HEMN'b/IHU PEIIEHUA HA 3AJIAYUTE OT IMONPABUTE/JTHUA U3NUT 110 JIAA HA 04.09.2017 T.

Baxg. 1 Hazen e macus A[l,...,n] or neau uucia, kbaero 1 > 1. 3a BeAKo j U 3a BCAKO K, TaKuBa, 4e
1 <j < k < n kasBame, 4e nogMacuBbT Alj, ..., k| e epyna ToraBa u camo Toraa, KOraro ca W3II'bJIHEHU
CJIEJTHUTE TPU YCJIOBUS:

Vie i+, k—1}: Al <AL+ 1]
=1V (>1A Alj—1> Aljl)
k=nV (k<n A Ak] > Alk+1])

[leaoicunama ua rpynara Alj,...,k] e k —j + 1. I'pynara Alji,...,ki] e easa60 or rpynara Aljz,..., K]
TOraBa M CaMoO Torasa, Korato ki < jz. OueBHIHO MOXKe Ja MMa HSAKOJKO I'DYNHU ¢ MAKCHMAJHA JIbJKHHA.
Maxcumanrnama epyna e Hail-IgBaTa Tpylla U3MEXKIY TPYINATE ¢ MaKCUMAJIHA JTb/IKIHA.

A) Tlpesyioxkere urepaTuBeH aJropuThbM C¢be caokHOCT O(N), KOHTO HAMUPa MaKCHMaJIHATa Ipyna. Bxo-
JIbT Ja Obie MmacusbT Ally..., M), a usxoabT ja Obje HapejeHa JBoiika uHjekcn (j, k), TakuBa de
Alj,..., k] e MakcuMasiHATA TPYVIIA.

b )

B) /Jokaxkere KOPEKTHOCTTA Ha MPEJJIOKEHHs aJIFOPUTHM Upe3 MHBAPUAHTA.

Pemenne: 3Bajauara Moxe Ja ce PEI € aJrOPUTHM, KOHTO M3BbPINBA €JHO €JMHCTBEHO CKAHUPAHE Ha
MacHuBa OTJISIBO HaJIACHO. T031 aropuTbM NPHINYA TBbPJE MHOIO Ha aJIrOpUThbMa 3a HAMHUDAHEe Ha MOJA
B COPTUPAH MAaCHB, KOHWTO pasryiesaxMe Ha JIEKIUH ¥ KOHTO € ONUCAH B JIEKIMOHHUTE 3allMCKU Ha Kypca B
MY YJUbJI.

[IbpBO Jla yTOYHUM € IIPOCTH JIyMH KAKBO Ce UCKA. T'bpcu ce Haif-IbJbl COPTUPAH HOAMACHB. AKO nMa
HSIKOJIKO TAKHMBa, ThPCH Ce Haii-neBusar or Tax. Ecrecrseno, All...N] He e HENpPEMEHHO COPTUpAH, WHAYE
OTTOBOPBHT OM GUJI TPUBHMAJIEH — CAMUAT MaCHB, Taka ue He TpsAbBa Ja ce m3BbpiiBa presorting (3a pasimka
OT 3aj1aUaTa 3a HAMHUPaHe Ha MOJIA).

Beekn esreMeHT cam 1o cebe €M € COPTHpaH HOJMACUB, Makap M HE HEIPEeMEHHO MaKCHUMaJseH (KaKTOo
7106aJIHO, TaKa M 110 BKJIIOUBAHE), 3aT0BA MMa CMUCHJI CKAHHUPAHETO Ja 3all0YHe OT BTOPUs €JEMEHT, aKo
MMa TaKbB. 3a BCEKH HOBOM3C/IeABaH eseMeHT A[i] oT MacuBa MMa TOYHO YETHPH BBH3MOXKHOCTHU, 32 KOUTO
MOKe Jla MUCJIHUM KaTO 3a 4YeTUDPHU Pa3IMIHU CheTosiHus (cbio kKakto B HabuogeHue 3 B JIeKIMOHHUTE
3aIUCKH):

e A[i] Moxke Jla pasmmpsiBa TO3M MAKCHMAJIEH COPTUPAH IIOJMACHUE, KOHTO CME OTKPHUJIM JIOCETa,

e Al[i] Moxke ja pasmmpsBa COPTUPAH IOIMACUB, KOITO € IO-K'bC OT JIOCErallHNs Hail-'bJ'bI 1 OCTaBa
TakbB ¢ JobaBaneTo Ha All], HO eBeHTyaJIHO MOXKE & Ce IPEBbPHE B Hal-IbJIbT,

e ¢ nobassaHero Ha All] Hali-IeCHEAT MaKCHMAJEH 110 BKJIIOYBAHE COPTHPAH IOAMACUB C€ NPEBDPDHINA B
rI00aJTHO Hall-IbJIbI copTUpaH nogMacus B All ... 1].

e A[i] zamouBa HOB cOpTHpPaH IIOJIMACHB, KOETO € ¢bioTo Karo Al — 1] > A[i].

CremuusaT aaropuTbM, KOUTO permaBa 3ajadara, npuinda #a COMPUTE MODEL OT JIEKITMOHHUTE 3alMCKH.

AJropuThbMBT MOXKE JIa ce ONTUMU3UPa 3a Obp30JIeficTBIE, HO HE M B ACUMITOTUYHUSI CMHUCHJI, U Thil KaTo

LEeJITa € Ja € JeceH 3a pasbupane, € HAMCAH 110 HAYUH, KOHTO BOJM J0 W3JIAIIHA OIIE€PAINU.



ALG1(A[N,2,...,n])
1 je—Tke1
2 jjeTkk 1
3 fori—2ton
4 if Ali—1] < Alil and (j,k) = (jj, kk)
) k++, kk++
6 else if A[i—1] > Ali]
7 jj — 1, kk 1
8 else
9 kk ++
10 if kk >k
11 j —3jj,k «— kk
12 return mode

JlokazaTecTBOTO 3a KOPEKTHOCT € 1oJ00HO Ha ToBa HA COMPUTE MODEL OT JIEKIIMOHHUTE 3aIUCKH.
EcrecrBeno, nopajiu orpaHuyYeHUETO 110 BpEMe Ha M3IHTA, TYK HE Ce 0YaKBa TOJIKOBA HOJPOOHO JIOKA3aTEesIC-
TBO.

3an. 2 Pemrere ciaeqauTe PeKyPEHTHH yPABHEHUS:

n 1
a) T(n) = (logz 7)T (logZS) +n 6) S(n) :S(n—2)+E
= (n n n
) R(n)=2R(n—1)+;)(k> D QM =Q(5)+Q(3)+n
Pemenne: T(n) = O(n) or uwvpsu cayuait na MT. Jocrarwsano e jga cbobpasure, de log37 < 2, Ho

log, 5 > 2.

S(n) = B(Ign). Moxe na ce pemu Karo ce ¢cbobpasu, e Si(n) =S (n—1) + % nMa pemenne Sq(n) =
O(lgn) u mocie 8 S(n) =S(n—2) + % Jla ce 3aMeCTH L ¢ 2M U J1a Ce U3BAJ MHOXKUTEJI % IIpe CKOOU.

R(n) = ©(n2"). Jdocrarbano e jga chobpasnure, 4e CymMaTa OT OMHOMHHUTE KoepuIueHTn ¢ To4no 2™ u ma
HPUIOKHUTE METOIA C XapaKTEPUCTUIHOTO ypaBHEHHE.

QM) = O(n). Moxke ja ce pemn Ype3 JbPBO Ha pekypcusita. [Ipumep 3a MoJ06HO peleHne uMa B
cbOopHUKa, caMO 9e TaM KOePUIUEHTUTE IIpe L B ABETE ChOMPAEMH € TOYHO €IUHUIA, & TYK € IIO0-MaJIbK OT
eIUHUTIA.

3am. 3 TpsidBa ma ce HamedaTa KpacUBO TEKCT BbPXY CTPAHUIA. T€KCT'BT Ce ChCTOM OT ML JIYMH Wi, ...,
Wy, B TO3HU PeJl, C IbJIZKUHI ChOTBETHO {1, . . ., {n. M3n0/3Ba ce mpudT TUI monospace, TOECT BCUIKU OYKBH,
KaKTO ¥ IIHAIMATE MEXKJY JIyMUTE, ca C eJIHA U CbIa MUPUHA (JIlyMUTe HE ChIIbpPKAT Immnarmn). Beekn pes
Ha CTPAHUIATA ChIbPKA TOYHO M CHMBOJIa, KOUTO MOXKE J1a ca OYKBUTE OT a3byKarTa MM IIHNAIUU. 1eKCTHT
HsIMa HUIIO JPYTO OCBEH BBIPOCHUTE JYMHU U IIMAIUNATE MEXKIY TAX; C JAPYTH IYyMHU, HAMA IIYHKTYaIIH.
Besika ot jymuTe e HenpasHa (OUEBHJIHO) U MOXKe Jia ce 1obepe Ha euH pejt; ¢ apyru gymu, Vi 1 < € < m.
Crpannmnara e JOCTATHIHO IbJITa — MOYKeTe Ja JIOIyCHeTe, 9e UMa ITOHEe T peja U JOPH BCAKA JIyMa Jia € Ha
OTJEJIEH pell, HAMAa Ja uMa mpobiemu ga O6ble mobpan TeKcTbT. [IpasHu pemoBe mpen TEKCTa U B TEKCTA
ugama. [IpasunTe pemgoBe ciies TeKCTa HIMaT 3HAYEHUE W HEe HU WHTEPECYBAT.

Tekcrbr TpsibBa Jia Objie JIsIBO TOJpaBHEH (TOBa O3HAYaBa, Y€ BCEKH PeJl, HA KOWTO MMa JyMH, 3aI04Ba
¢ Haji-1sBaTa OyKBa Ha Haf-jigBaTa JyMa) W MEXKJy BCEKH JIBE JIyMH Ha €JUH peJ TPsOBa Jla MMa TOTHO
elHa mmnanusg. JlecHo ce BUKJa, 4e IIPU TOBa OrpaHMYeHMe, aKo Ha JaJleH peli ca HalMCaHh JyMUTe Wj,
..., Wi, kpziero 1 < j < k <, To peabT IIe 3aBbPIIBA C TOYHO M — (Zf:j €i> — (k —j) mmarum, KOuTo
3aI'bJIBAT MICTOTO OT Haji-JsicHaTa OyKBa Ha Hali-JIgcHaTa JyMa Wy J0 Kpas Ha peja. Tosa “(k—j)” e 3apaaun
mmanuuTe Mexkry jgymute. CbBKYITHOCTTa OT BCUUKH IINAIMA B Kpasi Ha PEJIOBETE, KOUTO UMAT TEKCT, Ce
Hapuda 6asomo noae (whitespace Ha aHTIIUICKN).

Jla Objie HamedaTaH TECKTHT KPACUBO O3HAYABA Ja C€ MUHUMHU3UDA OSJIOTO IMOJie B CJIEJHUS CMUChI. B
uJIea IHUs CJIydail Os1J10 ToJIe HIMa W TOTaBa TEKCTHT M3IJIeXKIa Haii-1o0pe, 3aI0To BCEKHU Pell 3aBbPINBa, C
OykBa, a He ¢ mnarus. Ho B Hsakou ciayyan (Ha OpakTHKa, Haii-BEpOSTHO) OsJI0TO 1OJIe € Hen30eKHO — TOBa
3aBUCH OT JIB/KUHUTE HA JyMATE W IIUPUHATA HA cTpaHunara. Hue mckame He IPOCTO OsJIOTO IOJIE€ KaTO
II51JI0 /13 € KOJIKOTO € Bbh3MOXKHO II0-MAaJIKO, & OCOOEHO IbPXKUM Ja HsIMa PeJOoBe ¢ MHOTO IIMAaIlKA B Kpasl. 3a



Tas!u meJa MEHUMHU3HpaMe CyMaTa OT KBaJpaTHUTe Ha Opos Ha INNAIMATe B Kpasd Ha peloBeTe, KOUTO MMaT
rexcT. CbImoTo Hemo, HaKcaHo (POPMAJIHO: aKO TEKCT'BT € PasloJIoXkKeH BbpXy t pega u pex i, 3a 1 <1 < t,
3aBbPIIBA C TOYHO (1) MmIIanum, To uCKaMe cymara Z;[:] (g(1))? na e MuHIMATHA.

IIpenmoxkere edpUKaceH aJrOpUTHM, KOWTO pa3loJara TeKCTa Ha CTPaHULIATa TaKa, d9e Ta3h CyMa 12 €
MHUHUMAJIHA. JI0CTaTbIHO € Jla U3YUCIUTe CAMO IIeHaTa Ha OIITUMAJIHOTO PellleHne (a He CaMOTO pa3lojiaraHe
Ha JIyMUTE 110 PEJIOBE).

Pemenune: Tasu 3ajada Jajedno HAIIOMHs Ha 3a/a9aTa 3a XopaTa Ha Ollallka 3a OMJIeTH, KOUTO MOTaT Jia
ce ChbUeTaBaT Mo IPYIU OT JBaMa WU Jia MUHABAT MOOTIE/HO. TyK Hemara ca MOo-CJI0XKHU, Thil KATO €JIHO
rpynupase (Ha JyMH OT TEKCTa) MOXKE JIa € OT [OBeYe OT JBe JIyMH.

HauBHoTO perienne e jia ce pasriiesar BCHYKA Bb3MOXKHU TPYIUPAHUST HA JIyMH 3ae/IHO 6€3 HEBb3MOK-
HUTe. A HEBB3MOXKHUTE Ca TE3W, P KOUTO MMa I'PyIHUpaHe Ha JyMH, YUATO OOINA JILIKUHA ILIIOC OPOsT
Ha [IIAIUATE MEXK/Iy TsX HaJXBbPJs JIbJDKUHATA Ha eIuH Pejl (HEBb3MOXKHHU MOXKe U Ja HsMa). Bposar Ha
rpynupaHusiTa B HAH-JIOMINs CJIydail € oT mopsiibka Ha 2™, Taka e HAUBHOTO pelienue (¢ OpyTajiHa CHiIa) e
abCOTIOTHO HEIIPAKTUIHO.

PascbxknaBame taka. Heka opt(k) e onrumannara (MuHIMAaIHATA) TIEHA 3 pA3loJaraHe Ha JyMUOTE Wi,
..y W, B To3u pej. OueBniao opt(1) = m — {5, a Tbpcenoro uucyio e opt(n). 3a jga noayunm edpukacen
aaropuTbM, TpsibBa opt(k) Ja ce mpecmsiTa Upes3 Bede HamMepeHU (U 3amoMHEHH B Tabiuna) croitnoctu opt(j)
3a j < k. I Taxa, 3a Bcako k pasriexkjame BCHYKH j, Takuba de 1 < j < K u gymure Wjyq, ..., Wy, B TO31
HOPSTbK, MOXKe Jla ce chbepaT Ha eIuH pef (C IImanuu MOMeXK Ly MM, ecTecTBeHo). ToBa o3HadaBa, |e ce
pasriez/iaMe Bb3MOKHOCTTa W1, .. ., Wj, B TO3U HOPIIbK, Ja Ca PA3HOJIOKEHN HA HAKAKBU HOC/ICI0BATEHH
pesioBe (HsaMa 3HAYEHHE KOJIKO, TOBA He HH MHTEPECYBA) W Ha CJEIBAIIMS PeJ Ja Ca Wjtl, ..., Wi, B TO31
nopsgabK. llenara 3a pasnonaranero na wi, ..., Wj, B T03u I0pgabK, € opt(j). Ilpu uzuncnasanero seue s
umame, Tbit Karo j < k. Torasa nenara opt(k) e

2

k
opt(k) = o min opt)+ |m—| > 4| —(k=j—1) (1)
Wj41..Wg ce r1’06’1/1paT Ha €JUH peJ i=j+1

Taszu pekypeHTHa 3aBUCUMOCT Ha TMPDB MOV BOAM JI0 KYOMUEH aJrOPUTHM, Thit KATO TPECMITAHETO Ha
cyMmaTa MOXKe Jia uCKa JimHeitHo Bpeme. Cymara e HeoOxomumMa, 3a Ja HaMepuM Oposi Ha MIIMAIIMUTE B Kpast Ha
noceinus pejl. ClieiHuAT TPUK HU JlaBa BB3MOXKHOCT Jla ce OThbpBeM OT cyMaTa U Jia npecMaTame 6post Ha
IIIIAUATE B Kpasl Ha IOC/IEeAHNsT PeJl B KOHCTaHTHO Bpeme. Heka S; = ) 14 ¢, 3a 1 <1 < n. Croitnocrure S;

MOXKe J1a O'bJaT M3YUCACHN W 3allOMHEHU IIpeIBApUTEIHO. Torasa (Zlf:j 1 ﬂj) —(k—=j—1)=Sx— S;. Hemo

nopede, yCJIOBHETO Wji1, ..., Wk Ja ce mobupaT Ha eIuH peJ e cbmoTo KaTo Sy — Sj < m. Torasa oT
nMaMe
opt(1) =m—4{
opt(k) = min {ot'+m—S—S~ 2} 2
pl = omin o Jopt() + (m— (5 5)) e

Orryk mupextHo nmame O(n?) agropuTbM, KOATO pelrasa 3a/[adaTa.
3an. 4 agyen e opuentupan rpad G = (V,E). Jledpunupana e penanusita R C V x V Taka:

Yu,v € V: (u,v) € R Torasa u camo Toraga, KOraro CbIIeCTBYBa

OPHEHTHUPAH II'bT (MAapIIPyT) OT W JI0 V U OT V JI0 U

OueBuiHo, R e pesnanus Ha eKBUBaJIEHTHOCT. IIpejioxkere edpukaced ajaropuTbM, KOUTO MMOJIydYaBa Ha BXOIA
ommcanne Ha rpada dpe3 CIUCHIM Ha ChCEICTBO W BPbIIa KacoBeTe Ha ekBuBajeHTHOCT Ha R. CbBcem
HaKpaTKo 000CHOBETE KOPEKTHOCTTA Ha IPEII0XKEeHUsT 0T Bac alropuTbM 1 KarkeTe KakBa € CJIOXKHOCTTA MY
110 BpeMme.

Pemtenne: Crasa AyMa 3a CUJIHO CBbP3aHUTE KOMIIOHECHTH Ha Fpa(ba. U To me 3a cammure KOMIIOHEHTHU, &
CaMO 3a BbpPXOBeTe NM. A.HI‘OpI/IT’bM’bT € n3yvaBaH Ha JIEKIIUU.



