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ABSTRACT. An external characterization of the inductive sets on countable ab-
stract structures is presented. The main result is an abstract version of the classical
Suslin-Kleene characterization of the hyperarithmetical sets.
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1. INTRODUCTION

The external approach in the abstract recursion theory can be roughly described as
follows. Consider a countable structure 2l and a subset A of the domain of A. Call A
relatively intrinsically "definable” on 2l iff for every enumeration f of 2, the pullback
F7H(A) of A is "definable” relative to the diagram of the structure f~*(2(). The main
problem of this approach is to obtain an explicit (internal) characterization of the
relatively intrinsically definable sets. There are several known results of that type. In
[Mos69a] Moschovakis proves that the relatively intrinsically recursively enumerable
sets coincide with the semi-computable in the sense of [Mos69b] sets. This result is
generalized in the papers [AKMS89] and [Chi90] where it is shown that for each con-
structive ordinal a, the relatively intrinsically Y2 sets are exactly those definable by

This work was partially supported by the Ministry of science and higher education, Contract
MM 43/91



2 IVAN N. SOSKOV

means of recursive X2 formulae of the language Lwiw. Finally, in [Gri72] it is proved
that on each acceptable structure 2 the relatively intrinsically hyperarithmetical sets
coincide with the hyperelementary, i.e. inductive and coinductive, on 2 sets.

Here we continue this line of investigations by proving that the intrinsically rela-
tively IIj sets on each countable structure 2 coincide with the sets which are induc-
tively definable on the least acceptable extension 2A* of .

The external approach to the definition of the inductive sets leads very fast to
some of the central results of the theory presented in [Mos74] as, for example, the
Abstract Kleene Theorem, the Perfect Set Theorem, the Normal Form Theorem, etc.
Along with this it allows also to transfer some results of the classical recursion theory
to the abstract case. This possibility is used in the last two sections of our paper
where a notation system for the ordinals of the inductive sets is constructed and a
hierarchy for the hyperelementary sets similar to the classical Suslin-Kleene hierarchy
is obtained. The last result answers at least partially the respective question posed
in [Mos74]. Another hierarchy based on second order exsistentional definitions is
contained in [Mos74].

The paper is organized as follows. In section 3 we introduce the so called enumera-
tion structures and prove a general normal form theorem for the relatively intrinsically
definable sets which is used intensively in the rest of the paper. Section 4 contains
some preliminary facts about the Semi-computable sets. In section 5 we present the
internal characterization of the relatively intrinsically II7 sets. In section 6 we define
a set of indices of the hyperelementary sets and show that it is complete with respect
to all inductive sets. Section 7 contains the abstract version of the Suslin-Kleene
Theorem.

Almost all of the arguments use set theoretic forcing, an idea which we owe to
[AKMS89] and [Chi90]. The main technical problem here is the lack of a suitable
class of formulae to be forced. We avoid this obstacle by using forcing of appropriate
inductive definitions.

2. PRELIMINARIES

Throughout the paper we shall suppose fixed a countable structure 2A = (B; ¥,
Yo, ...,2k), where each ¥; is an aj-ary predicate on B. We shall assume that the
reader is familiar with the basic notions of the theory of the positive elementary
induction on 2 as presented in [Mos74].

The least acceptable extension * of 2 is defined as follows.

Let 0 be an object which does not belong to B and (.,.) be a pairing operation
chosen so that neither 0 nor any element of B is an ordered pair. Let B* be the least
set containing all elements of By = B U {0} and closed under the operation (.,.) .
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We associate an element n* of B* with each integer n by the inductive definition:
0" =0
(n+1)7" = (0,n%)

and put N* = {0*,1*,2*, ... }.

Let 2* be the structure (B*; By, X1, %9, ... , Xk, N*, Gyy), where Gy is the graph
of the pairing function.

As pointed out in [Mos74], the structure 2A* is an acceptable extension of 2 and in
some sense it is the least acceptable extension. Namely, the following is true.

2.1. Proposition. Let A C B". Then A is inductive (hyperelementary) on all ac-
ceptable extensions of A iff A is inductive (hyperelementary) on 2A*.

From now on we shall suppose fixed a least acceptable extension 2A* of 2.

An one to one mapping f of the set of the natural numbers N onto B is called
enumeration of 2.

Clearly each enumeration f of 2 determines a unique structure 8, = (N; oy, 09,

. ,0y) where

0']‘(1'1, s 7$a]) = Z](f(xl)v s 7f(xa]))

for all z1,... 24, € N.

By D(®8;) we shall denote the set of all Godel numbers of the elements of the
diagram of Bj.

2.2. Definition. Let A C B™. The set A is relatively intrinsically 11} (HYP, recur-
sively enumerable) on 2 if for each enumeration f of 2, there exists a Il (hyper-
arithmetical, r. e.) relative to D(By) subset W of N”, such that for all ay,..., z,
€N,

(X1, yan) €W = (f(21),..., f(z,)) € A

In particular the relatively intrinsically r. e. sets are studied in [Lac64, Mos69a,
AKMS89, Chio0].

The relatively intrinsically HYP sets are studied in [Gri72], where is proved that
a set A is intrinsically HYP on 2l if and only if it is hyperelementary on 2(, provided
that 2l is acceptable.

The following simple proposition justifies the use of the least acceptable extension

A

2.3. Proposition. Let A C B" and let f be an enumeration of A. Denote by W the
subset of N™, defined by

(T1,... 2,) €W = (f(21),..., f(z,)) € A.

There exists an enumeration f* of A* such that D(B ) <p D(B) and such that if
W* is the pullback of A with respect to f*, then W <., W*.
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Proof. To simplify the notation, suppose that n = 1.
Let J(z,y) = 2*7'.(2y + 1) be an effective coding of the ordered pairs of natural
numbers. Define f* by means of the following inductive definition:

[0y = 0%,
FFRe+1l) = [flo),
Fy)) = (), [ (y).
Obviously, f* is an enumeration of A* and D(B+) <r D(B;).

Now, we have
reEW<<=2r+1ec W

Indeed,
rteEW<= flr)e A<= f"2e+]l)eA=220+1c W"

2.4. Corollary. If for every enumeration f* of A* the pullback of A is I} (HYP,
r.e.) relative to D(B«), then A is intrinsically 11} (HYP, r.e.) on 2.

2.5. Corollary. Let A C B" and suppose that A is inductive (hyperelementary) on
A*. Then A is relatively intrinsically I} (HYP) on 2.

Proof. Let f* be an enumeration of 2*. Then the pullback W* of A has an inductive
definition on the structure B «, and hence, W* is I} relative to D(B+). O

3. ENUMERATION STRUCTURES

In this section we shall describe a general way of obtaining normal form of the in-
trinsically “definable” sets on 2. This construction will help us to avoid the repetition
of the same argument in the rest of the paper.

Denote by &€ the set of all enumerations of 2l and by A the set of all finite in-
jective mappings of N into B. We shall call the elements of A finite parts and use
8,7, p, [,y ... to denote arbitrary elements of A. By f we shall denote elements of
E.

The set theoretic inclusion “C” induces a natural ordering between finite parts and
between finite parts and enumerations. We shall list the properties of £,A and C
needed for the proof of the normal form theorem.

E1. The set A is countable and non-empty.

b () 5S4
T() SCT&TCp=Cp.

E3. dCr&r7Cf=d6Cf.
E4. If 6 C f and 7 C f, then there exists a p C f such that § C p and 7 C p.



INTRINSICALLY 11} RELATIONS 5

3.1. Definition. Let X C A and f € &. The enumeration f meets X if for some
ye X,0Cf.

3.2. Definition. A subset X C A is dense in the enumeration [ if
VoC fdre X(6Cr).

3.3. Definition. Let F be a family of subsets of A. An enumeration f is F-generic
if whenever X € ¥ and X is dense in f, then f meets X.

E5. For every countable family F of subsets of A and every & € A there exists a
F-generic enumeration f O 4.

Comment. It is obvious that E1 — E5 hold for €&, A and C defined above. Most
of the theorems which follow can be formulated and proved in the context of arbi-
trary structures of the form (€,A,C) satisfying E1 — E5. We call such structures
enumeration structures. A detailed treatment of the enumeration structures will be
presented in a forthcoming paper.

Let us fix a denumerable family F of subsets of A.

3.4. Definition. A sequence Xy, Xi,... of subsets of A is dense if Xy # () and if
O € Xy and 7 D 4y, then there exists a dp11 € Xpyq 8. t. dpa1 2O 7.

3.5. Lemma. Let {X,} be a dense sequence. There exists a F-generic enumeration
f which meets all sets X,,, n=0,1,...

Proof. Consider the family &7, = F U {Xo, Xy,...}. Let §g € Xp and let [ be a
Fi-generic enumeration which extends dg. Using induction on n we can show that f
meets all X,,, n=0,1,...

Indeed, suppose that f meets X,,. We shall show that X, ,; is dense in f. Let
0 C f. By the induction hypothesis, there exists a §, € X, s. t. 4, C f. Take a
7 C fst. 6, C7and § C 7. Since the sequence {X,} is dense, there exists a d,11
in X, 1 such that 7 C d,,41.

Now, since f is Fi-generic, we have that f meets X, ;. O

3.6. Definition. A subset ) of Nx & is complete (with resect to the family F) if
for each n € N and each § € A, there exists a 7 D 4 such that if f is F-generic and

f 27, then (n, f) € Q.

3.7. Proposition. Let () be a complete subset of Nx &E. There exists a F-generic
enumeration f such that (n, f) € Q, for alln € N.

Proof. Let dg, 01, ... be an arbitrary enumeration of all finite parts. We shall construct
a dense sequence Xj, Xy, ... so that if f is a F-generic enumeration and f meets X,,,
then (n, f) € @, and apply Lemma 3.5.
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The construction of the sets Xy, Xy, ... will be carried out by steps. By X? we shall
denote the approximation of X,, obtained at step ¢q. We shall ensure that X¢ C X4t!
and take X, = X1.

q=0

Step ¢ = 0. Let 7 O &g be such that if f is F-generic and f D 7, then (0, f) € Q.
Set Xg ={r}and X, =0, n=0,1,....

Suppose that X§, X{,... are defined. We shall consider two cases.

(a) ¢ = (1,j,n,r), where §, € X? and 6; C §;. (Here the number r is left free in
order to insure arbitrary large ¢ with first three components ¢, j,n).

Let 7 2 §; be such that if f O 7 and f is F-generic, then (n + 1, f) € Q. Set
X =X Uu{ryand X[t = X7 for k #n+ 1.

(b) Do nothing, otherwise.

It follows easily from the construction of sets Xg, X1,... that the sequence is dense

and if f is F-generic and f meets X,, then (n, f) € Q. O

Our next step is to give a general definition of intrinsically “definable” sets on the
structure 2.

Let Py, Py,... P, ... be a sequence of n — ary predicate letters.

Suppose that a satisfaction relation “E” is given saying for all enumerations f and
all n — ary vectors T of natural numbers whether P.(¥) holds on f or not.

For T = #1,... ,2, we shall use f(T) to denote the vector (f(z1),..., f(z,)) of
elements of B.

3.8. Definition. A set A C B" is called admissible in the enumeration f (relative
to “I=7) if there exists e such that for all T € N”

T EP(T) = f(T) e A
In such a case we shall call P. a f-associate of A.

3.9. Definition. The set A is intrinsically definable (relative to “E") if A is admis-
sible in all enumerations.

Let a forcing relation ¢ I+ P.(T) be defined so that the following is true:

(1) 6 IF P(T) & 6 C 7= 7 IF P.(7);
(2) There exists a denumerable family F — of subsets of A s.t. if f is F-generic
then for all e, T,

fEP.(T) <= 36 C f(0IF P.(T)).
Finally, given a finite part 6 and a vector T, denote by R(4,T), the set {3: 3 €
B" & 31 2 46(7(T) =3)}.
Now, we are ready to formulate the normal form theorem for the intrinsically
definable sets.
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3.10. Theorem.(Normal Form Theorem) Let A C B" be intrinsically definable.
There exist finite part § and e such that for all T € N and all 3 € R(4,T),

(%) SEA<—= AT D4(r(T) =3 & 7 IF P.(T)).

Proof. Towards a contradiction, assume that there do not exist 4 and e having the
needed properties.
Let ) C Nx & be defined by the equivalence:

(e, f) € Q < P. is not f-associate of A.

We shall show that the set () is complete. Let e € N and § € A. By the assumption
for some T € N” and 3 € R(4,T) the equivalence (%) fails. We have two cases:

(a)seAand V7r D 6(7(T) =5 = 7 P.(T)). Let 7 D §and 7(T) =3. Let f be
F-generic and f O 7. Clearly f £ P.(T). On the other hand, since f(Z) = 7(T), we
have f(T) € A. So, P. is not f-associate of A.

(b) s ¢ A but for some 7 D 4, 7(T) =3 and 7 |- P.(T). Let f be F-generic and
f 2 7. Then f | P.(%) but f(T) ¢ A. Therefore, (e, f) € Q.

Now, applying Proposition 3.7, we obtain that there exists a F-generic f such that
for all e, (e, f) € @ and hence A is not admissible in f. O

4. THE SEMI-COMPUTABLE SETS

The semi-computable sets on an abstract structure are introduced by Moschovakis
in [Mos69b] as a counterpart of the recursively enumerable sets of natural numbers. In
[Mos69a] Moschovakis proved that on each countable structure the semi-computable
sets coincide with the V-recursively enumerable sets of Lacombe [Lac64] and, hence,
with the intrinsically r. e. sets in our terminology. Since all structures under con-
sideration here are countable, we shall identify the semi-computable sets with the
intrinsically r. e. sets.

In this section we are going to applay Theorem 3.10 to get a normal form of the
semi-computable sets on 2. The satisfaction and the respective forcing relations for
the recursively enumerable sets defined here are used also in the more sophisticated
applications of Theorem 3.10 in the rest of the paper.

For the sake of simplicity we shall consider only subsets of B.

Let us fix an effective coding of the finite sets of natural numbers (by FE, we
shall denote the finite set with code v). And let Wy, Wy,... ,W,,... be a standard
enumeration of the r. e. subsets of N.

Let Ry, Ry,..., R.,... be a sequence of unary predicate symbols. Given an enu-
meration f of the structure 2, define

[ E R(2) &= Jv((v,2) € W, & E, C D(By)).

In other words,

[ Be(x) &= @ € T(D(By)),
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where I'. is the e-th enumeration operator, see [Rog67].

Clearly, the sets W) = {z : f E Re(z)} coincide with the r.e. relative to
D(®B ) subsets of N. Hence a set A is intrinsically definable relative to “|=" if it is
semi-computable on 2.

The definition of the relation ¢ IF R.(x) is a little bit more complicated.

Our starting point is the representation of the diagram D(B;) of the structure
By = (N; o1, 09, ...,0k). The set D(B;) consists of codes of atoms or negated
atoms which are true on %B;. We shall call these formulae literals.

Now given a finite part § and a natural number u, define § IF u if u is code of a
literal L(xq,...,x,), all x1,... 2, are elements of the domain of ¢ and

A= L(0(x1),...,0(xq)).
For each finite set F, = {uy,...,u;}, define
SIFE, < dlFu & --- &dlFuy
and finally define
dIF Re(z) <= Fv((v,z) e W. & §IF E,).

From the definition it follows immediately that

(1) 61k Re(%) & 6 C 7= 7 IF Re(x);

(2) For any enumeration f,
[ E Re(z) < 3§ C f( IF R.(x)).

Now let A be a fixed subset of B and suppose that A is semi-computable. From
the Normal Form Theorem it follows that there exist § and e such that for all £ and

s € R, x)
(4.1) s€EA<=dr Dé(r(x) =s & 7IF R.(x)).

Given finite part ¢ and natural number e, denote by Ss. the subset of B defined
by the equivalence

$ € Sse <= Jx € NIt D é(7(2) = s & 71k R.(x)).

4.1. Proposition. A set A is semi-computable on A iff there exist finite part § and
natural number e such that A = Ss,..

Proof. Let A be semi-computable. Then there exist finite part § and natural number
e such that 4.1 holds for all # and s € R(d,z) . From here we obtain directly that
A= Sse.

To prove the proposition in the other direction, we represent each finite part as
an element of B*. For example, we can identify the finite part § mapping x1,... ,x,
onto ty,...,t,, respectively, with the element ((@1,t1),...,(x,,1,),0%) of B*. Now
it 1s easy to show that given an enumeration f* of A*, the pullback of each set
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Sse is 1. e. in D(®B«). From here using Corollary 2.4 we obtain that each Sj. is
semi-computable. [J

5. RELATIVELY INTRINSICALLY I} SETS.

In this section we shall show that a subset of B™ is intrinsically relatively II; if and
only if it has an inductive definition on the structure A*.

Again for simplicity we shall assume n = 1.

By Corollary 2.5, each inductive on 20* subset of B is relatively intrinsically II7.

To prove the converse of Corollary 2.5 we shall apply the Normal Form Theorem.
The definitions of the satisfaction and forcing relations used here are inductive, based
on the respective satisfaction and forcing relations for the r. e. sets defined in the
previous section.

Let Ry, Ry,..., R.,... be asequence of predicate symbols which now are supposed
to be 2-ary.
Given an enumeration f, define f = R.(a,x) using the definition given in the

previous section. Clearly the sets {(a,z) : f E Rec(a,z)} coincide with the 1. e.
relative to D(B;) subsets of N2

Now let Fy, P, ..., P.,... be anew sequence of 2-ary predicate letters. Let a be a
variable with range the (codes of) finite strings of natural numbers. If a = (z1,... , zx)
and z € N, then by a * z we shall denote the string (z1,..., 2, 2). By () we shall
denote the empty string.

Let f be an enumeration of 2. The satisfaction relation f = P.(a,x) is defined by
means of the following inductive definition:

5.1. Definition.

If f &= R.(a,), then f = P.(a,z);
it Vz(f |E P.(a*z,x)), then f = P.(a,z).

It is natural to associate ordinals with the sequences e, a,x such that f | P.(a, )
by the following:

5.2. Definition. Let f | P.(a,x), then

le,a,z|f =0,if f E R.(a,x) and
le,a, x| = sup(le,a* z,2|f+1: 2 € N), otherwise.

The following lemma can be proved by means of the standard argument which
shows that the IT} sets coincide with the inductive sets on the structure of the arith-
metic.

5.3. Lemma. The sets Y, = {a : f |E P.({),2)} coincide with the 117 relative to
D(®B;) subsets of N.
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Our next task is to define the forcing relation § |- P.(a,x). The definition is
inductive following the definition of the relation “= 7 and the usual forcing rules for
interpretation of the V-quantifier.

5.4. Definition.

If 6 IF R.(a,x), then § IF P.(a,);
IfVze NYr D 63p D 7(plk P.(a* z,2)), then § IF P.(a, ).

We associate ordinals with the tuples (e, d, a, ) such that § - P.(a, z) as usual.

5.5. Definition.

le,d,a,2| =0, if § IF Re(a,z),
le, 0, a, x| = sup(min(le,p,a*xz,2|+1:pD7):7 D2z € N),if § ¥ R.(a,x).

The following Lemma is immediate from the Definition 5.4.
5.6. Lemma. Let 6,7 be finite parts, 6 C 7 and § - P.(a,z), then 7 IF P.(a,x).

Let Fy be the family containing all subsets
Xesazz=1p:plk Plaxz,2) &le,p,ax z,2| < e, d,a,z|} of A.

5.7. Lemma. Let f be a Fi-generic enumeration, 6 C f and 6 I+ P.(a,x). Then
I E P.(a,z).

Proof. Transfinite induction on |e, d, a,xz|. Skipping the obvious case f E R.(a,x),
assume f [~ R.(a,x). Fix a z € N and consider the element

X={p:plk Plaxz,2) & |e,p,ax*z, x| <|ed a x|}

of F1. We shall show that X is dense in f. Let p C f. Take a 7 C f such that ¢ C 7
and 6 C 7. Since f £ R.(a,x),d ¥ R.(a,z) and hence by the definition of “IF” there
exists a p O 7 which belongs to X. From here, by genericity, there exists a p C f
which belongs to X.

Now, we have that |e,p,a * z,2| < |e,d,a,2| and p IF P.(a % z,2). Hence, by the
inductive hypothesis, f |= P.(a*z,x). From here, it follows that Vz(f = P.(a*xz,z)),
and hence, f E P.(a,z). O

Denote by F, the family containing all sets {7 : 3zVp D 7(p ¥ P.(a * z,2))}.

5.8. Lemma. Let f be Fy-generic and f = P.(a,x). Then there exists a § C f such
that 6 IF P.(a,x).
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Proof. Transfinite induction on |e, a, x|;.

Assume that V6 C f(6 W P.(a,z)). Then the set X = {7 : J2Vp D 7(p W
P.(a * z,x))} is dense in f. Hence there exist a 7 C f and z € N, such that
Vp 2 7(pW¥ P(ax*z ).

On the other hand, f | P.(a,2) and f & R.(a,x). (Otherwise we could find a
§d C fst. 0 IF R(a,z)). Hence, f = P.(a * z,z), and hence, by induction, there
exists a p C fs.t. p D7 and plk P.(a*z,2). A contradiction. O

5.9. Theorem. Let A C B. Then A is relatively intrinsically 111 on A iff A is
inductive on A*.

Proof. As we have already pointed out, in the one direction the theorem follows from
Corollary 2.5.

Suppose now that A is relatively intrinsically II} on 2. By the Normal Form
Theorem there exist § and e such that for all € N and s € R(4, z),

s€EA<=Ir Dd(r(x)=s & TIF P.((),2)).

Let domain of 6 = {wy,... ,w,} and §(w;) =1, i =1,...,r.
Fix a xg ¢ dom(d). Then we have the following representation of A.

s € A<=3r D (r(x0) = s & 7IF P.({), 20) or

(5.1) s=1 & 3r 23(r Ik PA()01,y)) or

s=1t, & It D0(7IF P.((),w,,y)).

Now considering the finite parts as elements of B*, using the fact that the set
{(r,a,2) : 7 Ik R.(a,x)} is semi-computable and hence first order definable on *,
see [Mos69a], we obtain easily that the set {(7,a,2) : 7 Ik P.(a,2)} is inductive on
2* and, hence, that A is inductive on A*. O

5.10. Corollary. Let A C B. Then A is relatively intrinsically HYP on 2 iff A is
hyperelementary on 2A*.

Proof. Let A be relatively intrinsically HYP on . Then A and the complement A
of A are relatively intrinsically I} and hence both are inductive. O

Comment. The proof of Theorem 5.9 gives in fact more than formulated. The repre-
sentation (5.1) gives a normal form of the inductive on 2* sets. An easy application
of this normal form is the characterization of the inductive sets by means of the
Game quantifier [Mos74]. Another application of Theorem 5.9 shows that on each
countable acceptable structure 2 the Il sets on 2 coincide with the inductive ones
[Mos74]. Indeed, since the II7 sets on 2 are defined by means of II{-formulae in the
language of 2, it is obvious that each such set is relatively intrinsically II}.
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6. ORDINAL NOTATIONS

One of the main difficulties in the theory of the inductive (II}) sets on abstract
structures is the lack of a nice notational system for the ordinals of the inductive sets
as, for example, the set O in the classical recursion theory (cf. [Mos69c]). Here we
shall obtain notations of the ordinals of the inductive sets on 20* by transferring the
classical ordinal notational systems via enumerations of 2.

Consider a subset X of N. The set of the indices of the hyperarithmetical sets
relative to X is defined by means of the following inductive definition, [Sho67]:

6.1. Definition.
(1) For each e, (0,€) is index;
(2) If e is index then, (1,¢€) is index;
(3) If all elements of WX are indices, then (2, ¢) is index.

Here WX denotes the set I'.(X), where T, is the e-th enumeration operator.
The ordinals associated with the elements of the set Indy of all indices relative to
X are as follows:

(1) [{0,e)|x =0, for all e € N;

(2) [(1,e)[x = lelx +1;

(3) 1(2,e)|x = sup(|z]x +1:2€ WX).

The following facts should be well known though the author was not able to find
the exact references.

Let wi® be the least ordinal which is not constructive relative to X.

Fact 1. wi = {|e|x : e € Indx}.

Fact 2. There exists a recursive function h, which does not depend on X, such

that if X C N, then
a € Ox < h(a) € Indx.

Here Ox is the set of the Church - Kleene ordinal notations relativized to X, see
[Rogb7].

We prefer to work with Indy instead of Ox because of the obvious inductive
definition of Indx. Both sets are very similar though.

Let I be a new unary predicate symbol. For each enumeration f of 2 define
f E I(u), by means of the following repetition of Definition 6.1.

6.2. Definition.
(1) f = 1((0,¢e)), for all e € N;
(2) If f |= I(e), then f |= I((L,€));
(3) EV=(f F Ru(z) = f F 1(2)), then f = 1((2,¢)).
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Here Ry, R1,..., R.,... are unary predicate symbols and f = R.(z) is defined as
in Section 4. So, we have that

{z: [ Re(2)} = WP,

Obviously, f = I(u) <= u € Indps,).

Set [ f,ulr = |ulpes,).-

Our next task is to define the relation § IF I(w). This will be an inductive definition
based on the definition of § IF R.(z), given in Section 4.

6.3. Definition.

(1) 6 I I((0,¢€)), for all e € N;
(2) If § IF I(e), then & IF I((1,¢€));
(3) HVzVr D 6(7IF Re(2) = 3p D 7(plF I(2))), then & I I((2,¢€)).

The ordinals associated with the pairs d, u such that ¢ I [(u) are given by

6.4. Definition.
(1) 4, <07€>|I = 0;
(2) 16, (L, €)1 = [d. els + 1;
(3) 16,(2,e)|r = sup(x(r,z)+1 :7 2 6§,z € N7 Ib R(z)), where x(7,2) =
min(lp.=li:p 2 7).

Let Indy = {(,u) : 6 IF I(u)}. From definition 6.3 it follows immediately that

Indy is inductive on 2A*.

Here we shall show two nice properties of the set Indy. Namely, that it is a
complete inductive set and that the closure ordinal % of the structure 2* is equal
to {|d,uly: 6 I T(u)}.

In the next section we shall use the elements of Indy as indices for the hyperele-
mentary sets in a characterization of those sets similar to the classical Suslin - Kleene
characterization of the hyperarithmetical (Borel) sets.

6.5. Lemma. Let 6 IF I(u) and 6 C é;. Then &1 Ik I(u) and |61, ul;r < |6, u|r.

Proof. Follows directly from the corresponding definitions. [J

Let 31 be the family of subsets of A containing all sets {p : |p, z|; < |9, u|s}, § € A
and z,u € N.

6.6. Lemma. Let [ be a Fi-generic enumeration of A. Suppose that § C f and
S I(u). Then, f1F I(u) and |f,u|; £ |6, uls.
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Proof. Transfinite induction on |4, u|;. Skipping the obvious cases u = (0,¢€) or
u = (l,e), suppose that v = (2,¢). Let z € N and f | R.(z). Consider the
element X of F; defined by p € X < |p,z|; < |6,(2,€)|;. We shall show that X
is dense in f. Let 7 C f. We can assume that 7 IF R.(z). Then by Definition 6.4
there exists a p O 7 such that p € X. Hence, by genericity, there exists a p C f
st p lF I(2) & |p,z|1 < 16,(2,€)|;. By the induction hypothesis, f E I(z) and
|f72|1 § |107'Z|I < |57 <27€>|I' 807 f |: [(<27€>) and

[fo (2 el = sup(|f,z[1 + 1 : f = Re(2)) =6, (2, €)1
]
Let &, be the family containing all sets {7 : 32 € N(7 IF R.(2) & ¥Vp D 7(p ¥
1(2)))}-

6.7. Lemma. Let f be a Fy-generic enumeration of A and f | I(u). Then there
evists a 6 C f s.t. 0 Ik I(u).

Proof. Transfinite induction on |f, ul;.

Consider the nontrivial case u = (2,¢€). Assume that Vo6 C f(5 ¥ 1((2,€))). Then,
the set X ={7:32(7 Ik R(2) & Vp D 7(p W I(z)))} is dense in f. Hence there exist
7 C f and z such that 7 |F R.(2) & Vp DO 7(p ¥ I(z)). From here it follows that
f E Re(2) and hence f |= I(z). By the induction hypothesis there exists a p O 7 s.t.
plF I(z). A contradiction. O

Combining Lemma 6.6 and Lemma 6.7, we obtain the following:

6.8. Theorem. There exists a denumerable family F; of subsets of A s.t. if f isa
Fr-generic enumeration of A, then the following is true:

() fEIu) <= 35 C f&IlFT(u);
(i) 6 C f&OIFT(u)=|f,ulr £ 15, uls.

Proof. Let ;7 =F U F,. O
Denote by x* = k" the closure ordinal of the structure 20* [Mos74].

6.9. Theorem. <™ = {|d,u|; : (§,u) € Indy} = min(w?(%f) : [ is enumeration of

Proof. Denote {|8,ul; : (§,u) € Indy} by ko and min(w?(%f) : [ is enumeration of
2A) by ky.

The ordinal kg is closure of the inductive definition (Definition 6.3) of the set Indy
on A* and hence, ko < K*.

Let f* be an enumeration of 2A*. Clearly each inductive definition on 2* can
be simulated “step by step” on B« , and hence, x* < w?(%f*). Therefore, £* <
D(B

min(w, > f* is enumeration of A*) < k4, by Proposition 2.3.
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So, we have ko < k* < ky. To finish the proof it remains to show that ko = «;.

Take a £ < ky. Let f be a Fr-generic enumeration of 2. Clearly, £ < w?(%f) and
hence there exists an e, such that f = I(e) and |f,e|; = £. By Theorem 6.8, there
exists a § C f such that 6 IF I(e) and £ < |6, ¢e|r. So, & < ko. O

6.10. Definition. ¢ IF* [(u), if Y7 2 6dp 2 7(p Ik I(u)).

6.11. Proposition. The following are equivalent:
(1) Vf 2 0(f is Fr-generic = f = I(u)).
(i) 0 IF* I(u).
(iii) 0 IF I(u).

Proof. (i) — (ii) and (iii) — (i) follow from Theorem 6.8.
The proof of (ii) — (iii) is by induction on ||d, u||;, defined by
|6, u|lr =0, if u=(0,e) or u= (2,¢).
16, (1, )l = (19 ellr + 1.
Let § IFY I(u). If w=(0,¢), then 6 IF I(u) by definition. If uw = (1, €), then clearly
d IF* I(e) and hence, by the induction hypothesis, 6 IF I(e). So & IF I((1,¢e)).
Suppose now that u = (2,e). Let 7 2 § & 7 IF R.(z) for some z € N. Let p O 7 and
plF I((2,e)). Clearly p IF R.(z), and hence, there exists a p O p such that p Ik I(z).
Obviously p O 7. So, we have that V7 DO §(7 IF R.(z) = 3 2 7(p Ik 1(2))). Hence,
§1IFI((2,€)). O

Our next goal is to show that the set Indy is complete with respect to the relatively
intrinsically II{ sets. As in the previous cases, we shall carry out the proof for n = 1.
Let f be an enumeration of . It is well known that a set W is II in D(B;) iff W
is many-one reducible to Op(s,) and hence, by Fact 2, iff W is many-one reducible
to Indps,). So, W is I} in D(B;) iff there exists a total recursive function h, such
that:

reW = fE I(h(x)).

Given A C B and an enumeration f of 2, call the recursive function h an f-
associate of A if for all x € NV,

f(@) e A= [ | I(h(z)).

Given finite part §, « € N and s € R(,x), denote by § * (x,s) the finite part ¢’
such that dom(6") = dom(d) U {x} and ¢'(x) = s.

6.12. Lemma. Let A C B be intrinsically relatively 111 on 2A. Then there exist &
and recursive function h such that for all x € N and all s € R(d, ),

s € A<= dx*(x,8)IF I(h(x)).
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Proof. Assume the contrary. Fix an arbitrary enumeration hg, hy,... , he,... of the
total binary recursive functions and consider the subset () of Nx &, defined by

(e, f) € Q < h. is not f-associate of A.

We shall show, that @) is complete (with respect to the family JFy).
Let § € A and e € N. By assumption, there exist # € N and s € R(J, z) such that

s €A I (x,s)lF I[(h(x)).
We have two cases:
1. s € Aand § = (x,s) ¥ I(h.(x)). By Proposition 6.11, § * (x,s) ¥ I(h.(x)),
and, hence, there exists a 7 2 ¢ * (x, s), such that Vp D 7(p ¥ I(h(2)).
Let f be Fj-generic and f O 7. Obviously (e, f) € Q.
2. s¢ Aand §* (x,s) Ik [(he(x)). Take 7 = §* (x,s). Clearly, for all Fj-generic
enumerations, if f O 7 then (e, f) € Q.
By the completeness of @), there exist a F-generic f such that for all e, (e, f) € Q.
The last contradicts the fact that A is relatively intrinsically II;. [

Let A be an relatively intrinsically IT7 subset of B. According to the Lemma above,
there exist finite part ¢ and recursive function h, such that for all x € N, and s €
R(6, x),

s € A<= dx*(x,8)IF I(h(x)).
Let domain of & be {ws,... ,w,} and é(w;) =t,. Fix a 29 ¢ {wq,... ,w,}. Then
sEA=s#£H & & s#t &d*(xg,s)IFI(h(xg))
or s =t & d I I(h(w
o) &SI H(Ae)

or s =t, & § - I(h(w,)).
Let i(s) be a function on B* defined by

i(s) = (6% (xg,s), h(xg)), if s #t1,...,8F1;
i(s) = (&, h(wy)), if s =14,

i(s) = (&, h(w,)), if s =t,.

Obviously, s € A <= i(s) € Indy.

The function 7 has a very simple definition and it is obviously effective on B*.
Actually, ¢ is Prime Computable on B* relative to the empty set of givens [Mos69b].

So, we have proved the following theorem:

6.13. Theorem. Let A C B. Then the following are equivalent:
(1) A is relatively intrinsically I} on 2A;
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(ii) A is inductive on A*;
(iii) There exists a prime computable relative to {0} function i such that

s € A<= i(s) € Indy.

7. A HIERARCHY FOR THE HYPERELEMENTARY SETS.

One of the main results in the classical theory of the hyperarithmetical sets is the
Suslin-Kleene theorem which allows us to construct the Aj-sets starting from the r.e.
sets and iterating the operations taking the complement and effective union.

As shown in [Mos74], it is not possible to obtain a direct generalization of this
theorem on arbitrary denumerable abstract structures.

Here we shall transfer the Suslin-Kleene theorem as far as possible using enumer-
ations.

First we shall attach to each index (6,u) € Indy a set Hs, in a way very similar
to that used in the proof of the Suslin-Kleene theorem given in [Sho67].

After that we shall show that the sets Hs,, coincide with the hyperelementary ones.
To avoid some technical complications, we shall formulate and prove our results only
for subsets of B. However, all results can be easily generalized for subsets of B”,
n = 1.

Recall the definition of the forcing 7 IF R.(y) from section 4. Clearly the set
Gse ={(r,y) : 7 28 & 7IF R.(y)} is semi-computable on 2A*.

Denote by Ss. the set {s: a3t D 6(7(x) = s & 7 IF Rc(x))}. From the character-
ization of the semi-computable sets in section 4., it follows that the sets Ss. coincide
with the semi-computable subsets of B.

The sets Hs, are defined for all §,u s.t. 6 IF I(u) by means of induction on |4, u|;.

7.1. Definition.

(1) Hs o,y = Ssie;
(2) HS,(I,S) — LjJ(S B\HT,B;

(3) H57<276> = U H77y'
(Tvy)eGé,e
|T7y|1<|57<276>|1

Comment. The problematic clause in the above definition is the third one. We are
forced to use the restriction |7,y|; < |, (2, €)|; because, in general, we can not assert
that 0 IF [((2,e)) & 7 26 & 7IF R.(y), implies |7, y|r < |6,(2, €)|;.

So in the third clause, we have a hyperelementary union but not a semi-computable
one. The fact that the set {(7,y) : (1,y) € Gs. & |1,yl1 < 16,(2,€)|1} is hyperele-
mentary follows directly from the Stage comparison theorem [Mos74].
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On the other hand, using Proposition 6.11, one can easily show that for all (7,y) €
Gise, T IF 1(y) and, as we shall see later, we have for all § and e,

HS,(Q,S) - U HT,y-

(Tvy) eGé,e

Of course, since we want an inductive definition of the sets H,, we can not replace
the third clause by the last equality.

Let H be a new binary predicate symbol. Given an enumeration f and natural
numbers u, z such that f | I(u), we define the relation f ' H(u,z) by means of
induction on |f,u|;. Here the meaning of f = R.(x) is « € W) as usual.

(1) If f = Re(x), then f =1 H((0, €), x);

(2) If f & H(e, x), then f |=! H((1,€),@);

(3) 11 3y(f = Ro(y) & J £} H(y,2)), then | Y H((2,¢), )

Let f = H(u,z) < f = I(u) & f E" H(u,x). Using the Suslin-Kleene theorem
in the form given in [Sho67], relativized to D(B;), we obtain that a set W is hyper-
arithmetical relative to D(*8) iff there exists a u, such that W ={x: f E H(u,x)}.

For finite parts, we define the relation § IF' H(u,z), again for those u such that
d IF I(w), by induction on |4, ul;.

(1) If § IF R.(x), then & IF* H({0,€), x);
(2) It Vp D §(p W' H(e,z)), then § IF H({1,¢),2);
(3) If Fy(d IF R.(y) & Y7 D (|7, ylr < |7 (2,€)l1) & 6 I H(y,z)), then & [F!
H((2.¢).x).
Let 6 Ik H(u,z) <= 6 IF I(u) & 6 IF' H(u,z).

The following lemma is obvious:

7.2. Lemma. If§ - H(u,x) and § C 7, then 7 Ik H(u,x).
Let Fp=FU{{p:plF H(u,2)}:u,z € N}.

7.3. Lemma. For each Fp-generic enumeration f,

(7.1) fEH(u,x) < 36 C f(§IF H(u,z)).

Proof. If f £ I(u), then (7.1) is obvious.
Let Ind; ={u: f |E I(u)}. For each element u of Ind; set

lu| = min(|6,ul|;: 6 C f & & IF I(u)).

We shall prove (7.1) for the elements u of Ind; by means of transfinite induction on
We have to consider three cases:
(a) u=(0,¢). Then f = H(u,z) <= f |= Re(z) and 0 IF H(u,z) <= ¢ |F R.(z).
From here (7.1) follows directly.
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(b) u = (l,e). Let 6o C f be such that |u| = [do,u|;. We have that |dg,e|; <
|00, (1, €)|1, and hence, |e| < |ul.

Suppose that for some §, § C f and § IF H(u,z). Assume f = H(u,x). Then
f E H(e,x), and hence, by induction there exists p C f, s.t. pIF H(e,x). We can
assume that § C p. The last contradicts ¢ - H(u, x).

Suppose that f E H(u,z) but ¥6 C f(6 ¥ H(u,z)). From here it follows that
{p:pIF H(e,x)}is densein f. By genericity there exists p C f such that p IF H(e, x).
By induction, f | H(e,x). A contradiction.

(c) u=1(2,¢). Let 6o C f be such that |(2,e)| = |do, (2, €)|;.

Suppose that for some § C f, § IF H(u,x). Then there exists a y s.t. § IF R.(y),
dIF H(y,z) and for all 7 D6, |1, y|r < |7, (2,€)|;.

Take a 7 C f, such that 60 C 7, and § C 7. Using Lemma 6.5, we obtain
s < I (226311 < 180, (2, ¢}]1- So Iyl < |(2,e)]. By induction, f = H(y,r). Since
dIF R(y), f |E Re(y). Therefore, f = H((2,¢),x).

Assume now that f = H((2,e),z). Then for some y € N, f = R.(y) and [ |
H(y,z). Consider the element X = {p : |p,y|r < |d0,(2,€)|r}. We have that X is
dense in f. Indeed, take a 7 C f. We can assume that éo C 7 and 7 IF R.(y). Since
do IF I((2,¢€)), there exists a p O 7 s.t. pIF [(y) and |p, y|r < |00, (2, €)]|s.

By genericity, |y| < [(2,€)|. Fix a po C f such that |y| = |po, y|1-

By induction, there exists a A C f, such that XA |- H(y,z) and A - R.(y). Finally,
assume that Y C f3r D u(|7,(2,e)|r < |do,(2,€)|r). From here, by genericity, there
exists a 7 C f such that |7, (2, e)|; < |do,(2,€)|r. The last contradicts the choice of
So. So, for some 1t C £, ¥r D u(|m (2, lr 2 Joos (2. €)).

Let 6 C f and let § majorize do, po, A, pr. We shall show that § IF H((2, ), x). Since
d D do, 6 1F I((2,€)). Since d D A, §IF R.(y) and ¢ IF H(y,z). Let 7 O 4. Then
T D po, and 7 O p. We have |7, y|; < |po,y|r and |do, (2,€)|; < |7,(2,€)|7. Combining
both, we obtain

7yl = lposylr <100, (2, €)1 = [7, (2, €)1
So, | ylr <[ (2,€)lr. O

7.4. Lemma. Let A C B be relatively intrinsically HYP on A. There exist & and u
such that & |F I(u) and for all x € N and s € R(d, z),

(7.2) s€EA<—= It D(r(x)=35 & 7IF H(u,x)).
Proof. Assume the contrary. Consider
Q={(w,f): fF I(u) or Fx(f(z) € A% f = H(u,x))}.

We shall show that @ is complete (with respect to the family Fg).
Let 6 and u be given. By assumption § ¥ I(u) or (7.2) fails for some x € N and
some s € R(4, x).
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1. Let § ¥ I(u). Then, by Proposition 6.11, § ¥, [I(u), and hence, for some
T 208, Yp 2O r(phH I(u)). Let f O 7 and f be Fy-generic. Then clearly, f [= I(u),
and hence, (u, ) € Q.

2. Let 6 IF I(u). We have two subcases.

21. s € Aand V7 D §(r(x) = s = 7 W H(u,z)). Take a ¢’ O 4 such that
§'(x) = s. Clearly, if f D ¢ is Fy-generic, then (u, f) € Q .

22. s ¢ A and for some 7 D 4, 7(x) = s and 7 IF H(u,x). Let f DO 7 be
Fu-generic. Then obviously, f E H(u,x) and f(z) =s ¢ A. So, (u, f) € Q.

By Proposition 3.7, it follows from here that there exists a f s.t. (u, f) € @, for
all u. Clearly A does not have a HYP associate in this f. A contradiction. []

7.5. Definition. Given (6, u) € Indy, define the set
Asy ={s:JaIT D (r(2)=s & 7IF H(u,2))}.

7.6. Theorem. The following are equivalent for all A C B:

(i) A is relatively intrinsically HYP on U;
(ii) A is hyperelementary on A*;
(iii) There exists (6,u) € Indy s.t. A= As,.

Proof. The equivalence (i) «— (ii) is proven in Corollary 5.10.

The implication (i) — (iii), and hence, the implication (ii) — (iii) follow from
the previous Lemma.

It remains to show that each of the sets Aj, is hyperelementary on 2*. For
we can define an inductive on A* relation R(4,wu,x,4), such that if § IF [(u), then
R(0,u,2,0) <= 6 IF H(u,x) and R(d,u,x,1) <= § ¥ H(u,z). The definition of R
follows the definition of the relation “/-!”. The only nontrivial moment is to translate
the part V7 O 6(|7, y|r < |7, (2,€)|1) of the third clause of the definition. This can be
done by means of the Stage comparison theorem [Mos74].

Now, having the inductive relation R we can define:

s € A(S,u <= dzdT D 5(7’(1‘) =s& R(ﬂu,x,()))

s € B\As, <= VaV7 D (r(x) #s V R(r,u,z,1)).

The last two equivalencies show that both As, and the complement of Aj;, are
inductive, and hence that As, is hyperelementary on *. O

7.7. Lemma. The sets As gy coincide with the semi-computable on 2L sets.
Given a subset A of B, denote by A the set B\ A.

7.8. Lemma. Let 6 IF I((1,¢€)). Then As ey = LDJSZW.
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Proof. Let s € As (. Then for some 7 2 ¢, and some z, T(x) = s and 7 IF
H((l,¢),z). Hence, Vp D 7(p ¥ H(e,z)), and therefore, s € A, ..
Suppose now, that s € A, . for some 7 O §. Then

Vp D rVa(p(x) =s = p W H(e,z)).

Clearly, there exists #o € N and extension 6" of 7 s.t. ¢'(x9) = s. We have that
0" IF H(<1,€>,$0). So, s € A57<176>. ]

7.9. Lemma. Let § IF I((2,€)). Then

A5,(2,e> — U AT,y — U AT,y-
(Tvy)eGé,e (Tvy)eGé,e
I7ylr<16,(2.e)l1

Proof. Suppose that (1,y) € G5, i.e. 7 2§ and 7 IF R.(y). Let s € A.,. Then for
some p O 7 and some x € N, p(z) = s and p IF H(y, x).

Let f be an Fpy-generic enumeration s.t. f O p. Then f D §, and hence, f
I((2,€e)). Since f DO p, we have that f E R.(y) and f = H(y,z). Hence [ |
H((2,e),x). Then, there exists a u, s.t. p C pu C fand u = H((2,¢€),x). From here
it follows that s € Aj5.).

Let s € Aj2,e). Then for some x € N and some 7 D §, 7(x) = s & 7 IF H((2,¢€),x).
By the definition of “IF'7, there exists y such that 7 IF H(y,z), 7 IF R.(y) an
|7—7y|1 < |7—7 <27€>|I § |57 <27€>|I' Clearly s € AT,Z/‘ 0

7.10. Theorem. For all (6,u) € Indy, As, = Hs,.

Proof. Transfinite induction on |§, u|7, using Lemmas 7.7 — 7.9. O
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