UNIFORM REGULAR ENUMERATIONS

IVAN N. SOSKOV AND BOGOMIL KOVACHEV

ABSTRACT. In the paper we introduce and study the uniform regular enumer-
ations for arbitrary recursive ordinals. As an application of the technique we
obtain a uniform generalization of a theorem of Ash and a characterization of a
class of uniform operators on transfinite sequences of sets of natural numbers.

1. INTRODUCTION

Let ¢ be a recursive ordinal and let {Bq }a<¢ be an arbitrary sequence of sets of
natural numbers. The regular with respect to the sequence {B, }o<¢ enumerations
were introduced in [10] and used to characterize the sets A satisfying the following
condition:

*) (VX)[(Var < ¢)(Bq is ree. in X(@) uniformly in ) = A is r.e. in X(®],

where « is a recursive ordinal.
In the present paper we are concerned with the characterization of all sequences
{Aa}a<c of sets satisfying a uniform generalization of (*):

(VX)[(Ve < ¢)(Bg is r.e. in X uniformly in o) =
(Vo < ¢)(Aq is re. in X (@) uniformly in ) ].

(**)

It turned out that the technique developed in [10] cannot be applied directly
to obtain this characterization which led to the uniform regular enumerations pre-
sented here.

Using the technique of the uniform regular enumerations we also obtain a char-
acterization of a class of uniform operators mapping transfinite sequences of sets
of natural numbers to sequences of sets of natural numbers, which generalize the
operators studied in [9], and show that a two sequences {Bg}ta<¢ and {4, }a<c
satisfy (**) if and only if there exists a uniform operator T" such that

F({Ba}aSC) = {Aa}agc-
2. PRELIMINARIES

2.1. Ordinal notations. In what follows we shall consider only recursive ordinals
« which are below a fixed recursive ordinal 7. We shall suppose that a notation
e € O for n is fixed and the notations for the ordinals o < n are elements a of O
such that a <, e. For the definitions of the set O and the relation ”<,” the reader
may consult [6] or [7]. We shall identify every ordinal with its notation and denote
the ordinals by the letters a, 3, and 4. In particular we shall write a < 3 instead
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of & <, B. If v is a limit ordinal then by {a(p)}pen we shall denote the unique
strongly increasing sequence of ordinals with limit «, determined by the notation
of a, and write o = lim a(p).

2.2. The enumeration jump. Given two sets of natural numbers A and B, we
say that A is enumeration reducible to B (A <. B) if A = ®,(B) for some enumer-
ation operator ®,. In other words, using the notation D, for the finite set having
canonical code v and Wy,..., W, ... for the Gbédel enumeration of the r.e. sets,
we have

A<, B <= TNVr(x € A << Fv((v,z) € W, & D, C B)).

The relation <, is reflexive and transitive and induces an equivalence relation
=, on all subsets of N. The respective equivalence classes are called enumeration
degrees. For an introduction to the enumeration degrees the reader might consult
COOPER [4].

Given a set A denote by AT the set A @ (N\ A). The set A is called total iff
A =, AT. Clearly A is recursively enumerable in B iff A <, BT and A is recursive
in Biff At <. BT.

Since B <, BT, if A <, B, then A isr.e. in B. It is easy to see that there exists
a recursive function ¢ such that if A C N then for every z,

(I)Z (A) = Wt?z)’

where as usual W2 denotes the domain of the z-th Turing machine using as oracle
the characteristic function of A, in other words the z-th r.e. in A set.
In the reverse direction there exist recursive functions e; and ey such that for all
total functions f,
Wi =.,.)(Gy),
where Gy = {(z,y) : f(z) ~y}, and for all A CN,
WZA = q)ez(z) (AJr)
Notice that the graph of every total function is a total set.
The enumeration jump operator is defined in COOPER [3] and further studied
by McEvoy [5]. Here we shall use the following definition of the e-jump which is
m~equivalent to the original one, see [5]:

2.1. Definition. Given a set A4, let K§ = {(z, 2) : x € ®,(A)}. Define the e-jump
Al of A to be the set (K9)*.

The following properties of the enumeration jump are proved in [5]:

Let A and B be sets of natural numbers. Set B\” = B and B{"™) = (Bé”));

(J1) If A <. B, then A, <. B..

(J2) Ais X0, | relative to B iff A <, (BT){".

Let a be a recursive ordinal. To define the a-th enumeration jump of a set A
we are going to use a construction very similar to that used in the definition of the
a-th Turing jump. The idea is to modify the definition of the sets HZ, see [6] or
[7], by taking enumeration jump instead of Turing jump:

2.2. Definition.
(i) Eg = A.
(i) Ef, = (Bf).
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(iii) If a = lim a(p), then EA = {(p,z) : x € E(‘;‘(p)}.

From now on Ag‘*) will stand for E(f.

Of course the definition of the set A.(ga) depends on the fixed notation of the
ordinal . On the other hand, it is easy to see by a minor modification of the proof
of the corresponding theorem of Spector for the sets HZ', see [6] or [7], that if oy
and as are two notations of the same recursive ordinal, then Agal) =, Aé’”).

The following properties of the transfinite iteration of the enumeration jump
follow easily from the definition:

(E1) If B < « are recursive ordinals, then Agﬁ) <. AS*) uniformly in § and «.
(E2) If A <. B, then for every recursive ordinal «, Aé“) <. Béa).
(E3) If & > 0, then Al is a total set.

Finally, we have that for total sets the a-th enumeration jump and the a-th
Turing jump are equivalent. Namely the following is true:

2.3. Proposition. Let A be a total set of natural numbers. Then for every recur-

sive ordinal o, EA =, (H) uniformly in a.

Since we are going to consider only e-jumps here, from now on we shall omit the
subscript e in the notation of the enumeration jump. So for every recursive ordinal
a by A® we shall denote the a-th enumeration jump of A.

For every function f and every recursive ordinal o by f® we shall denote the
a-th jump of the graph Gy of f. It is easy to see that there exists a recursive
function e(z, «) such that if f is a total function and « is a recursive ordinal, then

() o
sz = (I)e(Z,oz)(f( ))'

Hence for jumps of total functions the relations "r.e.” in and ”<.” are uniformly
equivalent.

2.3. The jump set of a sequence of sets. Let ¢ be a recursive ordinal and let
{Ba}a<c¢ be a sequence of sets of natural numbers. For every recursive ordinal a
we define the jump set P, of the sequence {B,} by means of transfinite recursion
on «:

2.4. Definition.
(i) Po = Bo.
(ii) Let @« = B+ 1. Then let

Do Pé@Ba if a <,
o P otherwise.

(iii) Let o = lim a(p). Then set Pco = {{p,z) : © € Py(p)} and let

b _ {P<Q@Ba ita<c,
Pca otherwise.
Notice that if the sequence {B,} contains only one member, i.e ( = 0, then for
every recursive a, Py = Béa).
The properties of the jump sets P, are similar to the properties of the enumera-
tion jumps. Again we have that if a;; and as are two notations of the same recursive
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ordinal, then P,, =, P,,. We shall omit the proof since it is very close to the proof
of the corresponding result for the H' sets mentioned above.

We shall use the following properties of the jump sets which follow easily from
the definition:

(P1) If 8 < v, then Pg <. P, uniformly in 8 and «.

(P2) If a < ¢, then B, <, P, uniformly in a.

(P3) Let (Vo < ¢)(By <c A uniformly in o). Then Pp <, A©),

(P4) If « is a limit ordinal, then the set P, is total.

(P5) If ¢ < a, then the set P, is total.

2.4. The Results. Let us fix a recursive ordinal ¢ and a sequence {By}a<¢ of
subsets of N. For every recursive ordinal o denote by P, the a-th jump set of the
sequence {Bq }a<c.

The following version of Asu’s THEOREM [1] is proved in [10]:

2.5. Theorem. Let a be a recursive ordinal and A C N. Suppose that for all total
sets X such that (Vy < ¢)(B, <. X)) uniformly in v we have that A <, X%,
Then A <, P,.

In particular if we take ( = a = 0, then from Theorem 2.5 we get SELMAN’S

THEOREM [8] which describes the enumeration reducibility in terms of the relation
"r. e. in”:

2.6. Theorem.(Selman) Let A and B be sets of natural numbers. Then A <, B
if and only if (VX)(Bisr.e. in X = Aisr.e. in X).

Another direct consequence of Theorem 2.5 is the following Theorem of CASE
[2]:
2.7. Theorem.(Case) Let A and B be sets of natural numbers and n < w. Then
A<, B@ 0™ if and only if (VX)(B is 3 = Ais ©¥).

So, while the theorems of Selman and Case describe a kind of positive reducibil-

ities between sets of natural numbers in terms of the classical relation "¥9 in”,

Theorem 2.5 gives a description of a positive reducibility of a transfinite sequence
of sets to a set. A natural further step is to generalize Theorem 2.5 in order to
obtain a reducibility of transfinite sequences of sets to transfinite sequences of sets.

2.8. Definition. Let ¢ be a recursive ordinal and let A = {Ay}a<c and B =
{Ba}a<c be two sequences of sets of natural numbers. Then A is uniformly reducible
to B (A <, B) if there exists a recursive function g such that

(Vo < ()(Aa = Py(a)(Pa(B))),
where P, (B) denotes the a-th jump set of the sequence B.
The following theorem is our first result:

2.9. Theorem. Let ¢ be a recursive ordinal and let A = {Ay}ta<c and B =
{Ba}a<c¢ be two sequences of sets of natural numbers. Then

A <, B < (¥ total X)[(Va < ¢)(Ba <e X uniformly in o) =
(Vo < O)(Aq <e X uniformly in o).

The uniform operators are introduced in [9]. Let us fix natural numbers ko, . . ., k;
and k.
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2.10. Definition. A mapping I' : P(N)" — P(N) is a uniform operator of type

(ko, ...,k — k) if there exists a function g on the natural numbers such that for
all X C N and for all bg,...,b,. € N,
x (ko) x (kr) x (k)
F(Wbo 7.”’W'r' ) == g(b0,~~~7b7-)'

Given sets By,..., B, of natural numbers, denote by PIIcCO,A..,kT (Bo, ..., B;) the
k-th jump set of the sequence {A;};<y, where

A — 0, ifl ¢ {ko,...,kr},
"B, ifl=ky, 0<m <7
2.11. Theorem. ([9]) A mapping I' : P(N)" — P(N) is a uniform operator of type

(ko, ...,k — k) if and only if there exists an enumeration operator ® such that for
all sets By,..., B,

I'(Bo,...,B;) = ®(Ps . (Bo,...,B)).
Combining this result with the theorems of Selman and Case, we obtain the

following corollary:

2.12. Corollary. Letn > 1 and A and B be sets of natural numbers. Then
(VX)(B is 2X = A is 3X) if and only if there exists a uniform operator T' of type
(n — n) such that A =T(B).

Here we are going to study uniform operators on transfinite sequences of sets.
Let ¢ be a recursive ordinal. Denote by S; the set of all sequences {4, }a<¢ of sets
of natural numbers.

2.13. Definition. A mapping I' : S¢ — S¢ is uniform operator if there exists a
function g on the natural numbers such that if ¢ is an index of a recursive function
©, then g(a) is an index of a recursive function ¥ such that for all X C N,

(a) (o)

Our second result is the following generalization of Theorem 2.11.
Given a sequence B € S¢, denote by P, (B) the a-th jump set of 5.

2.14. Theorem. A mapping I' : S¢ — S¢ is a uniform operator if and only if there
exists a recursive function h such that for every sequence B € S¢,

L'(B) = {®n(a)(Pa(B))}-
Combining Theorem 2.9 and Theorem 2.14 we obtain and the following

2.15. Corollary. Let A = {A,} and B = {B,} be elements of Sc. Then the
following assertions are equivalent:

(1) A<, B.
(2)
(V total X)[(Vor < ¢)(Ba <¢ XY uniformly in o) =
(Va < O)(Aq <e X uniformly in o)].
(3) There exists a uniform operator I : S¢ — S¢ such that A =T'(B).

In the rest of the paper we shall introduce the reader to he technique of the
uniform regular enumerations which will be used in the proofs of Theorem 2.9 and
Theorem 2.14.
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3. ORDINAL APPROXIMATIONS

3.1. Definition. Given an ordinal o > 0, an ordinal approximation of « is a finite
sequence @ = o < ag < ..., < « of ordinals, where n > 1 and ay = 0.
The only ordinal approximation of 0 is 0.

For every ordinal approximation @ = a1, ag, ..., ap, a and every § < o we define
the B-predecessor § of @ by means of the following inductive definition:

3.2. Definition.

1) Let 8 < a;,. Then
1.1) If B = o for some i € [1,n], then 3 = ay,...,q;
1.2) Otherwise, if «; is the least element of the sequence aj, ..., a, such
that 3 < o, then 3 is the B-predecessor of aq, . .., o;
2) Let o, < 8 < . Then
21) fa=d0+1and B=6, then B=ay,...,a,,;
2.2) If a =0+ 1 and 3 < 6, then 3 is the 3-predecessor of ay, ..., ay,,d;
2.3) If a = lim a(p), then §3 is the S-predecessor of

ag, ... 70[7“0{(1)0),04(])0 + 1)7 s 7a(p1)7 where

po = pplan < alp)] and p1 = pp[B < a(p)].

The following simple lemma can be proved by means of transfinite induction on
Q.

3.3. Lemma. For every ordinal approzimation & and every 3 < «, there exists
exactly one B-predecessor B of a.

From the definition it follows immediately that there exists a recursive function
7 such that if @ is an ordinal approximation and 8 < «, then (@, 3) yields the
(B-predecessor of a.

By 3 < @ we shall denote that (3 is the S-predecessor of @. As usual 3 < @ will
stand for § < @ or § = @.

Let us point out some useful properties of the predecessor relation which follow
directly from the definition.

3.4. Lemma. Let @ = aq,...,ay,,a be an ordinal approximation of a. Then the
following assertions hold:
(1) If<ap, 1<k<n,thenf<a < B=ai,...,q.
(2) If for some k € [1,n], ay, < S < a and By, ..., B is the B-predecessor of a,
then k <l and a; = B;,i=1,... k.
(3) Leta=d+1,a, <Sand 3<6. Then B <a <= B = ai,...,an,0.
(4) Let « = lim«(p) be a limit ordinal and py = upla, < a(p)]. Let B < a,
p1 = po and a(p1) > 8. Then

B<a < B=ai,...,an,a(p),alpo+1),...,a(p).
3.5. Lemma. Lety < 3 < « be ordinals, ¥ < 3 and 3 < @. Then ¥ < @.

Proof. Transfinite induction on a. Suppose that @ = a1,..., ay, .
Let 8 < a;,. Then B = o, ..., a,. By the induction hypothesis, ¥ < a1, ..., a,.
Therefore by Lemma 3.4 7 < @.
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Suppose now that a,, < 3. Let « = § + 1. Set 6 = ay,...,ay,,d. Since B < 4,
a, < 0. By Lemma 3.4 3 < 6. By the induction hypothesis ¥ < 6. From here
again by Lemma 3.4 it follows that 7 < @.

It remains to consider the case a,, < § and o = lim a(p). Let

po = pplan, < alp)] and pg = up[B < a(p)]

Set a(pg) = a1, .., an, (po), a(po+1),...,a(ps). Now we have that 3 < a(pg).
By induction 7 < «(pg) and hence by Lemma 3.4 7 < @. (]

From the last lemma it follows that if we fix an ordinal approximation @ and
consider the set of all ordinal approximations 3 < @, then this set is well ordered
by the relation ” < ” and its order type is a.

4. REGULAR FINITE PARTS

Let us fix a sequence {Bq }a<c¢, of subsets of N.

For every oo < ( set B}, = N@ B,.

In what follows we shall use the term finite part for finite mappings of N into N
defined on finite segments [0, ¢ — 1] of N. Finite parts will be denoted by the letters
7, p. If dom(7) = [0,q — 1], then let Ih(7) = q.

We shall suppose that an effective coding of all finite sequences and hence of all
finite parts is fixed. Given two finite parts 7 and p we shall say that 7 is less than
or equal to p if the code of 7 is less than or equal to the code of p. By 7 C p we
shall denote that the partial mapping p extends 7 and say that p is an extension of
7. For any 7, by 7 | n we shall denote the restriction of 7 on [0,n — 1].

Below we define for every a < ( and every ordinal approximation @ of « the
a-regular finite parts. The definition is by transfinite recursion on a.

Let o« < ¢. Suppose that for all 3 < a we have defined the B-regular finite
parts and for every (-regular 7 we have defined the 3-rank ‘7’|E of 7. Suppose also
that for all finite parts p and for all e,z € N we have defined the forcing relations
p 5 Fe(z) and p b5 —Fe(z)

4.1. Definition. Given a B-regular finite part 7, say that p O 7 is a normal
B-regular extension of 7 if |p|lz = [7|5 + 1.

Let us fix an ordinal approximation @ of a.

1) @« = 0. Then @ = 0. The O-regular finite parts are finite parts 7 such that
dom(7) = [0,2¢ + 1] and for all odd z € dom(7),7(z) € B§.

If dom(7) = [0, 2q + 1], then the O-rank |7|o of 7 is equal to the number ¢ + 1 of
the odd elements of dom(r).

Given a finite part p, let

plho Fe(z) <= Fo({v,x) € W, & (Vu € Dy)(p((u)o) = (u)1))

plko = F.(z) <= ¥(0-regular 7)(p C 7 = 7 o Fe(x)).
2) a = 3+ 1. Let 3 be the 3-predecessor of @.
Set XE = {p: pis Bregular & p -5 Fipyo ((P)1)}-
Given a finite part 7 and a set X of S-regular finite parts, let ,U,E(’DX) be the
least extension of 7 belonging to X if any, and ME(T,X ) be the least [-regular
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extension of 7 otherwise. We shall assume that ‘LLE(T, X) is undefined if there is no

[B-regular extension of 7.
Let 7 be a finite part defined on [0,q — 1] and > 0. Then 7 is @-regular of
a-rank r + 1 if there exist natural numbers

O<ng<lp<myg<by<ng <lp<mg<b-<n,. <l <mp <b. <npyp1=¢q
such that 7 [ ng is a B-regular finite part of rank 1 and for all j, 0 < j < r, the
following conditions are satisfied:

s-a) 7 [ l; is a normal B-regular extension of 7 | nj;
s_b)

pg(r 1+ 1), XG,0), if 7(ny) = (0, ,¢) + 1,
TImy =4 pg(r ] (I +1), X)), if 7(n;) ~(1,8,p) + 1,
a normal B-regular extension of 7 | lj, otherwise;
s.¢) T | bj is a normal B-regular extension of 7 | m; and 7(b;) € B;
s-d) 7 [ nj41 is a normal [B-regular extension of 7 | bj.

To conclude with the definition of the a-regular finite parts in this case, let for
every p,e and x

plrg Fe(z) <= Jo({v,2) € We & (Vu € Dy)((u = (eu, 7w, 0) & p b5 Fe, (z4))V
(u=(ew, Tu, 1) & plrg =Fe, (24))))-

plksz —F.(z) < V(a-regular 7)(p C 7 = 7 lfg Fe(x)).

3) o = lim a(p) is a limit ordinal. Let @ = a1, ..., an, a. Set pg = ppla(p) > am).
For every p denote by a(p) the a(p)-predecessor of @. Notice that for every p > po

Oé(p) =01y, an,a(po),a(po + 1)3 ceey Oé(p)

A finite part 7 defined on [0, ¢ — 1] is @-regular with @-rank r + 1 if there exists

natural numbers
0<ng<by<myg<n <by <mi... <n, <b. <my <npy1 =g,

such that 7 [ ng is an ag, .. ., a,-regular finite part of rank 1 and for all 7,0 < j <r,
the following conditions are satisfied:

l.a) 7] b; is an a(po + 3j)-regular finite part of rank 1 and 7(b;) € B;

I.b) 7 [ m; is an a(py + 3j + 1)-regular finite part of rank 1;

lc) 7 [ njy1 is an a(po + 37 + 2)-regular finite part of rank 1.

For every finite part p and every e,z € N set:
plbs Fe(z) <= (v, z) € We & (Vu € Dy)(u = (pu, €u, Tu) & p b5 Fe, (20)))-
plkg —Fe(z) <= VY(a-regular 7)(p C 7 = 7 lf5g Fe(z)).
The following lemma shows that the @-rank is well defined.

4.2. Lemma. Let o < ( and let 7 be an a-regular finite part. Then the following
assertions hold:
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(1) Suppose that oo = B+1. Let ng, ly, mg, by, - - -, 0y, Ly, my,,ny, 1 and ng, lo, mo, b, - -,
Ny by My, by My be two sequences of natural numbers satisfying s_a)-

s.d) from the definition above. Then r = p,ny,41 = n,.q and for all
j<rong=nll;=1m; =m} and b; = a;.

(2) Suppose that o = lim a(p) is a limit ordinal and let ng, by, mg - . ., ny,, b, My, no, g
and ng, bg, mg ..., Ny, by, My, npy 1 be two sequences of natural numbers sat—

isfying the conditions l.a) — l.c). Then r = p,ny,1 = ny,, .y and for all
j <rnf=mny, by =b; and m; =m;.

(3) If p is @-regular, T C p and |T|z = |pla, then T = p.
Proof. The proof follows easily from the definition of the @-regular finite parts by
transfinite induction on «. O

4.3. Corollary. Let o = +1, @ be an ordinal approzimation of a and let B be the
B-predecessor of @. Then every a-regular finite part T is 3-regular and |T\E > |7]g.

We shall state several properties of the regular finite parts omitting the proofs
which can be found in [10].

44. Lemma. Letl < a < (anda = ay,...,an,a, 1 < k < n. Then every
a-reqular finite part T is aq, . .., ag-reqular and the aq, ..., ax-rank of T is strictly
greater than |7|5.

4.5. Lemma. Let a = lima(p) be a limit ordinal. Let @ = aq,...,qn,a and

po = upla(p) > an]. Suppose that p1 > po and T is an i, . .., an, a(po), - - -, a(p1)-
regular finite part of rank 1. Then for every 8 < @ if T is B-regular, then 5 < a(p1).

4.6. Definition. For every finite part 7 and every ordinal approximation & let
Reg(r,a@) = {3 : <@ and 7 is B-regular}.

4.7. Lemma. Let a < (, let @ = aq,...,qn,a be an ordinal approxzimation of a
and let T be an a-regular finite part. Then the following assertions are true:

(1) Ifa=6+1 and d is the §-predecessor of @, then
B € Reg(t,@) <= B=a V B € Reg(t,9).

(2) Let a =lima(p). Set po = ppla(p) > an] and for every p > po let a(p) be
the a(p)-predecessor of @. Suppose that py > po and T is an o(p;)-reqular
finite part of rank 1. Then

B € Reg(t,@) < B=a V B € Reg(r,a(p1)).

4.8. Lemma. Let o < ( and let @ be an approzimation of a. Suppose that B=a.
Then there exists a natural number k(a,ﬁ) such that every a-regqular finite part of
rank greater than or equal to k(a, ) is S-regular.

Proof. We shall use transfinite induction on «. The assertion is obviously true for
a=0.
Suppose that o = § + 1 and ¢ is the d-predecessor of @. Lgt? <. Then 6 =6.
By induction every d-regular finite part of rank at least k(d, ) is [-regular. Set
k(@,3) = k(5, B) = k. Consider an a-regular finite part 7 of rank at least k. Then
7 is 0-regular of rank greater than k and hence 7 is B-regular.



10 IVAN N. SOSKOV AND BOGOMIL KOVACHEV

Let a = lima(p), @ = a1,...,an,a and B < @. Set pg = pp[a(p) > a,]. By
definition an @-regular finite part 7 is of rank r+1 if and only if 7 is a(pg + 3r + 2)-
regular of rank 1. Let p; = up[p > po A a(p) > F].

By Lemma 3.4 3 < a(p;). Hence, by induction, every a(p;)-regular finite part
of rank at least k = k(a(py), 3) is B-regular.

Now let r be the least natural number such that po+3r+2 > p; +k. Consider an
a-regular finite part 7 of rank greater than or equal to r + 1. Then by Lemma 4.4
7 is a(p1 + k)-regular of rank at least 2 and hence again by Lemma 4.4 7 is a(p1)-
regular of rank greater than k. So 7 is B-regular. [

4.9. Remark. From the proof above it follows that we may assume that the func-
tion k is recursive.

4.10. Corollary. Let o < (, @ be an ordinal approzimation of o and 6 =< @
Suppose that T is an a-regular finite part of rank greater than k(a,3) +s. Then
‘T|ﬁ > s.

Let a < ¢ and let @ be an ordinal approximation of «.
Denote by Ry the set of all @-regular finite parts.
For every p € N let

Y ={r:7€Ra & (3 27)(p € Ra & plra Fip),(()1))},
ZE ={7:7 € Ra& 7 kg ~Fp,((p)1)}-

Let p2(1,p) ~ pa(r, XE)

4.11. Proposition. There exist recursive functions hy,...,hs such that for every
sequence B € S¢ and for every ordinal approzimation &, o < (, the following
assertions are true:

(1) Ra = Pp, (@) (Pa(B)).

(2) For everyp € N, XJ = @5, (Pa(B)).

(3) For everyp € N, Y = Py, (a,p)(Pa(B)).

(4) For everyp € N the characteristic function of{Z‘X} is equal to {hy(@ )}P&(B)-
(5) 4 = {hs(@)) 7).

5. REGULAR ENUMERATIONS

For every a-regular finite part 7 of rank r + 1 we define the subsets NZ and BZ
of dom(7) as follows.

5.1. Definition.

a) If « =0, then let NZ = {n:n € dom(r) & niseven} and BZ ={b: b €
dom(7) & b is odd}.

b) Let « = 6+ 1 and let ng, lo, mo, bo, - . -, Ny, Iy My, by, npy 1 satisfy the con-
ditions s_a)-s_d) from the definition of the regular finite parts. Set NI =
{no,...,n.} and BZ = {by,...,b.}.

¢) Let @ = lima(p) and ng, b, mo ..., 1y, by, my, npyq satisfy the conditions
1.a)-1_c) from the definition of the regular finite parts. Set NZ = {ng,...,n,}
and BZ = {bg,...,b,}.
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5.2. Definition. Let ¢ be an ordinal approximation of ¢ - A a total mapping f
of N in N is called regular enumeration (with respect to ) if the following two
conditions hold:

(i) For every finite part p C f, there exists a (-regular extension 7 of p such
that 7 C f.

(ii) If @ < ¢ and 2z € B, then there exists an a-regular 7 C f, such that
z € T7(BL).

(iii) If o + 1 < ¢ and p € N, then there exists an o + I-regular 7 C f, such that

(La,p) + 1 € r(NT).

Clearly, if f is a regular enumeration and @ =< (, then for every p C f, there
exists an a-regular 7 C f such that p C 7. Moreover there exist @-regular finite
parts of f of arbitrary large rank.

Given a regular f and @ < (, let Bg ={b: (37 C f)(7 is a-regular & b € BL)}.
Evidently f(BL) = B:.

5.3. Proposition. Suppose that [ is a reqular enumeration. Then

(1) B

(2) Ifa*ﬂJrl < (, then By <c f @ Py uniformly in .

(3) If @ < ¢ is a limit ordinal, then By <. f @ P<q uniformly in a.
(4) Po <e f uniformly in o.

(5) Ba <c f uniformly in a.

Proof. Notice that since B} = N® B,, we have that for every «,
w={r:2x+1€ B}

Since f is regular, B = f(Bg). Clearly Bg is equal to the set of all odd natural
numbers.

Let us turn to the proof of (2) and (3). We shall describe an effective procedure
satisfying the requirements of (2) and (3) by means of effective transfinite recursion
on a.

Let o = 3+1. Suppose that @ is the a-predecessor of ¢ and 3 is the S-predecessor
of a.

Since f is regular, for every finite part p of f there exists an a-regular 7 C f
such that p C 7. Hence there exist natural numbers

O<ng<lp<mog<by<ni<li<m <b<---<n.<l,<m,<b.<...,

such that for every r > 0, the finite part 7. = f | n,41 is @-regular and nyg, ly, mo, b, . - .

Ny by, My, by, Mg are the numbers satisfying the conditions s_a)-s_d) from the def-
inition of the a-regular finite part 7,.. Clearly Bé = {bg, b1 ...}. We shall show
that there exists a recursive in f @ P[’g way to list ng, lg,mg, by, ... in an increasing
order.

Clearly f | ng is B-regular and |f | n0|§ = 1. By Proposition 4.11 Rz is
uniformly recursive in Pé. Using f we can generate consecutively the finite parts
flqgforq=1,2.... By Lemma 4.2 f [ ng is the first element of this sequence
which belongs to Rg. Clearly no = 1h(f [ no).

Suppose that > —1 and ng, lg, mg, bo, - - - , Ny I, My, by n g1 have already been
listed. Since f | l,41 is a normal (-regular extension of f | n,,1, it is the first
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element of the sequence f [ ¢, ¢ > n,4+1, belonging to RE' This way we get l,.41.
In order to determine m,1 we have to consider the value y of f(n,41):

a) y=(0,8,e) +1. Then m, 1 = lh(M%((f P (L1 + 1), (e, lry1)))-

b) Y= <1,ﬂ7p> +1 Then Mpry1 = lh(/i%((f [ (ZT+1 + 1)7p))
c¢) Otherwise, m, 1 is equal to the least ¢ > l,41 such that f [ ¢ € R

Since f | b,41 is a normal S-regular extension of f [ m, 1 and f [ n,4o is a
normal (-regular extension of f | b,41, we can find b,,1 and n,, in the same way
as above.

So Bg is recursive in f @ Pj. Hence, since B}, = f(BY), BL <. fe& Pp.

Suppose now that o = lim a(p) is a limit ordinal. Clearly for every p the set Pq,p)
is recursive in P, uniformly in p. Let @ be the a-predecessor of ¢ and for every p
let a(p) be the a(p)-predecessor of &@. We may think that f is an infinite union of
a-regular finite parts. So there exists an infinite sequence of natural numbers

ng <bpg<mp<ng <b<my <..<np<b <My <Npgq...

such that for every r the finite part f [ n,;1 is @-regular of rank r + 1 and
ng, bo, Mo - .., Ny, by, m,. are the elements of dom(f [ n,41) satisfying the condi-
tions l.a)-1_c) from the definition of the a-regular finite part. As in the previous
case there exists an recursive in f ® P., way to list the numbers ng, by, mg ... in
an increasing order. To show this we need to know only that for every p the set

RW is uniformly recursive P(;(p) and hence, it is uniformly recursive in P.,.

The assertions (4) and (5) follow easily from (1), (2) and (3). O

5.4. Remark. An inspection of the proof above shows there exists a recursive
function ¢ such that for every sequence {Bq}a<c of sets of natural numbers and
every reqular with respect to this sequence enumeration f, we have that

—
Ba =Woia):

Let f be a total mapping on N. We define for every recursive ordinal o, e,z € N
the relations f =, F.(z) and f = —=F.(x) by means of transfinite recursion on a:

5.5. Definition.
(i) Let « = 0. Then
f o Fu(a) = Jul(v,) € W & (Yu € Dy)(f(()o) = (u)1).
(ii) Let « = 8+ 1. Then
fEa Fe(z) <= Fv({v,z) € We & (Vu € D,)((u = (ey,24,0) &
fEs Fe,(zu)) V (u=(ew,zu, 1) & [ I=p 2Fe, (7))
(iii) Let o =lim a(p) be a limit ordinal. Then
fEa Fe(z) <= Fv({v,z) € W, & (Yu € Dy)(u = (puy, €y, Tu) &
f Faa) Feu(x)))-
(iv) f o Fe(z) <= [ ra Fe(2).

Following the definition of the enumeration jump and the definition above, we
can define a recursive function h such that for every recursive ordinal o and every
enumeration operator ®, the following equivalence is true:

T e q)z(f(a)> — f ':oz Fh(a,z)(x)'
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Therefore we have the following lemma:

5.6. Lemma. Let f be a total mapping on N and let o be a recursive ordinal.
Then A <. f\®) iff there exists an e such that for all x, v € A <= f =4 Fo(x).

Our next goal is the proof of the Truth Lemma. Notice that for all @ < ¢ the
relation Ik is monotone, i.e. if 7 C p are @-regular and 7 Ik (—)Fe(z), then

plFs (=) Fe().
Suppose that f is a regular enumeration.

5.7. Lemma. Let o < ¢ and let @ be the a-predecessor of (. Assume also that
fEa Fe(r) <= (37 C f)(1 is a-reqular & 7 5 Fe(z)).

Then
fEa “Fe(zx) < (37 C f)(7 is a-regular & 7 kg = F.(x)).

Proof. Assume that f |, —F.(z) and for all a-regular 7 C f, 7 Wg —F.(x).
Then for all @-regular finite parts 7 of f there exists an a-regular p O 7 such that
p ks Fo(x).

Since f is regular there exists an « + l-regular finite part 7 C f such that
(L, {e,2)) + 1 € T(NI7). Let |rzzg| =7+ 1 and let

O<n0<lo<m0<b0<--~<nr<lr<mr<br<nr+1

be the natural numbers satisfying the conditions s_a)-s.d) of the definition of the
a+ L-regular finite parts. Then NZ_ = {no,...,n.}. Let 7(n;) = (1, a, (e,z)) +1.
Hence 7 [ b; = pua(7 | (I; + 1),X?;w>).

Clearly there exists an a-regular extension 7; of 7 such that 71 C f. Therefore
there exists an a-regular extension p of 7 | (I; +1) in X?e,@. Then 7 [ b; € XZ";I>.
Clearly 7 | b; is an @-regular finite part of f and hence f |=o Fe(z). A contradiction.

Assume now that 7 C f is @-regular, 7 lFz ~F.(z) and f =, Fe(z). Then there
exists an @-regular p C f such that p bz F.(x). Using the monotonicity of Iz, we
can assume that 7 C p and get a contradiction. O

5.8. Lemma. Let f be a regular enumeration. Then
(1) For alla < Z,if Eo Fo(z) < (37 C f)(7 is a-regular & 7 Iz Fe(x)).
(2) For alla < ¢, f EFo Fe(z) <= (Gr C f)(r is@-reqular & 7 Ib&
~Fe(x)).

Proof. We shall use transfinite induction on «. The condition (1) is obviously true
for @ = 0 and hence according to the Lemma above (2) is also true in this case.
Let « = +1. The truth of (1) for « follows easily from the induction hypothesis.
The truth of (2) follows from the Lemma above.
Suppose that & < ¢ and o = lim «(p) is limit ordinal. Tt is sufficient to show that
(1) is true for . Assume that f =, F.(x). Then there exists a pair (v, ) € W, such
that if u € D,, then u = (py, ey, 7,) and f Fqp,) Fe, (2u). By induction for every

u € D, there exists a a(p,)-regular finite part 7, C f such that 7, Il—m F., (x4).
Clearly there exists a @-regular finite part 7 of f such that for all w € D,,, 7, C 7T
and 7 is a(p,)-regular. Then 7 k5 F.(x).

To prove (1) in the reverse direction assume that 7 C f and 7 IFz F.(x). Again

there exists an element (v,z) of W, such that for all u € Dy, u = (py, ey, Ta)
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and 7 Ik o5 Fe, (x4,). Without loss of generality, we may assume that 7 is a(p,)-
regular for every u € D,. By induction f =.(,) Fe,(2y) for all u € D,. So

f Ea Fe(x). O
6. REGULAR EXTENSIONS

Given a finite mapping 7 defined on [0,q — 1], by 7 * z we shall denote the
extension p of 7 defined on [0, ¢] and such that p(q) ~ z.

6.1. Proposition. Let a < ( and let @ be an approximation of . Then
(1) For every @-regular finite part 7 and every y € N there exists a normal
a-regular extension p of T such that p(lh(7)) ~ y.
(2) For every § < @, every d-reqular T of rank 1 and every y € N there exists a
0, a-reqular extension p of T of rank 1 and such that p(1h(7)) =~ y.

Proof. We shall prove simultaneously (1) and (2) by means of transfinite induction
on a.

Notice that since B}, = N @ B, we have that 0 € B},

a) o = 0. In this case (2) is trivial. To prove (1) suppose that 7 is O-regular and
y € N. Define p as follows

T(x), if x < 1h(7),

, if 2 = Ih(r),

) = LY o=
0, if . =1h(7) + 1,
undefined, if z > Ih(7)+1

b) Let a = 3+ 1 and let 3 be the 3-predecessor of @.

We start with the proof of (1). Suppose that we are given an @-regular 7 and
y € N. Let dom(7r) = [0,¢ — 1] and |r|g = r + 1. Set n,4+; = ¢. By induction,
there exists a F-normal extension pg of 7*y. Set l,;1 = lh(pg). Clearly there exists
a normal (-regular extension p of pg * 0 and hence for every p € N the function
;%((po * 0, p) is defined. Now, let

,Ug(PO * 07 <67ZT+1)> lfy = <O7ﬂ76> + 17
pr = 15 (po0,p) if y=(1,6,p) + 1,

I otherwise.

Set m,11 = lh(p;). Let ps be a normal fB-regular extension of p; and p be a
normal (-regular extension of py * 0. Clearly p is a normal @-regular extension of
7 and p(lh(7)) ~ y.

Let us turn to the proof of (2). Let § < @ and let 7 be a d-regular finite part of
rank 1 and y € N.

Suppose that § = 3. Then 3 = §. Notice that the S-predecessor of §, « is 3.

Let ng = lh(7). Clearly we can find a normal (-regular extension py of T * ¥.
After that we obtain the (-regular extensions pi, p2 and p as above. Then p is a
3, a-regular extension of 7 of rank 1.

Suppose that § < 3. Then the B-predecessor of §,a is 6,3 and 6 < (3. Using
the induction hypothesis, we extend 7 * y to a d, 3-regular finite part p; of rank 1.
After that we extend p; to a d, a-regular finite part p of rank 1 in the same way as
in the previous case.
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c¢) Let @ = lim a(p) be a limit ordinal. Let @ = a1, ..., ay,a and py = ppla, <
a(p)]. For every p by a(p) we shall denote the a(p)-predecessor of @.

To prove (1) suppose that 7 is an a-regular finite part of rank r + 1 and y € N.
Then 7 is an a(pg + 3r + 2)-regular finite part of rank 1. By induction there exists
an a(pg + 3r + 2), a(pg + 3r + 3)-regular extension pg of 7 of rank 1 and such that
po(lh(7)) ~ y. Set b.41 = lh(pg). Applying again the induction hypothesis we
obtain an a(pg + 3r + 2), a(po + 3r + 3), a(po + 3r + 4)-regular extension p; of pg*0
which is of rank 1. Set m, 1 = lh(p1) and extend p; to an a(pg + 3r + 2), a(po +
3r +3),a(po + 3r +4), a(po + 3r + 5)-regular finite part of rank 1. Clearly p is an
a-regular finite part of rank r + 2.

Let us turn to the proof of (2). Let 6 < @, let 7 be a d-regular finite part of rank
1 and y € N. Let ps = up[6 < a(p)]. By induction there exists a &, a(ps)-regular
extension p; of 7 which is of rank 1 and such that p;(1h(7)) ~ y. Set by = lh(p1).
Applying twice the induction hypothesis, we get an d, a(ps), a(ps + 1), a(ps + 2)-
regular extension p of p; * 0 which is of rank 1. Clearly p is a 0, a-regular extension
of 7 which is of rank 1. ([

Let us fix a pair of total functions ¢ and v on N such that for every a < (,
o(a) € B,.

6.2. Definition. Let a < ( and let @ be an ordinal approximation of . A finite
part T is @ complete (with respect to o,v) if

B € Reg(r,a) = o(B) € 7(B3) and

B € Reg(t,@) = v(B) € T(NET).

6.3. Proposition. Let o < ( and let @ be an ordinal approzimation of «.

(1) For every a-regular finite part T there exist a normal @-regular extension p
of T which is @ complete.

(2) For every § < @ and every d-regular T of rank 1 there exists a 8, a-reqular
extension p of T which is of rank 1 and &, o complete.

Proof. Transfinite induction on a.
a) @ = 0. Given a O-regular 7, define p as follows

T(x), if x < 1h(7),
v(0), if x = 1h(7),
plw) = { VO i =)
a(0), ifx=1h(r)+1
undefined, if z > lh(7) + 1.

b) a« = f+ 1. We start with the proof of (1). Suppose that we are given an
a-regular 7. Let dom(7) = [0,¢—1] and |7|g = r+1. Set n,11 = ¢. By the previous

proposition there exists a 8-normal extension pg of 7 x v(«). Set l,+1 =1h(pg). Let
1 be a normal (-regular extension of pg. Now, let

H (p0*07<eﬂl7“+1)> if V(Ck):<07ﬁ7€>+l,
p1 =4 k5 (po % 0,p) if v(e) = (1,8,p) + 1,
I otherwise.

b @I
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Set m,.+1 = lh(p1). By induction there exists a normal B-regular extension po of
p1 which is 3 complete. Set b, 1 = lh(ps) and let p be a normal 3-regular extension
of pa * o(a). Clearly p is a normal a-regular extension of 7 and p is @ complete.

Let us turn to the proof of (2). Let § < @ and let 7 be a d-regular finite part of
rank 1.

Suppose that § = 3. Then 3 = § and 3 is the S-predecessor of 6, a.

Let ng = lh(7). Clearly we can find a normal -regular extension pg of 7 * v/(a).
After that we obtain consecutively the B-regular extensions p1, pz and p as above.
Then p is a 3, a-regular extension of 7 of rank 1 which is @ complete.

Suppose that § < 3. Then the S-predecessor of 0, « is 8,3 and § < 3. Using the
induction hypothesis, we extend 7 to a §, f-regular finite part 7, of rank 1. After
that we extend 7 to a 0, a-regular finite part p which is of rank 1 and §, & complete
in same way as in the previous case.

¢)Let a = lim «(p) be a limit ordinal. Let @ = a1, ..., an,« and pg = upla, <
a(p)]. For every p by a(p) we shall denote the «(p)-predecessor of @.

To prove (1) suppose that 7 is an a-regular finite part of rank r 4+ 1. Then 7 is
an «(po + 3r + 2)-regular finite part of rank 1. Set n,; = lh(7). By the previous
proposition there exists an a(pg + 3r + 2), a(pg + 3r + 3)-regular extension py of
7 x v(a) of rank 1. Set b.11 = lh(pg). There exists an «a(pg + 3r + 2), a(po +
3r 4+ 3),a(po + 3r + 4)-regular extension p; of py * () which is of rank 1. Let
my4+1 = lh(p1). Finally, by induction, there exists a a(pg + 3r + 2), a(po + 3r +
3),a(po + 3r +4),a(py + 3r + 5)-regular extension p of p; which is of rank 1 and
a(po+ 3r + 2),a(po + 3r+3), a(po + 3r +4), a(po + 3r + 5) complete. So, we have
constructed an a(pg + 3r + 5) extension p of 7 of rank 1 which is a(pg + 3r + 5)
complete and such that p(n,11) ~ v(a) and p(by41) ~ o(a). Clearly p is @-regular
of rank 7+ 2. To see that p is @ complete consider an element (3 of Reg(p, ). Then
by Lemma 4.7

B=aV B e Reg(p,alpy+3r +5)).

In both cases it follows from the construction of p that it satisfies the completeness
conditions with respect to .

Let us turn to the proof of (2). Let § < @, let 7 be a d-regular finite part of rank
1. Let ps = up[6 < a(p)]. There exists a &, a(ps)-regular extension p; of 7 which
is of rank 1 and such that p; (Ih(7)) ~ v(«). Set by = 1h(p1). After that we get an
8, a(ps), a(ps + 1)-regular extension py of p; * () which is of rank 1. Finally we
extend py to a 0, a(ps), a(ps + 1), a(ps + 2)-regular finite part of rank 1 which is

complete. Clearly p is a d, a-regular extension of 7 which is of rank 1 which is @
complete. ([l

6.4. Proposition. Let o < ( and let @ be an ordinal approzimation of «.
(1) Suppose that T is an @-regular finite part, 7 € Reg(T,@) and u is a normal
y-regular extension of 7. Then there exists a normal a-reqular extension p
of T such that u C p.
(2) Leté < @, let T be §-reqular of rank 1 and ¥ € Reg(r,d). Then every normal
~-regqular extension p of T can be extended to a &, c-reqular extension p of
T such that |pl5 , = 1.

Proof. Transfinite induction on a. (1) and (2) are trivial for o = 0.
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Suppose that & = 3+ 1. Let @ be an approximation of o and let 3 be the
[B-predecessor of a.

We start with the proof of (1). Consider an a-regular finite part 7, let 7 €
Reg(r,@) and let 1 be a normal F-regular extension of 7. If v = «, then p is an
a-regular extension of 7. Set p = . Otherwise, ¥ € Reg(7, 3). By induction y can
be extended to a normal 3-regular extension p; of 7 which can be extended to a
normal @-regular extension p of 7 by means of Proposition 6.1.

The proof of (2) is similar. Let § < @, let 7 be a d-regular finite part of rank
1, let ¥ € Reg(7,5) and p be a normal F-regular extension of 7. Now, we have to
consider two cases.

a) § = (3. In this case 6 = 8 and 3 is the 3 predecessor of §,a. By induction
we can extend p to a normal (-regular extension p; of 7 and by Proposition 6.1 we
can extend p; to a d, a-regular finite part of rank 1.

b) § < 8. Then § < 3 and the 3 predecessor of &, is J, 3. By induction there
exists a 6, 3-regular extension p; of 7 such that x C p;. Then we can extend p; to
an 0, a-regular finite part of rank 1 by Proposition 6.1.

Suppose now that a = lima(p) is a limit ordinal. Let @ = a1,...,a,,« and
po = ppla(p) > o]

To prove (1) let 7 be an a-regular finite part of rank r+ 1, let ¥ € Reg(7, @) and
let 1 be a normal F-regular extension of 7.

Clearly 7 is an a(pg + 3r + 2)-regular finite part of rank 1. By Lemma 4.7,

¥ =aV¥y € Reg(r,a(po + 3r + 2)).

The case 7 = @ is trivial. Let 7 € Reg(7, a(po + 3r + 2)). By induction we can
extend g to an a(pg + 3r + 2), a(po + 3r + 3)-regular extension p; of 7 which is of
rank 1. After that we can extend p; to a normal a-regular extension p of 7 using
Proposition 6.1.

It remains to prove (2) in this case. Let § < @ and let 7 be d-regular finite part
of rank 1. Let 5 € Reg(7,6) and let u be a normal F-regular extension of 7. Set
ps = ppla(p) > 6] B

By induction we can extend p to a 0, a(ps)-regular p; of rank 1 and after that

using Proposition 6.1 we can extend p; to an J, a-regular p of rank 1. (I

6.5. Definition. Let 7 be an a-regular finite part. An extension p of 7 is canonical
if (Vo € dom(p))(z > 1h(1) = p(z) ~0).

6.6. Definition. Given an a-regular finite part define the @-characteristic DZ to
be the set

{<ﬁa |T‘B> : B € Reg(Ta a)}

Notice that by Lemma 4.7 the set Reg(7,@) is finite and hence the set DZ is also
finite.

6.7. Definition. Let a < ¢. A natural number y is a-nice if y = 0 or y — 1 is not
of the form (0,3, ¢e) or (1,0, p) for any 8 < a.

Clearly if y is a-nice, then it is G-nice for every 8 < a.

6.8. Proposition. There exist recursive functions ext, ext;, chs and chs; such
that for every approximation @ of an ordinal o < { the following assertions hold:
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(1) For every a-regular finite part T and every a-nice y, ext(a, T, DL, y) is a
canonical a-reqular extension of T*y with @-characteristic chs(a@, T, DZ,y)
and a-rank equal to |14| + 1.

(2) For every 6 < @, every 6-regular finite part T of rank 1 and every a-nice
y, ext;((6, ), T, DT,y) is a 8, a-reqular and canonical extension of T xy of

rank 1 with characteristic chs;((5, ), T, Dz, y)

Proof. We shall construct the functions ext, chs, ext; and chs; simultaneously by
means of effective transfinite recursion on a.

Let @ = 0. Then @ = 0. Let 7 be a O-regular finite part. Using DJ we can
determine the O-rank r 4+ 1 of 7. Let

7(x), if © < 1h(7),

Y, if z = 1h(7),
pla) = e =h(r)

0, if e =1h(r)+1

undefined, otherwise.

Set ext(a, T, DZ,y) = p and chs(@, 7, DL, y) = {(0,r + 2)}.

Let o = 3+ 1. Given an approximation @ of « find first the 3 predecessor 3 of
Q.

Let 7 be an a-regular finite part and y be a-nice. Using the @-characteristic DZ
of 7 we can find the (-characteristic Dl of 7 and the @-rank r + 1 of 7. Now let

Po :ext(BaTaDl7 ) P1 —€l't(ﬁ P: ao)a"'ap3:e'xt(37p27 %270)'
Set ext(a, T, DL, y) = ps and chs(a, 7, DZ, y) = D%S U{(a,r+2)}.

Suppose now that § < @ and let 7 be a d-regular finite part of rank 1 and let y
be a-nice.

a) 6 = 3. Set py = ext(f,, D%7 Y), ... ,p3 = ext(f, p2,D%2,0).
Let ext;((0,a), T, Dz, y) = p3 and chsi((9,a), T, DZ.y) = D%S u{{(5,a),1)}.
b) § < B. Set ' = ext;((6,3), T, Da,y)

(
po = ext((5,8), 7', Dgﬁ, 0),....ps = emt((g’ﬁ)’pZ’Dgzﬂ’O)

Let ext;((0, ), T, Dz) = ps and chsi((8,a), T, D3) = Dg;‘ﬂ U {{((5,a),1)}.

Let a = lim a(p) be a limit ordinal. Consider an approximation @ = ay, ..., qy,, @
of a. Let po = ppla(p) > «,]. For every p > po let a(p) be the a(p)-predecessor of
a.

Let 7 be an a-regular finite part with characteristic DZ and let y be a-nice.
Let |7]z = r+ 1. Then 7 is an a(po + 3r + 2)-regular finite part of rank 1. By
Lemma 4.7

D*Dm {(B,k) : B = a(po+3r+2) & (B,k) € DL}

Set
po = ext;((a(po + 3r +2),alpo + 3r +3)),7,D,y), ...,
p2 = exti((a(po + 3r +4),0,a(po + 3r +5)), p1, Dm 0).
Let ext(a, 7, DZ,y) = pe and chs(a,7,DZ,y) = D2 U {(a,r +2)}.

a(po+3r+5)
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Now suppose that § < @ and let 7 be a d-regular finite part of rank 1. Set
I = upla(p) > 6]. Let

po = ext;((6,a(l),7, D3, y), p1 = ext;((3, a(l), a(l + 1)), po, Dgoa(lyO) and
p2 = exty((0, a(l), a(l + 1), a(l + 2)), p1, Dg,la(l),a(z+1)0)'
Let ext;((6,a), T, Dg,y) = po and
chsi((0,a), 7, D5, y) = Dg,za(l),a(l+1),a(l+2) U{{(6,a),1)}.
O

6.9. Corollary. There exists an effective way to construct for every ordinal ap-
prozimation & and every r > 0 an a-regular finite part 7z of rank r + 1 and such
that (Va € dom(7g))(ta(x) ~ 0).

7. THE PROOFS

In this section we shall present the proofs of Theorem 2.9 and Theorem 2.14.

We start with the proof of Theorem 2.9. Let two sequences A = {A,}a<¢ and
B = {Bq}a<c of sets of natural numbers be given. Suppose that A £, B, i.e. there
does not exist a recursive function g such that

(Va)(Aa = Py(a) (Pa(B)))-
To prove the Theorem it is sufficient to construct a total set X such that
(1) for some recursive h, (Voo < ¢)(Ba = Pp(ay(X(@)) and
(2) there does not exist a recursive function g such that (Va)(Aq = @40 (X(@)).

If for some o < ¢, Ay Le Pa(B), then we can get the desired X by means of
Theorem 2.5.

Assume that (Va)(Aq <e Pa(B)).

We shall construct X as a graph of a regular enumeration f. This way, by
Theorem 5.3, we will automatically ensure that X satisfies (1).

Let ¢ be an ordinal approximation of ¢. For every a < ¢ set B}, = N& B, and
let P, denote the set P, (B). Fix two total functions o(a, s) and v(«, s) such that

(i) (Va < ¢)(As.o(a, s) enumerates the set BY).
(ii) (Va < ¢)(As.v(q, s) enumerates the set N).

Set for every s € N, 0, = Aa.o(a, ($)o) and vy = Aa.v(a, (8)g).-

The construction f will be carried out by steps. At each step s we shall construct
a (-regular finite part 7, so that 7, C 7,1 and |TS|Z < |Ts41 |Z' We shall ensure that
for every s the finite part 7541 is complete with respect to o4, 7. After that we
shall define f = |J7s. The obtained this way f is a regular enumeration. Indeed,
since f contains finite parts of arbitrary large rank, for every p C f there exists a
(-regular finite part 7, of f such that p C 7.

Let a < ¢ and 2z € BY. Let s be so large that @ € Reg(741,(,) and such that
o(a,(s)o) ~ z. Then o4(a) ~ z and hence since 7541 is complete with respect to
Os,Vs, 2 € Top1(BZT).

Let p € N. Consider an s; > s such that v(«, (s1)o) =~ p. Then v, (o) ~ p
and hence by the completeness of 7,1 with respect to o, ,vs, we have that p €
7—51+1(N;e1+1)~

Fix an enumeration gg, g1,...,gs,... of all total recursive functions.



20 IVAN N. SOSKOV AND BOGOMIL KOVACHEV

Let 79 be a (-regular finite part of rank 1. Suppose that 7, is defined and let
D= DZS be the characteristic of 5.

Fix an @ < ¢ and let  + I be the o+ 1-predecessor of (. Construct an a-regular
extension &, of 74 as follows. First let k¥ = k({,a + 1) be the number such that
every (-regular finite part of rank greater than k is also a + 1-regular. Using the
functions ext and chs from Proposition 6.8 find a canonical (-regular extension dg
of 75 which is of (-rank equal to max(|7s|¢, k). Clearly dp is a + I-regular and hence
it also @-regular. Let gs(a) = e,. Using again Proposition 6.8, define recursively a
canonical a-regular extension d; of dg * ((0, i, €,) + 1) such that |91|g = |00l + 1.
Set 6o = 01. Let I, =1h(d,) and set

Co ={x: (3p 2 da)(p is a-regular, p(ly) ~ = and p k5 Fe_ (1))}
Set CC = 0.

From the construction of §, and from Proposition 4.11 it follows that there exist
a recursive function A such that (Vo < ()(Cy = Ppa)(Pa)). Hence there exist an
a such that A, # C,. Actually there exist infinitely many such «, otherwise since
(Va < ()(An <e Pa), we could redefine the function h and obtain that A <,, B. So
we may assume that there exists an o < ¢ such that A, # C,. Let ay be the least
a < ¢ such that A, # C,.

Now let z, be the least natural number such that

(s € An, & 2, € Co,) V (s & An, & 25 € Cy,).

Set 02 = pia=(da, *Ts, X?EX N ‘)). After that let d5 be a normal @;-regular extension

of §5 and ¢4 be a normal @;-regular extension of d3%0. Clearly d4 is a normal a; + 1-
regular extension of 6. By Proposition 6.4 there exist a normal ¢-regular extension
7 of § such that 6, C 7. Let 7,1 be a normal (-regular extension of 7 which is
complete with respect to oy, vs.

Towards a contradiction assume that there exists a recursive function g such
that (Voo < ()(Aa = ®ya)(f()). Then there exists a recursive function h such
that (Va < ()(f 1 (Aa) = ®pa)(f(?))) and hence there exist a recursive function
gs such that

(Vo <O(f T (Aa) = {n: f Fa Fy@(n)})
Consider the step s of the construction. Clearly f(ln.) ~ zs and gs(as) = eq. .
Hence
T, € Au, = fFEFe, (la,)
Now, assume that z, € A,,. Then f = Fe, (la,). Clearly 6o, C f. Hence, by
Lemma 5.8 there exists a a;-regular p D J,, such that

plla,) ~xs & plFas Feas (la,)-

Therefore z, € C,,. A contradiction.

So, zs & An,. Then z, € C,, and hence there exists an @-regular extension p of
da, such that p(la,) ~ x5 and p IFa; Fe, (la,). From here, by the construction, it
follows that 02 IFg, Fe, (la,) and hence f = Fe, (la,). A contradiction.

So we have proved that there does not exist a recursive function g such that
(Va < ¢)(Aq = Pya)(f@))) which concludes the proof Theorem 2.9.

Now we proceed with the proof of Theorem 2.14. Let ¢ be a recursive ordinal
and let I' : S¢ — S¢ be a uniform operator. Suppose that g is a function on the
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natural numbers such that given a recursive function ¢ with index a, g(a) is an
index of a recursive function ¢ such that for all X C N,

(a) (a)
P{W ey Ya<c) = (Wika) ta<c:

Given B € S; and a < (, by I'(B), we shall denote the a-th member of the
sequence I'(B).

Our goal is to show that there exists a recursive function h such that for every
B € 8¢ and every a < ¢,

F(B)a = (Ph(oz) (PQ(B))

Fix an ordinal approximation ¢ +1 of ¢ + 1. For every a < ( let @ be the
a-predecessor of ¢ + 1.

From now on, given a sequence B € S¢, we shall call f regular enumeration with
respect to B if it is regular with respect to ¢ + 1 and the sequence B, extended to a
sequence of length ¢ + 1 by setting Beyq = 0.

As remarked after the proof of Proposition 5.3 there exists a recursive function
¢ such that for every sequence B = {Bq}a<¢ and every regular with respect to B
enumeration f,

(Vo < O)(Ba = W1 ).

Let a be an index of ¢ and let g(a) be the index of the recursive function .
Then for every sequence B € S¢, every a < ¢ and every regular with respect to B
enumeration f we have that

()
D(B)o =W/ 0

Then there exists a recursive function x such that for every regular sequence B

and every regular with respect to B enumeration f,

(Vo < O(fTHT(B)a) = {1+ f FFa F(a)(n)})-

Given an @ =< ( define the @-regular finite part &, as follows. First set k =
kE(C+1,a+1). Let §y be a ¢ + l-regular finite part of rank k such that (Vz €
dom(dp))(do(x) =~ 0). Clearly &g is a + 1-regular and hence it is also a-regular.
Let x(a) = e,. Notice that (0, e,) + 1 is a-nice. Let d; be canonical a-regular
extension of dg * ({0, a, e,) + 1) of @-rank equal to |dp|e + 1. Set 6, = d1. By
Proposition 6.8. There exists a recursive function yielding for every a < ( the
(code of) 4.

Let lo = 1h(ds). We shall show that for every sequence B € S¢,

(

T'(B)o = {z :(3p 2 d4)(p is @-regular with respect to B,

(1) p(lo) =~z and p kg Fe_ (la))}-

Indeed, fix a sequence B € S¢ and let o < ¢. Denote by C, the set
{z : (3p 2 da)(p is @-regular with respect to B, p(l,) ~ x and p IFg Fe_ (la))}.

Consider a x € I'(B),. Clearly there exists an « + 1-regular extension d of d, *
which can be extended to a ¢ + 1-regular finite part 7 by Proposition 6.4. After that
we can extend 7 to a regular with respect to B enumeration f as in the previous
proof. Since f(lo) ~ x, we have that f o Fya)(la), i. e f Fa Fe,(la). By
Lemma 5.8, there exists an @-regular p C f such that p IFz F._ (l,). We may
assume that d, C p and p(l,) ~ z. Thus x € C,.
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Assume that @ € C,. Let 02 = ug(da * Z’X(Eeml@)' Clearly 6z k& Fe, (lo). Let
03 be a normal a-regular extension of J and J4 be a normal a-regular extension
of 6 * 0. Clearly d4 is an « + 1-regular extension of §y. Then there exists a ¢ + 1-
regular extension 7 of §y such that d, C 7. Finally, let f be a regular with respect
to B enumeration such that 7 C f. By Lemma 5.8, f =, Fe_ (lo) and hence
= f(la) €T(B)a.

From (1) by Proposition 4.11 it follows that there exists a recursive function h
such that for all B € S¢,

L(B)a = Ph(a)(Pa(B)).

It is a matter of routine computation to show that every operator I' : S¢ — S,
for which there exists a recursive function h such that for every sequence B € S¢,
I'(B) = {®h(a)(Pa(B))}a<c, is uniform.
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