REGULAR ENUMERA TIONS

[. N. SOSKOV AND V. BALEVA

Abstra ct . In the paper we introduce and study regular enumerations
for arbitrary recursive ordinals. Seweral applications of the technique are
preseried.

1. Intr oduction

Let bearecursive ordinal andlet fB g  be an arbitrary sequenceof sets of
natural numbers. Roughly speaking a regular enumeration f is a kind of generic
function sud that for all , B is recursively enumerablein f () uniformly in

The regular enumerations for nite sequence®f setsare introduced by the rst
author in [13] where seweral applications to the theory of the enumeration reducibil-
ity are preseried. In the preseried paper, we are concernedwith the problem of
generalizingthe construction from [13] to in nite recursive ordinals . It turned out
that this generalization is not as straightforward as might be expected, the main
problem beingthe limit ordinals. To dealwith them we intro ducein section3 the so
called ordinal approximations. In sections4 { 6 we de ne the regular enumerations
and study their properties.

Section 7 is dewoted to the applications. We prove a general version of the
inversion Theorem from [13] and apply it to obtain a characterization of the setsA
satisfying the condition:

*)  (8X)[(8 B isr.e.in X uniformly in )) Alisr.e.in X

where is a recursive ordinal.

Our characterization is in terms of enumeration reducibility giving an alternative
version of Ash's Theorem from [1], where the setsA satisfying (*) are described by
meansof a certain kind of formally described reducibilities.

Other applications are related to the following problem. Let and berecursive
ordinals. Considerthe family

S. =fx0):(8 B isr.e. in X uniformly in )g:
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Now the problem is to determine when the family S. possessean element whose
Turing degreeis the least amongthe Turing degreesof the elemens of S. . Prob-
lems of that kind were consideredin [2] and [8] and recerily in [4]. We obtain a
characterization of all families S.  which have an elemen of least Turing degree
from which follow the respective results from [2, 8, 4].

2. Preliminaries

2.1. Ordinal notations. In what follows we shall consideronly recursive ordinals

which are below a xed recursive ordinal . We shall supposethat a notation
e2 Ofor is xed and the notations for the ordinals < areelemerts a of O such
that a <, e. For the de nitions of the set O and the relation "< ," the reader may
consult [10] or [11]. We shall identify ewery ordinal with its notation and denote
the ordinals by the letters ; ; and . In particular we shall write < instead
of <, . If isalimit ordinal then by f (p)gy,.n We shall denote the unique
strongly increasing sequenceof ordinals with limit , determined by the notation
of ,andwrite = Ilim (p).

2.2. The enumeration jump. Giventwo setsofnatural numbersA and B, we say
that A is enumeration reducibleto B (A . B) if A= ,(B) for someenumeration
operator . In other words, usingthe notation D, for the nite sethaving canonical

A B () 9z28x(x2A () 9v(hv;xi 2W, & D, B)):

The relation . is re exiv e and transitive and induces an equivalence relation

e on all subsetsof N. The respective equivalence classesare called erumeration
degrees.For an introduction to the enumeration degreesthe reader might consult
Cooper [6].

Given a set A denote by A* the set A (N nA). The set A is called total i
A . A". Clearly A is recursively erumerablein Bi A B* andA is recursive
inBi A" .B*. Notice that the graph of every total function is a total set.

The erumeration jump operator is de ned in Cooper [5] and further studied
by McEv oy [9]. Here we shall usethe following de nition of the e-jump which is
m-equivalert to the original one, see[9]:

2.1. Denition. GivenasetA, let K2 = fhx;zi : x2 ,(A)g. De ne the e-jump
A? of A to bethe set (KQ)*.

The following properties of the enumeration jump are proved in [9]:
Let A and B be setsof natural numbers. SetB® = B and B{"*Y = (B{M)2.
(J1) If A .B,then A2 B¢
(J2) Ais 9, relativelytoB i A . (B*)M.
Let be a recursive ordinal. To de ne the -th erumeration jump of a set A
we are going to usea construction very similar to that usedin the de nition of the
-th Turing jump. The ideais to modify the de nition of the setsH*, see[10] or
[11], by taking enumeration jump instead of Turing jump:
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2.2. De nition.
(i) EA = A.
(i) EA, = (EA)Q.
(i) If =1lim (p), then EA = fhp;xi :x 2 EA,)0.

From now on A{ ) will stand for EA.

Of course the de nition of the set A{ ) depends on the xed notation of the
ordinal . On the other hand, it is easyto seeby a minor modi cation of the proof
of the corresponding theorem of Spector for the setsH#, see[10] or [11], that if ;
and , are two notations of the samerecursive ordinal, then A{ 2 A{ 2),

The following properties of the trans nite iteration of the erumeration jump
follow easily from the de nition:

(E1) If are recursive ordinals, then A{) ¢ A{) uniformly in and
(E2) If A B, then for every recursive ordinal , A{) B{).
(E3) If > 0,then A{) is atotal set.

Finally, we have that for total setsthe -th enumeration jump and the -th
Turing jump are equivalent. Namely the following is true:

2.3. Prop osition. LetA be atotal setof natural numbers. Then for everyrecursive
ordinal , EA < (H”)* uniformly in

Sincewe are going to consideronly e-jumps here, from now on we shall omit the
subscript e in the notation of the enumeration jump. Sofor every recursive ordinal
by AC) we shall denotethe -th erumeration jump of A.

2.3. The jump set of a sequence of sets. Let be a recursive ordinal and let
fB g beasequenceof setsof natural numbers. For every recursive ordinal  we
de ne the jump setP of the sguene fB g by meansof trans nite recursionon

2.4. De nition.

(i) Po = Bo.
(i) Let = + 1. Then let
(
PO B if :
P = _
po otherwise
(i) Let =lim (p). ThensetP. = fhp;xi :x2 P ;g and let
( :
p = P. B if K
P otherwise.
Notice that if the sequencef B g cortains only one member, i.e = 0, then for

ewery recursive , P = B .

The propertiesof the jump setsP aresimilar to the properties of the erumeration
jumps. Again we have that if ; and , are two notations of the same recursive
ordinal, then P | . P ,. We shall omit the proof sinceit is very closeto the proof
of the corresponding result for the H” setsmertioned above.
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We shall use the following properties of the jump setswhich follow easily from
the de nition:

(P1) If ,then P . P wuniformly in and .

(P2) If min(; ),thenB P uniformly in and .

(P3) Let (8 min(; )(B <AQ) uniformly in ). ThenP . AC(),

(P4) If isalimit ordinal, then the setP. is total.

(P5) If < ,thenthe setP is total.

3. Ordinal appr oximations

3.1. Denition. Givenan ordinal > 0, an ordinal approximation of is a nite
sequence = ;< ,<::: ,< ofordinals, wheren 1land .= 0.
The only ordinal approximation of O is 0.

For every ordinaLI approximation == {; ,;:::; n; andewery < wedene
the -predecessor of — by meansof the following inductiv e de nition:

3.2. De nition.

1) Let n- Then B
1.1) If = ; for somei 2 [1;n],then = 4;::55 §;
1.2) Otherwise, if ; is the least elemen of the sequence i;:::; , sud

that < ;,then isthe -predecessoof ;:::; i;
2) Let , < < . Then

21)If = +1land = ,then = i1 o
22)If = +1land < ,then isthe -predecessoof i;:::; ,; ;
23) If =1lim (p), then isthe -predecessonf

15500 ns (Po)s (Po+ 1);:::; (p1); where
Po=P[n< (Mlandp= p[ < (PI
The following simple lemma can be proved by meansof trans nite induction on

3.3. Lemma. For every ordinal approximation — and every < , there exists
exactly one -predecessor of —.

From the de nition it follows immediately that there exists a recursive function
such that if — is an ordinal approximation and < , then (7 ) vyields the
-predecessoinf —.
By  — weshall denotethat isthe -predecessoof —. Asusual  — will
standfor  —or ="
Let us point out someuseful properties of the predecessorrelation which follow
directly from the de nition.

3.4. Lemma. Let —= 4;:::; ,; bean ordinal approximation of . Then the
following assertions hold:

(1) If w1l ko n,then — () 000 ke
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(2) If for somek 2 [1;n], « < and 4;:::; | isthe -predecessorof
thenk land ;= ;;i=1;:::;k. _ _
(3) Let = +1, ,< and . Then — () T T
(4) Let = lim (p) be alimit ordinal andpy = p[ » < (p)]. Let < ,
p.  po and (p1) . Then
O (o) (Po+ 1)y (po):
3.5. Lemma. Let < < beordinals,~ and  — Then— —.
Proof. Trans nite indgction on . Supposethat == 4;:::; o) .
Let n. Then 1;::7, n. By the induction hypothesis, ™ 50000 n.
Thereforeby Lemma 3.4~ —
Supposenow that n< . Let = + 1. Set = 1500 g Since ,
n< .BylLemma34 . By the induction hypothesis™ . From here again
by Lemma 3.4 it follows that = —
It remainsto considerthe case , < and = Ilim (p). Let
Po=pPl[n< (Mlandp = p[ < (P
Set (p)= 11 n; (Po); (Po+ 1);::i; (p). Now we havethat =~ (p).
By induction — (p ) and henceby Lemma 3.4~ —. [

From the last lemma it follows that if we x an ordinal approximation — and
considerthe set of all ordinal approximations —, then this setis well ordered
by the relation " " and its order typeis

4. Regular finite parts

Let us x asequencegB g; , of subsetsof N. Sinceewery setB is enumer-
ation equivalen to B N=f2x:x 2 Bg[ f2x + 1:x 2 Ng, we may assumethat
B 6 ; for all

In what follows we shall usethe term nite part for nite mappings of N into N
de ned on nite segmems [0;q 1] of N. Finite parts will be denoted by the letters

; . If dom( )=1[0;q 1],thenletlIh( )= q.

We shall supposethat an e ectiv e coding of all nite sequencesand henceof all
nite parts is xed. Giventwo nite parts and we shall say that is lessthan
or equalto if the code of s lessthan or equalto the code of . By we
shall denotethat the partial mapping extends and say that is an extension of

. Forany , by n we shall denotethe restriction of on[0;n 1].

Below we de ne for ewvery and ewery ordinal approximation — of the
—-regular nite parts. The de nition is by trans nite recursionon

Let . Supposethat for all < we have de ned the -regular nite parts
and for every -regular we have de ned the -rankj j—of . Supposealsothat for
all nite parts andfor all e;x 2 N we have de ned the forcing relations  — F¢(X)
and —: Fe(X)

Let us x an ordinal approximation — of
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1) 0. Then — = 0. The O-regular nite parts are nite parts sud that
dom( ) = [0;29+ 1] and for all odd z 2 dom( ); (z) 2 By.

If dom( ) = [0;2q+ 1], then the O-rank j jo of is equalto the number q+ 1 of
the odd elemerns of dom( ).

Givena nite part , let

o Fe(x) () 9v(hvixi 2 We & (8u2 Dy)( ((u)o) * (U)1))

o Fe(x) () 8(0-regular ) ) 60 Fe(X)):
2) = +1 Let ~ bethe -predecessonof —.
SetX; =f : is -regular & — Fayo((1)1)g.
Givena nite part andasetX of -regular nite parts, let —( ;X) bethe least
extensionof belongingto X if any, and —( ;X) bethe least -regular extension

of otherwise. We shall assumethat —( ;X) is unde ned if there is no -regular
extension of

4.1. De nition. Let bea nite part and m 0. Say that isa ~-regular m
omitting extensionof if isa -regular extensionof , dened on[0;q 1]and
there exist natural numbers ¢ < < On < Gn+1 = g Sud that:

a Q= . _
b) Forallp m, u = -( (p+ 1);th;qpi)'

Notice that if is a -regular m omitting extension of , then there exists a
unique sequenceof natural numbers qy;:::;gn+1 having the properties a) and b)
above. Moreover if , and , are two -regular m omitting extensionsof and

1 2, then 1= 2.

Let R— denote the set of all -regular nite parts. Given an index j, by S; we
shall denotethe intersectionR-\ (P ), where ; isthe j-th enumeration operator.

Let bea nite part dened on[0;q 1]andr 0. Then is —-regular of

—-rank r + 1 if there exist natural numbers
0<n0<|0<h)<n1<|l<bl <nr<|r<br<nr+1=q

sudh that ng is a -regular nite part of rank 1 and for all j, 0 | r, the
following conditions are satis ed:

sa) '~ (n+1);S);
sb) b isa -regularj omitting extensionof I;;
sc) (B)2B ;

sd) nj. isa -regular extensionof (b + 1) ofrankj hj-+ 1

To concludewith the de nition of the —-regular nite parts in this case,let for
every ; eand X

—Fe(X) () 9v(hv;xi 2 We & (8u2 Dy)((u= hey;xy;00 & = Fe, (Xu))_
(u=hey;xy; i & - Fe, (Xu)))):
—: Fe(X) () 8(-regular )( ) 6 — Fe(X)):
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3) =lim (p)isalimit ordinal. Let == ;:::; ,; . Setpo= p[ (p)> .l
For every p denoteby (p) the (p)-predecessorof —. Notice that for every p  po
(= 15 ns (Po); (Po+ )ity (p):

A nite part dened on[0;q 1]is —-regularwith —-rank r + 1 if there exists
natural numbers

O<no<hh<n<b<:i<n<b<n, =g

suchthat ngisan 4;:::; ,-regular nite part ofrank 1andforall j;0 | r,
the following conditions are satis ed:

l.la) B isan (po+ 2j)-regular nite part of rank 1,

Ib) ()28 ;

.c) nju isan (po+ 2 + 1)-regular nite part of rank 1.
For every nite part andewery e;x 2 N set:

_Fe(X) ( ) 9V(h/;Xi 2 We & (8U 2 Dv)(u = IFpu;eu;xui & mFeu (Xu)):

- Fe(X) () 8(-regular )( ) 6— Fe(X)):
The following lemma shows that the —-rank is well de ned.

4.2. Lemma. Let and let be an —-regular nite part. Then the following
assertions hold:
(1) Supmsethat =+ 1. Let mg;0p;ap;:::; Mp; Cp; @p; Mper and no; lo; by,

2io,ng by ngyy be two seguenes of natural numbers satisfying s a){s _d)
from the de nition atove. Thenr = p;n,.; = mpyy andforallj rn; =

m;;l; = ¢ andb = &.

(2) Supmwsethat = lim (p) is a limit ordinal and let mo;ap;:::; Mp;ay; Mps+y
and no; by;:::;n ;b n . betwo sequenes of natural numkbers satisfying the
conditions |_a) { I-c). Thenr = p;np.; = My, andfor allj  r;m; = n
anda; = Iy.

(3) If is —-regular, andj j—-=j j-, then =

Proof. The proof follows easily from the de nition of the —-regular nite parts by
trans nite induction on . O

4.3. Corollary . Let = +1, — bean ordinal approximation of and let  bethe
-predecessor of —. Then every —-regular nite part is -regularandj j—>j j—.
4.4, Lemma. Letl and — = 4;:::; n; . Then every —-regular nite
part is 4;:::; n-regularandthe 4;:::; ,-rankof is strictly greater thanj j-—.
Proof. The proofis by trans nite induction on . Let bean —-regular nite part.
Supposethat = 1. Clearly — = 0;1. We have to shaw that is also O-regular
andj jo>j ji. Both assertionsfollow from Corollary 4.3. _
Nowlet = +landlet bethe -predecessoof—. Clearly is -regularand

jj—>jj- By Lemma3.4 isintheform 1;:::; n; ns1.ii%; n+i, Wherei O.
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By induction is 4;:::; n-regularandthe 4;:::; ,-rank of is greaterthan or
equalto j j—.

It remainsto considerthe case = lim (p). Supposethat j j— = r + 1. Set
Po= p[ (p)> .]. By denition is q;:::; o (Po);iii; (po+ 2r + 1)-regular
nite part of rank 1. By induction is 4;:::; a5 (po);i::; (po + 2r)-regular of
rank at least2,:::, is 1;:::; n; (po) - regular of rank at least 2r + 2 and hence

is 1;:::; n-regular of rank greaterthanr+ 1. O
4.5. Lemma. Let and let — be an approximation of . Supmwsethat  —

Then there exists a natural number k(_;__) suchthat every —-regular nite part of
rank greater than or equalto k(—; ) is -regular.

Proof. We shall usetrans nite induction on . The assertionis obviously true for
= 0.
Supposethat = + land isthe -predecessoof —. Let . Then
By induction ewery -regular nite part of rank at leastk( ; ) is -regular. Set
k("5 ) = k(; )= k. Consideran ~-regular nite part of rank at leastk. Then

is -regular of rank greater than k and hence is -regular.

Let =1lim (p), —= 1;:::; o; and  —. Setpy= p[ (p) > (n)] and
X ap: Ppoandsuc that (p,) . Denote by (p) the (p)-predecessorof —,
p=0;1:::.

By Lemma3.4 (p1). Hence,by induction, every (p,)-regular nite part of

rank at leastk( (p;); )is -regular. On the other hand, aswe saw in the proof of
the previouslemma, there exists a natural numberr such that every —-regular nite
part of rank at leastr + 1is (p;)-regular and of rank greaterthan k( (p1); ). Set
k(< )=r+1 0O

4.6. Corollary . Let , — Is an ordinal approximation of and . Supmwse
that is an —-regular nite part of rank greater than k(—; )+ s. Thenj j—> s.

Proof. From the de nition of the —-regular nite parts it follows that there exist

natural numbers gy < < g suchthat g = andforallj s wehavethat
;= ¢ isa~ regular nite part of rank greaterthan k(—; ). Henceewery ;is
regular. Clearly 1 s= andj - 1.BylLemmad.2js—>s. 0O
4.7. Lemma. Let = Ilim (p) be a limit ordinal. Let — = 4;:::; ,; and
Po= p[ (P)> ] Supmsethatp, poand isan ;i1 o (Po)iiiis (Po)-
regular nite part of rank 1. Then for every —if is -regular, then (p1)-

Proof. Towards a cortradiction assumethat s ~-regular for some sud that
—and (p1))< < . Then isa -predecessoof

15000 ns (Po)iiiny (pa)iiiiy (put K);
wherek 1. By Lemma3.4 isin the form:

10 s (Po)iiiy (Po)snn
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Hence,sincej j— 1,usingLemmad4.4,wegetthat the q;:::; n; (Po);:i:; (Po)-
rank of is greaterthan 1. A cortradiction. O

4.8. De nition.  For every nite part and every ordinal approximation — let

Reg ;7)=f :  —and is -regularg:
49. Lemma. Let ,let == ;0 o be an ordinal approximation of
and let be an —-regular nite part. Then the following assertionsare true:
QD If = +1and isthe -predecessorof —, then
" 2Red ;7)) () =7 _ 2Req ;)
(2) Let =1lim (p). Setpo= p[ (p) > ] and for everyp MW be

the (p)-predecessorof —. Supmsethat p; po and is an (p.)-regular
nite part of rank 1. Then

" 2Red ;7)) () =7 _ 2Red ; (pn):
Proof. The assertion (1) is obvious, (2) follows from the previouslemma. O

We concludethis sectionby a technical proposition which canbe provedin a way
very similar to the proof of the respective proposition in [13].

4.10. De nition. A sequenceAg;:::;An;::: of subsetsof N is e-reducible to the
setP i there exists a recursive function h sud that for all n, A, = n)(P). The
sequencef A, g is T-reducible to P if there exists a recursive in P function  suc
that for all n, x: (n;x) = a,, where 4,6 denotesthe characteristic function of
A,.

From the de nition of the erumeration jump it follows immediately that if the
sequence A, g is e-reducible to P, then it is T-reducible to P°.

Let and let — be an ordinal approximation of .
Forj2Nlet X(;j)" —(:X;), =)' —-(:S),
Z, =f : is—regular& —:Fg;),((j):)gand
O_;J- =f . is-regularj omitting extensionof g:
4.11. Prop osition. For every ordinal approximation —, , the following as-

sertions are true:
(1) The set R— of all —-regular nite parts is e-reducibleto P uniformly in —.
(2) The function :j j— (assumel unde ned if 62R-) is partial recursive in
PO,if = +1(n P. ,if isalimit ordinal), uniformly in —.

(3) The sequenesfsS; g and fX; g are e-reducibleto P uniformly in —.

(4) The sequene fZ; g is T-reducibleto P° uniformly in —.

(5) The functions X and £ are partial recursive in P° uniformly in —.

(6) The sequencefo_;j g is e-reducible to P° uniformly in —.
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5. Regular enumera tions

For every —-regular nite part of rank r + 1 we de ne the subsetB- of dom( )
as follows.

5.1. De nition.
a)lf =0,thenlet B—=fb:b2 dom( ) & bis oddg.
a) Let = + landletnglo;bp;:::;n.;li ;b ;N bethe elemens of dom( )

satisfying the conditions s_a){s_d) from the de nition of the regular nite

5.2. Denition. Let bean ordinal approximation of . A atotal mapping f of N
in N is called regular enumeiation (with respectto ) if the following two conditions
hold:

() For ewery nite part f, there exists a -regular extension of sud
that f.

(i) f =  and z 2 B , then there exists an —-regular f, sud that
z2 (B-).

Clearly, if f is a regular enumeration and = , then for ewvery f, there
exists an —-regular f sud that . Moreover there exist —-regular nite
parts of f of arbitrary large rank.

Givenaregularf and — let BL=fb: (9 f)( is —-regular & b2 B-)g.

Evidently f (BL) = B .
For ewvery function f on N and ewery recursive ordinal by f ( ) we shall denote
the -th enumeration jump of the graph of f.

5.3. Prop osition. Supmsethat f is a regular enumemtion. Then

(1) B0 e f.
2 1f = +1 ,thenB f P? uniformly in
3) If is a limit ordinal, thenB  f P, uniformly in

4) P ofC) uniformly in

Proof. Sincef is regular, B, = f (B{). Clearly B{ is equal to the set of all odd
natural numbers. So,By, . f.

Let usturn to the proof of (2) and (3). We shall describe an e ectiv e procedure
satisfying the requiremerts of (2) and (3) by meansof e ectiv e trans nite recursion
on

Let = + 1. Supposethat —isthe -predecessoof and isthe -predecessor
of —.

Sincef is regular, for every nite part off there existsan —-regular f sudh
that . Hencethere exist natural numbers

O<ng<lg<hpy<sn<li<bh< <n <l <b<::;
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such that for every r 0, the nite part , = f n,,; is —-regular and ng;lg;by;:::,
n.;l.;b;n..; arethe numberssatisfying the conditions s_a){s_d) from the de nition
of the —-regular nite part .. Clearly BL = fhy;b, :::g. We shall show that there
existsa recursive in f  P° way to list ng;lo,bp;::: in anincreasingorder.

Clearly f ngis -regular and jf noj— = 1. By Proposition 4.11 R- is uniformly
recursive in P°. Using f we can generate consecutiwely the nite parts f q for
g= 1,2::.. By Lemma4.2f ngisthe rst elemen of this sequencenhich belongs
to R—. Clearly ng = Ih(f ny).

Supposethat r 1 and ng;lo;by;:iiiinl b ne s have already been listed.
Sincef l,.1 ' —(f (nr41 + 1);S,41), wecan nd recursively in f  P° the nite
part f I,,;. Thenl,,; = Ih(f 1,.1). Next we havethat f b, isa -regular (r + 1)
omitting extension of f |,,;. So there exist natural numbers|l,;,; = ¢ < <
G+ < G+2 = by suchthat forp r+ 1,

fopa ' ~(F (G+ 1)iXppg):
Using the oraclef  P° we can nd consecutiely the numbers g, and the nite

It remainsto show that we can nd the number n,,,. By de nition f n,,, is an
~-regular extensionof f (b,; + 1) having -rank jf b, j—+ 1. Using f we can
generateconsecutiely the nite partsf (b.s + 1+ ), q= 0;1;:::. By Lemma4.2
f n,., isthe rst elemen of this sequencewhich belongsto R-.
SoBlisrecursivein f P°. Hence,sinceB = f(Bf), B .f P°.
Supposenow that = lim (p) is a limit ordinal. Clearly the sequencefP (g
is uniformly e-reducible to P. . Let — be the -predecessorf and for every p
let (p) bethe (p)-predecessomrf —. We may think that f is an in nite union of
—-regular nite parts. Sothere exist an in nite sequenceof natural numbers

N<bp<m<b<:<n<bh<ngc<:

are the elemerts of dom( ) satisfying the conditions | _a){l c) from the de nition of
the —-regular nite part. As in the previouscasethere existsanrecursivein f P,
way to list the numbersng; by;::: in an increasingorder. To shaw this we needto
know only that for every p the set R— is uniformly recursive P° ) and hence,it
is uniformly recursive in P, .

The assertion (4) follows easily from (1), (2) and (3). O

Sinceewvery B is uniformly in  e-reducible to P we get immediately the fol-
lowing corollary:

5.4. Corollary . Letf be a regular enumeition thenB . f () uniformly in

Let f beatotal mapping on N. We de ne for every recursive ordinal , e;x 2 N
the relationsf F Fq(x) andf F : Fe(x) by meansof trans nite recursionon

5.5. De nition.
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(i) Let = 0. Then
fFoFe(X) () 9v(hw;xi 2 We & (8u 2 Dy)(f ((u)o) = (u)1)):
(i) Let = + 1. Then
fE Fo(X) () 9v(hv;xi 2 We & (8u2 Dy)((u=he,;x,;0i &
fFE Fe, (X)) _(U=hey;Xxy; i & f 1 Fe, (Xu)))):
(i) Let =lim (p) bealimit ordinal. Then
fE Fe(X) () 9v(hv;xi 2 W, & (8u2D,)(u= hp,;eu;Xui &
fF (o Fe (Xu)):
(iv) f F tFe(x) () f 6 Fe(x).

Following the de nition of the enumeration jump and the de nition above, we
can de ne a recursive function h suc that for every recursive ordinal  and every
enumeration operator , the following equivalenceis true:

x2 () () fF FuiH):
Therefore we have the following lemma:

5.6. Lemma. Letf beatotal mappingon N andlet be arecursive ordinal. Then

A f0)i thereexistsan esuchthat for all x, x 2 A () f F Fe(x):

Our next goal is the proof of the Truth Lemma. Notice that for all =  the
relation — is monotone, i.e. if are —-regular and — (1 )Fe(x), then

— (1 )Fe(x).
57. Lemma. Let < andlet —bethe -predecessorof . Assumealso that

fE Fe(X) () (9 f)( is —-regular & —Fe(x)):
Then
fE Fe(X) () (9 f)( is ~-regular & - Fe(x)):

Proof. Assumethat f F : F¢(x) andfor all —-regular f, 1-:Fe¢(x). Thenfor
all —-regular nite parts of f there existsan —-regular such that — Fe(X).

Fix aj 2 N sud that
S =f : 2R-& -Fe(X)g:

Let bean + l-regular nite part of f sud that j j—r > j. By the de nition
of the + 1-regular nite parts, there exists an —-regular ° sud that °2 S .
Since ° f,f F Fe(x). A cortradiction.

Assumenow that f is —-regular, —:Fe(x) and f F  Fe(x). Then there
exists a —-regular f sud that — Fe(x). Using the monotonicity of —, we
can assumethat and get a cortradiction. O

5.8. Lemma. Letf be aregular enumemtion. Then
(1) Forall = fF Fe(x) () (9 f)( is T-regular & - Fe(X)).
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(2) Forall = fF :Fe(x) () (9 f)( is —-regular & —: Fe(X)).

Proof. We shall usetrans nite induction on . The condition (1) is obviously true
for = 0 and henceaccordingto the Lemma above (2) is alsotrue in this case.

Let = + 1. Thetruth of (1) for follows easilyfrom the induction hypothesis.
The truth of (2) follows from the Lemma above.

Supposethat and = lim (p)islimit ordinal. It is su cient to show that
(1) istrue for . Assumethat f E F¢(x). Then there existsa pair hv; xi 2 W, such
that if u2 Dy, then u = hp,;e,;xui andf F (,,) Fe, (Xy). By induction for every
u?2 D, there existsa (p,)-regular nite part , f suc that | —oo7 Feu (Xu)-
Clearly there exists a —-regular nite part of f suc that forallu?2 D,,
and is (py)-regular. Then — Fe(x).

To prove (1) in the reversedirection assumethat f and — Fe(X). Again
there exists an elemern hv;xi of W, suc that for all u 2 Dy, u = hp,;e,;x,i and

—— Fe, (Xy). Without lossof generality, we may assumethat is (py)-regular

(pu)
for every u 2 D,. By induction f F (p,) Fe, (Xy) forallu2 D,. Sof F Fe(x). O

5.9. Prop osition. Letf be a regular enumention and . Then the following
assertions hold:
L If = +1thenf() f PO uniformly in
(2) If is alimit ordinal, thenf() f P. uniformly in
Proof. Supposethat = + 1. Recallthat f() = K%, (NnK/? ), where
K2, = fhy;zi :y2 ,(f())g. Clearly there exists a z, which doesnot depend on
and such that K2, =, (f (). Therefore

fFE Fa( () () x2K2:
From here, using Lemma 5.8, we obtain that

Xx2KZ2, () (9 f)( is -regular&  -Fn( 2, (X)) and

X2 (NnK?2)) () (9 f)( is -regular&  —: Fn( 20 (X)):
So, by Proposition 4.11K?, , and (NnK? ) are uniformly e-reducibleto f P°.
Hencef () .f PO,

Supposenow that is a limit ordinal. There exists an z, which doesnot depend
on andsudthat f() =, (f())andhence

x2f0) () fF Frizo):
Using Lemma 5.8, we obtain that
x2fC) () (9 f) isTregular&  —Fp( o (X):

Hence, by Proposition 4.11,f() . f P . On the other hand, according
Proposition 5.3,P .f P. .So,f() f P. . O

5.10. Corollary . Letf be a regular enumemtion and . Then
L If = +1thenf() f PO uniformly in
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(2) If s alimit ordinal, thenf() f P. uniformly in

6. Regular extensions
Let us x atotal function on N sucd that for every , ()2B .

6.1. De nition.  Let and let — be an ordinal approximation of . A nite
part is — complete (with respectto ) if

" 2Reg ;7)) ()2 (B-):
Let fA g« bea sequenceof subsetsof N such that (8 < )(A 6.P ).

6.2. De nition.  Let and let — be an ordinal approximation of . A nite
part is — omitting (with respectto the sequencef A g) if the following omitting
condition is true for all 2 Reg( ;7):

If = + 1, isthe -predecessorf andjj-=r+ 1,thenforeahp r
there exist an elemen g, of dom( ) and a -regular nite part . suc that
one of the following is true:

a) p+1 _Fp(cb) & (op) 62A .
b) 1 i Fp(k) & ()2 A.

Givena nite mapping dened on[0;q 1],by z weshall denotethe extension
of dened on[0;q] and such that (q) ' z.

6.3. Prop osition. Let and let — be an ordinal approximation of . Then
the following assertionsare true:

(1) For every —-regular nite part and everyy 2 N there exists an —-regular
extension of suchthatj j—=j j—+1, (Ih())"' vy, Iis — omitting and
is — complete.
(2) For every  —, every -regular of rank 1 and everyy 2 N there exists a
~; -regular extension of of rank 1 and suchthat (Ih( ))' vy, is ;
omitting and ; complete.

Proof. We shall prove simultaneously (1) and (2) by meansof trans nite induction
on .

a) = 0. In this case(2) is trivial. To prove (1) supposethat is O-regular and
y 2 N. Dene asfollows

8
§ (X); if x < Ih( ),
: if x = Ih( ),
x) Y | Tx= ()
E (0); if x=1h( )+ 1,
“unde ned; ifx>1h( )+ 1
b) Let = + landlet bethe -predecessoof —.
We start with the proof of (1). Supposethat we are given an ~-regular  and
y2 N. Letdom( ) = [0;q 1]andj j—=r+ 1. Setn;.; = g. Since is -regular,

by induction there existsa -regular extensionof y. Therefore o' —( V;S;.1)
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isde ned. Letl,,; = Ih( o). Next we construct a -regularr + 1 omitting extension

1 of . For we de ne the numbersg, and the nite parts ,, p r+ 2, by means
of induction on p. Setg, = I+ and o= . Now supposethat for somep<r + 2
we have de ned g, and ,. Considerthe set

C=1fx:(9 p)( is -regular & (q)' X & Fo(%))o:

It follows from Proposition 4.11that C P and henceC 6 A . Let Xy bethe
least natural number sudc that

X02 A & Xg62C Xg62A & X2 C:

Set pu ' A p XoiXppg,i) aNd Gur = IN(qp). Clearly ;= (pisar+1
omitting extensionof ,. Seth.; = Ih( ;). Finally let bea regular extension
of ysuththat j j—=j 1j-+1, (ba)' (), is omiting and is complete.
Clearly satis es the requiremerts of (1).

Let us turn to the proof of (2). Let ~ —andlet bea -regular nite part of
rank 1 andy 2 N.

Supposethat = . Then = . Notice that the -predecessoof ; is .

Letng=1h(), o' — VY;:Sy), 1isa0omitting -regular extensionof o,
constructed as above, b, = Ih( ;) and isa completeand omitting -regular
extensionof ; suchthat (b))’ ( )andjj-=j 1j-+ 1. Clearly is ; -regular
ofrank 1, is ; completeand ; omitting.

Supposethat < . Then the -predecessorof ; is ; and . Using
the induction hypothesis,we extend to a ; -regular nite part ; of rank 1 such
that ,(Ih( )) ' y. After that we extend ; to an ; completeand ; omitting
~, -regular nite part of rank 1in the sameway asin the previous case.

c)Let =lim (p) bealimit ordinal. Let == 4;:::; ,; andpo= p[ <

(p)]. For every p by (p) we shall denotethe (p)-predecessorf —.
To prove (1) supposethat isan -regular nite part of rank r + 1andy 2 N.

Clearly isa (po+ 2r + 1)-regular nite part of rank 1. By induction there ex-

istsa (po+ 2r+ 1); (po+ 2r + 2)-regular extension o of of rank 1 and suc
that o(h( )) " y. Seth.. = Ih( o). Applying again the induction hypothe-

siswe obtain a (pg+ 2r + 1); (po + 2r + 2); (po + 2r + 3)-regular extension
of o which is of rank 1, (po+ 2r + 1); (po+ 2r + 2); (po + 2r + 3) complete,
(Po+ 2r +1); (pot 2r+2); (pot 2r+ 3)omitting andsucthat (b)) ().
Clearly (po+ 2r+1); (po+2r+2); (po+2r+3)= (po+ 2r+ 3). So isan
—-regular nite part of rank r + 2. It remainsto shov that is — completeand —
omitting. Indeed,let 2 Reg(; 7). Then = —or 2 Req; (po+ 2r + 3)).
By the construction in both cases ( ) 2 (B-). Supposethat = + 1. Then

6 andhence 2 Reg(; (po+ 2r + 3)). Since is (po+ 2r + 3) omitting, it
satis es the omitting condition with respect to
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Let us turn to the proof of (2). Let  —, let bea -regular nite part of
rank Tandy 2 N. Letp = p[ < (p)]. By induction there existsa ; (p)-
regular extension ; of which is of rank 1 and such that (lh( )) ' y. Seth, =
Ih( ;). Applying againthe induction hypothesis,wegetan ; (p); (p + 1)-regular
extension of , whichisofrank 1; ; (p); (p + 1) complete, ; (p); (p + 1)
omitting and (ky) ' (). Clearly isa ; -regular extensionof which is of
rank 1; ; completeand ; omitting. [

L
SetA= _ A".
Remark. From the proof above, it follows immediately that the constructions

of the nite parts satisfying (1) and (2) are uniformly recursive in P° A, if
= +1,andin P. A, if isalimit ordinal.
6.4. Corollary . For every and every ordinal approximation — of  there

existsan —-regular nite part of rank 1.

7. Applica tions

In this section we are going to presen seweral applications of the technique de-
veloped sofar.

Let us x a sequencefB g of sets of natural numbers. As usual by P we
shall demotethe -th jump set of the sequence B g

We start with a generalversion of the inversion theorem from [13].

7.1. The jump inversion theorem.

7.1. Theorem. LetfA g . , be asauene of setssqgh that (8 < )(A 6.P).
Let Q be a total subsetof N suchthat P . Q and . A" . Q. Then there
exists a total set F having the following properties:

(1) For all , B ¢ FO) uniformly in ;

(2) For all if = +1,thenF() _F P°uniformly in ;
(3) For all limit ,FO) ¢ F  P. uniformly in ;

4 FO .Q.

(5) Forall < ,A 6.FC),

Proof. Let us x an ordinal approximation of . Wearegoingto construct F asthe
graph of a regular erumeration f such that f() ., Qand(8 < )A 6.f()).
Let us x a function ( ;i), recursive in Q, sud that if , then i: ( ;i)
enumeratesB .

The construction of f will be carried out in steps. At ead step s we shall de ne a
-regular nite part ¢ having -rank equalto s+ 1. We shall ensurethat s+l
and that ewvery ¢, is omitting with respectto the sequencd A gand co§nplete
with respect to the function <= : ( ;(S)o). Finally weshalldene f = | ..

Let yo;:::;Ys;::: bearecursive in Q erumeration of Q. We start with an arbi-
trary -regular nite part o having -rank equalto 1. Supposethat  is de ned.
Using Proposition 6.3, construct recursively in Q a -regular extension ¢,; of
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suh that j go1j- = jsj-+ 1, ss2(IN( ) = Vs, <41 IS OmMitting and complete
with respectto .

First we shall shaw that f is a regular enumeration. Notice that for every s, <.1
is a proper extension of 5. Hencef is a total function and for every nite part

of f there existsa regular nite part of f sud that . Let = and
let z 2 B . Considera s so large that every -regular nite part of rank greater
than s is also —-regular and such that z = ( ;(S)o). By the construction, ¢,; is

s completeand of rank s+ 2. Hencez= ()2 4.1 (B=").

Clearly the whole construction is recursive in Q and hencef , Q. Sincef is
regular, f() . f P .Q.

To seethat Q . f() notice that asin the proof of Proposition 5.3 we have a
procedurerecursive in f P which lists the sequencegs = Ih( ) in a increasing
order. Clearly y2 Q () 9s(y = f (0s)).

It remains to show that for all < , A 6, f(). Towards a cortradiction,
assumethat forsome < ,A f(). ThenC = f (A ) is alsoe-reducible to
f (). Then there exists an e suc that for all x 2 N,

x2C () fE FeX):

Let  + 1bethe + 1-predecessoof and —bethe -predecessoof + 1. Consider
assolargethat every -regular nite part of rank greaterthan sisalso + 1-regular
of rank greater than e. By the choiceof s, < is + l-regularandj ¢ j—=7 > €
Since 4, isa -omitting nite part, there exista q2 dom( ) and a —-regular

sud that:

-Fe(d) & s:1(g) 62A _ - Fe(Q) & 1 (@ 2A:

Clearly = . Applying Lemma5.8wegetf F Fe(q) () q62C. A cortradic-
tion. O

By varying the sequencesB g andfA g . we can get se\eral corollaries of
the theorem above.

7.2. Theorem. LetQ be atotal setsuchthat P . Q. There exists a total setF
suchthat the following assertions hold:

(1) For all , B ¢ FO) uniformly in ;

(2) For all if = +1,thenF() .F P°uniformly in ;
(3) For all limit ,FO) ¢ F  P. uniformly in ;

4 FO .Q.

L
Proof. For < setA = P° Clearly forewery < ,A 6.P and _ A
Q. Apply the previoustheorem. O

If we take B = ; for all ,then P . :(). Sothe last theorem is a
generalization of Friedberg's jump inversion theorem.
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7.3. Theorem. Let Q be a total setsuchthat P . Q. Let < andlet A be
a total setsuchthat A6.P and A®* . Q. There exists a total set satisfying the
following conditions:

(1) For all , B ¢ FO) uniformly in ;

(2) For all if = +1,thenF() _F P°uniformly in ;
(3) For all limit ,FO) ¢ F  P. uniformly in ;

4) FO Q.

(5) A6 F().

Proof. For ewery < let A = P%° if 6 andlet A = A. Apply Theo-
rem7.1. O

Using the last two theoremswe obtain a version of Ash's Theorem [1].
7.2. A version of Ash's Theorem.

7.4. Theorem. Let bearecursiveordinal and A N. Supmsethat for all total
sets X suchthat (8 B ¢ X)) uniformly in  we havethat A o X (),
Then A P .

Proof. Consider rst the case < . Assumethat A 6. P . Usethe previous
theoremto get a cortradiction.

Supposenow that . Extend the sequenceB by setting forall , < ,
B = ;. Clearly for ewvery recursive the jump set of the extend sequencds equal
to P .

Assumethat A 6. P . According Selman'sTheorem [12], there exists a total set
Qsudhthat P QandA 6. Q. From Theorem 7.2 it follows that there exists
a total set F sud that for all ,B ¢ FO) uniformly in and F() . Q.
Clearly A 6. F(). A cortradiction. [

The following result is proved in [3] for nite ordinals.

7.5. Corollary . Let bearecursive ordinal and A and B be subsetsof N. Suppse
that for all total X,
B X)) A X0

Then A .:() B.
Proof. Considerthe sequencdB g ,whereB =;if < andB = B. Notice
that P =;() B. O

Finally we have and the following variation of the results above:

7.6. Theorem. Supmsethat fA g . is a sguene of setssuchthat for all total
X N satisfying

(7.1) (8 B X ) uniformly in );

we havethat there existsat leastone < suchthat A X ().
Then there existsan < suchthat for all total X satisfying (7:1) we havethat
A X0,
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Proof. It is sucient to show that there exists an <  such that A e P .
Towards a cortradiction, assumethat there is nosudh . Apply Theorem7.1to get
a contradiction. [

7.3. Elements of least Turing degree of families of sets. In their investi-
gations of the jump degreesof linear orderings Ash, Jockush and Knight [2] and
Downey and Knight [8] usedthe following result which shows that there exist fami-
lies of setsof natural numberswhich do not posseslemers of least Turing degree:

7.7. Theorem. Let be a recursive ordinal and let S be an ( + 1)-generic set.
Then the family

S=fX():X is atotal subsetof NandS .X(’g
has no elementof least Turing degree.

In cortrast to this result standsthe following Theorem, proved by Coles,Downey
and Slamanin [4]:

7.8. Theorem. Letn<! andlet A N. Then the family
cmD (A) = X (™D 1 X is atotal subsetof N and A . X (Mg
has an elementof least Turing degree.

Both Theoremsgive partial solutions of the following more generalproblem. Let
and be recursive ordinals and let fB g be a sequenceof sets of natural
numbers. Set

S. =fX{):X isatotal subsetof N and (8 B X uniformly in )g:

Now the problem is to determine when the family S. possessean elemen whose
Turing degreeis the least amongthe Turing degreesof the elemerts of S.
It turns out that if > ,thenS. alwayshasan elemert of least Turing degree.

7.9. Theorem. Let > . Then the Turing degree of the -th jump setP of the
sguene fB ¢ is the least among the Turing degrees of the elementsof S.

Proof. Notice that since < , the setP is total. Considerand elemern X () of
S. . Clearly P . X() and hence,sinceboth setsaretotal, P  X(). Soto
nish the proof it is sucien t to show that there exists an element Y of S. sud
that Y P .

Indeed, set for every such that < ,B = . Clearly the -th jump set
of the extended sequenceis equalto P . It follows from Theorem 7.2 that there
exists a total setF sud that (8 B < FO) uniformly in )andF() P .
Obviously F()2'S. . O

7.10. Corollary . The Turing degree of (A ; (M)%is the least among the Turing
degrees of the elementsof C("*V (A).

Proof. Let By = ;, if k < n, and B, = A. Then C"*V (A) = S,;1,,. Clearly
P = (A ;M0 O
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The case is a little bit more complicated.

For every recursive ordinal by P. denotethe -th jump set of the sequence
fB g . AsusualbyP we shall denotethe -th jump setof the sequencd B ¢

Clearly P. =P if andP. P uniformly in if >

7.11. Theorem. Let . Then S. possessesn elementof least Turing degree
if and only if the following two conditions hold:

(1) The enumention degree of P s total, i.e. it contains a total set.

(2) (8 )B ¢ P. uniformly in ).

If there exists an elementof S. of least Turing degree, then its enumeiation
degree is equal to the enumeiation degree of P .

Proof. Supposethat Y = X’ is an element of S. of least Turing degree. Clearly
P Y. Assumethat Y 6.P .

Suppose rst that < . Then according Theorem 7.3 there exists an elemen
FO)ofS. sudthat Y 6. F() and henceY 6 F( ). A contradiction.

Let = . From Selman'sTheorem [12] it follows that there exists a total setQ
suchthat P .QandY 6. Q. From Theorem 7.2 it follows that there exists an
elemen F() of S. sudthat F() . Q. From herewe get againthat Y 6 F()
which is a cortradiction.

SoY P andhenceY P . SinceY is atotal set, the enumeration degree
of P s total. This proves(1).

To prove (2) notice that from X{’ P it follows that for every we have
that P. ¢ X’ uniformly in

Supposenow that (1) and (2) hold. Let Q be a total setsuch that Q . P .

According Theorem 7.2 there exists a total F sudc that for all we have that

B . FO) uniformly in and F() . Q. Clearly for every we have that

F() ¢ P. uniformly in . Combining this with (2) we getthat F() 2 S.
Consideran elemen Y of S. . Obviously P .Y and henceF() Y. Since

both setsaretotal, F() Y. O

7.12. Corollary . If for some , the family S . possessesan element of least

Turing degree, then for every o the family S. possessesin elementof least
Turing degree.

Proof. Let o< . If < | then the family S. contains an elemen of least
degreeaccording Theorem 7.9. Suppose that . Then P e P . . Since

> o, the setP . istotal. Hencethe enumeration degreeof P is total. Sothe
condition (1) from the Theorem above is true for . The truth of (2) for follows
from the fact that forall ,P . ¢P. wuniformly in . O

7.13. Corollary . If = |, thenthefamily S. contains an elementof least degree
if and only if the enumenation degree of P s total.
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Soto obtain families S. without an elemen of least Turing degreeit is su cien t
to construct a sequencefB g  sud that the erumeration degreeof P doesnot
cortain atotal set. This can be done by seweral methods known from the theory of
the enumeration degrees.Here we are going to use genericsetsfollowing the ideas
and results of Copestale [7].

By ; we shall denote two-valued strings, i.e. nite mappings from initial seg-
ments of N into f0;1g. Givena setS and a string , by S we shall denote that

s, Where ¢ is the characteristic function of S. As usual will denote
that the string extendsthe string

7.14. De nition. Let P N. A setS is P-genericif for every setW . P of
strings the following condition holds:

(9 S)( 2W_ (8 )( 62W)):

In particular if P = ; () then the P-genericsetsare the well known ( + 1)-generic
sets. In [7] Copestake studies the enumeration degreesof the 1-genericsets. The
properties of the P-generic sets are very similar to the properties of the 1-generic
sets. Here we shall list someof them omitting the proofs which are either obvious
or a straightforward generalization of the respective proofs from [7].

Let S be a P-genericset. Then the following assertionsare true:

(G1) S6.P andhenceP <. S P.

(G2) (seeTheorem3.120f [7]) Let ' bea partial function and' .S P. Then
' hasan extension sud that e P.

(G3) Supposethat B isatotal setandB .S P. ThenB P.

Combining (G1) and (G3) we get that the enumeration degreeof S P is not
total.

Now consider a recursive ordinal . Let fB g . be an arbitrary sequenceof
subsetsof N. Let 8
3; if =0;
P=_P° if = +1
2

P. if isalimit ordinal

andlet B = S, whereSis a P-genericset.

Clearly P ¢ P S and hencethe respective family S. hasno elemen of least
Turing degree.

In particular, if wesetB = ; for all < , then we obtain the Theorem from
[2] and [8], formulated at the beginning of the subsection.
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