima 11.19.

JEF(r) <= uzc We(<f>)7
TIFFo(z) < x € W.((1)).

Nmame:
TIEFo(2) <= (3v)((@,0) € We & Dy € (7)),

OTK'bJETO MHOXKECTBOTO S, = {(e,z) | T7IF Fe(x)} e momypa3spermumo.
CroiicrBa Ha dopcuHra;

(1) 7 C f&TIFF.(z) = f |= Fe(z) - OT MOHOTOHHOCT Ha €-OIEPATOPHTE.
(2) T Cp&TlFF.(z) = plk F.(x) - OT MOHOTOHHOCT Ha €-OIIEPATOPHUTE.
(3) fE Fe(x) = (37 C f)(7IF Fe(z)) - OT KOMOAKTHOCT Ha €-OLEPATOPHUTE.

TBbPAEHUE 11.20. Hexa A %. B. Tozasa couecmsysa peeyaapia HOMEPAyUs
[ na B, maxa we A £, f.

JOKABATEJICTBO. IIle cTporM MOHOTOHHO PACTAIIA PEIUIA OT PEryIsapHU
KpaiiHu 4acTu:
ThnEnC---Cr Sl
Hexka 79(0) = 0,79(1) = 29 € B. Heka cmMe mOCTPOMIH Ty,
I ca. ¢ = 2e e derno. Heka zg e Haifl-MamKuaT HEHOMEPHUPAH eJleMeHT Ha B,
Te. zo = pz[z € B& 2z ¢ 74(2N + 1)]. Ilomarame 7,41 = 74 * 0 * zo.
Il cn. ¢ =2e+1 e nedgerno. a pasriegame MHOXKECTBOTO

C ={z | (3p D 74)(p e B-perynapra kpaiita JacT &
p(I7ql) = 2 & pIF Fe(l7g]))}-

Twit kato C <, B, To C # A.
II.1) (3z)(x € C&x ¢ A). Torasa nomarame Ty41 Ja Oble Haf-MaIKOTO p,
KOETO yI0BJIeTBOpsiBa yciosuero Ha C.
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I1.2) (z)(x ¢ C&x € A). Torasa mosaraMe T,11 = T4 * T * 2z 33 HIKOe
zo € B.

Heka f = o Tq - OY€BUJHO € PEryJsipHA HOMEPALUs Ha B. [a momycuewm, [e
A<, f, re. A= W.({f)). Torasa f~1(A) = {z | f(z) € A} <. f u uma e, Taxa
wen € f1(A) < f E F.(n). Ja pastmename crbiuka ¢ = 2e + 1. Hexa
n=|14 =2¢+1.

Icn. ne f7YA) = f(n) e A= (3p 2 7,)(plk Fe(n) & p(n) = f(n) € A).
Torasa f(n) € C' N A, Koero e IpOTUBOPEYHE.

Hon n¢f (A= f(n) ¢ A= (Yp 2 m)(pk Fuln) &p(n) = f(n) & A),
Koero o3Hauasa, e f(n) ¢ C' - OrHOBO LPOTUBOPEYHE.

Torasa gomyckanero Hu e rpemo, r.e. A %, f. O

TEOPEMA 11.21 (Benman).
A<, B <= (VX - momaano)(B <. X = A <. X).

JIOKABATEJICTBO. (=) O4eBUAHO OT TPAH3UTUBHOCT HA <.

(<) Hda momycmem, e A £. B. Torasa moxeMm ga nocrpoum B-peryaspaa
Homepanus f, takasa ue A £. (f), vo (f) e rorammo u B <. (f), koero e
[IPOTHBOPEYHE. ([l

CAEACTBUE 11.22. Axo a,b € D,., moezasa
a<b < (VYz - momasna cmenen)(b <z = a < z).

deounniums 11.23. Asemomoppussm ua D, Hapudame BCEKH U30MOP(MUIHM
x:D, 222, D, (5: D, = D,).
Kassawme, 1e s e mpusuasen, ako (Va)(sx(a) = a).

HeovnHuuus 11.24. Kassame, we D C D, e 6asuc 3a aBromopduzmure B Dy,
aKo BCeKH IbT, Korato » : D, & D, u (Vd € D)(»(d) = d), 10 3 e TpuBHaeH.

TEOPEMA 11.25 (3a Gasuca). Mwuootcecmeomo na momansnume e-cmenenu e
basuc na asmomoppusmume wa D, .

JIOKABATEJICTBO. Hexka ¢ e aBToMopdu3bM HaA D, 3ama3Baim BCHIKNA TOTATHI
crenenn. Heka a e HeTOTaIHA CTEIEH.
(1) @ < »(a). Hamcruna, veka b e ToTasmma cremen, Takasa 4e x(a) < b.
Ho b = »(b) = »(a) < »#(b) <= a < b. Torasa mo Cnencreue 11.22
a < x(a).
(2) 3(a) < a - goKa3Ba ce aHAJIOIUYHO.

Taxa »(a) = a 1 CNEIOBATENHO € TPUBUATEH. (]






TEMA 12

YacTtuvHm perysisipHu HOMepalun

HeovnHuius 12.1. f : N —e— N nHapuuame wacmuvHa pe2ysspHas HOMEPAUUA
Ha B, ako
B={x|[(@n)(f(2n+1) ~x)}.

Jdeonnunusa 12.2. Kassame, ge 7 : [0;2¢ + 1] — NU{L} e wacmuuna B-
pezyAapHa KPpating “acm, aKo:

n+ledom(r)&T(2n+1)# L=71(2n+1) € B.
HeonHuiinsa 12.3. Kassawme, ue 7 C f, ako:
(Vz € dom(7))(7(z) # L = 7(x) ~ f(z) &7(x) = L = -lf(x)).
Ouesngro B <. f 3a BCAKa 9ACTUYHA PETYJIApHA HOMEpAIWs HA B, MOHEXe

3a W = {{(z,v) | D, ={(2n+1,2)}} e Bapuo, we W({f)) = B. Ocsen ToBa
MIpOBepKaTa Jajau €/iHa KpaiHa JacT 7 € B-perynspua e <, B.

HeovnHuuuns 12.4. Kassame, ge f e zenepuvwha 4acmuyha Pe2ysspHa HOMe-
payus wa B, ako f e wacTtuuna perysnsipua HOMeparus HA B u 3a Bcako S <. B,
KO€TO Ce ChCTOU OT YAaCTUIHU B-peryisipau KpaiHu dactu

FrChreSv(Vp2T)(pgS)).

Bcuuku TBbpieHUs 38 FeHEPUYHOCTTTA Ca B CHJIA U 33 PEHEPUYHUTE YaCTUYHU
perynaspuu HoMepanuu. Heka f € HIKOst TeHEpUYIHA YACTUIHA PETY/ISIPHA HOMEpAIus
Ha B.

TBBbPAEHUE 12.5. f He e xpatina.
JLOKA3ATEJICTBO. [onyckame, de dom(f) C [0;n]. Heka
S = {7 | 7 e yactnuna B-peryuaspna kpaiina gacr &(Im > n)(I7(m) & 7(m) # L)}.

OueBuguo S <. B. Or remepuunocrra na f ciensa, e uma 7 C f, Taka ge
TeSV(VpDT)(p¢S). OueBnauo T ¢ S, monexe 7 C f = |7| < n. Torasa (Vp D
T)(Vm > n)(Ip(m) = p(m) = L), koero e HeBb3MozkHO. [Toayunxme nporuBopedne
C JIOLlyCKaHeTo, T.e. f e Oe3kpaiiHa. (I

TBBPAEHUE 12.6. Axo f C ¢ <. B, mo ¢ e xpaiina.
JOKABATEJICTBO. Hexka
S = {7 | (3x)(7 e wacrmuna B-peryuaspua Kpaiita dact &!7(z) # L &ly(x) # 7(x))}

Ouesuzno S <. B. Or renepugnocrra Ha f ciaensa, ue uma 7, Takade 7 € S V(Vp D
7)(p & S). Buxaa ce, 4e 7 ¢ S, nonexe unate 7 € ¢, a umame 7 C f C ¢p. Torasa
(Vp D T)(Vx)(I(x) & p(z) # L = ¢¥(z) = p(z)). Tosa e Bb3MONKHO caMO AKO
dom(v)) C dom(T), T.e. 1) e KpaitHa. O
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CHEACTBUE 12.7. f mama npodsascenue, woemo e <. B, noueowce f ne e
KPaliHa.

TBBPAEHUE 12.8. Mwuoowcecmeomo dom(f) e B-zenepuuno.

JLOKA3ATEJICTBO. [a nonycueM, de dom(f) He e B-renepuuno. Ilo nedunuims
TOBa, 03HAYABA, Y€ CHIECTBYBA MHOXKECTBO S OT KpaiiHu yacTu, Takosa de S <., B
u: (Vo € dom(f))(a ¢ S & (Ia 2 @)(Ba € 5)). Heka 3a npomssosna gacTudna

B-perynspua kpaiina 9act p geduHupaMe KpailHATa 9acT

0 ,akolp(x)# L
pt(x) =<1 , axolp(z) =L

=! | uHaye.

Ouesuno e, ue p™ C dom(p). Ocsen ToBa, ako p C f, o p™ C dom(f). Ha
pasrieiaMe MHOMKECTBOTO

S ={p|p" € S&p e wacrmuna B- perynapna Kpaiina 9act} .

Or nednnmmmara ma S’ caensa, ge S’ <, S® B, no S <, B, orkbuero S’ <,
B =, S@& B. Tvit karo f e remepuvHa, TO UMa Y9acTuIHA B-perymspHa Kpaiina
qact 7 C f, rakapa we 7 € S'V(Vp D 1)(p ¢ S’).

Ako sonychem, e 7 € S, 1o 7T € S, no nounexe 7+ C dom( f) nopau uzbopa
na S mmame 7T ¢ S| koero e mporuBopedne. ToraBa ocraBa camMO Bb3MOKHOCTTA

/
(Vo2 7)(p ¢ S)

Jla pasrimemame kpaitmata gact O,+ € S. ToraBa 3a mpomM3BOJIHA YACTHIHA,
B-perynsapna Kpaiina gacT p O T, Takasa 4e p+ = (.1, umame pT € S, oTKbIeTO
p € S, xoero e nporuBopedne. ToBa JOKa3Ba, Y€ JOIMYCKAHETO HH € PEHIHO, T.C.
dom(f) e B-reHepnaHO MHOXKECTBO. O

CnencTBuE 12.9. dom(f) <. f.

e
JLOKABATEJICTBO. /[la momycHeM MpOTUBHOTO, T.e.
[ <e dom(f) <c dom(f)® B,

HO f Hama npombirkenue <. B, mokaro dom(f) e B-reHepudHO U CJieJOBATEIIHO
MMHMMAJIOIIOA00HO OTHOCHO B, T.e. uma g O f, taka e g <. B - nuporupopeuune. [

Mozkem f1a BbBeIeM OHATHS 38 MOJAeIuPaHe u (POPCUHT 33 9aCTUIHU PEryJIsiPHA
Homepaiuu Ha B u yactuanu B-perysisipHu KpaHA 4acTH:

HEeonHuima 12.10.

fEFe(z) <=z e W((f),
TIFF(x) <=z € W.(r), xbaero 77 = {{z,y) |y € N&7(z) ~ y}.

Nmanme:
Tl Fo(z) <= (3v)((z,v) e W& D, C77),
orkbaeTo MHOXKecTBOTO S = {(€,2) | TIF F,.(x)} e momypaspernmmo.
CeoiicrBa Ha (opcunra:
(1) 7 C f&TIFF.(z) = f |E Fe(z) - OT MOHOTOHHOCT Ha €-OLEPATOPHUTE U
dakra, we 7 C f = 7 C (f).
(2) 7 C p&TlFF.(x) = plkF.(x) - OT MOHOTOHHOCT Ha €-OLEPATOPHUTE W
daxra, e T C p= 71T C pT.
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(3) fE Fo(x) = (37 C f)(7IF Fe(z)) - OT KOMOAKTHOCT Ha €-OLE€PATOPHTE.

TBBLPAEHUE 12.11. Hexa A &, B. Tozaea csuwecmeysa f 2enepuuna wacmusma
pezyaapra nomepayus wa B, maxasa we A £, f.

JIOKA3ATEJICTBO. Ille mocTponM MOHOTOHHO PaCTSAINA PEIUId OT JACTHIHHA
B-perynspuu kpaiinn gactu 7, : [0;2¢ + 1] — NU{L}. Hexa 14(0) = L,70(1) =
by € B. Heka cme mocTponns 7.

I cn. g =3e. Ilomarame 7441 = 74 * L * b, KbaeTo b e IbPBUAT HEHOMEPHUPAH
eleMeHT Ha B.

IT cn. g =3e+1. e ocurypum rerepuunoct Ha f. Heka S, = W.(B)NRp,
kbaeto Rp = {7 | 7 e wactuuana B-perynsapua xpaiima gacr}. Ilomarame 7,11 12
6bJe HAR-MAJIKOTO T D Ty, T € Se, aKO TAKOBA UMA. AKO HAMA - [OJATAME Tg41 =
Tq-

IIT ca. q = 3e + 2. Ille ocurypum, we A £. f, KaTo cmMe curypHu, de
F7HA) # We((f)). Torasa me nmamve f~*(A) £ f u orram A £, f.

Hexa
ng = |4
Cyq ={x | (37 D 74)(7 e qact. B-per. kpaiira qact) & 7(ng) ~ & 7l Fe(ng)}
—_— —

<.B edeKTUBHO edheKTUBHO

Ouesugno Cy <. B u caegosarenno Cy # A.

II1.1) (Fz)(x € Cy&x ¢ A). Torasa msbupame Haf-MaJKOTO TAKOBA & K
HOJIaTaMe Tq11 [13 € Hail-MaJKOTO My CBHOTBETHO T.

I11.2) (3z)(z ¢ Cy &z € A). Tlonarame 7441 = 74 * T * L.

Hexka medwnupame f mo ciennus HAIUH:

fn) =~z = (39)(7y(n) ~ )
Ocurypuiu cme [ 1@ e reHepUYHA YaCTUYHA PeryisipHa HoOMepauus Ha B 110
nebunnmusa. Ocraba 1a gokaxkem, de f1(A) £e f.
Ia momycuem, qe f~1(A) =, W.({f)). a pasriemame cTblika q = 3e + 2.
BuaeM, e f(ng) >z € AAC.
Ica zeCy&ax ¢ A Torasa

fE Fong) = n, € f(A) = f(n,) = x € A - nporusopeune.
ITcn. ¢ C,&xc A Torasa
ng € f1(A) = (31 27,)(1(ny) ~ 2 & 7l F.(n,)) = = € C, - nporusopeuue.
Torasa f~1(A) £e f = A% f.
(]

Moxem Ja peJIaTuBU3UpaMe ,ILe(bI/IHI/IL[I/IHTa 3a KBAa3UMUHUMAJIHO MHO>KECTBO T10
CJIeIHNA HaUUH:

JeonHumnsg 12.12. MuoxkecTBOTO A HaApUIaMe K6a3UMUHUMAAHO Had B, ako:
(1) B <. 4
(2) Axo X <. Awu X e roramno, To X <. B.

Posisita Ha TeHepUYHUTE MHOXKECTBA, KOUTO CA KBA3UMUHUMAJIHE TYK UTPAAT

reHEePUYHUTE YaCTUYHU PEry/isipHU HOMEpaluyd Ha B, KOMTO Ca KBa3UMHUHHMAJIHU
naz B.
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JEonHuima 12.13.

fEF(zy) < (z,y) e We((f) <= [ Fe((z,9)),
TIFFo(z,y) < (z,y) € W (1) < 71IFF.({z,y)).

JIEMA 12.14. Axo f e zenepuuna (vwacmuwna) pezysspra nomepayus wa B, mo
[ £. B.

SABEJIEXKKA. Jloka3aTeJCTBOTO He M3II0J3Ba, Y€ f € ToTajHa.

JOKABATEJICTBO. [omyckame, ge f <., B. Jla pasriemname
S = {7 - (dactuuna) B-perynsapua kpaiina dacr | (3z)(I7(x) & 7(x) # f(z))} .

Nmawme, ge S <, B® (f), vo (f) <. B = S <. B. Torasa nopaju remepnd-
HOCTTA Ha f mMame

Ir C eSv (vp 2D S) ).
@rc Nz (Vo27)(p¢S))
¢ f He e BAPHO 38, f?_ﬁpgr
U B aBara ciydas cTurame 10 TPOTUBOpEUHE. ([l
TBBPAEHUE 12.15. Heka f e 2emepuuna 4acmuuna pezyiapra HOMEPAyUL Ha
B. Tozasa | e keasumunumarna Had B.

JIOKABATEJICTBO. 3uaem, e f <. B, a or Jlema 12.14 3naem, 1e 00OpaTHOTO
HE € BSAPHO.
JlocraTbaHo € Ja BuauM, 4e ako ¥ <. f e mpou3BOJHA TOTATHA (DYHKIHUS, TO

¥ <. B. Heka ) = W ({f)). Torasa ¢(z) ~y <= f = Fe(z,y). Heka
So = {7 - wacruuna B-perynspua kpaitna gacr | (3x)(Jy1)(Fy2)(71F Fe(z,y1) &
TIFFo(z,y2) &y1 # y2)}-
OueBugno Sy <. B. Torasa or remepudHocTTa Ha [ Clle[Ba, 4e
(30 € f)(10 € So V(Vp 2 70)(p & S0))-
Axko pmomycuewm, de 15 € Sy, TOraBa
(T # y2)(ro Ik Fe(z, y1) & oIk Fe(z, y2)) = [ | Fe(@,y1) & f = Fe(z,y2),

KOETO e TporuBopeune ¢ dakTa, ye ¢ e dynkius. Torasa umame (Vp 2 7)(p ¢ So).
Ile nokakem, ye

Y(z) =y <= (Ip270)(plF Felz,y)).

(=) Hexka ¢(z) ~y = f = Fe(z,y) = (3p C f)(plF Fe(x,y)) u 6e3 orpanute-
HHE MOXKEM Jla CuuTaMe, 4e p 2 Tp.
(<) Heka cera (3p D 19)(plF Fe(z,y)). Jda pasriegame MHOKECTBOTO

S1 = {p - wacruuna B-perynspna kpaitna dact | (3x)(Jy1 # y2) (3T 2 19)
(301 2 7)(Fd2 2 7) (01 IF Fe(,y1) & I IF Fe(z,y2) & |p| = max(|01], |02]) &
&p27&(V2)(|7] < 2 <|p| = p(z) = 1))}
Buxna ce, ge S; <. B. Torasa or remepudHocTTa Ha f ciejBa, e

(311 € f)(m € S1V(Vp 2 11)(p & S1)).
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Icua. 7 €51 Jla dukcupame cbOTBETHUTE X, Y1 F# Y2,T,01,02. JHAEM, Ue
¥ e rorasnna. Heka ¢(x) ~ y u 3a onpezesneHocr jJa cuurame, de y # yi. Torasa
fE Fe(z,y) = 3f 2 p1 2711)(p1 Ik Fe(z,y)). Ule upoekrupame §; BbpXy 71, KATO
MTPOMEHUM p1, HO 3amas3nM (POPCUHTA!

7(z) ,akox < |T|
pi(x) =<6 (z) ,axo |7| <2 < |0
p1(z) , unadge.
Nuvawme, e (p))*t 2 pf = plIFF.(z,y). Ot apyra crpana (pj)* 2 6 =
PiIFFe(z,y1). Hoy # y1 = 7 C p} € Sp, KOeTo e TPOTHBOpEYHE, T.e. HE €

BB3MOXKHO T1 € S.

ITca. (Vp2om)(p¢Si). Heka 7 =19UTy.

Heka p O 19 u plk Fe(z,y). Moxem na caurame, ye p O 7. Ha gomychewm, ue
P(x) =y #y. Torasa f = F.(x,y1) n cnenosarenno (36 C f)(§IF Fe(x,y1)), KaTo
MOKeM Ja cauTtame, 9e § O 7. Jla medmrmpame p’ mo ciaemsHus HaUWH:

7(z) ,ako z < |7|
d@) =L axo |7l <o < max(ld], o)
al , HHaue.
Buxna ce, 4e x,y,y1,0, p, T OTrOBapAT Ha ycjaosuero Ha S1 3a p', T.e. p’ € Sy
- TPOTHBOpEYNeE.

Torapa eJMHCTBEHUST Bb3MOKEH ciaydail e ¢ () ~ y.
B kpaitna cmeTka moayquxme

Y(z) =y <= (Fp210)(plF Fe(z,y)),
T.e. Y <. B. (|






TEMA 13

Teopemu 3a muHUMaTTHU ABOWKU. M30ponmn
uaeasin

Heonnuiuns 13.1. Ka3sage, ye muoxkecrsara F' u G 00pa3yBaT MUuHUMAALHA
deotixa 3a B, ako
(1) B <. F,B <. G;
(2) AL . FFAL.G= A<, B,

r.e. B e rouHa goJiHa rpanuna Ha F'u G.

IIle mokaxkem, 4Ye 3a BCAKO MHOXKECTBO B mMma Totajgnm MHOXKecTBa F n G,
KOWUTO 00pa3yBaT MUHMMAJIHA, IBOHKA 33 B.

ITomobHO HA reHepUYHOCT 33 YACTHUYHM PEry/isipHA HOMEDAIuh, MOMKEM J1a Bb-
BeJIEM M€HEePUYHOCT 33 PeryJispHHA HOMepalluu:

HeovnHunus 13.2. Ka3same, e f e zenepuuna pe2ysspHa HoMmepayus Ha B,
ako f e perymsipHa HOMepamus Ha B u 3a Bcako S <. B, K0eTro ce c¢bhbCTou OT
B-perynsipuu kpaiiau 9actu

FrChHresSv(Vp2T)(pgS)).

TBbPAEHUE 13.3. Hexa B C N, a {A,} e peduya om mnooicecmea, maxasa

ue (Vn)(A, €. B). Tozasa cowecmeysa zenepunna pezyaapna nomepayua [ na B,
makasa we (Vn)(A, . f).

JIOKABATEJICTBO. JloKa3aTeJcTBOTO € MOJ00HO Ha JOKA3aTeICTBOTO Ha TBbp-
nenwne 12.11

Ille mocTpoMM MOHOTOHHO PACTAIIA PEIUNA OT B-perynspHu KpaiiHu bacTh
Tq : [0;2¢ + 1] — N. Heka 79(0) = 79(1) = by € B. Heka cme mocrponiu T,.

I ca. g =3e. Ilonarame 7,41 = 74 * 0 x b, KblieTO b € IbPBUAT HEHOMEPHUPAH
eyeMenT Ha B.

IT ca. g = 3e+1. Ule ocurypum reaepuunoct Ha f. Heka S. = W.(B)N Rp,
kbgaero Rp = {7 | 7 e B-perynapna kpaiina sacr}. Ilomarame 7,41 ga Obae Hail-
MAaJIKOTO T D Tq, T € Se, aKO TaKOBa HMa. AKO HMA - [OATaMe Ty41 = Tq.

III cn. g = 3e+ 2. Heka e = (n, k). Ille ocurypum, ue A, %. f, xaro
cme curypan, we f1(A,) # Wi((f)). Torasa me mmame f~(A,) . f u orram
A, Lo f.

Hexa
ng = |74
Cq =A{x | (31 D 74)(7 e B-perynsapua kpaitna qact) & 7(ng) ~ v & 7k Fi(ng)}
—_— —

<.B edeKTUBHO edeKTHBHO

Ouesuano Cy <. B u ciaenosarenno Cy # A,,.
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II1.1) (3z)(z € Cy&x ¢ A,). ToraBa uzbupame Haf-MaJIKOTO TAKOBA & K
HoJIaraMe Tq41 [a € Haii-MajJKOTO My CBHOTBETHO T.

I11.2) (3z)(x ¢ Cy&x € A,,). Homarame 7441 = T4 * & * b, KbAETO b € HAKOMH
eneMeHT Ha B.

Hexka medwnupame f mo ciennus HAIUH:

fn) >z = (3g)(14(n) ~ x)

Ocurypunm cMe f 1a e TeHepUYHA PeryIsapHa HoMeparnus Ha B mo nedunumms.
Ocrasa na jnokaxewm, e f~1(A4,) €. f.

Ia nomycnem, e f~1(A,) =. Wi((f)) 3a naxou n u k. Jla pasriegame cTbIIKa,
g =3(n,k)+2. Buaem, 1e f(n,) >~z € A, ACy.

Ica zeCi&zx ¢ A,. Torasa

fE Fi(ng) = ng € fH(An) = f(ng) =z € A, - nporuBOpeune.
ITcn. z¢C,&xc A,. Torasa
ng € f1(A) = (31 2 7,)(1(ny) ~ & 7IF Fy(n,)) = = € C, - nporusopeune.
Torasa f~1(A,) £e f = Ay £e f. O

TEOPEMA 13.4 (3a munumanunure nsoiiku). Hexe B C N. Tozaea uma muru-
maana deotxa F' u G 3a B.

JIOKABATEJICTBO. Heka f e npoussosiHa reHepuyHa perysispHa HOMepalus
na B. Heka {A,} e peaunara or re3n MHOXecTBa, kKouTo ca <. f u £, B (re
ca u3bpoumo MHOro). CworiacHo Tebpaenue 13.3 nocrposBaMe g, Taka 4e g e
resepuuna u (Vn)(A, £. g). Heka nonoxum F = (f),G = (g). fcuo e, ue
cbraacuo Jlema 12.14 B <, F,B <. G. Heka A <., F, A <. G. Torasa A ¢ {A,},
unade A £, G. Ilom A ¢ {A,}, 10 A <. B. O

HeovnHuuus 13.5. I C D, wapudame udean, ako:
N zel&ky<z=yecl.
(2) z,yeI=zUyel.
Kazpawme, 4e I e azaasen udeas, mopojeH or x ako I = {y |y < z}.
Bcewuku moka3anu 10 MOMEHTA TBBPIEHUS BaXKaT 3a TyiaBHU uieaan. Cera mry

dopmyampaMe 9acT OT TBbPAEHUATA 34 MPOM3BOJNHU W30pommu muaeann. OTTyk
HaTaTbK wie cuurame, e I = {bg,b1,...,by,...} e usbpoum uzea.

TBBPAEHUE 13.6. z € I <= (In)(x <byU---Uby,).

JIOKA3BATEJICTBO. (=) Ako x € I, To x = by, 3a nakoe k, rorasa x < Uf:o b;.
(<) Ako (x < byU---Uby,) 3a usakoe n, 1o noHexe I e uiean ciaegsa, se v € . 0O

Taka MoxeM Ja cunTame, de ] € MOHOTOHHO PaCTHINa peJulia OT cTereHu by <
by <---<b, <...,makaBa ue x € I <= (In)(x < b,). Ako ugeanbr e rIaBeH,
Tazy peuna ce crabuinzupa. AKo I'bK HleanbT He e IJIaBeH, TO Ta3d PeIuIa MOxKe
na ce nzbepe cTpoOro MOHOTOHHA. IIpuMep 3a Takaba pejulia Ca apUTMETHYHHUTE
MHOKecTBa (ckoKoBere Ha 0):

0<0 <0"<0"<- <0 <. ..

Hakpas moxkeMm ma camrame KOraro uMaMe Ja/eH UIeasl, 9e HU € 13/IeHa PeIulia,
OT MHO2KECTBA, IPEACTABUTEN HA CbOTBETHUTE CTEIIEHU:

BO SeBl SGBQ SegeBn ge
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3a ma mocTponM TOpHA IPAHKIA Ha M30POUM HIeall, e TpsA0Ba Aa JedpuHupamMe
MOHSITHETO PEryIspHa HOMEpAInsa Ha U, TOJT00HO Ha PEeryaspHa HOMEpAIns Ha
€/THO MHOKeCTBO. JIupeKTHUuAT peBo Ha AeduHuImITa 0b6ade ce OKa3Ba MPEKATEHO
CUJIeH, 3aTOBA € HeOOXOAMMO 113 B3eMeM OTCJIabeH BapHUaHT:

HeovnHuiuns 13.7. Kazsame, ve f : N — N e peryagpra nHomeparus Ha
uneana I({B,}), ako:

(1) (V n)(f(2(n, k) + 1) € By);
(2) Ako z € By, 10 (3 n)(f(2(n, k) + 1) ~ z).
SABEJEXKKA. Tyk usnosnsBame 0O3Ha49€HUATA,

(Ovo n) = (IN)(¥n > N) (3a mo4rn BCHYIKH, BCHUKH 0e3 KpaeH Gpoit),

(oﬂo n) = (VN)(3n > N) (uma Ge3kpaitHo MHOTO).
JIEMA 13.8. Axo f e pezyaapna nomepayua na I({B,}), mo (Vk)(By <. f).

JLOKA3BATENCTBO. Heka dukcupame k. Ot (1) ciensa, ge Mmoxkem ja pukcu-
pame m, raka de (Yn > m)(f(2(n,k) +1) € By). Heka z € By. Torasa or (2)
umame, 4e 3a nakoe n > m f(2(n, k) + 1) ~ z. 306mwo

B ={z|(3n>m)(f(2(n,k) +1) = 2)},
oTkbaeTo By <. f. O

SABEJIEXKKA. Bbnpeku, e He MmoxkeM Jia HaMepuM e(PeKTUBHO 110 k 9UCIOTO
m, 3a Koero cme curypuu, 1€ (Vn > m)(f(2(n,k) +1) € By) B 00wus cayuaii Tosa
HSMA JIa HA TPsIOBA.

Perynsphu Homepanuu Ha WIeasH e CTPOUM OTHOBO C KPaiiHU 4acT, KAaTo 34
BCAKO MHOXKeCTBO By edexkTuBHO e nocouBame HOMEp 1M, OT KOHTO HATATHK e
ce sadeavicasame (e noemame 3adsasceruemo) na wanbanssame (1) u (2).

OT TO3M MOMEHT HATATHK e CIUTAME, Y€ UEATBT CE MPEJICTABS C MHOXKECTBATA,

BO ge Bl ge B2 §e "'ge Bn §e~~~7
T.€. peauiiaTa € CTpOoro MOHOTOHHA, a UJEaJI'bT HE € IJIaBE€H.

TBBPAEHUE 13.9. Hexa A C N, maxa we (Vk)(A <. Bi). Tozasa couecmeysa
peayaapna nomepayusa f, maxasa we A <. f.

IIle mokazkeM TOBA TBHLPAEHUE B MAJIKO TO-OOIIL, BHI.
TBBPAEHUE 13.10. Hexa {As} e peduya om mnoocecmea, makasa we
(Vs)(Vk)(As £e Br).
Tozasa cowecmsysa pezyaapua nomepayus f, we (Vs)(As e f).

JOKABATEJICTBO. Ille mocTponM MOHOTOHHO PACTAIIA PEIUIa OT KPaitH! Jac-
T 74 : [0;2¢ + 1] — N, Karo 3a Bcsko ¢ Ine Ka3BaMe 33 KOH By, KpaifHaTa dacT 7,
e noera 3axbakenne. Heka canrame, we {25} e momepanms na eremenrnre na By,
¢ 6e36poiitHo MHOrO MOBTOpEHUs Ha Beeku enement. Heka 79(0) = 79(1) = 0, Ge3 na
noeMa HUKAKBH 33/IbJKeHust. Heka cMe HOCTPOUIN T, U CMe [OeId 3a/bJIKEeHUs
3a By, ..., By,. Ha o3Haunm ng = |7|.

I cin g =2e Honarame 7441 = 74 % 0% 2%, kpgero ng +1 =2(n,k) +1u
HEKa Ja ToeMeM 3aIbJikenne 33 By, ..., By11.
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IT car. g=2(s,e) + 1. Heka
Cy ={x | (31 D 74)(7 n3nbIHABA MOETHUTE 3aabIKeHNs 38 By ... By,
&7(|1y]) 2 x&TIFFe(|mg]))}-

Buxna ce, ve Cy <, Bo®...® By, <. B,,, moHexxe peanmara e MOHOTOHHO
pacrama. Torasa C; # A.

II.1) (3z)(z € Cy&kx ¢ A,). Torasa usbmpame HAf-MaIKOTO TAKOBA T K
[OJIaTaMe Tq41 [13 € Haif-MajJKOTO My CBOTBETHO T .

I1.2) (3z)(z ¢ Cy& z € Ay). Honmarame 7,41 = 74 *  * 28, kppero n, +1 =
2(n, k) + 1.

Hexka nedunupame f = |J7,. Bmkna ce, ge cMe H30bIHAIN 3a0bIKEHAATS 32
BCUYKHU MHOXKeCTBa By, ..., By, .... OcraBa na mokaxkem, e (Vs)(As <. f).

Ja nomycuem, ue 3a uakoe s f1(Ag) =. W.((f)). a pasriemame crbika
g=2(s,e)+ 1. 3uaem, 1e f(n,) ¥z € A; AC,.

Ica zeCi&x ¢ A, Torasa

fEF.ng) = n, € f1(As) = f(n,) = v € A, - npoTHBOpETHE.
ITcn. z¢Cy&axec Ay Torapa
ng € f7H(As) = 31 2 7,)(1(ny) ~ 2 & 7IF F.(ny)) = 2 € C, - nporusopedue.
Torasa (¥5)(f~1(A,) Ze £) = (¥8)(As £ ). O

Mozxe na ce gedpuHUpDA EKBHBAJIECHT HA TIOHATHETO MUHUMAJTHA, IBOMKA 32 UIEATH
u na ce gokaxke Teopema, nmomodua na Teopema 13.4.

Jdeoununius 13.11. Kassauge, e muoxkecTBaTa F' u G 06pasyBar mouna 060tiKa
3a uneana I({By}), ako
(1) (Vk)(Bk Se F7 Bk: Se G)a
(2) A FFAL.G= Ael,

TEOPEMA 13.12. Hexa I({By}) e udeas. Tozasa I uma mouna deotixa F u G.

JIOKABATEJICTBO. Heka f e mpoussosiHa perysispHa HOMepalus Ha KIeaJia
I({By}). Heka A,, e pequnara oT Te3u MHOKECTBA, KOUTO ca <. f U He ca B uaeana
I (re ca u3bpoumo muoro). Coriacao Tebpaenune 13.10 nocrpogBave g, Taka 4e g
e perynsipua Homepanus Ha I u (Vn)(A, £. g). Heka monoxum F = (f),G = (g).
flcuo e, ge coriacuo Jlema 13.8 B <, F,B <, G. Heka A <., F,A <, G. Torasa
A ¢ {A,}, mnaue A, £, G. Illom A ¢ {A,}, 0 A€ I. O

CHnEACTBUE 13.13. Hma momaanu muoocecmea F u G, Koumo umam mouna
doana epanuya 6 Dp, Ho Hamam maxasa 6 De.

JIOKABATEJICTBO. Heka By = ), Byy1 € KBa3UMUHEMAJIHO OTHOCHO Bj. To-

raBa

By <¢ B1 <¢ - <e¢Bp <e ...
OIIpejie/isl HerJIaBeH uaeasl. 3a Hero uMame TOYHa ABoiKa F u (G, KOUTO ca TOTaIHU
MHOXkKecTBa. Ako 3a Hakoe X <. F, X <. G, to umame X <. By 3a usaxoe k, T.e.
F u G aamar touHa jgosiHa rpaHuia B De.

Hexka cera X e morammo, X <., F,X <. G. Torasa X <., By, no By e
KBa3UMUHUMAJIHO OTHOCHO By_1 = X <, Bi_1. Ananoruuno X <, Bg_o,..., X <,
0, no e Toranno, cnemosarenno X <t (. Taka Tounara no/Ha rpaHuna Ha F u
GB DT e Q] O
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Mozxem Ja PEJIATUBU3UPAME U ITIOHATUETO KBA3UMUHHUMAJIHOCT OTHOCHO HJIEAJI.

Jdeonaunmsa 13.14. Heka I(By) e HeruaseH nieasn. Kassawme, ue F' e keasu-
MUHUMANHO OTMHOCHO I, aKO

(1) (VE)(Bk <. F),
(2) Axo X e roramron X <. F, 10 X € [.

3a 7Ja JOKaXKeM ChINECTBYBAHETO HA KBA3WMWHUMAJHU MHOXKECTBA, 33 BCEKU
umeas € HeoOXOIUMO /13 BbBEJAEM YACTUYHU PETYISPHU HOMEPAIUN Ha WICAJIH.

HeonHuius 13.15. Kassame, ge f : N =N e vacmuyuna pezyaapra Homepa-
yua Ha udeasa I({By}), ako:

(1) (F m)(f(2{n. k) +1) = f(2(n.k) +1) € By);
(2) Ako z € By, to (3 n)(f(2(n, k) + 1) ~ z).

SABEJEXKKA. Jlema 13.8 He u3no/3Ba ChIIECTBEHO TOTAJTHOCT HA PEryJisipHATA
HOMepAIUs f 3aTOBA BAYKU ¥ 33 YACTHUIHU PETYJISIPHUA HOMEDAIIWH.

JeonHnnusa 13.16. Kassame, we 7 : [0;2¢ + 1] — N U {1} e wacmuuna
I-pezyaapna xpatina wacm, aKo:

n+1ledom(r)&r(2n+1)# L=72n+1) €l

HeovnHuuuns 13.17. Kassame, e 7 C f, ako:
(Vx € dom(7))(7(z) # L = 7(x) ~ f(z) &7(x) = L = -lf(z)).

TBBbPAEHUE 13.18. Hexa I({By}) e nezaasen udeasr. Cowecmeyean wacmuina
pezyasapna nomepayus f na I, maxa we (f) e xeasumunumairno ommocho I.

JOKABATEJCTBO. Ille mocTpouM MOHOTOHHO PACTSINA PEIUIA OT 9aCTHIHU
I-perynspun kpaiinu wacru 7, : [0;2¢ + 1] — N U {1}, xaro 3a Bcako ¢ e
Ka3BaMe 3a KOH Bj KpaffHaTa 9acT 7, € Ioesa 3aIbjkenue. Heka caurame, de
{z¥} e momeparms ma enementuTe Ha By, ¢ 6e36POIHO MHONO TIOBTOPEHNST HA BCEKM
€JIEMEHT.

Heka 79(0) = 79(1) = 0, 6e3 ma moema HHUKaKBH 3a/IbJkeHHs. Heka cme
LOCTPOMJIN T4 U CMe IOeJH 33IbiKenus 32 By, ..., By,. Ha o3nadum n, = |14].

I cin. gq=2e Homarame 7441 = 74 % 0% 2%, kpgero n, +1 =2(n,k) +1u
HeKa Ja IoeMeM 3albiKenne 3a By, ..., By41.

II cn. ¢ =2e+ 1. BamaBame BbIpPOCA JATH

= PR
(a) (3p 2 7)(p m3nBIHSBA MOETHUTE 33 bJIKEHNs 38 By B, &

&(31‘)(32/1 7é y2)(pH—Fe(x’y1) &p”_Fe('ra y2)))

B ciyuait, 1e orrosopst € da, ojlaramMe Tq1 /13 € Hafi-MaJIKOTO TakoBa p. B ciyuai,
4e OTT'OBOPBT € He, 3a/aBaMe BTOPU BbIIPOC:

(b)  (F)(Ey #y2)Er 27)(3p 2 )@ 2736 2 7)
(p, 01, 02 UBI'BIHIABAT OETUTE 33bJKeHusd 3a By, ..., By &
0k Fe(z,y1) & 02l Fe(x, y2) & |p| = max(|61],]d2]) &
&(¥2) (7] < 2 < Ipl = p(2) = 1).

Axo orroBopbT e da, nomarame 7441 Ja Obje Hali-MaJIKOTO TAaKOBA p. AKO OTTOBOPBT
e He, OJaraMe Tyt = Tq.
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IMomarame f = |J7,. Buxza ce, 1e f e perynspua Homeparus Ha I, OTKbIETO
(Vk)(Bk < f). 3a mokazarescTBoro Ha (2) e JOCTATBYHO Ja BHIUM, Y€ aKo ¢ =
We({f)) e nupoussonna roranua dbyukuus, 10 1 <. By 3a Hsakoe k.

Heka ¢(z) ~y = f = Fe(x,y) = (3p C f)(plF Fe(z,y)) u 6e3 orpanuntenne
MOXKEM Ja CUATaMe, 4e p 2D Ty.

Ha pasriegame crbika g = 2e+ 1. Heka 7, e 33/IbJIzKeHO OTHOCHO By, . .., By,.
Torapa e gokaxkeM, 4e ¥ <, B,,. 3a Ta3u 1es e BUIUM, de

(%) Y(r) @y <= (Ip 2 T4+1)(p U3UDBIHABA IOETUTE 33 IBIKEHHS 32
By,...,Bn & plk Fo(z,y)).

(=) Heka ¢(z) ~y = f = Fe(x,y) = (36 C f)(0IF Fe(z,y)), KoeTo u3mbIHs-
BA [OETHTE 33IbJKeHNs U Oe3 OrpaHu<IeHne MOXKEM 13 CIHTaMe, 9e § D Tgy1.

(<) Heka cera (30 D 7441)(0IF Fe(z,y) m ¢ e 3agbmkeno 3a By,...,Bp,).
O1roBopbT Ha BHIPOC (a) € OUJl He, B IPOTUBEH Cy4ail ¢ me Oble MHOrO3HAUHA.
Ha nomycuem, ye ¢(x) ~ z # y. Torasa uma pi, KOETO U3I'bJIHABA 3a/bJIKEHUITA
3a By,...,By u p1lF Fe(z, 2) 1 MozkeM a camTaMe, de p1 O Ty41. Heka

Tg+1(x) , aKo @ < |7g4al;
() = QL ;axo |ga| < @ <maz(|p1l,10]);

=l , KHA4e.

Torasa orrosopbr Ha Bbupoc (b) e 6un da, KATO CBUAETENH CA T, Y, 2, Ty41,0, 0
n pPq-

Torasa T,4+1 € Haii-MaJKoTO p OT BbIpOC (b) M 3a HEr0 UMaMe CbOTBETHUTE
' y1 # yo, T, 01, 02. Be3 orpanmyenne Ha OOMIHOCTTA MOXKEM 13 CIUTAME, € 2 7 V1.
Hexka

() ,ako x < |7|
pi(x) =<8 (z) ,axo 7| <2 < |6
p1(z) , unadge.

2

(p))T C 6 = p| msnbanasa moerute 3awbKenus 3a By, ..., B, u ocsen
toBa p) Ik Fe(z',y1). Ot apyra crpana, Tbil KaTto p1 O Tgq1, 38 KOETO € B CHIA
ceoiicrsoro (b), (p})* 2 pi = piIFF.(2/,2). Orryk ciemsa, ge oTroBopbT Ha
BbOpoc (a) e 6w da cbe cBumeTenn &', yy, z, P}, KOETO € MPOTHBOPEYNE.

B xpaitna cmerka mosyunxme () , OTkbaero ¥ <, B, = ¢ € I. O

CHnEACTBUE 13.19. Hma momasnu muosicecmea G u H, xoumo umam mouna
doana eparuye 6 D, Ho Hamam maxasa 6 Dr.

JOKABATEJICTBO. [la pasrimemame umeana
T=0<, 0 <e <o 0™ <, ...

Cormacao Tebpaenne 13.18 mmame F - ToTanHo, KBa3WMUHUMAJHO OTHOCHO I.
Coracao Teopema 13.4 moxkem ma namepum G u H - MuHuMAaaHa [IBOiiKa 3a F.
Torapa G u H me umar 3a noJina rpanuna F 8 D..

Or npyra crpana G u H ca Touna nBoiika 3a ugeana I B Dr:

(1) OueBuuno (Vk)(By <. F <. G,By <. F <. H).
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(2) Heka X eroranuo, X <. G,X <., H = X <, F, 1o F e KBa3uMUHUMAJIHO
orHocHO I, ciemoBarento X € 1.

Toit kKaTo maeanrsbT He e TiaBeH, To G u H HAMAT TOYHA JOJHA TPAHWIA B
Drp. (Il






TEMA 14

D, HE ChOABbP2KA MUHUMAJIHU CTEIEeHU

Jdeoununus 14.1. Ille xka3same, ue e-oneparopbr W, e s-onepamop (cumnene-
MOHEH ONEPATNOP), AKO

((i,j) ,v) € W = D, =0V D, ={j}.
JIEMA 14.2. Axo W, e s-onepamop, a B <t () mo
lim W2 (B)(@) = We(B) a),
xademo {W?} ca anpoxcumayuu na nosypaspewumomo W, u cszaacno Tema 2, a
{B*} 3a anpoxcumayuu wa B <7 @ cszaacno Caedemeue 2.14.

JOKABATENCTBO. Hexka = = (i, 7).
Ica (Pv)((x,v) € W,). Torasa

(Vs) (Vo) ((z,v) ¢ W) = (Vs)(W(B®)(z) = 1)
= slggo W3(B%)(z) =1
II ca. (z,v) € W & D, = 0. Torasa
(Fr)(Vs > r)((z,v) € W) = SILH;O W2(B®)(z) =0 =W.(B)(x).
III co. ((i,j),v) € W & D, = {j}. Torasa
(Fr) (Vs > 1) (xB: () = xB(7)) &(Fr2) (Vs > r2)({{i, j) ,v) € W?)
= (Vs > max(r1,r2)) (W (B%)(z) = We(B)(z)).
O
3ABEJEXKKA. OTTykK HATaTbK 3a Mo-Kparko me Genexum (z,D,), BMecTo
(x,v).

TBBPAEHUE 14.3 (Tytepua). Hexa O <7 B <t (. Tozaea uma e-onepamop
0, maxss we O <. 6(B) <. B.

JIOKABATEJICTBO. Ille crpoum s-omeparopa § Ha CTHIKH, TaKa 9
(1) (Ve)(We # 0(B))
(2) (Ve)(We(0(B)) # B).

IIle nmpuiarame T.Hap. Texnuka check-and-cross.

JEonHUIMIA 14.4.
i) B 6=t

v (i,j) B 0° = npuunciasasame ({i,7), {
x (i,7) B 0° = npuuncnasame ((i,j),0) B 65",

61
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JEonHuIAa 14.5.

L(e,s) = maz{z |z < s&(Vy <x)(W(y) = 0°(B°)(y))}
l(e,s) = maz{z | v < s&(Vy < x)(B(y) = WZ(6°(B°))(y))}

Hapudame agreement GynkyuU, T HA TABAT [IbJKUHATA HA MAKCUMATHIS HAYATCH
CEerMEHT, OIPAHUYEH OT S, BbPXY KOWTO cbBuasar cborserHo WS u 6°(B®), B® u

We(0°(B%)).
Heonnniust 14.6.

uz[(Vy < x)(B*(y) = WE(0°(B® | 2))(y))] , ako TakuBa MMa;

u(e, s,z) =
0 , THAYeE.

r(e,s) = mazx {u(e,s,z) |z < l(e,s)}.

u(e, s, r) Hapuaame use-QyHKIUS U T HA JABA HAH-MATKAAT HATAIEH CETMEHT
or B?, koiiTo MOxKe z1a ce M3M0J3Ba pU HpoBepkara, ye B = W2 (6,(B*)) Bbpxy
[0;2 — 1].

r(e, s) Hapu9Iame restrain-dbyHKINS 1 TS HU 1aBa HAfi-MaJIKUAT HAYAJIEH CETMEHT
or B®, KO{TO 1me HU CBbpIIU paboTa 3a TOPEnocovYeHaTa MPOBEPKA 33 BCUYKH T,
KOWTO IIIE PAa3r/IeXkKJaMe Ha S-Ta CT'bIIKA.

IMomnarame 6° = (). Heka 6° e mocTpoena. 3a BCAKO e < § IPaBUM CJIEIHOTO:
(a) v {e,j) B 6° 3a Bcako j < L(e, s);
(b) X (i,7) B 0° 3a Bcako (i,7) <r(e,s) ui>e.

ITo To3u Hauun nosyudasame 0571, Jla nmonoxum 6 = U, 0°. Ilopamu nedu-
HULuATa HA v U X ce BUKJIa, 4e 6 e s-oneparop. Torasa mo Jlema 14.2 umame,
qe

lim 6°(B*) = 6(B).
S— 00

Jdeonnnuusa 14.7. Kassame, ue usucksanero W, # 6(B) uma upuopurerexn
HOMeD 2e+ 1, a m3anucksanero W, (6(B)) # B nma npnoputeren Homep 2e. ITo-Brncok
MPUOPHTET UMAT W3WCKBAHUATA C TIO-HUCHK MPHOPUTETEH HOMED.

Jdeonaunnsa 14.8. Kassame, qe W, # 0(B) npean3BuKBa BHUMAaHNE HA CT'HITKA
$, aKO Ha Ta3u cTbhKa v (e, j) 3a IbPBU IbT.

Kassawme, ye B # W, (0(B)) npeu3BHKBa BHIMaHNE HA CTBIKA S, aKO HA Ta3d
crbiKa X (i,7),4 > € 33 IbPBU IIBT.

JIEMA 14.9. Besaxo usuckeane npedu3éurea 6HuUMaHUE KpaeH O6POil Nsmau.

JIOKA3BATEJICTBO. Heka Rp e M3UCKBAHETO C HAN-BUCOK MPUOPUTET, KOETO
IpeIM3BUKBA BHUMAHNE OE3KpaeH OPOil IIbTH.

I ci. Rp =W, # 0(B). ToraBa na Geskpaen 6poil CTbIKU CMe UMaIU
uoeu e < 8,5 < L(e, s), orkbaero L(e, s) pacre neorpanmaeno. Torasa me mmame
Ge3KpaitHo rojeMu cerMeHTH Ha cbryacue Mexay WS u 6,(B®). Torasa mmame
6(B) = W,. Ho mom L(e, s) pacre neorpauudero, to (Vj)(v (e, j) B 0).

Rp e m3uckBaHeTO ¢ HA-HUCHK MPUOPHUTETEH HOMeD 2e+ 1, KOeTo mpen3BUKBa
BHUMaHWe Ha Oe3KpaeH OpOil CT'BIKH, CIeA0BATeTHO u3uCcKBaHero B # W (0(B))
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Cc HOMED 2e He Npenu3BUKBA BHUMaHWEe Oe3kpaeH Opoit mbru. ToraBa moxkem ma
TBBPAUM, Y€

(¥ j)
= (¥ D({{en) , {5}) € 0& ({e, ), 0) ¢ 0)
<=><°\?g>< j)€6(B) < jeB)
— (V)

Torasa nomyuasame, ue B <, W, = B <. () - nporusopesue ¢ yciosuero.

IT cn. Rp = B # W.(0(B)). Torasa Ha 6e3kpaeH GpOil CTHIKA CMe UMAaJN
HOBH @ > e, (i,j) < r(e,s), oTKbaETO 7'(€,$) pACTe HEOTPAHUYEHO C HAPACTBAHETO
Ha s. Orryk umame, de [(e,$) CbUIO pacTe HEOrPAHUYEHO, B HPOTHUBEH CJIydail
buxme umanu, ye u(e, s, T) pacre HEOIPAHUYEHO C S 33 OIPAHUYEHU T, KOETO HE €
Bb3MOkHO. Torasa mie mmame GE3KPaWHO roJIEMH CErMEHTH HA CbIVIACHE MEXKJLY
WE(0%(B*®)) n B®.

Orryk He MOXKeM AMPEKTHO aa 3akiwounM, de W.(0(B)) = B, moHexe He
MOXKeM Ja npuiioxkuM Jlema 14.2 3a npousBosiHus e-orneparop W..

Twit karo (e, s) pacre Heorpannvesno, rorasa (Vi > e)(V4)(x (i, j) B 6).

Hexka

= {{id) i >}

Cy = {<Za.7> | 1< ede x <7’a]> B 0}7

C=C1UCy

F={{i,j) |i<e&v (i,j) »0&j € B}.
Ouesngno C; e nmomypaspemmmo. Tbit KaTo Rp € W3MCKBAHETO C Hali-BUCOK TIPHO-
PHUTET, KOETO € NMpeIN3BUKAJIO BHUMaHue Ge3kpaeH Opoil I'bTH, TO 38 M3UCKBAHUATA,
Ro; v Ro;11 321 < e ca npeIu3BUKaIU BHUMAHUE KPaeH OPOil I'bTU U CJI€0BATEIHO
muoxkecrBara Co u F' ca kpaitau. Orryk ciensa, ge muoxkecrsoro C' U F' e mosy-

paspermumo.
Bsapmo e, ue

(i,7) € 0(B) <= x(i,j) V(v (i,j) & j € B)

= ((1,5) € O)V((i,j) € F)

— (i,j)eCUF.
Taka nomyuuxme, de §(B) e momypaspemmnmvo. Torasa nmame:
3s)(z € B?)
3s)(z € W*(6°(B?)))
3s)(z € W*(6(B)))
3s)(z e W (CUF)).

z€B «—

koMmmakTHOCT Ha W, Jlema 14.2 <=

(
= (
(
—

[IOJIY PA3PELINMO
Taka momydnxme, 4e B <, (), koeTo e mporusopedne ¢ ycjaoBuero Ha Jlemarta.

O

Ot Jlema 14.9 momyunxme, e HAMA M3UCKBAHE, KOETO /14 TIPEAM3BAKBA BHIMAHUE
Geskpaen Opoil bTH, a OTTYK caensa, ue L(e, s),r(e,s) u l(e,s) ca orpanuuenu
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C HApacTBAHETO HA S, KOETO O3HAYABA, € BCHUYKN M3NCKBAHUSA C€ UIIMIbJIHABAT C
TedeHrne Ha BPEMETO, T.e.

(Ve)(We # 0(B) & W.(0(B)) # B).

TBbPAEHUE 14.10. Hexa B C N. Tozasa uma e-onepamop 6, maxse ue:
(1) Axo 0(B) <. 0, mo B < ';
(2) Axo B <. 0(B), mo B <. 0.

JIOKABATEJICTBO. OTHOBO IIle CTPOMM S-Oreparopa f Ha CT'BIKH, KATO M3-
non3Bame check-and-cross. Ille mocTponM 6 1o TakbB HAYMWH, 9€:
(Vi) ED((Vi > 1) (= x (i, j) B6) &3> I)(V (i,j) B0)),
T.e. BbB BCSIKA KOJIOHA MMaMe KpaeH Opoil X ! cjemd TIX TOYHO eIHO v .
Hexka
check(j) = max {iv’ {(i,j) B 0}.
ITe crpoum aunpokcumanuu check(s, j) na check(j), raka ue
lim check(s,j) = check(j) <7 /.
S— 00

[onarame 60 = 0, check(0, j) = —1. Heka cme moctpousu 0° u \j.check(s, 7).
Ha pasriemame Bcudku Tpoiiku (e,n, F), kbiaero F e KpaiiHO MHOXKECTBO,
maz(F) < n, e,n < s. 3agaBame BbIPOCA:

*) (3S - kpaiino)(({i,j) € S = j > max(e,n)) &n € WS (0°(F)US).

Tozn BBIpoc mMa cioxuoCT (.
Axko rakoBa S uma, ToraBa m3bupame Hall-MaJIKOTO TakoBa, S U

(V (i, 5) € S)(x (i, 5) B 6°).
Hakpas 3a Bcsiko j < s MOKeM €(PEeKTUBHO J1a HAMEPHUM IIOC/IEIHIS MAPKUPAH
eneMeHT (i,7) m ako X (i,5), To v' (i + 1,j) n check(s+1,7) =i+ 1.
Ia monoxum
0=Jo
S

check(j) = lim check(s, ).

JIEMA 14.11. (V5)(3I) (Vi > I)(—v (i, ) &= % (i,])), m.e. scaxa Koaona co-
doporca Kpaer Gpoli MAPKUPAHU EAEMEHTIU.

JLOKABATEJICTBO. Twii karo v (i,j) = X (i — 1,7}, T0 e nocrarbyHo Ja BuU-
UM, Y€ BCIKa KOJIOHA ChIbprka KpaeH Opo#t X. Hacurumra, ako durcupame j,
TO WMa KpaeH Gpoii Tpoiiku (e, n, F'), 3a xouro j > max(e,n),n > max(F) n nma
HeMpasHo S, KOeTo J1a yaoBjaeTBopsiBa (*) . T'bil KaTo caMo TOBa €a Bb3MOKHOCTHUTE,
Koraro Ouxme Moriau Ja X (i,j) 3a HAKOe i, TO CJeJBa, Y& X ca KpaeH Opoii. O
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JIEMA 14.12. check <t V.
JOKABATEJCTBO. Ot Jlema 14.11 ciensa, ge

v (3 SILrIgO check(s, j) = check(j)).

Boopocst (*) mma croxuOCT () & TOl carysku 3a perynaTop Ha peqmnara { check(s, j)}.
Ocsen toBa check(s,j) <r (', nomexe croffHOCTTA # 3aBUCH OT CHIUS BBIPOC.
Torasa mo Jlema 2.13 caensa, ue check <t §'. O

ITo xoncTpykuuaTa noayunxme, e (check(j),j) € 6(B) <= j € B. Torasa
or Jlema 14.12

(1) Axo 0(B) <. 0, 0 B <7 (.

Ocrana ja mokaxkem, 4e e B cuia u (2). 3a mesra me JoKaxKeM OIe eIHa,
JIEMA 14.13. Hexa B = W, (0(B)). Tozasa
(Vn > e)(n € W.(0(B)) = n € W.(6(B|n)).

JJOKABATENCTBO. Heka n € W (0(B)). ToraBa n € W,.(0(D)) 3a Haxoe
kpaitno D C N. Heka F' = D [n. Ouesuguo max(F) < n. FF C D = (D) =
O(F)U S, kbaero

S={{,5) | {(i,5),{i}) € 0&j=n=>e}.

Torsa Ha Jocrarbano rojemu crbiku 0°(F) = 0(F) C (D). Ho F C D [n C B [n,
rorasa n € W.(0(B [ n)). O

Heka B = W,(6(B)). Ille nocrpoum B Ha crbiku, raka e B na e nosiypas-
pemumo. Heka

By=Bl(e+1)
Bg1 = We(0(Bg)) U By.

Ouesngno (Vq)(By C Byt1). OcBeH TOBa ¢ HHIYKINS IO ¢ MOMKEM J1a, IOKAZKEM,
qe (Vq)(B;, € B). OueBmano TBbpeHHeTO € BspHO 3a By. Ha momycmeM, twe
B, C B. Torasa OT MOHOTOHHOCITa Ha e-omeparopute ciesa, de W (8(B,;)) C
We(6(B)). Torasa By = W(0(B,)) U B, C B.

C mbiHa MHAYKIM 10 7 1Ie JOKaxKeM, de
(Vn)(n € B = (3q)(n € By)).

Ban <=eumame, uen € B <= n € Bl(e+1) = B,. Heka ceran > e n
Jla IOMyCHEM, Y€ TBbPAEHUETO € BAPHO 33 Bcuuku m < n. Ot Jlema 14.13 cnenga,
qe n € We(0(B [ n)). Ilo unnyknnonso npeamonoxenne umaMme, 9e B [n C B, 3a
askoe q. Torasa

n e We(0(B[n)) C We(0(Bg)) S Bgt1.

Taka momyunxme, de B ce mpeacTaBd KaTO TPAHUIA HA PEJIUIIA OT PA3PEITUMU
MHOXKECTBa, caemoaTenso B <, (), T.e. B e momypaspemmMo, KOETO JOKCA3Ba 1

2). O

CHEACTBUE 14.14. B D, HAMA MUHUMAAHYU CENEHU.
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JOKABATEJICTBO. [la nomycHem, 4e B e MHUHUMAJHO MHOXKeCTBO. ToraBa
B >. 0. Axo gomycmem, we B <r (', To no Tewpmenne 14.3 § <. 0(B) <. B,
r.e. B ne e munumanno. la B3emem oneparopa 6 or Tsbpuenue 14.10. Oz (1)
crensa, qe §(B) >, 0. Or (2) mbk nmamve, e B £, 0(B), unate B =, (. Ocsen
TOBa, TOHeXe e e-oneparop nmame, 4de 0(B) <. (B), KoeTo e B MpoTHBOpEUNe ¢

MUHHMAJHOCTTA Ha B. |

CHnENCTBUE 14.15. [oaypewemxume D, u D He ca esemenmapro exeusaienmu,
nonesice 6 Dp uma munumasny cmenewy (Tema 7), a 6 D nama (Tema 14).
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