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SOFIA UNIVERSITY ST. KLIMENT OHRIDSKI

Abstract

Faculty of Mathematics and Informatics
Department of Mathematical Logic and Applications

master in Mathematical logic and Algorithms

Modal definability: two commuting equivalence relations

by Yana GEORGIEVA

The bimodal logic S5 X S5 (S52) corresponds to the equality and substitution free fragment
of two-variable first-order logic FOL?, via the standard translation of modal formulae to first-
order formulae. This fragment of first-order logic was shown to be decidable a long time ago,
rending the logic S5 to be decidable. The study of the extensions of S5 is reduced to the
fact that this fragment of FOL is decidable as well as to properties of bounded morphisms,
rending them also decidable with a better complexity of the satisfiability problem than S5°
itself.

Here the problem of modal definability is really something relating more to the properties
of the first-order properties of the theories of the classes of structures, models of S5%2. We
examine some classes of those classes due to the fact that S5 is Kripke complete w.r.t. each
of them. This is the reason why we examine the properties of different classes of structures
in this work and why that is enough.

Those structures in which the equivalence relations commute, but are not “rectangular”,
are considered as non-standard models of S52. In the present work we prove that the modal
definability problem w.r.t. the class of all structures with two commuting equivalence re-
lations is undecidable. The status of the modal definability problem in the other examined
classes will be done in future works.

This is the motivation why we study the first-order theories of these classes of structures.
It is inevitable that if we want to know more about the definability problems in this logic, we
must know a bit more of the first-order properties of its models.
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Chapter 1

Preliminaries

1.1 General

For the purposes of talking about mathematical objects and their properties we will have in the
metalanguage a vocabulary of symbols {—, & ,V, <= ,=,<,3,V,€, =, =,C, D}, which
will aid us to keep our reflections shorter without losing any of their meaning.

e — will be an abbreviation for “not ...”;

2

e & will be an abbreviation for “...and ...”;

EX]

e Vv will be an abbreviation for “...or...”;

< will be an abbreviation for “...if and only if ...”;

= will be an abbreviation for “if ...then...”;

3 will be an abbreviation for “there exists ...””;

V¥ will be an abbreviation for “for all ...”;

e < will be an abbreviation for “...isin...”;

C will be an abbreviation for “all elements of ...are elements of ..."”;

= will be an abbreviation for “...syntactically matches ..."”;

= will be an abbreviation for “...is defined as ..."”;

WLOG will be an abbreviation for “without loss of generality”;

FTSOC will be an abbreviation for “for the sake of contradiction”;
e w.r.t. will be an abbreviation for “with respect to”;

The set of natural numbers will be denoted with w and the set of positive natural num-
bers with o™ = w \ {0}. The cardinal number card(A) is the cardinality of a set A. We
remind that w is the set of all finite cardinals and afterward we have Ry, X, .... max{} will
denote the operation taking in an arbitrary number of cardinal numbers and returning the
greatest among them.

The power set of a set A will be denoted by P(A). The Cartesian product of the sets
A and B is A X B. The elements of A X B are called ordered pairs and are denoted by
(a,b) € AX B. An n-tuple (a,,...,a,) is an element of the Cartesian product of the sets
Ay, ..., A, denoted A; X --- X A, and by pr;(.) we will mean the i-th projection defined on
the elements of the product by pr;({a,,...,a,)) = a;for 1 <i < n.
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Remark 1.1.0.1:
For easier notation n-tuples, for some n € w and a, ..., a, € A will be denoted by a,
and we will also write @ € A", where A” = A X -+ X A (n — 1) times. Depending on the
context we will distinguish what n-tuple it is.

Let A and B be sets and let R C A X B be a binary relation. We will sometimes write aRb
and the meaning is the same as that of (a, b) € R.

The domain of R is Dom(R) and its range is Range(R). The inverse R™! C B x A of R
is R~ = {(b,a) | (a,b) € R}.

If Ay C A, the restriction R L4 C Ay X Bof Rto A is:

RrAO = {(a,b) | (a,b) € R&a € A,}.

If a € A, the R-successors of a are R[a] = {b € B | (a,b) € R}.
Let RC BXC and .S C AX Bberelations and A, B and C are sets. Then the composition
(“R after S”) of R and S we define as:

RoS = {{a,c) | (Ab € B)[{a,b) € S & (b,c) € R]}.

A partially ordered set or poset B = (P, <) is a set P together with a relation < on P
that is reflexive, transitive, and antisymmetric.

Let B = (P, <) be a poset. Given a subset A C P, we say that a € P is a lower bound
for A if (Wb € A)[a < b]. Define the infimum of A, if it exists, to be an element a = inf(A)
such that a is a lower bound for A and if g, is a lower bound for A, then ay < a.

We define upper bound and supremum analogously.

In the above definition, we use the operators inf and sup to denote infimum and supre-
mum. The symbols A and Y are used to indicate infimum and supremum. That is to say,
aé\Aa = inf(A) and a\e/Aa = sup(A). When considering the infimum and supremum of indi-

vidual elements: x A y denotes the greatest lower bound for a pair of elements x and y or
meet of x and y, and x Vv y denotes the least upper bound for a pair of elements x and y or
join of x and y.

A poset B = (P, <) is called a lattice if for all x, y € P, both x A y and x Y y exist.

A function f : A —» Bisarelation f C A X B which is functional. f C g means that g
is an extension of f. We denote an injective function f from A info B like this f : A » B,
a surjective function f from A onto B with f : A » B, and a bijective function f between
A and B with f : A > B. The identity function on a set A is Id .

If A, C A, the characteristic function Yﬁo : A - {0,1} of Aj in A is defined by
Yﬁo(a) = 1fora € A, and Y’jo(a) = 0 otherwise.

Let A C w. The set A is said to be decidable (or recursive/solvable/computable) if there
exists an algorithm which takes a number #n € w as input and terminates after a finite amount
of time, depending on n, with a correct answer whether the number # belongs to the set A or
not. A set A C w which is not decidable, is called undecidable (or not recursive/not solv-
able/noncomputable). A set A C w is called recursively enumerable or r.e. (computably
enumerable/semidecidable/provable/Turing-recognizable), if there is an algorithm such
that the set of input numbers for which the algorithm halts is exactly A , i.e., there is an algo-
rithm that stops it work only if the input is a member of the set A and will run forever if the
input is not an element of the set A.

A set A is called co-recursively enumerable or co-r.e. if its complement w \ A is r.e.

Let I" and A be disjoint sets. I" and A are recursively inseparable if there exists no
recursive set A such that ' C A and A N A = J. Neither I, nor A is recursive.

A characterization of the property for a set to be decidable is:
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Theorem 1.1.0.1 [Complementation Theorem (Post)]:
A set A is decidable if and only if both A and the complement of A are semidecidable.
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1.2 First-order logic

We are about to introduce what we will mean by a (formal) (first-order logic) language
(we may skip the mentioning of “formal” and “first-order logic” at times and substitute “first-
order logic” for FOL). We will use the letter & and variations of it with upper or/and lower
indices to denote the languages. This language will have unambiguous syntax and a clear
semantics.

1.2.1 Syntax

We will divide a first-order language into two parts: logical and non-logical.

Definition 1.2.1.1 [Logical part]:
It consists of the following sets of symbols (we may call them also alphabets):

e an infinite enumerable alphabet of individual variables designated
Varg = {x,y,2,... X1, ¥121 .-, X', ¥, 2/, ... }. We will use lower Latin letters x, y, z,
t, w, u of the Latin alphabet and variations of them with upper or/and lower indices;

e an alphabet of quantifiers {3};

e an alphabet of auxiliary symbols {,, (,)};

e an alphabet of propositional/boolean connectives {—, V};

e it may or may not contain a symbol = which we will call formal equality;

Definition 1.2.1.2 [Non-logical part]:
It consists of the following changing in size sets of symbols:

e an alphabet of all individual constant symbols Constg. We will mostly use the
Latin letters a, b, ¢, d, e and variations of them with upper or/and lower indices;

o an alphabet of all function symbols Funcy. We will mostly use the Latin letters f,
g, h and variations of them with upper or/and lower indices;

e an alphabet of all predicate/relation symbols Predg. Likewise, we will mostly
use the Latin letters p, g, r and variations of them with upper or/and lower indices;

e We have a function arity(.) : Funcg U Predg — w™ called the arity of the non-
logical symbol, and it gives us the number of arguments that the symbols takes.

Definition 1.2.1.3 [Signature]:
The set Constgq U Funcg U Predg(U{=}) we will call a signature for a FOL .

Definition 1.2.1.4 [Relational signature]:
The set Predg(U{=}) we will call a relational signature for a FOL L.

Definition 1.2.1.5 [Cardinality of a language]:
The cardinality of a language £, denoted card(R) will be the cardinality of its signature
without counting the presence of formal equiality.

Remark 1.2.1.1:
In this work we will mainly use only pure relational FOL languages meaning that the
sets Constg and Funcg are empty (we will call them RFOL languages for short). Every
individual constant symbol can be represented with a fresh unary relation symbol true only
for the interpretation of the individual constant symbol and every n-ary function symbol
for n € w* can be represented with a fresh (n+1)-ary relation symbol true only for the
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arguments and respectful functional values of the interpretation of the function symbol.
Thus, we will have only relational signatures. That is why from now on we assume that
we work only with RFOL languages and the rest of the definitions will be suited for a
RFOL language.

Remark 1.2.1.2:
Let us fix a RFOL language & until the end of this subsection. If we need to specify that
some property is about a more specific RFOL, we will mention it explicitly.

Definition 1.2.1.6 [Term]:
A term in ® is an element of the set Varg. Thus, with 7 ermg we denote the set of terms
for &, Varg = T ermyg.

Definition 1.2.1.7 [Atomic formula]:
An atomic formula of K is:

e p(ty,...,7,), where p € Predq , arity(p) =nand 7, ..., 1, € T ermg;
e (r = k) if 8 has formal equality 7,k € T ermg;
We will denote the set of all atomic formulae for £ with Aromicg.

Definition 1.2.1.8 [Predicate formula]:
A (predicate) formula of R is:

e an atomic formula;

e if y is a formula, then —y is a formula;

e if @ and y are formulae, then (¢ V y) is a formula;

e if y is a formula, then Ixy is a formula, where x € Varg.

Every formula can be constructed by a finite amount of application of the previous rules
or the base case. We will use @,y, y,60,&,D, ... to denote formulae and variations of
them with upper or/and lower indices. We will denote the set of all predicate formulae
for & with Form(R).

Remark 1.2.1.3:
If we use only the first three rules of the definition above, we can obtain all quantifier-free
formulae which means formulae without quantifiers.

Remark 1.2.1.4:
We define the other propositional connectives {A, —, <>} as usual. The first-order formula
Vx is obtained as the well-known abbreviation: Vx¢ <= —3x—@.

Remark 1.2.1.5:
The propositional connectives are listed in decreasing order of precedence: =, A, V, » <,
where V, 3 bind as strong as .
Also, = is a unary connective, {A, V, <} are left-associative connectives and — is a
right-associative connective.

The set of variables occurring in ¢ we will denote with Var[g]. The set of variables
freely occurring in ¢ is Var"*[¢] and the set of variables which are bounded in ¢ is
Varb"””d[qo]. A formula ¢ is a sentence if Varf’ee[(p] = (J. The set of all sentences of the
language 2 is denoted by Sent(R).
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Definition 1.2.1.9 [Quantifier rank of a formula]:
Let ¢ € Form(R).
The quantifier rank gr(¢) € w of @ is defined in the following manner.

e ¢ € Atomicg, then qr(¢p) = 0;
* ¢ =y, then gr(p) = qr(y);
* @ = (y V), then gr(p) = max{qr(y), qr(y,)};
e @ = dxy for x € Varg, then qr(e) = 1 + gr(y);
A k-rank formula is a formula having quantifier rank exactly k.

If @ is a formula and x, x,, ...,x, € Varg are distinct variables, we use the notation
@(x, %y, ..., X,), a (focused) formula, to show that we are interested in the free occurrences
of the variables x; in ¢.

If o(xy, x5, ..., x,) is a focused formula and y{, y,, ..., y, € Varg, then o(y;, y,,...,¥,)
denotes the formula @ where all free occurrences of x; are replaced by y;.

Definition 1.2.1.10 [Prenex normal form]:

Let ¢ € Form(R).

We say that ¢ is in prenex normal form (PNF) if:

. ¢ = Q1x,05%5 ... 0, x,Ww(Xx|, Xq, ..., X,);

2. eachQ; € {V,3} for1 <i <nand Q;x,0,Xx, ... Q,Xx, is called the quantifier
prefix of ¢;

3. w(x,x,,...,x,)1s a quantifier-free formula and is called the matrix of ¢.

Remark 1.2.1.6:
A formula may have many prenex normal forms.

Definition 1.2.1.11 [Disjunctive normal form]:
Let @ € Form(R).
We say that ¢ is in disjunctive normal form (DNF) if ¢ is in prenex normal form
and the matrix of @ is a quantifier-free which is a disjunction, where every element of it
is a conjunction of atomic formulae or negations of atomic formulae.

Lemma 1.2.1.12:
Every RFOL formula can be written in DNF.

A formula does not change its meaning if a bound variable is changed to another variable.
Definition 1.2.1.13 [Variant]:
Let @,y € Form(R).

We say that y is a variant of ¢ if y can be obtained from @ by a sequence of re-
placements of the type: replace a parts 3xy of @ by Jyy[x/yl, where y & Var™°[ y]
and y[x/y] denotes the simultaneous substitution of all free occurrences of the individual
variable x in y by the individual variable y.

Theorem 1.2.1.14 [Variant theorem]:
If y is a variant of ¢, then - @ < .

We adopt the standard rules for omission of the parentheses.
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Definition 1.2.1.15 [Provability]:

Starting from the work of Frege (the Begriffsschrift), Peano, and Whitehead Russell
(Principia Mathematica), several equivalent proof/deduction systems (inference rules +
axioms and/or axiom schemes) for FOL were formalized by Hilbert and others. We will
omit the formulations of a standard framework of predicate calculus where we can pre-
cisely formulate the concepts of proof, deduction, theorem. We fix one of these FOL
proof systems and provability will from now on be stated in terms of it. We need not
quibble about the details of the proof system, but there are some properties that all such
systems share and that we will invoke as needed. Here is one called the Closure theorem:

A formula @ is provable < the sentence Vx, ... Vx, is provable, where

Var™[e] = {x,,...,x,}.

This allows us to use, WLOG just sentences in the following definitions. If X is a set of
sentences, and y a single sentence we write £ - y when there exists an FOL proof/de-
duction of y that can use sentences from X as additional axioms.

When X = (J we just write - y. An important property that FOL provability inherits
from propositional logic is the following:

If X is a finite set of sentences then X + v < /\ T >y,

where /\ Z is the conjunction of all the sentences in X.

Further, we introduce notations for the set of sentences provable in FOL and for the
provable/deductive consequences of a set of sentences.

Provable = {@ | F ¢}
Deducible(Z) = {@ | =+ ¢}

Remark that Provable = Deducible().

We say that a set £ of sentences is inconsistent if ¥ - ¢ and £ + —¢ for some
sentence @ and consistent otherwise. The consistency of @ is the “consistency” of the
FOL proof system (that we fixed) itself.

Because proofs are finite and because it is decidable when a finite object is a proof as well
as what formula it proves, the concept of FOL provability is “computational” in the following
sense:

Theorem 1.2.1.16:
Provable is semidecidable.

FOL is just a framework for specifying mathematical theories and the theorems of such a
theory. This can be done both syntactically and semantically. Here we will see the syntactical
definition:

Definition 1.2.1.17 [First-order theory]:

A set of sentences T C Sent(R) is called a first-order theory if it is closed w.r.t. the

logical operations of deduction , i.e., Deducible(T) = T. The theorems of T are simply

the sentences in 7.

Definition 1.2.1.18 [Axiomatized theory]:
Let X C Sent(R) and T be a first-order theory for .
X axiomatizes T if and only if Deducible(X) = T. In this case we say that X is a set
of (non-logical) axioms for 7.
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T is called axiomatizable if there exists a semidecidable set of sentences X, which
when closed w.r.t. the logical operations of deduction, equals T, i.e., Deducible(X) =T .

Some examples are first-order Peano arithmetic PA and algebraic theories like the
theory of groups.

Definition 1.2.1.19 [Recursively axiomatizable theory, finitely axiomatizable theory]:
Let £ C Sent(R) and T be a first-order theory for K.

The theory T is called recursively axiomatizable if it has a decidable set of non-
logical axioms. If this set of non-logical axioms is finite, then T is called finitely axiom-
atizable.

2 is a finite/recursive axiomatization for 7T if and only if X axiomatizes T and X is
a finite/decidable set.

Theorem 1.2.1.20 [Craig’s theorem]:
Every theory that admits a semidecidable set of axioms can be recursively axiomatized.

Theorem 1.2.1.21:
If the theory T is axiomatizable, then the set of syntactically derived theorems of T is
semidecidable , i.e., if we have a set of sentences X and X is decidable, then Deducible(X)
is semidecidable

1.2.2 Semantics

Now we will discuss briefly how we can give a clear semantic of a relational first-order logic
language given some universe. Most importantly, we must talk about how we interpret the
non-logical symbols of the RFOL language in this universe.

Again, let us fix a RFOL language £ until the end of this subsection.
Definition 1.2.2.1 [Structure]:

A structure for £ will be an ordered pair 2 = (A, I') such that:

e A is a non-empty set called a universe or domain of the structure;

e [ is a mapping, which we call an interpretation of the non-logical symbols of 2
in the universe A; thus, for p € Predg, then I(p) = p¥ C AZY®); thus, the predicate
symbols are interpreted with relations on the universe;

We will use the letters 2, B, €, §, ® to denote structures and variations of them with
upper or/and lower indices. With A, B, C, F we will denote the universes of the structures
and variations of them with upper or/and lower indices. A structure is finite if its universe
is finite, otherwise it is called infinite.

Definition 1.2.2.2 [Truth]:
An assignment on a structure 2 for the language R is a function v assigning to each
individual variable x € Varg an individual v(x) in the universe A.

The modified assignment v on a structure 2 w.r.t. an individual ¢ € A and an indi-
vidual variable x, denoted v7, is the assignment v}; on 2 such that v7(x) = a and for all
individual variables y € Varg \ {x}, v(y) = v(y).

The satisfiability of a first-order formula ¢ of & w.r.t. an assignment v in a struc-
ture 2, denoted A [= @, is inductively defined as follows.

o If p = p(xy,...,x,) for p € Predqy and arity(p) = n, then
1
A= plxy, ..., x,) <= (0(x)), ... 0(x,)) € p%;

o If ¢ = (x = y) and if & has formal equality and x, y € Varg, then
AE(x=y) <= vx) =0v(y);
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o If o=y, then A F -y < AEy;
o If o= (w; V), then A | (y; V) <= AEy, VA Eyy;
o If ¢ = Ixy for x € Varg, then A Edxy < (Ja € A)[A IDéu/].

As aresult, 9 I Vxy <« (Va € A)[A E ).
Let ¢ and v, v’ be two assignments in 2 such that (¥x € Var™[g])[v(x) = v/ (x)].
Then:

AL =AEp

Let ¢ = @(xy, ..., x,) and v be an assignment in « such that o(x;) = a;, ..., 0(x,) =
a,foray,...,a, € A. By writing 2 = ¢lla,,...,a,]l we mean «A E .

A first-order formula ¢ is valid in a structure 2, denoted A | @, if @ is satisfied
w.r.t. all assignments in 2.

A set of formulae X is valid in a structure 2, we denote it 2f = X, when each of the
formulae in X is valid in 2, read “ is a model of X”.

Here is the semantic equivalent to the Closure theorem:

2 [= ¢ for all valuations v <= 2 is a model of the sentence Vx, ... Vx,p, where

Var™[p] = {x,,...,x,}.

Le., WLOG we can use just sentences in the definitions that follow unless we want to state
a more peculiar property.

A sentence is satisfiable if it has a model; therefore,, a set X of sentences is satisfiable
if 2 = X for some structure 2.

Let @,y € Sent(R). @ and y are called logically equivalent, denoted ¢ H v if they
have the same models.

If y is a prenex normal form of the formula ¢, then ¢ H w.

@ is valid in a class of structures K, denoted K = @, if ¢ is valid in all structures in
K.

We also define the set of valid FOL sentences: Valid = {¢ | VUA[A E @]} as well as
the notion of logical consequence: Consequences(X) = {@ | VAU EZ = A = ¢]}.

Note that Valid = Consequences(), and, thus, for any structure 2 we have A |
Valid.

Remark 1.2.2.1:
There are many other important notions and properties which are not noted here and one
may consult (Shoenfield, 1967).

Remark 1.2.2.2:
With /" we will denote the class of all the structure of a class of structures X having a
finite universe.

Definition 1.2.2.3 [Axiomatized class of structures]:
Let X C Sent(R) and K be a class of structures for L.
Y axiomatizes the class of structures K if for all structures U for & [A E X &
A e K.

Definition 1.2.2.4 [Finitely axiomatized class of structures]:
Let @ € Sent(R) and K be a class of structures for L.
@ finitely axiomatizes the class of structures K if for all structures 2 for &
A Ep=AecK]
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Definition 1.2.2.5 [Finitely axiomatized class of finite structures]:
Let @ € Sent(R) and K be a class of finite structures for K.
@ finitely axiomatizes the class of finite structures K if for all structures 2 for
[ is finite = [A Ep < A € KX]].

Definition 1.2.2.6 [Theory of a class of structures]:
Let K be a class of structures for .
We call the theory of the class of structures K the set of all sentences of the language
& which are valid in K, and we denote it by Th(K) = {@ | (YA € O)[A = ¢l}.
The most common way in which we use this definition is to talk about the theory
defined by a single model , i.e., K = {2}, written just as Th(20).
Some examples are Number theory and Presburger arithmetic.

Definition 1.2.2.7 [k-equivalent structures]:
Let 2 and B be structures for L.
The structures 2 and B are called k-equivalent, denoted 2 =, B, if they satisfy the
same i-rank first-order sentences for 0 <i < k.

Lemma 1.2.2.8:
Let & be a finite RFOL language and 2 and B be structures for {’.
For all n € w, variables {x,...,x; } C Varg there exist a finite number of formulae
with quantifier rank less to equal to n and free variables among x;, ..., x;, which are not

logically equivalent.

Proof. We can prove it using double induction on n € w and k, and using the property that
every formula has a disjunctive normal form lemma 1.2.1.12. [ |

Definition 1.2.2.9 [Elementarily equivalent structures]:
Let 2 and B be structures for K.
2 and B are called elementarily equivalent, denoted 2 = B, if they satisfy the same
first-order sentences, i.e., Th(2) = Th(*B).

Remark 1.2.2.3:
Let A and B be structures for & and card(f) < N,,.
If A =, Bforall k € w, then A = B.

Definition 1.2.2.10 [Substructure]:
Let A and B be structures for L.
2 is a substructure or reduct of B, denoted A C B, if A C B and each n-ary relation
p¥ of A is the restriction to A of the corresponding relation p® of B , i.e., p¥ = p® e
L is a partial-order relation and if [ C B, then card(A) < card(B). We say that B is
an extension of 2 if 2 is a substructure of 8.

Definition 1.2.2.11 [[somorphic structures]:
Let 2 and B be structures for L.
2 is isomorphic to B, denoted A = B, if there is a bijective mapping f : A > B
such that for each n-ary relation symbol p € Predg and for every a,, ... ,a, € A:

(aj,...,a,) Epm = (f(ay),....f(a,) € p%.

A function f that satisfies the above is called an isomorphism of 2 onto B, or an isomor-
phism between 2 and B.

We use the notation f : 2 = B to denote that f is an isomorphism of 2 onto B.

= is an equivalence relation and furthermore, it preserves powers, that is, if 2 = B,
then card(A) = card(B).
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Combining the above two notions:
Definition 1.2.2.12 [Isomorphically embedded structures]:
Let 2 and B be structures for L.
We say that U is isomorphically embedded in B if there is a structure € and an
isomorphism f such that f : A =~ € and € C B.
In this case we call the function f an isomorphic embedding of 2 in B. If A is iso-
morphically embedded in 2B, then B is isomorphic to an extension of 2.

Definition 1.2.2.13 [Elementary extension]:
Let 2 and B be structures for L.
We say that B is an elementary extension of 2 if B is an extension of 2 and for any
formula @(x, ..., x,) € Form(R) and any a, ..., a, € A:

A =oplay,...,a,]1 = B Eoelay,...,q,l.

We denote it by 2 < 8. When B is an elementary extension of 2, we also say that
2 is an elementary substructure of 3B.

Definition 1.2.2.14 [Elementary embedding]:
Let 2 and B be structures for L.
A mapping f : A — Bis said to be an elementary embedding of 2 into B, denoted
f A< B, if and only if for all formulae @(x,,...,x,) € Form(R) and any individuals
a,...,a, € A, we have:

A E=oplag,....a,]1l = B Eoelf(a),..., f(a)].

Remark 1.2.2.4:
An elementary embedding of 2 into B is the same thing as an isomorphism of [ onto an
elementary substructure of 8.

Definition 1.2.2.15 [Direct product of two structures]:
Let A and B be structures for K.
We call A x B the direct product of 2 and B, which is a structures for  and is
defined as following:

e The universe is A X B;

e For every k-ary relation symbol p € Predq and every ¢y, ...,c, € A X B we have
that:

AXB

(¢y...,Cc,) ED <= [(pri(c)),...,pri(cy)) € pm & (pry(cy), ...,pry(c;)) € p%].

Remark 1.2.2.5:
All definitions and properties are valid for FOL having individual constant symbols or/and
function symbols with or without some changes.

1.2.3 Some foundational theorems of RFOL

Let & be a RFOL language and let ¢ € Sent(R).
Proposition 1.2.3.1:
@ is satisfiable if and only if ¢ is not valid and ¢ is valid if and only if ~¢ is not satisfiable.

Theorem 1.2.3.2 [Soundness]:
=X Fo.
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Corollary 1.2.3.2.1:
Provable is consistent.

The next property to worry about is whether the proof system is powerful enough to match
logical consequence.
Theorem 1.2.3.3 [Godel’s Completeness theorem]:

TEp=>ZF o

In view of soundness, for all £ we have Consequences(X) = Deducible(Z).

What is the computational nature of Valid? Going by its definition, how can we “check”
truth in all models? Godel’s Completeness theorem tells that this highly complex concept
with the following consequence:

Corollary 1.2.3.3.1:
Valid is semidecidable.

Corollary 1.2.3.3.2:
The set of satisfiable FOL sentences is co-semidecidable.

Can we actually decide first-order provability (hence logical consequence)? This question,
known as the Entscheidungsproblem (Halting problem) has a negative answer:
Theorem 1.2.3.4 [Turing/Church’s Undecidability Theorem]:
Let & be a RFOL language with one at least binary relation symbol.
Validg is undecidable , i.e., there does not exist an algorithm such that given a sen-
tence @ € Sent(R') can effectively determine if ¢ is satisfiable.

But:

Theorem 1.2.3.5:
There is an algorithm which given a sentence ends its execution if and only if the sentence
is not satisfiable and continues to work infinitely long if the sentence is satisfiable.

Also:

Theorem 1.2.3.6 [Lowenheim, 1915]:
Let & be a RFOL language with only unary relation symbols, with or without formal
equality.
There is an algorithm which decides whether a sentence of &’ is satisfiable or not.

Remark 1.2.3.1:
If a FOL language &' has at least one function symbol, then the decision problem of va-
lidity is an undecidable problem via Turing/Church’s Undecidability Theorem (functions
are relations).

Other properties of FOL we will use are that of Compactness theorem and the Downward
Lowenheim—Skolem theorem.
Theorem 1.2.3.7 [Compactness theorem]:
Let Z be a set of sentences in .
2 is called finitely satisfiable if and only if every finite subset X, of X is satisfiable.
Therefore, X is satisfiable if and only if it is finitely satisfiable.

Theorem 1.2.3.8 [Downward Lowenheim—Skolem theorem]:
Let B be an infinite structure for & and let x4 be an infinite cardinal number such that
card(®) < u < card(B).
Then for any X C B with card(X) < u there exists a structure 2 such that X C A,
card(A) = pand A < B.
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In computer science we are concerned mostly with finite structures so this is very natural
to ask about whether the logical consequence is decidable.

Let Valid™ = {¢ | A [= ¢ for all finite 2A}.

Unfortunately, finite validity is also undecidable (not semidecidable), it is
co-semidecidable-complete. I.e., we cannot axiomatize finite validity.
Theorem 1.2.3.9 [Trakhtenbrot’s Theorem]:

Let & be a RFOL language with one at least binary relation symbol.

The set of Valid g," is not semidecidable.

A stronger result (rephrasing Turing/Church’s Undecidability Theorem and Trakhten-
brot’s Theorem). Note that Valid C Valid"™.

Theorem 1.2.3.10:
Let & be a RFOL language with one at least binary relation symbol.
There is no recursive set X such that Valide, € X C Valid g," .

Corollary 1.2.3.10.1:
Neither Validg or Validg," are decidable.

Remark 1.2.3.2:
By Godel’s Completeness theorem, Validg is semidecidable and it can be shown that

Validgf is co-semidecidable. Thus,the previous theorem implies that Validg and the

complement of Validg," form a recursively inseparable pair of recursively enumerable
sets.

We can conclude that:

1. Godel’s Completeness theorem fails in the finite since completeness implies recursive
enumerability.

2. Compactness theorem also fails in the finite.

3. There is no recursive function f such that if ¢ has a finite model, then it has a model
of size at most f(¢). In other words, there is no effective analogue to the Downward
Lowenheim—Skolem theorem in the finite.
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1.3 Equivalence relations

A binary equivalence relation R on a set A is a subset of A X A such that it is reflexive,
symmetric and transitive.

Let the set of all equivalence relations on a set A be denoted with Equiv(A).

If a € A then the equivalence class of the element @ modulo R is denoted
[alg = {b| b € A& (a,b) € R}. For phonetic reasons we will also call the equivalence
classes of R blocks.

With #5 we will denote the cardinality of the set {[a], | a € A}.

A partition P of a set A is a subset of P C P(A) \ {#} such that [ J P = A and
(VC, € P)(YC, € P)[C, #C, = C,nC, =0].

Let the set of all partitions on a set A be denoted with Partit(A).

The elements of a partition will be called blocks.

The first theorem is a very basic one, but it is essential for this work:
Theorem 1.3.0.1:

Let A be a set. Then:

o If R € Equiv(A) then {[alg | a € A} the set of all equivalence classes form a
partition of A;

e If P € Partit(A), then the relation
R={{a,b)|lae A&Dbe A&EFC € P)lac C&beC]}

is an equivalence relation on A.

L.e., a partition of a set and an equivalence relation on a set are the same mathematical
object, described from different view points.

We denote by Rp the equivalence relation associated to the partition P and Py the
partition associated to the equivalence relation R.

1.3.1 Two commuting equivalence relations

Definition 1.3.1.1 [Commuting equivalence relations]:
Let Abe asetand R, S € Equiv(A).
We say that two relations R and S commute when RoS = SoR.

We will be interested in proving some properties of such relations. For further reading one
may consult section 3 of The Logic of Commuting Equivalence Relations (Finberg, Mainetti,
and Rota, 1996).

Lemma 1.3.1.2:

Let Abe asetand R, S € Equiv(A).

R and S commute if and only if RoS € Equiv(A).

Proof. (=): Let RoS = SoR.

Leta € A. Since R and S are reflexive, then (@, a) € R and (a,a) € S. By the definition
of composition, then (a, a) € Ro.S meaning Ro.S is reflexive.

Let a,b € A such that (a,b) € RoS. Then by the definition of composition of two
relations (3¢ € A)[{c,b) € R& (a,c) € S].

Let ¢, € A be a witness. R and S are symmetric; therefore, (b, c¢,) € R and (cy,a) € S
which fits the definition for membership of (b, a) in SoR. RoS = SoR; therefore, RoS is
symmetric.
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Leta,b,c € A and let (a, b), (b,c) € RoS. Then by the definition of composition of two
relations (Id € A)[(d,b) € R& (a,d) € S]and (Ad € A)[(d,c) € R& (b,d) € S].

Let d, € A and d, € A be a witnesses such that [(d,,b) € R& (a,d,) € S] and
[(d,..c) € R&(b,d,) € S].

Then (d,,d,) € RoS from (d,,b) € S and (b,d,) € R, and R and .S being symmetric.
But RoS = SoR; hence, (Je € A)[(e,d,) € S & (d,,e) € R] and let ¢, € A be a witness.

Then R and S are symmetric, so we have (d,, e;) € S and (e,,d,.) € R.

From the fact that § is transitive and (a,d,) € S and (d,, e)) € S we have (a,e)) € S.

Since R is transitive and (d,,c) € R and (e, d.) € R we have (ej,c) € R.

Finally, from the last two memberships we obtain {(a,c) € Ro.S; therefore, Ro.S is tran-
sitive.

We conclude that RoS € Equiv(A).

(&): Let RoS € Equiv(A).

Let {(a,c) € RoS. Then (c,a) € RoS because Ro.S is symmetric.

Let b, € A be such that (by,a) € R and (c, b,) € S. S and R are symmetric, so we have
(a,by) € R and (by,c) € S, and we can conclude that (a,c) € SoR.

The other direction is analogous, and so we obtain that RoS = SoR , i.e., R and S
commute. [ |

Lemma 1.3.1.3:
Let A be asetand R, S € Equiv(A).
If RoS € Equiv(A), then (\{T | T € Equiv(A)& R C T & S C T} which is the
least equivalence relation on A containing both R and S is equal to Ro.S.

Proof. Let H = {T |T € Equiv(A)& RCT&SCT}={T|T € Equiv(A)& RU S C
T}.

(=): Let (a,c) € RoS. Then by the definition of composition of two relations (b €
A)[(b,c) € R& (a,b) € S]. Let b, € A be a witness.

Let T be an arbitrary element of H. Since by the definition of H, RU.S C T, then (b, a) €
T and (c,by) € T. Butfor T € Equiv(A), then T is transitive and symmetric; hence, (a,c) €
T.

Since T € H was arbitrary, then we have (a,c) € [ H.

(<): We will show that RoS € H. We must show that S C Ro.S and R C RoS.

Let {(a,b) € S. Since R is reflexive, then (b, b} € R; hence, {(a, b) € RoS. Analogously
R C RoS. From the assumption we have RoS € Equiv(A), so we can conclude that RoS €
H.

Since RoS € H, then [ H C RoS.

From (=) and (<) we conclude that Ro.S = [ H. [

Proposition 1.3.1.4:
Let A be asetand R, S € Equiv(A).
If RUS € Equiv(A), then RoS = RU S.

Proof. (=): Let (a,c) € RoS. Let by € A be a witness for (b € A)[(b,c) € R& (a,b) €
S1. So (b,c) € RU S and (a,b) € RU S which implies {(a,c) € RU S, because RU S is
transitive.

(«): Let{a,c) € RUS. WLOG let (a,c) € S. Since (¢, c) € R, because R is reflexive,
then this implies that (a,c) € RoS.

From (=) and (<) we conclude that RoS = RU S. [ |

The set of partitions of a set A Partit(A), is endowed with the partial order of refine-
ment: for P,Q € Partit(A) we say that P < QO when every block of P is contained in a
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block of Q. The refinement partial order has a unique maximal element 1, namely, the parti-
tion having only one block, and a unique minimal element 0, namely, the partition for which
every block has exactly one element. The partially ordered set Partit(A) is a lattice (check
the definition). Lattice meets and joins, denoted by P v Q and P A Q, can be described by
using the equivalence relations Rp and R, as follows:
Lemma 1.3.1.5:

(1) Rpyo=RpNRy

(2) Rpyg = RpU RpoRy U RpoRpoRpU -+ U

URpU RpoRp U RyoRpoRH U ...

Proof. The proof of lemma 1.3.1.5.(1) is immediate. For lemma 1.3.1.5.(2) we use the defi-
nition of P v Q that it is the smallest partition containing both P and Q:

PYQ =T |T € Parti(A)& P C T & Q CT}).
Now using transitivity of Rp,, we obtain the right-hand side of the equality. [ |

Theorem 1.3.1.6:
RPVQ = RPORQ = RPORQ = RQORP

Proof. (=): Let Rpyg = RpoRy,.

Then by lemma 1.3.1.5.(2) we have RpoR, C RyoRp. Now by taking the inverses and
applying equivalent transformations, and Rp, R, being equivalence relations, we conclude
RpoRp 2 RyoRp:

RpoRp = Ry'oR,! = (RpoRy) ™ C (RgoRp) ™" = Ry'oR,' = RpoRy

Then by transitivity and Rp, Ry C RgoR, (easily proved) the right-hand side of
lemma 1.3.1.5.(2) is reduced to only Rp,y = RpoRy,.

Let A be aset and P, Q € Partit(A).

Two equivalence relations Rp, R, or, equivalently, two partitions P and Q are said to be
independent when, for any two blocks p € P, ¢ € Q, we have pNq # @.
Remark 1.3.1.1:

Independent relations commute, since Rp,oy = Rj = RgoR.

If Ay C A, then P 4, means restriction of the partition P to the set A, that is, the
partition whose blocks are the intersections of the blocks of P with the set A, whenever such
an intersection is not empty.
Lemma 1.3.1.7:
Let A be aset and P, Q € Partit(A).
Two equivalence relations Rp and R, commute if and only if, for any elements

a,b € A such that (a,b) € Rp, . there exist elements ¢, d € A such that:
(c,b) € Rp and (a,c) € Ry and (d,b) € Ry and (a,d) € Rp.

Proof. (=): Let RpoRy = RpoRp andleta, b € A such that (a,b) € Rp, . From theorem
1.3.1.6 and the assumption we have that Rp, 5 = RpoRy = RyoRp; therefore, the existence
of the elements with the desired properties is immediate from the definition of the composition
of two relations.

(<): Let the right-hand side of the "if and only if" be true.
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Let (a,b) € RpoR,. From lemma 1.3.1.5.(2) we have that RpoRy C Rp,p and a,b €
A. Therefore, we can apply the right-hand side and let ¢, d, € A be witnesses such that:

<C0, b> (S RP and <a, C0> (S RQ and <d0, b> (S RQ and <a, d0> (S RP

From (dj, b) € Ry and (a,d;) € Rp we have (a,b) € RyoRp.

The other direction is analogous, and so we obtain that R,oR, = RpoRp. [ |
Lemma 1.3.1.8:

If Rp and Ry commute, and P v Q = 1, then the equivalence relations Rp and R, are

independent.

Proof. Letp € P and g € Q be blocks and leta € p and b € g be elements. Since 1=PvoO,
then (a,b) € Rp,p. By assumption Rp and R, commute, then apply 1.3.1.7 and obtain a
witness ¢, € A such that (a,c)) € Rp and (cy,b) € Ry , i€, ¢y € p N gq; therefore,
pnq#9. [ ]

Theorem 1.3.1.9 [Dubreil-Jacotin theorem]:
Two equivalence relations Rp and R, associated with partitions P and Q commute if and
only if for every block C of the partition P Y Q, the restrictions P Moo 0] | are independent
partitions.

Proof. Suppose Rp and Ry commute. Then Rp| . and Ry | commute too.
Moreover, in the lattice Partit(C) of partitions of the block C, we have P cV o) c =

(PYQ)). = ic by definition of the join of partitions, where ic is the maximum element of
the partition lattice Partit(C). By lemma 1.3.1.8, the equivalence relations Rp and R, are
independent.

The converse is that independent relations commute, since we have remark 1.3.1.1 and
lemma 1.3.1.6. [ |
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1.4 A method to prove a theory undecidable

Before describing one of the many methods used to prove that a first-order theory is undecid-
able, we will introduce some definitions.

We have attached a precise meaning to the notion of decidable theory, axiomatizable
theory and other similar notions; thus, we can now assign to each formula of a RFOL language
a certain number. In what follows we shall use only the numbering of the set of all formulae
of a given enumerable relational signature o of a RFOL language &. Also, if ¢, and o,
are two such relational signatures for RFOL language &, and &,, it will be convenient to have
the formulae of signature o; U 0, numbered to extend the numbering of the formulae of the
signature ¢, as well as that of formulae of the signature o, (, i.e., such that the number of any
formula of signature o, , in the numbering of all formulae of signature o, , coincides with its
number in the numbering of all formulae of signature 6, U ¢, and by £, U &, we mean the
0, U 0,). An example numbering can be found in (Ershov, Lavrov, Taimanov, and Taitslin,
1965) chapter 1, section 2.

In this way to every formula ¢ of a given RFOL language & a number is assigned which
we shall write as "¢™. It is clear that any natural number can be the number of not more than
one formula.

If T is a theory for &, thenlet "T7 = {Fp™ | @ € T}.

Definition 1.4.0.1 [Effective mapping on formulae]:

Let ™.7 be a numbering of the formulae of a RFOL language ®,. Suppose that to each

formula @ of &, there corresponds a formula ¢* a RFOL language £,. Let:

o™, if n="g@" for some @ € Sent(L)
f(n) = .
0, otherwise

We say that the correspondence * is effective if the function f is decidable.

Theorem 1.4.0.2:
Let ™.7 be a numbering of the formulae of a RFOL language £, U &;.
Suppose that the theory T in £ is undecidable and that each sentence ¢ € Sent(%,)
is effectively associated with a sentence ¢* € Sent(%,).
If T, is a theory in &, and

peT < ¢*eT,
then the theory 7 is undecidable.

Proof. If the characteristic function YTl (n) of the set "7, were recursive, then YTl (f(n)),
the characteristic function of the set "7 would also be recursive by the second assumption,
but this contradicts the undecidability of T. [ |

Definition 1.4.0.3 [Hereditarily undecidable theory]:
Let T be a first-order theory for a RFOL language K.
Then T is called hereditarily undecidable if every subtheory of T for the same lan-
guage is also undecidable.

Definition 1.4.0.4 [Essentially undecidable theory]:
Let T be a first-order theory for a RFOL language R.
Then T is called essentially undecidable if every theory for which T is a subtheory
for the same language is also undecidable.
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Lemma 1.4.0.5:
Let T be a theory for a RFOL language &, ¢ € Sent(R) and suppose that the theory T’
with added non-logical ¢ is undecidable. Then T is also undecidable.

Proof. We have by the Deduction theorem that:
veT' < p->ywyeT

for every y € Sent(R). We can form ¢ — y effectively so by theorem 1.4.0.2 the lemma
follows.

Remark 1.4.0.1:
If a theory Tj, is hereditarily undecidable and the theory T is a subtheory of Tj,, then T
is also hereditarily undecidable.

Corollary 1.4.0.5.1:
Let & be a RFOL language.
Every finitely axiomatizable undecidable theory T' C Sent#(®) is hereditarily unde-
cidable.

Proof. Let T’ be atheory such that T’ C T. Let ¢ € T finitely axiomatizes T. Let T}, be the
theory of T’ U {¢@y}. Then T C T, (because ¢ axiomatizes T') and T, C T (because T’ C T
and @ € T). Therefore, T = T, rending T}, hereditarily undecidable. By remark 1.4.0.1 T
is hereditarily undecidable. [

1.4.1 Relative elementary definability

Relative elementary definability introduced by Ershov is derived from Tarski’s method of
interpretations which is one of the methods for proving undecidability, but it differs slightly.
You can find the original work in (Ershov, 1980) that we closely follow.

Let 8, be a RFOL language with formal equality and (k+ 1) predicate symbols p, py, .. ,
py with arities arity(py) = ng, arity(p,) = n, ..., arity(p;) = n,. Let 8 be a RFOL language
with formal equality. Let K, be a class of structures for the language £, and K| be a class of
structures for the language ;.

We say that the class K, is relatively elementary definable in the class K, if there exist
such formulae:

U'(x;9);
Ex'; %% 7);
K& X5 LR P, (R R LX), (R R LR )

of the RFOL language &) (where hereinafter X' = (x',x}, ..., x! yand 5 = (y, ¥, ..., ¥,))
such that for any structure 2 € K there is a structure B € K, and elements
by, b,, ..., b, € B, satisfying the conditions:

(1) thesetC < {a|a € B" & B = U'(a; b)} is not empty;

(2) the formula E(x'; x%; b) defines a congruence relation # of structures € of the RFOL
language £, the universe of which is C, and the interpretation of the predicate symbol
p; is defined by the formula ;(i(icl;y'cz; ..;xm:b)fori € {0,1,...,k}. We say that
x:(x';x%;...; X" b) is a possible definition for p;;

(3) the factor structure €/ = 2.
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Remark 1.4.1.1:
If a class of structures IC’1 for the language &, and IC’1 2 K, and the class of structures K
for the language &, is relatively elementary definable in the class K, then K is relatively
elementary definable in the class ]C’l.

Theorem 1.4.1.1:
If the class of structures K is relatively elementary definable in the class of structures
K, and the theory Th(K,) is hereditarily undecidable, then the theory Th(K,) is also
hereditarily undecidable.

Proof. For every formula @(x;, x,,...,x,) € Form(%;) we will effectively produce a for-
mula @(x!; %%; ... ; X"; ) € Form(L,) using the following recursive rules.

o If p(x1,x,...,x,) = (x; = x;) for some 1 < i, j < n, then:

P RY RN = EEL R ),

o If p(x,%5,....X,) = p,.(le,...xjn_) for some indices {jl,...jnl_} c{l1,...,n} and
n;-ary predicate symbol p; of 8,0 <i < k, then:

==l =2, R =l. 2. =H;. =Y.
(p(-x » X ,---,Xn,)’)—')(i(x 3 X a----xnl’y),

o Ifp(xy,xp,...,x,) = (@ (X1, %5, ...,%,) 0 @r(X1, X5, ..., x,)) foroc € {V,A, =, <}
and we have ¢, ¢, by the induction hypothesis, then:

P XX 5 (@ (X E L x P o gy xR LX)
o If p(xy,x,,...,x,) = “y(x,X,,...,x,) and we have w(x!;x%; ... ;X" 7) by the
induction hypothesis, then:

2(7l. 2. 2l Sy — (7l 32, A
(p(x 7x ""’xn’y)_’_'w(x $x ""’xn’y)’

o If p(xy,x,,...,x,) = Ix, w(x), Xy, ..., X,, X, ) and we have

w(x!; X2, xm xntl ¥) by the induction hypothesis, then:

p(xLx% . Xy = ax;'“ LA U ET P Aw S R LR )

o If p(xy,x,,...,x,) = Vx, yw(x), Xy, ..., X,,X,, 1) and we have
w(x!; x5 ..., X", x"*1; ) by the induction hypothesis, then:

p(x' % xn ) s VT v @ ) - e LR L ).
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Let D(y) = D(yy, 5, --- » ¥,) be the following formula:

IV (%) A (VOVEIVRA( A\ UE ) -
0<i<2
EEx;x% A
EE% x5 = ex % A
EE% L P A EGEL R D) - EGY RPN

0<i<k 0<j<n

ARG R LR D) - (Y 2L 2 ),

where Qy means Qy; ... Qy,, for Q € {V,3}.

The last formula describes that the universe is non-empty, £ is a congruence relation and
X1»--- X are invariant w.r.t. €.

Finally, for every formula ¢ € Sent(%) let:

qo* = Vylvyz "'Vyn(D(yl7y2’ 9yn) g (_p(yl’yZa ayn))'

Let us establish the following fact: the set T* = {@ | ¢ € Sent(R,) & ¢* € Th(K,)} is a
theory for the language & such that 7% C Th(K,).

Let IC("; be the class of all structures 2 for the language &, such that there is a structure
B € K, and elements b, b, ..., b, € B satisfying the conditions (1), (2) and (3) defined
above. Then by the hypothesis of the theorem we have that K 2 K. From the definition of
the effective mapping ¢ — @™ it follows that ¢ € Th(ICz;) < @* € Th(K,) for any sentence
@ € Sent(R,); therefore, T* = Th(IC(’;) and since K, C ICS, then T* C Th(K).

If the theory Th(K,) is decidable, then having the equivalence ¢ € T* < ¢* € Th(K;)
and the effective mapping ¢ — @™ gives us a decision procedure for the theory T*. Since
the theory Th(K,) is hereditarily undecidable, then the theory T* is undecidable. Therefore,
the theory Th(K)) is also undecidable. It is clear that if we take a subtheory T" C Th(K,),
then the class of structures K = {8 | B = T'}, K| 2 K. By remark 1.4.1.1 the class K
also satisfies the condition of the theorem; therefore, Th(IC’l) = T* is undecidable. We can
conclude that Th(K;) is hereditarily undecidable. [ |
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1.5 A method to prove a theory decidable

1.5.1 Ehrenfeucht-Fraissé games

Mostly the definitions and formulations in this book (Ebbinghaus and Flum, 1995) will be
used.

The Ehrenfeucht—Fraissé games present a purely game theoretic characterization of the
relation =, ,for some k € w. It helps us to understand the expressive power of first-order logic,
capture structure equivalence, etc. One of the central ingredients of the characterization are
partial isomorphisms.

Until the end of this subsection, let be a & finite FOL language such that it has no function
symbols.

Definition 1.5.1.1 [Partial isomorphism]:

Let A and B be structures for L.

Let & be a mapping such that Dom(h) C A and Range(h) C B. h is called a partial
isomorphism from 2 to B if:

e it is injective;
e we have Dom(h) C A and Range(h) C B, and (V¢ € Constg)[h(c®) = c®];

e for all n-ary relation symbol p € Predg and for every ay, ..., a, € Dom(h):

(ay,...,a,) € p* = (h(ay),...,h(a,)) € p®.

We will denote the set of all partial isomorphisms from 2 to B with Part(A, B).

Remark 1.5.1.1:
If Constg = @, then §f € Part(2A, B).

Proposition 1.5.1.2:
Let 2 and B be structures for L.
Then for all m-tuples @ € A™ and b € B™ the following are equivalent:

(1) The mapping h having the properties A(a;) = b, for 1 < i < m and h(c¥) = ¢
for all ¢ € Constg is a partial isomorphism from 2 to B (we will denote this with
aw b € Part(, B) omitting the constants);

(2) for all quantifier-free formulae of  ¢(x, ..., x,,):

A E=oplay,....a,ll = B Eoelby,....b,l;

(3) for all atomic formulae of 8 ¢(x, ..., x,,):

A E=oplay,....a,ll <= B Eoelby,....b,l;

The basic idea behind the algebraic characterization of =, we have in mind is that the
k-equivalence of structures amounts to the existence of partial isomorphisms that can be ex-
tended k times.

Definition 1.5.1.3 [Ehrenfeucht—Fraissé games]:

Let 2 and B be structures for & and k € w.

The Ehrenfeucht-Fraissé game G, (2, B) is played by two players called the Spoiler
and the Duplicator. Each player has to make k moves in the course of a play. The players
take turns. In his i-th move the Spoiler first selects a structure, 2 or B, and an element
in this structure. If the Spoiler chooses s; € A then the Duplicator in his i-th move must
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choose an element d; € B. If the Spoiler chooses d; € B then the Duplicator must
choose an element s; € A.

Let {(s;,d;) | 1 <i < k} be the corresponding choices for all rounds. The Duplicator
wins if and only if § — d € Part(2, B). If k = 0, then we need a mapping A such that
Dom(h) = {¥ | c € Constg}, Range(h) = {(¢B|ce Constg} and h € Part(A,B).
Otherwise, the Spoiler wins.

Equivalently, the Spoiler wins if, after some i < k, 5| ... s; = d; ... d; & Part(2, B).

A strategy is a system of rules which tells the player what move to make, depending
on the history of the game up to the current moment.

We say that a player has a winning strategy in G, (2, B), or shortly, a player wins
G, (AU, B), ifitis guaranteed that he is always the winner of the game (following mindlessly
the strategy).

The proof of the items of the following proposition is immediate from the definition of
the Ehrenfeucht—Fraissé games. @ € Part(2, B)
Remark 1.5.1.2:
Let 2 be a structure for &. Let a € A. By (2, a) we will denote the structure which is
for an extension of the language & with one new individual constant symbol c,, such that
A =a.

a

Proposition 1.5.1.4:
Let 2 and B be structures for  and k € w.

(1) The Duplicator wins Gy(2U,B) <= there exists a mapping s such that Dom(h) =
{(¥|ce Constg}, Range(h) = (B|ce Constg} and h € Part(2, B);
(2) Splitting lemma : for k > 0 the following are equivalent:
(1) The Duplicator wins G (U, B)

(i1) The following two properties hold:

(forth): (Va € A)(Ib € B)[the Duplicator wins G,_;((U, a), (B, b))]
(back): (Vb € B)(da € A)[the Duplicator wins G,_;((U, a), (B, b))]

(3) If the Duplicator wins G, (U, B) and t € w, t < k, then the Duplicator wins G,(, B).

Now one of the main results:

Theorem 1.5.1.5 [Fraissé—Hintikka theorem]:
For all k € w, for all finite FOL languages without function symbols 2 and for all struc-
tures 2 and B for L the following are equivalent:

(i) The Duplicator has a winning strategy for G, (2, B);
(i) A =, B.

Lemma 1.5.1.6:
Let A and B be structures for L and let k € w is a natural number.
If the A, =, B, and A, =, B,, then A, X A, =, B, X B,.

Proof. Suppose A, =, B, and A, =, B,. By Fraissé—Hintikka theorem there are winning
strategies for the Duplicator has winning strategies for G, (2, 8B,) and G;(U,,B,). Let S,
and &€, be winning strategies for the games G, (U, B,) and G, (A,, B,) respectively.

We will create a winning strategy for the Duplicator for the game G, (A, X A,, B, X B,).
The Spoiler and the Duplicator play the game G, (A, X A,, B, x B,), but the Duplicator
also hiddenly simulates the games G, (U, B,) and G, (A,, B,).
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Suppose that in his i-th move the Spoiler chooses, say, (a;,a,) € A; X A, for the game
G, (A, xA,, B, X B,). Then the Duplicator hiddenly applies the strategy &, for a; w.r.t.
the history of the game G, (2, B,) up to now to get an element b; € B;. Also he applies
hiddenly the strategy &, for a, w.r.t. the history of the game G, (2,, B,) up to now to get an
element b, € B,. Finally he answers the move of the Spoiler with the move (b,, b,) for the
game G(A; X A,, B, X B,). H

1.5.2 Decidability and finite model property for first-order logic

Definition 1.5.2.1 [Finite model property (FMP)]:
A class of structures K for a RFOL language & has the finite model property FMP if for
any sentence @ of the language &:

Th(K) E ¢ <= ThHK™) E ¢,

i.e., Th(K) = Th(XC/™).

An equivalent formulation is the following:
A class of structures K for a RFOL language & has FMP if for any sentence ¢ of the
language R:

Th(K) I @ = AB € £M)[B I ¢).

Theorem 1.5.2.2:
Let & be a finite RFOL language.
If the theory of a class of structures X has FMP and Th(K) is axiomatized by a finite
set of sentences I', I' C Sent(R), then Th(K) is decidable.

Proof. To check if a sentence ¢ € Form(R) is valid in all structures of K, we start to enu-
merate simultaniously two lists, one with all finite structures 2 and the other with all proofs
I' - . Since we have that & has finitely many non-logical symbols (only relation in this case),
then we have a finite number (up to isomorphism, what is in the universe of the structure does
not really matter; therefore, in any case we can use the initial segment of natural numbers as
a universe) structures of cardinality one, finite number of structures of cardinality two and so
on. Also since the theory is axiomatized by the finite set I' it is recursively enumerable (or
semidecidable) by theorem 1.2.1.21, so we can list all of the members of the theory.

If @ & Th(K) then there is a finite model in which ¢ is not valid and will show up in the
first list.

If @ € Th(K) then it will be listed in the second list by Godel’s Completeness theorem.

9

Thus, we have an effective procedure for deciding if ¢ € Th(K). We can conclude that
Th(K) is decidable. [ |

Proposition 1.5.2.3:
Let & be a finite RFOL language and let T and T” be theories for K.
If T' is a finite extension of T (only finitely many non-logical axioms are added to T
to form T') and T is decidable, then sois T”.

Proof. Let T’ be a finite extension of T and T be decidable.
We may assume that 7"’ is the theory of T with added the non-logical axiom ¢. Then for
all y € Sent(R):

veET = p->yeT

by the Deduction theorem.
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By assumption, there is an algorithm which can recognize the theorems of T" and we can
form effectively ¢ — . Therefore, to decide if a sentence y € Sent(R) is a theorem of T”,
apply the algorithm to ¢ — . [ ]



26 Chapter 1. Preliminaries

1.6 Propositional modal logic

1.6.1 Syntax

We are about to introduce what we will mean by a (formal) (propositional) modal logic lan-
guage (we may skip the mentioning of “formal” and “propositional” at times and substitute
“propositional modal logic” with PML). We will use the symbols ML and variations of it
with upper or/and lower indices to denote the languages.
Definition 1.6.1.1 [Propositional modal language]:
A propositional modal language (PML) ML consists of a countable alphabet of propo-
sitional variables PVAR . = {p.q.r....,p;. 4y, ..., P’ ¢, ... } (mainly we will use the
letters p, g, r and variations of them with upper or/and lower indices), a finite alphabet
of propositional/boolean connectives {V,—}, a finite alphabet of assisting symbols
{,,(,)}, afinite alphabet of constants { L, T} and an enumerable alphabet of possibility
modality
Neccesary \p = {0,,0,, ... }.

Definition 1.6.1.2 [Cardinality of a PML]:
Let ML be a PML.
Then card(ML) = card(N eccesary ML)

Definition 1.6.1.3 [k-modal PML]:
Let ML be a PML and card(ML) = k such that k € w™.
Then ML is called a k-modal PML.
If kK = 1, then ML is called an unimodal PML and if k = 2, then ML is called a
bimodal PML and so on.

Remark 1.6.1.1:
In this work we will only work with finite PML; therefore, from now on we will only talk
about properties of finite PML.

Remark 1.6.1.2:
For the sake of simplicity we will define all the notions in these section for an unimodal
languages. They are easily generalized for more than one modality.

Definition 1.6.1.4 [Modal formula]:
Let ML be an unimodal PML.
A modal formula of ML is:

e a propositional variable;

e lorT;

e if A is a modal formula, then so is —4;

e if A and B are modal formulae, then so is (A V B);

e if A is a modal formula, then so is OA;

Every formula can be constructed by a finite amount of application of the previous rules
or the base case.

We will use 4, B, C,D, ... to denote formulae and variations of them with upper or/and
lower indices.

We will denote the set of all modal formulae for ML with MForm(MJL).

If a formula A if formed using only the constants L, T and the propositional connec-
tives, that is, it does not have any variables in it, we will call it a variable free modal
formula.
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Remark 1.6.1.3:
We define the other propositional connectives {A, —, <} as usual. The modal formula
<A is obtained as the well-known abbreviation: CA = —~0O-A.

The set of variables occurring in A we will denote with Var[A].

If Ais a formula and py, p,, ..., p, € PVAR,,, are distinct variables, we use the notation
A(py.py. ..., p,). a (focused) formula, to show that we are interested in all the occurring
variables p; in A.

If A(py, Py, .., p,) 1s a focused formula and ¢, q,, ... ,q, € PVAR,,,, then
A(qy,qy. ... . q,) denotes the formula A where all free occurrences of p; are replaced by g;.

We adopt the standard rules for omission of the parentheses.

Definition 1.6.1.5 [Normal modal logic]:

A set of M L-formulas which contains:

e all tautologies of the classical propositional calculus;
(K): B(p — ¢q) —» (Up — Og);
e and closed under the following rules of inference:

Modus Ponens (MP): from A and A — B infer B;

Substitution (Subst): given a formula A(py, ..., p,), derive the formula
Alp,/By,....p,/B,] which is obtained by uniformly substituting formulas
By, ...,B, instead of the variables py, ..., p, in A, respectively.

Necessitation (N): from A infer TA;

is called a normal modal logic.

Remark 1.6.1.4:
As in the section about first-order logic we will omit the formulations of a standard frame-
work of propositional modal calculus where we can precisely formulate the concepts of
proof, deduction, theorem. We fix one of these PML proof systems and provability will
from now on be stated in terms of it.

1.6.2 Semantics

Now we will discuss briefly the most commonly used semantics of interpreting the modal
language in some universe of all possible worlds, that is Kripke semantics.

Let us fix an unimodal PML ML.
Definition 1.6.2.1 [Kripke frame]:

A (Kripke) structure or frame (for ML) will be an ordered pair § = (W, R) such that:

e W is a non-empty set called a universe or domain of the frame;
e RC W X W abinary relation on W.

We will use the letters 2, B, €, F, ® to denote frames and variations of them with upper
or/and lower indices.

With A, B, C, F we will denote the universes of the frames and variations of them
with upper or/and lower indices.

A frame is finite if its universe is finite, otherwise it is called infinite.

Remark 1.6.2.1:
Let ML be a finite PML and card(ML) = k such that k € w* and { is a structure for
ML.
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If k = 1, then § is called an unimodal frame and if kK = 2, then § is called a bimodal
frame and so on.

Definition 1.6.2.2 [Kripke subframe]:
Let § = (W, R) be a Kripke frame.
& = (W', R’) is called a substructure or subframe of g, denoted §’ C,, & if
W'CWand R s Rn(W' x W").

Remark 1.6.2.2:
Sometimes for short we may write that a world a € g, and we understand that a is an
element of the universe of §.

Definition 1.6.2.3 [Kripke model]:

Let § = (W, R) be a Kripke frame.

A (Kripke) model based on a frame § = (W, R) is a triple M = (W,R, V),
where V is a function assigning to each propositional variable p a subset of W , i.e.,
V . PVAR,,, — P(W). V is called an assignment and the idea is that V' (p) is the set
of all worlds in which p is true.

We will use the letters I, N to denote frames and variations of them with upper or/and
lower indices.

Remark 1.6.2.3:
Sometimes for short we may write that a world a € I, and we understand that a is an
element of the universe of the frame on which I is based upon.

Definition 1.6.2.4 [Truth]:
Let 3 = (W, R, V) be a Kripke model.
The satisfiability of a modal formula A at a world a € I, denoted M, a = A, is
inductively defined as follows:

o If A= pforp e PVAR,,,,then M, a =p < a € V(p);

e IfA= 1 ,then M, a = L;

e fA=T,thenM,a ET,;

o If A= -B,then M,a E-B < M, a |£B;

o fA=(B,VB,),thenM,a =B, VB, & [M.a =B, VvIN,a =B,
e [fA= 0B, then M, a |EUB < (Vb € W)[(a,b) € R= I, b = B].

Asaresult, M, a OB < (b € W)[{a,b) € R& M, b = B].
Let A be a modal formula and V', V'’ be assignments in a frame & = (W, R), such that
(V¥p € Var[AD[V (p) = V'(p)]. Then for all a € W':

(W,RV),alh <> (W,RV'),a kA

Le., the truth value of A depends only on the variables occurring in A.

We shall say that a modal formula A is true in a model 9, denoted M = A, if A is
satisfied at all worlds in IN.

A modal formula A is said to be true in a frame  (or valid in a frame g) and a
world a, denoted §, a |= A, if A is true in all models based on §.

We shall say that a modal formula A is valid in a class K of frames, denoted K = A,
if A is valid in all frames in K.

A frame § is said to be weaker than a frame J’, denoted & < &’ , if for all modal
formulas A, if § = A then § = A.
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A modal formula A is said to be satisfiable if there is a frame g, a model 90t based
on & and a world x € & such that I, x = A.
A modal formula A is said to be (generally) valid if it is valid in all Kripke frames.

Now we can give a semantical characterization of (at least some) modal logics by estab-
lishing a connection between logics and frames.
Let K be an arbitrary class of frames. Then

Log(K) = {A € MForm(ML) | ¥VF € K)IF = Al}

is a modal logic called the logic of K.
A modal logic L is said to be sound w.r.t. X (or K-sound) if

(VA e L)(VE € K)[F EAl

ie., L C Log(K).
L is complete w.r.t. K (or K-complete) if

VA € MForm(ML)IV¥EF € KO)[F EAl=Ae L],

ie., Log(K) C L.

We say that L is determined (or characterized) by K if L is both K-sound and K-
complete, that is, Log(K) = L. If L is determined by some class of frames, we call L Kripke
complete. A Kripke complete logic L can be characterized by different classes of frames. If
L is Kripke complete then it is clearly determined by the class Fr(L) of all frames for L , i.e.,
L = Log(Fr(L)).

Remark 1.6.2.4:

There are many other important notions and properties which are not noted here and one

may consult (Chagrov and Zakharyaschev, 1997) and (Kurucz, Wolter, Zakharyaschev,

and Gabbay, 2003).

Definition 1.6.2.5 [Modal product of two unimodal frames]:
Let = (W,R)and @ = (U, S) be two unimodal Kripke frames.
Then § X & = (F X G,H, V) is called the modal product of  and & is a bimodal
mod

Kripke frame and is defined as follows:
e The universe is F X G;
e ((aj,b1).{(ay,b,)) EH < [(a;,a,) € R& b, = b,];
o ((aj,by),(ay, b)) €V <> [a; = a, &b, b,) € ST;

We will use [ for the modality which uses the H for horizontal, and [[] for the modality
which uses the V for vertical relation.
Their meaning is defined as usual:

MwEEA <= VYu' e F(w,uw')ye H= M, E Al

MwEDA < VY € ®)[(w,w') eV=Muw E Al

Definition 1.6.2.6 [Product of Kripke complete unimodal logics]:
Let L, and L, be two Kripke complete unimodal logics.
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Then their product is defined as following:
Ly x Ly =Log({$, X 32 | &1 € Fr(L) & F, € Fr(Ly)}).

We will note a structural operation on frames which leave modal satisfaction unaffected.

Definition 1.6.2.7 [Bounded morphism]:
Let & = (W,R)and ' = (W', R") be frames.
A function f : W — W/’ assigning to each world in § a world in §’ is called a
bounded morphism from & to §’ if the following conditions are satisfied:

1. (Va € W)(Vb € W)[{a,b) € R=> (f(a), f(b)) € R'];
2. (Ya € W)V € W)[(f(a),V') € R' = (Ab € W)[(a,b) € R& f(b) = V']].

&’ is said to be a bounded morphic image of § if there exists a surjective bounded
morphism from & to F'.

Bounded morphic images give rise to the following lemma:

Lemma 1.6.2.8 [Bounded morphism lemma]:
Let & and &' be frames.
If &' is a bounded morphic image of & then F < F'.

Proof. See (Chagrov and Zakharyaschev, 1997), Theorem 2.15. [ |
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1.7 Correspondence theory

Let & = (W, R) be an unimodal Kripke structure for an unimodal PML language M L. On
the other hand on may think of this structure as a FOL structure for the RFOL (R, =) which
is the FOL language with one relation symbol R and =. Depending on the context we will
determine whether we are talking about a structure from the viewpoint of modal or first-order
logic.

Let us fix an unimodal PML ML language.
Definition 1.7.0.1:

Let A € MForm(MCL) and ¢ € Sent({(R, =)).

We say that ¢ defines A or alternatively A defines ¢ if for every structure g:

SFA=TFo

Definition 1.7.0.2:

e A modal formula A is called FOL definable if there exists a FOL sentence
@ € Sent(R(R, =)) which defines her.

e A FOL sentence ¢ is called modally definable if there exists a modal formula A €
MForm(ML) which defines her.

o Let A € MForm(ML) and ¢ € Sent({(R,=)). They are called equivalent if ¢
defines A or A defines ¢.

In the end of the 60-ties and the beginning of the 70-ties, Henrik Sahlqvist managed to
separate a syntactical class of modal formulae with the splendid property for each modal for-
mula from the class there exists a FOL formula having the same models and many other good
properties. Johan van Benthem demonstrates an algorithm which can syntactically transform
every formula from the Sahlqgvist class into a FOL equivalent. Benthem continues to pose
questions about formulae other than the one in Sahlqvist’s class and in time three problems
are formulated:

FO-def Is there an algorithm which given a modal formula can determine whether it is
FO definable?

MD-def Is there an algorithm which given a FOL sentence can determine whether it is
modally definable?

Corr Is there an algorithm which given a modal formula and a FOL sentence can deter-
mine whether they are equivalent?

Lilia Chagrova proved in her dissertation that all three problems are undecidable over the
class of all Kripke frames Kx,;,,. So why not restrict the problems to some smaller classes
of structures and see what happens?

Remark 1.7.0.1:

In this case when we restrict the problems to some smaller classes of structures, the pre-

vious definitions will stay the same, but “relativized” w.r.t. a class of structures K. For

example “¢ defines A” will become “@ defines A w.r.t. the class of structures K.

In their paper (Balbiani and Tinchev, 2005) Balbiani and Tinchev proved that all problems
over the class of all partitions K,,,;, are decidable and are in fact PSPACE-complete. After
this result they formulated a more general method to obtain lower bounds for the complexity
of the problem of modal definability over specific classes of frames called stable classes.
They relate the problem of deciding the modal definability of sentences w.r.t. a stable class of
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frames K to the problem of deciding the validity of sentences in K. In this respect, a special
role plays the notion of FOL relativization, so we can understand their method.

Remark 1.7.0.2:
All notions can be extended for PML languages and FOL languages having the same
number of modalities to relation symbols and the FOL language having formal equality.

1.7.1 Relativization in FOL

Let us fix a  RFOL language until the end of this subsection.

Definition 1.7.1.1 [Relativization of formulae]:
Let vy, € Form(2) and x € Varg. Let Var™[ 4] = {(Yis-ers V)
The relativization of y w.r.t. ¢ and an individual variable x, denoted (y)?, is
inductively defined as following:

o If y = (y; = y;) for some 1 <, j < m, then:
0? ==y

o If y = p(yil, ,yik) for some indices {ij,...,i;} € {1,...,n} and k-ary predi-
cate symbol p, then:

07 = PO -5 91,
o If y = (y; V 1), then:
W= IV 7
o If y = -y, then:
g = (e
o If y = 3z y,, then:

(0? = 3z(plx/z]1 A (r)?),

where ¢[x/z] denotes the simultaneous substitution of all free occurrences of the indi-
vidual variable x in ¢ by the individual variable z.

When we write ( )()f, we will always assume that Var[ y] N Var[g] = @.

Proposition 1.7.1.2:
Let y,p € Form(®) and x € Varg.
Then Var™[(;)¥] € (Var™[@] \ {x}) U Var’™[x].

Proof. It can be proven with induction on the formula y. [ |

Corollary 1.7.1.2.1:
Let y € Sent(Q), ¢ € Form(R) and x € Varg.
Then Var™[(y)?] C Var™[¢] \ {x}.

Definition 1.7.1.3 [Relativized substructure]:
Let 2 and 2, are structures for L.
2, is called a relativized substructure or relativized reduct of  if there exist a
FOL formula ¢(x, x{, ..., x,)) € Form(®) and there exists a list of individuals a in A such
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that 2, is the substructure of 2 with universe {b | b € A& U = @l[b,a]l}. In this case

we say that 2, is called a relativized substructure of 2 w.r.t. ¢(x, x,,...,x,) and a.
Remark 1.7.1.1:

2 possesses a relativized reduct w.r.t. @(x,x;, ..., x,) and a if and only if

A E Ixplall.

Theorem 1.7.1.4 [Relativization theorem]:
Let 2 and 2, are structures for &, ¢(x, x4, ..., x,) € Form(R) and a be a list of individ-

uals in A.
If A, is a relativized substructure of 2 w.r.t. ¢(x, x, ..., x,) and &, then for all FOL
formula y(y;, ..., y,) and all list of individuals ¢ in Ay:
A = (n)?llacl < Ay E xlel.
Proof. One may consult (Hodges, 2008), Theorem 5.1.1. B

1.7.2 Stable classes of frames and modal definability

Definition 1.7.2.1 [Stable class of frames]:
Let K be a class of frames.
K is called a stable class of frames if there exists a first-order formula ¢(x, x4, ..., x,,)
and there exists a sentence y such that:

(1) for all frames  in K, for all lists @ of individuals in & and for all frames &', if §’
is the relativized reduct of § w.r.t. ¢(x, x,, ..., x,) and a then §’ is in £;

(2) for all frames &, in K, there exists frames &, &’ in K and there exists a list a of
individuals in § such that:

(a) & is the relativized reduct of § w.r.t. (x,x,...,x,) and a;
®b) FEyand F' Ey;
) F=g"

In this case, (@(x, x, ..., Xx,), ¥) is called a witness of the stability of K.

Theorem 1.7.2.2:
If K is stable then the problem of deciding the validity of sentences in K is reducible to
the problem of deciding the modal definability of sentences w.r.t. K.

Proof. See in (Balbiani and Tinchev, 2017), Theorem 1. [ |

This tight relationship between the problem of deciding the modal definability of sen-
tences w.r.t. K and the problem of deciding the validity of sentences in K constitutes the
main result of the method of Balbiani and Tinchev.
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1.8 Some history on related theories

Let us have a RFOL language &(R, =) with formal equality = having only one binary relation
symbol R and a RFOL language (R, R,, =) with formal equality = having only two binary
relation symbols R; and R,.

Let K, be the class of all structures for (R, =) such that the predicate symbol is
interpreted as an equivalence relation on the universe of the structure.

In (Janiczak, 1953) we have a proof of the decidability of the theory of the class K
It is folklore that X,,;,, has FMP and the validity of sentences restricted to the class K,,;, 1s
PSPACE-complete. Nevertheless one can consult (Balbiani and Tinchev, 2006) for a proof.
In (Boerger, Gridel, and Gurevich, 1997) we have a proof that (finite) satisfiability problem
restricted to the class &C,,;, is PSPACE-complete.

Let Ky the class of all structures for (R;, R,,=) such that the relation symbols are
interpreted as two equivalence relations on the universe of the structure.

Rogers in (H. Rogers, 1956) and Janiczak in (Janiczak, 1953) independently of each
other proved that 7h(KC,g5) is undecidable through different methods. The theory is finitely
axiomatizable so by corollary 1.4.0.5.1 it is hereditarily undecidable.

The monadic second-order (MSO) extension of the first-order logic is obtained by
adding new unary predicate variables and quantifiers over them. Usually in this way the
expressive power of FOL is increased.

In (Ershov, Lavrov, Taimanov, and Taitslin, 1965) Ershov proves that MSO logic is de-

cidable over the class of structures with one equivalence relation. But taking into account
Janiczak’s result (Janiczak, 1953) that Th(X,45) is undecidable the direct generalization of
Ershov’s result for MSO logic with more than one equivalence relation is impossible.
In their work (Georgiev and Tinchev, 2008) they restrict the equivalence relations and study
the MSO logic over structures with finite number of unary predicates and equivalence rela-
tions in local agreement, the latter meaning that the equivalence classes of every element of
the universe, modulo the respective equivalence relations, are linearly ordered (form a chain)
w.r.t. set-theoretic inclusion. Using Ehrenfeucht-Fraissé games they show that the MSO logic
is decidable over the class of all structures with unary predicates and equivalence relations
in local agreement. Moreover, they show that over these structures every MSO formula has
a translation in the first-order language which has exactly the same models. The translated
FOL formula is very complex, compared to the original MSO formula.

equiv*
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Chapter 2

A tale of three theories

2.1 Formulation of the problem

Let us have a RFOL language (R, R,, =) with formal equality = having only two binary
relation symbols R; and R,.

Since we have Downward Lowenheim—Skolem theorem, from the last condition we get
that Th(2A) = Th(B), because being an elementary substructure yields elementarily equiva-
lence between the structures in question.

Then applying it to our case with the language {(R,, R,, =) that has cardinality
card(&(R,, R,,=)) < ¥, = card(w) and the semantic definition of a theory of a class of

structures K to be Th(K) = [ Th(2A), we can limit ourselves to only consider structures
Aek
with an enumerable (at most countable) universe. Therefore, from here until the end of this

chapter we will only work with enumerable structures and classes of enumerable structures
(even if not said explicitly).

The subject of our studies will be a particular type of structures for this language (R, R,, =
): all structures 2 = (A, RY, Rgl), where the interpretations of R?[ and Rgl are such that
Rf[, R%‘, Rf[oR? € Equiv(A) , i.e., they are all equivalence relations on A.

Let us define three classes of structures of this type such that each consecutive class is a
refinement of the previous:

Keommue = {{A, RY, R¥) | R, RY, RYoRY € Equiv(A)}
Krectangle = {2[1 m>0<d 2[2 | 2[1’ 2[2 € ICequiv}
]quuare = {2[ '3; A | A e ]Cequiv}
Remark 2.1.0.1:
]quuare c ]Crectangle c ICcommute

In this chapter we are going to ask ourselves the following questions concerning the the-
ories of these three classes Th(X ), Th(K ), Th(K ) respectively:

commute rectangle square

1. How can the structures of the classes be represented in a strict mathematical manner

with a strong intuitive meaning?
?
) & Th(K

?
2. Th(K ) & Th(K

9
commute rectangle square) :

3. Are there classes axiomatizable?
4. Are the theories decidable?

5. Do the classes have the finite model property?
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2.2 How can we describe the structures?

We will concern ourselves with the class K.,z
Let A € K,,pmue be such that %A = (A, R¥, R?). Then from lemma 1.3.1.2 R?IoRi[ €

Equiv(A), and, thus, A is a set of blocks w.r.t. the equivalence relation R?OR?.
We will prove the following simple proposition:

Proposition 2.2.0.1:
Letc € Aand a,b € [c]gu, pu.
1 2

Then [a]Rsu - [C]R%IORSZ[ and [b]Rsz[ - [C]Rsz{oRsz[ and [a]Rsz[ N [b]Rsz[ +0.
1 1 9% 2 1 9% 1 2

Proof. Since a,b € [C]R‘fIORgl, then we have (c,a) € R?[OR? and (c, b) € R?[OR?.

But R?oRg[ € Equiv(A), so then (b,a) € R?[oRgl. By the definition of composition of
relations, then (3d € A)[(b,d) € Rg[ & (d,a) € Rf[]. Let d, € A be a witness. Then
dy € [a]R?[ and d; € [b]Rgl; therefore, [a]R?[ N [b]Rgl # @ is true.

Now let e € [a]R?[. Then (a,e) € R?[. Also, by assumption, we have that {c,a) €
R?IOR?, so by definition of composition of relations (Id € A)[{c,d) € R§[ & (d,a) € R?[].
Let dy, € A be a witness. R%[ € Equiv(A), so then (dy,e) € R?[. As a result we obtain
(c,e) € R¥oRY; thus, [a]gn € [c]guopy-

The reasoning for [b] RY C [c] RYoRY is similar. [ |

Now let ¢ € A and let p = [c] gor, g
1 2

Let us enumerate all the blocks of ng[ wrt. p: {a,},<, and enumerate all the blocks of
Rg‘ w.r.t. p: {bg}sc,. where card(p/R?[) = Aand card(p/Rgl) =u (p/R?[ is the quotient set
p W.It. R]%[).

Let us denote ¢, 5 = a, N by. We have that:

® ¢, ; # ¥ (by proposition 2.2.0.1);

[ ] Ctx,ﬁ N C(x’,ﬂ’ = ﬂ for <a, ﬁ) # (a/a ﬁ,>’

Le., the family {c, g }%K 4 1s a partition of p. So we can think of p as a “matrix of the type
<u

A X u” of non-empty, mutually disjoint sets. We will call an element of the family {a,},., a
“row” and we will call an element of the family {b;} 4., a “column”. A set ¢, ; we will call
a “cell”.
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67 | .| . 1

2[R, |21 2
500

Ry [ [ 2. . [27

FIGURE 2.1: Anexample “matrix” with “rows” (R?[ classes) and “columns”

(Rgl classes). In the intersections is written or omitted with “..” the cardinality
of the respective “cells”

In the other direction, if we have such a family {c, ﬂ}gd a partition of p, how can we
BIash

define the interpretation of the relation symbols R; and R, on p so to generate a structure in
]Ccommute?
Let:
(a,b) € RP <= Fa < Dla,b € | Je, 4

f<u
(a,b) e R® = Af < wla.be Uca,ﬂ].

a<i

Then B = (p, R?, R?) is a structure with two equivalence relations, which commute and
#R;BOR? = 1. Thus,B € K, muse-

So all the structures A = (A, RY, Rg[) ek
of the type Ay X py, ¥ <6, for #R?oR? =£.

Remark 2.2.0.1:
By using Dubreil-Jacotin theorem we get a similar characterization of the relationships
between the R?[ and R§[ blocks w.r.t. a block [c] gu .
1 2

are a collection of matrices { M (y)}

commute y<é&

One of the benefits of this representation is that the construction of such interesting struc-
tures can be done easier as demonstrateed in a proof of in section 2.5.

Remark 2.2.0.2:

LetA e £ If:

rectangle*
1. A is finite; thus, there is a natural number n € w such that card(A) = n and,;
2. A= A; X A,, card(A,) = k, card(A,) = k,, such that k|, k, € w, n = k.k, and;
3. #R?[ = ml,#Rgl =m,,

then k,|m,, k |m,, #R?[o RY = My In particular if A € Ky, and is finite, then

card() and # R¥oRY Are always square natural numbers.
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2.3 Do they differ?

231 Th(K

commute)

is a proper subtheory of Th(X

rectangle )

Let us define the formula ¢_(x, y) of (R;, R,, =) in the following manner:

P_(x,y) = (Ri(x,y) A Ry(x, y)).

Let y_ be the following sentence:

Vo S VxVy(p_(x,y) © x =Y).

Then y_ is true for all structures of K LetA e £ Leta, b € A, then:

rectangle* rectangle*

A E o_(x,yla, bl =
[(pry(a). pri(b)) € R} & pray(a) = pra(b) & pri(a) = pr,(b) & (pry(a). pry(b)) € R}] =
[pri(a) = pri(b) & pry(a) = pry(b)] <
A = (x = y)la, b].

Therefore, we can conclude that 2 | y_.
Let 9, be defined as: 2, = ({0, 1}, R;", R,"), where R, = R)" = Ay X A,. Then
2[O € ]Ccommute and 2[0 b& y_.

23.2 Th(K ) is a proper subtheory of Th(K

rectangle square)

Let us define a number of formulae this time:

PR ok, (%, ¥) = F2(R|(x,2) A Ry(z, 7).
PoneBlockR,oR, = 3xvy(¢RloR2(xv )
PrwoOrLessindividuals = EIley‘v’z(x = zZVy = Z)-

Ponelndividual = IxVy(x = y).

The intended semantics of the formulae is explained in the name of the formula. Let y;,,
be the following sentence:

Vior = (poneBlocleoRz A @uoOrLessindividuals — Ponelndividual*

Then y,, is true for all structures of X LetA € £ Leta,b € A. If A has

square* square*
more than one equivalence class in R?oRg[ and if 2 has more than two individuals in its

universe, then y,,, is trivially true.
Let A I= (poneBloclech N @rwoOrLessindividuals Then:

A I= (poneBlockR10R2 A @twoOr LessIndividuals <
2 has exactly one block w.r.t. R?[oRg[ of cardinality one.

By remark 2.2.0.2 the cardinality of the universe of a finite structure from the class K,
is a square number; therefore, we have 2 = @, 1.4ividua» @0d; therefore, we have equivalence
between the last the expressions.

Let 21, be defined as: 20, = ({0, 1} x {2}, R, R,"), where R} = {0,1}? and

A
R20 = {2}2 Then 2[0 S ]Crectangle and 2[0 % Yot
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2.4 Are the classes axiomatizable?

Proposition 2.4.0.1:

K commure 18 finitely axiomatizable.

Proof. Let I be the set of consisting of the sentences:

@; = VxR (x,x).

@y = VXVY(R(x,y) = Ry(y,X)).

@3 = VxVWV2(R,(x.7) A Ry (3.2) = R, (x. 2)).

@4 = VXR,H(x, x).

@5 = YxVy(Ry(x,y) = Ry(y,x)).

Pe = VXVYVZ(Ry(x,y) A Ry(¥, 2) = Ry(x, 2)).

@7 = VXVy(3z(R,(x, 2) A Ry(z,y)) < Fz(Ry(x, 2) A Ry(z, y))).

Letge = /\T. Then for any structure 2 for (R, Ry, =):
2[ e ]Ccommute <=> 2[ I:= (pxz:ummute'
|
Corollary 2.4.0.1.1:
K is finitely axiomatizable.
Proof. By remembering definition 1.2.2.5 and using the previous proposition 2.4.0.1, we have
that the same @y, finitely axiomatizes lememe. [

Even though this class of structures is finitely axiomatizable, its theory is undecidable
as shown in section 2.5. Moreover by being finitely axiomatizable and applying corollary
1.4.0.5.1 it is hereditarily undecidable. Then Janiczak’s theorem about the undecidability of
Th(K,g5) is an immediate corollary (only remove axiom @5).

Remark 2.4.0.1:

There is use to try and prove that in a finite RFOL language K/ is not axiomatizable,
because it is not true.

Let & be a finite RFOL language and let X be some class of finite structures for L.
Then for every n € w, there are a finite number of structures in K of cardinality n up
to isomorphism. That is because for a structure 2 € K, card(A) = n, we can write a
sentence @g such that for all structures B for 2 [B = @y <= A = B]. Therefore, if y,
is the sentence saying that in the universe there are exactly n elements, the set
v, = (o, V...V (pg[kn) | n € w*} axiomatizes K.

Remark 2.4.0.2: . '
Al K erangler Ksguare: ICfrl o angle 804 legua,e are not closed w.r.t. isomorphisms. That is
because if we take a structure 2 € K, ./4nq1» then it is of the type (A} X A,, Rf[, R?). Let
the set B be such that card(A) = card(B) and the elements of B are not tuples. Then
A =~ (B, RY, R§[>, but (B, R¥, R%I) ¢ K (the same reasoning can be applied for

the other classes).
Therefore, K, ungie> Ksquares IC’j :C angle and ]Cf,’;uare are not axiomatizable.
The question is if we close the classes w.r.t. isomorphisms, can we (finitely) axioma-
tize the new classes?
Let us denote with I(K) = {2 | (3B € L)[A = B]} the closure of the class £

w.r.t. isomorphisms.

rectangle
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Proposition 2.4.0.2:

I )and I(K ) are not axiomatizable.

rectangle square

Proof. We will do the proof for I(X ). The same proof can be used for 1(KCy,,,)-
Suppose it is axiomatizable. Then there exist a set of sentences of (R,, Ry, =) X such

that for all structures 2 for 8(R,, Ry, =):

rectangle

A EZ= ABeIX NIB = AL

rectangle

Let 2[ € ]Crectangle (also 2[ € Icsquare
of the matrices is of the type ¥y X N:

Ny X N, {
Ny X N, {

Let B be such a structure that it has four matrices and three of the matrices is of the type
R, X N, and one is of the type 2% x 2% (any cardinal numbers @, § such that @ > R, f > N,
and at least one of them > N, will be sufficient for forming the matrix):

) be such a structure that it has four matrices and each

N—— ——
N X Ny Ny X N,

2% x 2%
—
280 % 2%
No X R {
Ny X N {
N—— ——

Ry X Ny Ny X Ry

Then A = B (for every n € w we can prove that the Duplicator has a winning strategy
for the n-round Ehrenfeucht—Fraissé games, and; thus,, 2 =, B).

An alternative proof of 2 = B is using Downward Lowenheim—Skolem theorem. By
applying it we get a countable elementary substructure € < 8. Then € = B. We can say
with a formula that there are exactly four matrices in the universe of 2B, so then € has exactly
four matrices. Can we say that some matrix is finite in €? If we could, then we can describe
it with a first-order formula, but then it must be true in 2B, which is not the case. Thus, all the
matrices of € are infinite, but € is countable, so the matrices must be also countable. As a
result € = A which implies € = 2; therefore, 2 = B.

Asaresult B EX. But B ¢ I(K ). We obtained a contradiction.

rectangle
|
Proposition 2.4.0.3:
1 (lC‘r’z Z mngle) and I(K sjf;,;m) are not finitely axiomatizable.

Proof. We will do the proof for I (lCﬁ " ). The same proof can be used for I (X

rectangle square)'
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Suppose it is finitely axiomatizable. Then there exist a sentence ¢ of &(R;, R,,=) such
that for all structures 2 for (R, R,,=):

[2 is finite = [A g < Ac L™ 7).

rectangle
Let gr(ep) = k.
Let ¥ € K7 " (also A € e/ ) be such a structure that it has four matrices and each
rectangle square

of the matrices is of the type k X k:

k xk {
k xk {

Let B be such a structure that it has four matrices and three of the matrices is of the type
k X k and one is of the type (k+ 1) X (k+ 1) (any cardinal numbers «, § such thata > k, f > k
and at least one of them > k will be sufficient for forming the matrix):

N~ —~—
kxk kxk

k+1D)xk+1)
——

kK+1)xk+1)
k x k {

kxk {

Then A =, B (we can prove that the Duplicator has a winning strategy for the k-round
Ehrenfeucht—Fraissé games).
Asaresult B = @. But B & I (ICﬁ " ). We obtained a contradiction. [ |

rectangle

N———~—
kxk kxk
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2.5 Undecidability of Th(KX

commute )

We are going to define a class of structures which will be of interest to us:

K = {(A, R¥) | R¥ is symmetric and irreflexive in A}

irref, sym

for the language {(R, =).

Remark 2.5.0.1:

In (H. Rogers, 1956) it is demonstrated that the theory Th(K,, i) With added
non-logical axiom VxVyVz(R(x,y) A R(y,z) — —R(x, z)) is undecidable. This theory
is finitely axiomatizable so by corollary 1.4.0.5.1 it is hereditarily undecidable; therefore,
we have that Th(K;,, s,,) is hereditarily undecidable as well.

In (Lavrov, 1963) there is a proof that the sets Th(KC;, s,) and

Sent(&(R;, Ry, =)) \ Th(lC.ﬁ " ) are recursively inseparable from which follows the

irref, sym ;
undecidability of Th(KX ) and Th(IC.ﬁ " ). Moreover, in (Ershov, 1980) there is a
proposition stating that X

irref, sym
fin

irref, sym

irref, sym

has a hereditarily undecidable theory.

Now we will use the method of Relative elementary definability to demonstrate that
commute ha; an undecidable theory.

Let KU e D€ all structures from X, Which have exactly one matrix.

Let k,m € w* be positive natural numbers such that k # m. For simplifying the following

steps let us fix k = 1 and m = 2.

Theorem 2.5.0.1:
The class K;

irref, sym

K

is relatively elementary definable in the class C“%

commute’

Proof. LetA € K A = (A, RY).
Let us define the following formulae for the language (R, R,, =):

irref, sym>

@ onepoinicen(X) = VYR (x,¥) A Ry(x,y) = y = X).
Prvoroinicen(Xs ¥) = Ry(x,¥) A Ry(x, y) A X # yA
Vz(R;(x,2) A Ry(x,z) > z=xV z = y).
Point(x) = @onepoincen(X) A VY((x = y) A (R (X, 1) V Ry (X, 1)) = 7@ pepoinicen(¥))-
Edge(x,y) = (x = y) A Point(x) A Point(y) A 3x,3x,3y13Y2(@pvopointcen(X1s X2)A
@rvopoinicell ¥1> ¥2) A Ry (X, y1) A Ry(y, y1) A Ry(x, x1) A Ry (3, x1)).
Equality(x,y) = x = y.

Edge(x,y) is a possible definition for the binary relation symbol R of (R,=). We will
call elements satisfying Point(x) I-points and elements satisfying Edge(x,y) 2-edges (by
the choices for k and m).

Let {a,},<, 1s an enumeration of the elements of A, where card(A) = A.

We can construct such a structure B € K using 2 having a matrix (only one block

. o ) commute
in the composition of the relations) such that:

I, fa=p
card(c, ;) =12, if (a,.a;) € R¥

3, otherwise

3 was chosen as an arbitrary number different from k and m.
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commute )

13

FIGURE 2.2: Example for a three node graph

Here is such a construction.
Let f, g be functions such that:

e Dom(f)= Dom(g)=AX A;

e fora,b € A, f(a,b) is a two element set and if (a, b) # (a’,b’) for a’, b’ € A, then
fla,b)yn f(d',b) =0

e fora,b € A, g(a,b) is a three element set and if (a,b) # (d’,b') for d’, b’ € A,
then g(a,b) N g(d’, b)) = B;

e |JRange(f)n|J Range(g) = ¥ and (| J Range(f) U | Range(g)) N A = @.

For example such functions satisfying these conditions are:

f(a.b) = {{0,(a, b)), (1.{a, b)}};
g(a,b) = {(2,(a, b)), (3.(a, b)), (4.(a, b))},

for a,b € A. WLOG we can assume that the elements of A are not ordered pairs with first
coordinate an integer between 0 and 4.
Then let:

* B= AUJ{f(ay.ap) | (a,. a5) € Rm}UU{g(aa,aﬁ) |a, # ay & (a,,a5) & RY};

e (a,b) € Rl% <~ (Qa < Mla,b € {a,} UU{f(aa,bﬂ) |a # p&PJ < A} U
U{g(aa,bﬂ)|a;éﬁ&ﬂ</1}],fora,beB;

e (ab) € R® < @f < Dlab € (a5} UU{f(apby) |« # f&a < A} U
U{g(aa,bﬂ)|a;éﬁ&a</1}],fora,beB.

Let C = {a € B | B E Point[a]l}. Then we have that the structure B satisfies the
following conditions:

e C#£0;

e there exists a bijection A : A »» C, such that whenever a,b € A it is true that
(a,b) € R* <> B k= Edge[[h(a), h(b)].

Now if we take the quotient of C w.r.t. the congruence Equality(x, y), because of the
simplicity for Equality(x, y) and the choice for k = 1, the elements of the quotient set will
be singletons. L.e., we trivially fulfill one of Ershov’s conditions for the application of theo-
rem 1.4.1.1 (in the its full form we may need the points of A to be represented in B by some
configurations and then we need to do factorization w.r.t. Equality). Let R® = {(a,b) | a,b €
C & B k= Edgella, b])}. The structure € = (C, R®) is already isomorphic to 2 and we have
not yet applied factorization w.r.t. Equality(x, y). We will not need to care for the congruence.
If k # 1, that will not be the case.
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We can prove by induction on the formula y(x4, x,, ..., x,,) € Form(2(R, =)) that for all
€1,¢3,...,¢, € C:

B Ey e, c,...,c,l <= C Ewylc, ey, ..., c,l,

where y* = Wy as in the proof of theorem 1.4.1.1.
It is immediate now that 2 =~ €.

|
The following figures are some examples how we can represent a finite graph in a structure
of K:zg;nmute :
1323
3,123
2,213
@ 31331
2
2
OO, 2
% 2
Theorem 2.5.0.2:
Th(lCZ;‘;mu .») 18 hereditarily undecidable, and, therefore, undecidable.

Proof. By theorem 2.5.0.1 we get that is relatively elementary definable in the class

irref, sym

ICifonmu . and since K¢ ., is hereditarily undecidable we enter the conditions of theorem
1.4.1.1 making IC‘Cdl’)‘,’q1 e NEreditarily undecidable. [ |
Theorem 2.5.0.3:

Th(K ., pumuze) 18 hereditarily undecidable, and, therefore, undecidable.

Proof. From theorem 2.5.0.2 we have that Th(XC“" ) is hereditarily undecidable, but

commute

Th(K . ppmuse) 18 @ subtheory of Th(ICZZ;mm) making it also undecidable. By remark 1.4.0.1
Th(X,ppmuie) 18 also hereditarily undecidable. [ |

Corollary 2.5.0.3.1 [Janiczak, Rogers]:
Th(K,g5) is undecidable.

Corollary 2.5.0.3.2:
Th(K,g5) is hereditarily undecidable.

Theorem 2.5.0.4:
Th(K!™ Y is hereditarily undecidable.

commute
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commute )

Proof. From remark 2.5.0.1 we have that Th(X fin ) is hereditarily undecidable.

irref, sym
Remark that if the structure 2/ is finite, then the construction in the proof of theorem 2.5.0. 1

shows that B is also finite. Therefore, Th(IC.ﬁ " ) is relatively elementary definable in
y y

irref, sym
Th((KC™ )iy and by theorem 1.4.1.1 Th((lCém,:ute)“”i) is hereditarily undecidable, rend-
ing Th(K ﬂ%mm) also hereditarily undecidable. [ |
Corollary 2.5.0.4.1:
Th(lcgg 5) is hereditarily undecidable.
Remark 2.5.0.2:
Since Th(K,.muie) S TH(K LJZ;mme), then theorem 2.5.0.3 is a corollary of theorem 2.5.0.4.

Lemma 2.5.0.5:
There exists a theory for (R, R,, =) having Th(K
axiomatizable and decidable.

) as a subtheory which is finitely

commute

Proof. Lety = @y CAVXVP(R (X, y) © Ry(x, y). Then this extension of the theory is
the theory of K, Which is decidable (¢, is used in proposition 2.4.0.1).

There are a lot of syntactical complete (i.e., for every formula ¢ of the language of the
theory either @ or =@ is a theorem of theory) extensions of the theory Th(KX ). If we
take a finite structure ¥ € IC’j_zmmm, then the formula @y characterizing the structure up to
isomorphism can be added to the theory to obtain, yet again another finitely axiomatizable
and decidable extension.

For example let the structure 2 for (R, R,, =) be defined as in this figure:

commaute

FIGURE 2.6: R?[ is in dark blue and Rgl is in cyan

It is immediate that A € K_,,,ure- Thus, Th(K ., ,mure) S Th(2A).
The Th(2) is finitely axiomatizable and the problem of validity of a sentence in it is

decidable. B
Corollary 2.5.0.5.1:
Th(K ., ,muze) 18 NOt essentially undecidable.
Lemma 2.5.0.6:
K commute does not have FMP.
Proof. If K,,,mue had FMP, then by being finitely axiomatizable by proposition 2.4.0.1, then
by theorem 1.5.2.2 it will have a decidable theory; hence, a contradiction. [ ]
In the next section we will see what happens with some of its subclasses K4, and

K

square*
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2.6 Decidability of Th(K,,.4,g1.) and Th(K,,4)
Remark 2.6.0.1:
Since in K, qpg00 and in K, ., both model VxVy(x =y © R,(x,y)AR,(x,y)); therefore,

automatically all cells have cardinality one.

Now we will take an alternative approach to see the decidability of Th(K,,unge)-
Let us have a structure 2 = (A, R¥) for the language R(R, =). We will effectively gener-
ate two new in a way expansions of 2 for the language &(R,, R,, =) in the following manner:

Let A=2 = (A, R?[zz, R§[=2) be such that the interpretation of R?zz is the same as that of
R¥ and the interpretation of R§[=2 will be that of equality of individuals of A (formal equality
in the structure 2A). Similarly, we generate an expansion A~ = (A, R?[zl , R§[=l> such that
the interpretation of R?Izl will be that of equality of individuals of A and the interpretation of
Rg[zl is the same as that of R¥.

We can also obtain a structure 2 = (A4, R¥) for the language (R, =) when having A~ =
(A, Rf[:', Rgl:‘) for the language (R, =) by having the universes to be the same and having
the interpretation of R be the same as R?[:‘.

Let us take a formula ¢ from 8(R, =). We can effectively generate two formulae =% and
@~ like this:

e For ¢=2 we substitute all occurrences of the predicate symbol R for R, and we substi-
tute all occurrences of the formal equality = for R,.

e For ¢=! we substitute all occurrences of the formal equality = for R,, and we substitute
all occurrences of the predicate symbol R for R,.

In turn by taking a formula ¢ from {(R;, R,,=) we can obtain a formula from the lan-
guage {(R, =) by substituting all occurrences of the symbol R; with R and substituting all
occurrences of the symbol R, with =. We will denote it as ¢[R,/R, R,/ =] or tr,(¢p). We
can do also this translation ¢[R,/ =, R,/ R] or tr{(¢).

We will show an example:

Let ¢ = VxVyVz((R(x,y) A x = y) V x = y) be a formula from (R, =). Then ¢~! =
VXYV z((Ry(x, ¥) A Ry (X, 2)) V Ry (x, y)) and tr|(¢~") = VXVIVz((R(x, ) Ax = 2) VX = y).
If we want to return to the language 8(R,, R,,=) we do not know which = comes from a
substitution of the symbol R; with = or was originally =; thus, we do not have injectivity of
the translation, but at least every formula from R(R;, R,, =) has a translation (totality).

We can prove:

Lemma 2.6.0.1:
For any formula ¢(x,, ..., x,) from the language (R, =), for any structure 2 for (R, =)
and for any individuals ay, ... ,a, € A we have:

AEolay,....q,] = A2 Eoay,....aq,] = A~ o~ ay,...,a,l
Proof. Induction on the construction of the formula (x4, ..., x,). [ ]

Corollary 2.6.0.1.1:
If the structure 2 for (R, =) has a decidable theory, then so do the structures 2=! and
A=2,

Remark 2.6.0.2:
Let K= s (AT | A € K} fori=1,2.
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Corollary 2.6.0.1.2:
If the class of structures K for (R, =) has a decidable theory, then so do the classes X=!
and £=2.

Proof. Let K have a decidable theory. Therefore, for any sentence ¢ in the language (R, =):

@ & Th(K) <
AA € BO[A o] =

lemma 2.6.0.1
AA € O)[A E ] =

AA € KA E-p7!] =
AA e A o™l =
AA e KL HA K™ =

o= & Th(K™").
Therefore, Th(KX=") is decidable. The same goes for Th(K=2). B
Lemma 2.6.0.2:
For any formula ¢(x, ..., x,) from the language R(R;, R,, =), for any structure 2 for

(R, =) and for any individuals a,...,a, € A we have:

A~ Egllay,...,a,] <= A Etr(olay, ..., a,l
fori=1,2.
Proof. Induction on the construction of the formula ¢(x,, ..., x,,). [ |

We remind that K, is the class of all structures for 2(R, =) such that the predicate
symbol is interpreted as an equivalence relation on the universe of the structure.

Why was all this introduced and why is it useful? The reason is that it gives us a decon-
struction of the models of &, ,;qge-

If we have 2, 2, € K,,,;,, then 2[?2 X 2[;1 will be such a structure that:

e the universe is A; X A,;

=2 =1

AT-XA
e the interpretation of R " 2" s such that for any (a, b),(c,d) € A X A,:

=2 =1
ATXAUT

=2 =1
(a,b),(c,d)) € BT ™ <> (a,c) e R, &(bd)ER> <>

=2
(a,c)eR'" &b=d.

=2 =

A=A
e the interpretation of R, 2" is such that for any (a, b),(c,d) € A| X Aj:

=2 =1 =2 =1
(a,b), (c,d)) € R,' ™ <> (a,c) R, &(b,d)ER,> <>
=1

a=c&bd)eR," .

Proposition 2.6.0.3:
(1) A, x A, = 2[?2 X 2[;1 , 1.e., the direct product and the modal product coincides for
mod

these specific structures.
def.
(2) Krectangle if {?[1 m>o<d 2[2 | 2[1’2[2 eK

(AT AT | AL Ay €K

x K 2.6.()=.3.(l)

equiv

K

equiv } =

= K2 X K]

equiv } equiv equiv’

equiv
9 mod
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2.6.1 Decidability of Th(KX

rectangle )

Now we will talk about the decidability of the theory of &C,,.,,q.- By using old results on
decidability of generalized products and powers from the 50-ties started by Mostowski and
continued by Feferman and Vaught, we will prove a corner case corollary which will yield
one means with which we will show the decidability of Th(XC ). The original papers are
(Mostowski, 1952) and (Feferman and Vaught, 1959).

Before we prove the decidability of the theories, we will make some preparations.

Let L be a finite RFOL language with or without formal equality =. In order for the proof
of the proposition and theorem to go smoothly, we will think that the first-order predicate
formulae for & have some additional properties.

rectangle

e First, we wish @ to not contain the connectives and quantifier {«<, —,V} (usage of
equivalent transformations);

e Second, when we write ¢(x, ..., x,) we will mean that
Varf’ee[(p] U Varb"'”’d[(p] C{x,....x,}s

e Third, we wish that for @, Var/"¢[@] N V ar’®[¢p] = @ (usage of the 1.2.1.14);

e Forth, we wish that if we have a formula Jx¢, then the variable x does not occur as a
bounded variable in ¢ (usage of the 1.2.1.14);

Until the end of the proof of proposition 2.6.1.3 we will think of the formulae of & to have
these properties.

We will need to evaluate @(x;,...,x,) in A X B for A and B some structures over L.
Then the x4, ..., x,, are ordered tuples with their first coordinate from A and second coordinate
from B. Let us take fresh distinct variables y,, ..., y,, z;, ... , Z, and then associate with each
variable x; the variables y;, z;.

We will now define a very specific finite set of ordered pairs of formulae for each formula
@(xq, ..., x,) of the language & which will be evaluated in a product of two structures.
Definition 2.6.1.1:

Let @(xy, ..., x,) be a formula from K.

Then we define (@) = {(y/il(yl, ces V) lI/iZ(Zl, ...»2Z,)) | i € I}, where I is a non-
empty finite set of indices, using induction on the construction of the formula.

o If p(xy,...,x,) = (x; = x;) for some 1 < i, j < n, then:
(o) = ;= ¥ (z; = zZ))}s

o If p(x,...,x,) = p(xil,...,x,.k) for some indices {i,...,i,} € {1,...,n} and
k-ary predicate symbol p, then:

Ced = UpWips -5 33 P(Zi - 2D )

o If p(xy,...,x,) = (¢, V @,) and we have (@, )), {®,)) by the induction hypoth-
esis, then:

(o) = (@) U (2

o If p(xy,...,x,) = (¢, A @,) and we have (@, )), {®,)) by the induction hypoth-
esis, then:

(o) = L Aw) Wi A [ (wlwi) € o) & (wy . w3) € (@) )
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o If p(xy,...,x,) = 7y and we have (y)) = {(;(l.l,;(iz) | i € I} by the induction
hypothesis, then:

(o) = K N\xls N\ 2y 1J e P

ieJ NSAVA
(the size of the new set stays finite, but jumps exponentially);

o If p(xy,...,x,) = Ix;y and we have (y)) = {()(l.l(yl, v V) ;(iz(zl, v Z) |
i € I} by the induction hypothesis, then:

Co) = (Fix" 3z | 1t 27 € Cw) )

Then we can prove this proposition for this effective mapping with induction on the con-
struction of a formula from the language K:

Proposition 2.6.1.2:
Let 2, and 2, be structures for L.
For all formulae ¢(x, ..., x,) for 8 and any » individuals (a,, b;), ..., {(a,, b,) from
A X A, we have that:

A, x AU Eoll{ay. by), ... (a,, b,)] =
A y?) € (o, Ey'lay,...,a,1 & A, Ewlby, ..., 5,11

Proof. Let A, and 2, be structures for L.
We will prove the proposition using induction on the construction of ¢ in .

o If p = (x; = x;) for some 1 < i,j < n. Let (a,,b;),...,(a,,b,) be individuals from
A X A,. Then:
2[1 X 2[2 |= (xi = xj)[[<al,b]>, . ,<an,bn>]] —
(a;,b;) =(a;,b;) <=
ai =aj&bi =bj =
A = =yplay,....a,1 &Ay E(z; = z)0by, ..., b,] <=
@A w?) € (6 = x)DIA, Evw'lay....q,]1 &Y, Ey?[by, ..., 5,1

o If p = x5 X ) for some indices {i(,...,i;} € {1,...,n} and k-ary predicate
symbol p. Let (a,, b,), ..., {a,, b,) be individuals from A; X A,. Then:
A, x A, |=p(xl-1, ,x,-k)[[(al,bl), vesfa,, b)) <=
((ay,by), .., (a,,b,)) € P =
(aj,...,a,) € pm1 &b,,....b,) epg[2 =
A Epis--yilay, .. 0,1 &, Ep(z; ..o z)lby, ... b, =
AW, y?) e ((p(xl-l, ,xik)»)[%[] Ev'la,....a,1 &% E 1//2[[b1, .., b, 1]
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o If ¢ = (¢, V @,) and we have induction hypothesis for ¢, and ¢,. Let (a;, b;), ...,
(a,, b,) be individuals from A; X A,. Then:

2[1 X 2[2 |= ((pl \% (p2)|I<al, b1>, ey <an, bn>]] <~

(i-h)
Ay XAy E @ill{ay, by), ... a,, b)I WU XA, E @yllay, by), ..., {a,, b,)] =

A\ w)) € (oMY, Eyila,....a,]1 &%, Eyilby,....b,11 v
Ayl wl) € oMU, Ewilay,....a,]1 &, Eyllby, ...l <
(3’0//1,1//2) € <<fP1>> U «(Pz»)[ﬂ] = Wlﬂala na, | &UA E ll/2[[b1’ wobll =
Ay w?) € (o VoI, Ey'la.....q,] &%, = y?[b..... 5,1

o If = (¢ A @,) and we have induction hypothesis for ¢, and ¢@,. Let (a;, b,), ...,
(a,, b,) be individuals from A X A,. Then:

2[1 X 2[2 '= ((P] A (p2)|I<a1, b1>, ey <an, bn>]] =1

(i.h)
Ay XAy E @illay, by), ... . {(a,, b)] & Ay X A, E @l€ay, by), ..., (a,, b,)] =

Ay, w)) € (oMY, Eyilay, ... a1 &%y Eyilby, ..., bl &
v,y v3) € (DI, Ew,llay.....a,]1&A, Ew;lby.....b,]] <
AW\ w}) € (o) Aw,. w3) € (@2))

12, E () Awylay, ..., a,] &y ] AWy, ..., byl =
) AwD), (wy Aw3) € (@1 A @)

12, k= (v Aylay, ..., a,] &y | W7 Aw)Iby, ... b, ] =
A v?) € (o1 Ao, Ev'lay....a,] &%y E (b, ..., b,

o If ¢ = =g, and we have induction hypothesis for ¢,. Let (a;,b,),...,(a,.b,) be
individuals from A; X A,. Assume that {¢@,)) = {(1//1.1,1;/[.2) | i € I}. Then:

2[1 X%[z h _‘(p1[[<a1,b1>, ,<an, bn>]] —

(i.h)
A x Ay = @ill{ay, by), ... (a,, b)) =

def. o1 )
V(y! ) € (o DI, K w'lay, ..., a, W%, Eylby, ..., bl e

Vie DA, Ey'lay,....a,] VU, Ey?lb, ..., b1 <
Vie DA, E-wy'lay,...,a,] VU -y [by,....b,11 @)
Let the last equivalent reformulation be denoted as (i).
First (=).
Let A, X A, =-¢,[{a,.b;)....,(a,, b,)]l. Then we have (i). Let:
Jis{ilie &% E-y'la,....q,l}
and

I, s {iliel&A, E-yb,....b,1}
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By (i) it holds J; U J, = I. Therefore, we have:

o0 = N\-wlla.....a,1&% E \~w?2ib.....5,I.

ied; ied,

Thus, from I \ J; C J, follows:

A = N\w'la,....q,1&% E N ~wlib.....b,I.

ied, iel\J

But ( A !, A\ —w?) € (~e,)); therefore, we get:
ied; iel\J,

AWl w?) € (oA, Ev'lay,....a,]1 &%, Ey?[by, ..., b,

Remark 2.6.1.1:
A~ = Vx(x = x), i.e., it is the trivial truth, for whatever formulae ;.
i€

Now (&<).

Let 3w, v?) € (oI, Evw'la,....a,] &%, = ylby, ..., b1
Let (w', w?) be witnesses. Then by the definition of {—¢,)) there exists a J C I, such
thaty! = A-y!andy? = A -yl
ieJ iel\J
Then:

(21, /\_‘ll/ill[al’ a, ) &[2A, E /\ ﬂy/l?[[bl,...,bn]]] =

ieJ iel\J
Vie DA, Ey'la,....a, 1 &Ni € I\ DA, E-ywllby,....b0,]1=
Vie DU, E-y'la,....a,] VA E-y2[by, ... 0,11

But the last expression is (i) which is equivalent with:

Ay XAy E-oll{ay, by), ... (a,, b,) 1.



52 Chapter 2. A tale of three theories

o If = Jx,¢, and we have induction hypothesis for ¢; (WLOG let x; be x;). Let
(a;,by),...,{a,,b,) be individuals from A; X A,. Then:

Ay XAy E3xy9,[{ay, by), (ay. by), ... . (a,, b)) =
Fue A} X A)[A, XA, = @ llu,(ay, by), ....{(a,,b)]] =
(3d| € AD@AD| € A)Au € A X Ay)
[u=(a), b)) &A X Ay | @y[[u,{ay,b5), ..., {a,, b,) 1] =
3d} € AD@AY, € A A v?) € (@1 )
[, Ev'ld,ay....a,] &%, Ew?[b].b,,....5,]] =
@', w?) € (o )Ad, € AV € Ay)
[, Ev'ld).a,.....a,] &A, Ey?[b), by, ....b,]] <
A v?) € (o)
3d| € ADIY, Ev'ld),ay.....a,]1 & @b| € AN, Ew[b].by,....5,]] <
A" y?) € (o)
[, = 3Iy,w'lay, ap ..., a,] &, = 3zy2 by, by, ..., b, 1] =
A v?) € (I, Fw'layay....a,] &y Ey[by, by, ... 5,11

This corollary has been formulated and given a sketchy proof in the book of Ershov, but
here we will prove it in full:
Proposition 2.6.1.3:

Let & be a finite RFOL language

(1) If A, and A, are structures for the language & such that Th(A,) and Th(A,) are
decidable, then Th(A, X A,) is also decidable.

(2) If K, and K, are classes of structures for language & such that Th(XC;) and
Th(K,) are decidable, then Th(K; X K,) is also decidable.

(3) Let K be a class of structures for language & such that 74(K) is decidable and
let K' = {AxA| A€ K}. Then Th(K') is also decidable.

Proof. Proof of (1):

Let 2, A, be structures for & such that 7A(A ;) and Th(A,) are decidable.

Let @ € Sent(R). Then we construct (@) following the definition. We have two cases
for the validity of ¢ in 2, X 2,.

(1) Let A, X A, = @. Then by proposition 2.6.1.2 we have that
Ayl y?) € (oA Ey' &y Ey?).

(i) Let A, X A, }~ @. Then by proposition 2.6.1.2 we have that
V(y' w?) € oA, FEw! VA, [y

Our decision procedure will be the following:

One by one we analyze the tuples (w!,w?) € (). For each tuple (yw!,y?) € (@),
since Th(2,) and Th(2,) are decidable, we can recognize if %, | w! and if A, | w2

Let for there exists a tuple (y',y?) € (@) such that A, = yw' and A, | w2, then we
stop the procedure and we state that 2; X 2, = ¢.

Let for all tuples {(y',y?) € (@) is true that A, }= yw' or A, = w2, then we stop the
procedure and we state that 2, X 2, = @.
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Since (@) is constructed from ¢ effectively and {¢)) is a finite non-empty set of pairs of
sentences, then we have a decision procedure for the validity problem for 2, X 2.

Proof of (2): Let K, and K, are classes of structures for & such that Th(X,) and Th(XC,)
are decidable. Note that C; X Ky = {U; XU, | A, € K, & A, € K, }.

For all ¢ € Sent(R) we have that

@ & Th(K) < AU, € L)Y, I~ o],

for i = 1,2. Since Th(K,;) is decidable, then given a sentence ¢ € Sent(R) the problem
@ & Th(K;) is also decidable for i = 1,2. Let (*) denote this fact.
Let ¢ € Sent(R).

@ & Th(KC, X K,) <>
@A, € £)AA, € LA, X A, | ] <

prop. 2.6.1.2
(32[1 (S Kl)(ﬂg[z (S KZ)[Q[] X 2[2 I= _'(p] —

A", € KA, € L)y vw?) € (oMY, Ey' &Y, Ey’] <
@AY, € K)AA, € K) Ay, v?) € (oA, ' &, '] =
A’ v?) € (~eNEY; € £)NAA, € )Y, K —y' &, ] =
@' w?) € (CeNIEY, € KDY, K= ~w'1 & @A, € KIA, =~y

Now we will demonstrate a prodecure which given a sentence ¢ € Sent(R) can determine
if o & Th(K| X K,).

We construct {—¢)) following the definition. One by one we analyze the tuples (y!, y?) €
(o).

Let for there exists a tuple (y',w?) € {—¢@) such that AA, € L£)[A,; ¥ —y'] and
aA, € LA, -w?]. By (*) we have that the latter are decidable problems. By
2.6.1.3.(1) A, X A, = —~@. Then we stop the procedure and we state that A; X A, = @.

Let for all tuples (', y?) € (@) is true that=(IA, € K)[A, = '] or
-(3A, € K)[A, E —w?]. By (*) we have that the latter are decidable problems. By
2.6.1.3.(1) A; X A, = —@. Then we stop the procedure and we state that 2, X A, = ¢.

Since {—¢)) is constructed from —¢ effectively and {—¢)) is a finite non-empty set of
pairs of sentences, then we have a decision procedure for the validity problem for ; X &C,.

Proof of (3): Let £ & such that Th(K) is decidable.

For all ¢ € Sent(R) we have that

@ & Th(K) <= AY; € K)[A ~ ¢].

Since Th(K) is decidable, then given a sentence ¢ € Sent(R) the problem ¢ & Th(K) is also
decidable. Let (**) denote this fact.
Let ¢ € Sent(R).

¢ & Th(K') <
@A € K)([AX A | 9] <=

prop. 2.6.1.2
AA € O)([AX A E @] =

AA € KA yv?) € (oA Ev' & A Ey’] =
AA € KA. y?) € (oMU E W' Ay &=
Ay y?) € (Re)EA € LO)[A K= ~(w' Ay?).
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Now we will demonstrate a prodecure which given a sentence ¢ € Sent(R) can determine
if @ & Th(K").

We construct {—¢) following the definition. One by one we analyze the tuples (y!, y?) €
(o).

Let for there exists a tuple (y!, y?) € {~¢) such that (3A € L)[A = ~(y'! A y?)]. By
(**) we have that the latter is a decidable problem. By 2.6.1.3.(1) A X2 = —~@. Then we stop
the procedure and we state that 2 X A = ¢.

Let for all tuples (y', w?) € (—¢) is true that = (A € L)[A = (v A w?)]. By (5%)
we have that the latter are decidable problems. By 2.6.1.3.(1) 2 X 2 = —~@. Then we stop the
procedure and we state that 2 X 2 = @.

Since {—¢)) is constructed from —¢ effectively and {—¢)) is a finite non-empty set of
pairs of sentences, then we have a decision procedure for the validity problem for K.

Theorem 2.6.1.4:

The theory of K is decidable.

rectangle

Proof. We know K,,,;, has a decidable theory discussed in subsection 1.8. Therefore, by

corollary 2.6.0.1.2, so do ICZIZMV
we have that ICe:qzuiv X IC:qlm.v has a decidable theory which by proposition 2.6.0.3.(2) means
that

has a decidable theory. [ |

and ]Cz;m.v. As a result from applying proposition 2.6.1.3.(2)

rectangle

Remark 2.6.1.2:

By proposition 1.5.2.3 K" has a decidable theory since it is a finite extension of
0 rectangle

rectangle With the addional non-logical axiom VxVy@g ., (X, y).

2.6.2 Decidability of Th(KX

square)

Remark 2.6.2.1:

Kyguare & AU X AN AE KLy} 0L (A2 x AT AL
mod

square equivy } equiv } :

Proposition 2.6.2.1:
The theory of K is decidable.

square

Proof. Let @ be a sentence from {(R,, R,,=). Then:

4 ¢ Th(lcsquare) Apnd

AU € K, ) UAT> X A7 [ 9] =
rop. 2.6.1.2
(A € K, A2 X A7 gl =

lemma 2.6.0.1
A e Kequiv)(zuwla W2> € «_'(p»)[%[:2 = _'Wl & A~ = ﬂ11’2] —

AU € K, 3w, w?) € (CoWIA [ -iry(w!) & A | -try ()] <
A" y?) € (CeNEA € Koy E (mtry(p') A-try ()] =
Ay w?) € (~eNEA € K,y )[A = ~(try(w') v ir (w?)] =
A y?) € (neN@AA € K,y (U = (tra(w) v ir ()] =
Ay w?) € (CoNlrw) v ir () & Th(K )]
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rectangle

Where tr2(u/1) and tr; (y?) are translations of formulae from the language of (R, R,, =)
to formulae of the language of (R, =). We have that {—¢)) is a non-empty finite set of pairs
of sentences and that y € Th(K,,,;,) is a decidable problem, rending y & Th(K,,,;,) also a

decidable problem for y € Sent((R;, R,,=)). Then we can conclude that K juare als0 has
a decidable theory.

Remark 2.6.2.2:
By proposition 1.5.2.3 IC?;’;M has a decidable theory since it is a finite extension of K

square
with the addional non-logical axiom VxVy@ RyoR, (X5 ¥)-
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27 K and £ have FMP

rectangle square

271 K has FMP

rectangle

has FMP and also show decidability of the theory of K/

rectangle’

We will show that X

Lemma 2.7.1.1:
Let & be a RFOL language.

rectangle

(1) If &£, and &, be classes of the structures for & have FMP, then Ky X K, has FMP.
(2) Let K be a class of structures for language & such that it has FMP and let
K = {AxA| A€ K}. Then K’ is also has FMP.

Proof. Proof of (1): Let ¢ € Sent(R) and let A be an arbitrary structure from K; X K, such
that 2 |~ ¢.

Since A € K| X K,, then there exist structures A, € K, and A, € K, such that A =
A, X A,. Let A, and A, be witnesses.
Then:

Ak =
AU XU, = =

prop.2.6.1.2
2[1 X 2[2 |= Q@ —

A’ v?) € (oY, Ey' &, Ey’l &=
s . 5, def 1521
FHyy) € (oMl Ew &AWy Ew] =

Ay v?) € (ne)3B, € KMAB, € KIM(B, v &B, v’ =

Ay’ v?) € (~e))3B, € £I"AB, € £I"[B, Fy' & B, Fy’] =

) . rop.2.6.1.2
@B, € £MAB, € LIMAW' v?) € (~oNIB, Ev' &8, Ey?] | =

3B, € £[")3B, € £")[B, x B, 9] =
@B e K" x KIM[B 9] =
@B e £ x KB I ¢l

Thus, £ X K, has FMP.
Proof of (2): Let ¢ € Sent(R) and let € be an arbitrary structure from K’ such that

C = o.
Since € € K, then there exists a structure 2 € K such that € = A x 2A. Let A be a
witness.
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Then:
CHFrp=
AXA E ¢ =
Ux A g s
A v e(CroNA Ey' &A Ey?] =
Ay y?) € (NI E W' Ay =
def. 1.5.2.1
Ay v?) € (oA - AyD] =
Ay w?) € (-e)@AB € KM[B K-y Ay?)] =
' w?) € (eNAB € KM[B E (v Ay?)] <
Ay y?) € (ne)HAB € K'M[B Ey' & B Ey?)] <
@B € LAWY y?) € (oNIB v &B Eyd] e
(AB € KM[Bx B £ ¢ <=
A% € (LYY k-] <
A% e (KY"MB' K o).
Thus, K’ has FMP. [

Proposition 2.7.1.2:

(1) If we have two classes of finite structures K and K, for the same RFOL language 2 ,
then K| X K, is also a class of finite structures.

(2) If we have a class of finite structures K for (R, =), then K£=2 and K£=! are also classes
of finite structures.

Proof. Proof of (1):
Each of the universes of structures of X; X K, is a Cartesian product of a finite universe
of a structure of X, and a finite universe of a structure of X, which is again a finite universe.
Proof of (2): To each structure of the class K we only add an interpretation of a new
relation symbol of the language and nothing is added to the universe of the structure making

the resulting structure again finite. [ |
Remark 2.7.1.1:
For a class of structures K for the language R(R, =), (K=" = (K/m)y~ fori = 1,2.
Remark 2.7.1.2:
Let K/ be the class of finite partitions.
equiv
27.1.1
= y=xe =TS (e yfink (=) ) fin s also a class of finite
rectangle equiv equiv equiv equiv
structures.

Proposition 2.7.1.3:
Let K be a class of structures for (R, =).
If XC has FMP then K=/ has FMP fori = 1, 2.

Proof. Let K has FMP. We will show that X=! (the proof for K£=2 is analogous).
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Let ¢ € Sent(R(R,, Ry, =)).

o & ThK™) <

AA' e KTHA™! ] =

=1 -1 =1 lemma 2.6.0.1
AU e HAT o] =

AU € OA = -1ri(9)] =

def 1.5.2.1
AA e OA Etri(p)] =

A8 € K'M)[B - tr(9)] <=

lemma 2.6.0.1
@B e K'M[B E-tri(p)] =

A8~ e }H[B=! £ -¢] =

@B e )BT gl e

@AB=' e (=HYM[B=" I ¢].
Thus, £=! has FMP. ]

Theorem 2.7.1.4:
K has FMP.

rectangle

Proof. From K
FMP,ie., K

has FMP we have from 2.7.1.3 and 2.7.1.1.(1) that lc;;u
has FMP by remark 2.7.1.2.

;) X K=! has

equiy i equiv

rectangle

Corollary 2.7.1.4.1:
Th(C™ yis decidable.

rectangle

has FMP by theorem 2.7.1.4; therefore, Th(lCﬁ " )=Th(K

rectangle

is decidable by theorem 2.6.1.4, so Th(ICﬁ " ) is also decidable. [ ]

rectangle

Proof. K
K

rectangle rectangle ) :

rectangle

272 K has FMP

square

Remark 2.7.2.1:
Let ICeZ ’;iv be the class of finite partitions.

cln — {2[=2 x A=! | A € ]Cf;’uiv} 1s also a class of finite structures.

square

Theorem 2.7.2.1:
K has FMP.

square
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Proof. Let @ € Sent({(R,, R,,=)).

@& Th(lcsquare) g

AU € K, [ AT X A7 = 9] =

rop.2.6.1.2
@Y € Ko (A2 XA Emg] =

1,2 -2 1 - 5 lemma 2.6.0.1
AU € Kppi) Iy y7) € (oNAT" Fy &A™ Fy’]

AU € K, Ay w?) € (oMU Eiry(y) &A Etr(v?)] =
AU € K, A w?) € (oMU k= (try(wh) Atr (w?)] =

AU € K, Fw' w?) € (NI = —(try(w') Atr (w?)] <=
def. 1.5.2.1
Ay w?) € (~eNEA € K, [U e (') Atri ()] =

A w?) € (Re)@B € K" B 1 ~(try(w') Atr (y?)] =

equiv
Ay w?) € (CeN@EB € KL B E (1w A tr (p?)] =
1 2 fin 1 ) lemma 2.6.0.1
. w?) €(roN@Be L, JIBENW)&BENY)] <
lemma 2.6.0.1
@B e AW .y?) € (CoNIB Emny ) &B iy =

equiv
rop.2.6.1.2
@B ek A ) e (roNBT Fy' &8y T =
@AB e K" B2 x B! £ ] =

equiv

@AB e K" B2 x B! - ¢].

equiv

Therefore, K has FMP. [ |

square

Corollary 2.7.2.1.1:
Th(KC ) is decidable.

Proof. K44y, has FMP by theorem 2.7.2.1; therefore, Th(IC‘{zI'fme) = Th(ICS;’uare).
K 4uare 18 decidable by proposition 2.6.2.1, so Th(ng,;m) is also decidable.
|
2.7.3 Another way to see that ... has FMP
We will not be satisfied with having only one method demonstrateing that K, ;4,4 has FMP.
We will show another method using Ehrenfeucht—Fraissé games and the fact that X, has

FMP and the methods used by Tinchev and Balbiani for obtaining it by reducing the cardi-
nality of structures in &C,,,;, to finite ones as in (Balbiani and Tinchev, 2006).

This method gives us more information about the exact upper bound of the complexity
of the membership problem to Th(K,,.qg.) than the previous. In the previous the amount of
pairs in a set (@) for a sentence @ jumps exponentially on each encounter of the propositional
connective — as well as the lengths of the formulae jump drastically (syntactically a lot of
formulae are generated on each step which are logically equivalent; for each quantifier V we
get formulae of exponential length); thus, rending the previous solution to have an exponential
space complexity.

We will use a property about the Ehrenfeucht—Fraissé game strategies formulated for the
direct product X of the “playing boards” for which have lemma 1.5.1.6.
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Proposition 2.7.3.1:
Let 2 be a structure for the language (R, =) and let k € w. Then the Duplicator has a
winning strategy for G, (2, A=2) and G, (A, A=1).

Proof. In the structures A=2 and A=! we have only added a new relation symbol interpreted
with the formal equality of the structure 2, so it is trivial for the Duplicator to win the k-round
games by just copying the moves of the Spoiler. [ |

Let us denote by red,(k) the composition of the two refinements used in (Balbiani and
Tinchev, 2006) to reduce structures of the class K, to finite ones. The first refinement
cuts down on the size of the blocks of the equivalence relation to blocks having no more than
k elements and the second refinement cuts down on the number of blocks with a specific
cardinality, that is, for 1 < i < k there are no more than k blocks of cardinality i.
Proposition 2.7.3.2:

K22, and K7} . have FMP.

equiv
Proof. First of all we remind that &,,;, has FMP.
We will show that X=2 . has FMP. The reasoning for £=! is analogous. Let ¢ be a
equiv equiv

sentence of {(R;, R,,=) and let gr(¢).
Let (i) be the following corollary of proposition 2.7.3.1 and the Fraissé—Hintikka theorem:

(VU € K, [A =} A7,

equiv

whereby the * we denote that the formulae must be translated between the structures in the
manner described in the beginning of the section. Note that gr(tr;()) = qr(p) = k for
i=1,2.

Let (ii) denote the fact that:

(VU € K, [(Ae0)=2  (=2)reda(b)]

equiv

Let (iii) denote the facts:

(VYU € K, (AP = A and VA € K= H[ALD =, 9],

equiv equiv
fori =1,2.
Then:
o ¢ Th(/Cj;mv) =
=2 =2 =2
@A e L, )UT F o] =

AU € £ HA™? E -] PN

equiv

AA € K, )[A | try(@)] &=

(iii)
QA € K, [A = try(p)] =
@A € K, i IAEP | 1ry(0)] =

(@)
JAA e Icequiv)[mred2(k) E iry(p)] <=

AU € K,y (A0 £ mg] =

_ rem. 2.7.1.1 and (ii)
A € K (AT e o] =

36 e (K32 Y™M[E |~ ol.

equiv
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Therefore, £=2 . has FMP. [}
equiy

Theorem 2.7.3.3:
K has FMP.

rectangle

Proof. Let ¢ be a sentence in the language (R, R,,=) such that gr(¢p) = k. By combing
all the previous results plus some previous subsection, we get:

@ ¢ Th(]Crectangle) Aand
- =1 prop. 2.7.3.2 and lemma 1.5.1.6 and (iii)
A", € K7, )3A, € K ), XA, ¥ 9] =
. 2.7.1.1 and (i)
@A, € K2,)3N, € K2 et ot ® o) TS

equiv equiv

AB, € (K2 ) my@s, e (KL )m[B, x B, 9] <=

equiv equiv

AC e ™ N6 K gl.

rectangle

2.7.4 Another way to see that has FMP

square

Proposition 2.7.4.1:
K has FMP.

square

Proof. Let ¢ be a sentence in the language (R, R,,=) such that gr(p) = k. By combing
all the previous results plus some previous subsections, we get:

@ ¢ Th(lcsquare) Aand

lemma 1.5.1.6 and (iii)

QA€ KA XA o] =

(i1)
@A € K LAY LD 5 (U=1ye) e o] =

FU € Ky )[(ARO)2 x QBT e ] =
@B e lcgfl’;iv)[%ﬁ x B=! | ¢] =

A€ ekl JIC ¥ ¢l

Thus, K has FMP. [ |

square
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Chapter 3

Modal definability problem in

]Ccommute

In section 1.7 we discussed a method developed by Balbiani and Tinchev for reducing the
problem of deciding the validity of sentences over some class of structures to the problem of
modal definability over the same class of structures.
We are interested in their results regarding the class of all bi-partitioned frames g5 ,
i.e., coincidesthe two relations are interpreted as equivalence relations w.r.t. the universe.
The notion of Stable class of frames is too restricting by fixing the formula y so early on.
If the conditions in the definition are relaxed it can be proven that the problem of deciding the
validity of sentences in K5g5 is reducible to the problem of modal definability problem w.r.t.
Ksss-
Theorem 3.0.0.1:
The problem of deciding the validity of sentences in K,g5 is reducible to MD-def w.r.t.
Ksss-

Proof. See in (Balbiani and Tinchev, 2017), Theorem 10. [ |
Corollary 3.0.0.1.1:

MD-def w.r.t. K£,q5 is undecidable.
Proof. See in (Balbiani and Tinchev, 2017), Corollary 9. [ |
Theorem 3.0.0.2: )

The problem of deciding the validity of sentences in IC;S"5 is reducible to MD-def w.r.t.

fin

Kss:

Proof. See in (Balbiani and Tinchev, 2017), Theorem 11. [ |

We will consern ourselves with the class &K, €S K,g5 and show that the problem
of deciding the validity of sentences in K, 15 reducible to MD-def w.r.t. K., BY
following the proof of that of K,g5. We will prove it in full reproducing the proof of 3.0.0.1
in the following theorem:

Theorem 3.0.0.3:
The problem of deciding the validity of sentences in K
wrt. K

is reducible to MD-def

commaute

commute*

Proof. Let ¢ € Form((Ry, R,,=)) be defined ¢(x,x,) = =3z(R(x;, z) A Ry(z,x)). Re-
mark that x; and x will differ, because in the structures of K the composition of the
two relations is an equivalence relations.

commute
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commute

Let ¥ € Sent(R(R;, R,,=)) be such that gr(y) = k for some k € w and define the
sentence y to depend on gr(y) in the following manner:

v =3 3naC N\ ROyDA N\ RO )A
1<i<j<k+1 1<i<j<k+1

VzVH(R{ (1, 2) A Ry(z,1) = R (¥, ))A
Vz(R (3. 2) = 3t . 3,C J\ 6, =) A\ Ry(z 1))

1<i<j<k 1<i<k

The sentence says that there exists an R,-closed equivalence class modulo R, containing
at least k+ 1 mutually disjoint equivalence classes modulo R, and every R,-equivalence class
has at least k elements. In our terminology it says that there exists a matrix w.r.t. R;oR, such
that it has only one row with at least k + 1 cells in it, each of which has at least k elements in
it. It looks like this:

>k | >k | >k | ... | 2k
>k+1
Let 0 = Ix;3x@(x, x;) A ﬂ()()f(x’xl)) A be a sentence of (R, R,,=). We will prove

that C.,.ue E ¥ < 0 is modally definable w.r.t. XC_,,....cc-

(=): Let £,,omuze = x- We will show that L is a modal definition of § w.r.t. K
FTSOC suppose (AF € K., [ E 0] and let F, be a witness.
Then &, = Ix;(Fxe(x, x;) A —-(;())(f(x’x')) and let a; € &, be a witness. Therefore,
S0 B0 a1, e Fo I ()P [a,]. Let § be the relativized reduct of §, w.r.t.
@(x,x,) and a, and it exists by remark 1.7.1.1. This means that §’ is the set of all matrices
from &, that do not contain a,; therefore, ' € K ppmmure- Since F' is the relativized reduct
of o w.r.t. @(x,x;) and a;, by Relativization theorem we have:

commute*

Fo EN gl = F Ex (i)

Since o & (02" layl, by () § ¥ 7. But §' € Koy therefore, § = 7. We
obtained a contradiction.

(«<): Now let 8 be modally definable w.r.t. K., and let A be a modal definition of
6 w.rt. ]Ccommute' FTSOC suppose ]Ccommute = x- Let %O = <VV0’ ROI? RO2> € ]Ccommute
such that &, = x. Let &, = (Wi, Ri1. R12) € Kppmure D€ the same structure as § with
the exception that every matrix which has only one row with at least k + 1 cells in it, each of
which has at least k elements in it, is replaced by a matrix such that it has only one row with
exactly k cells in it, each of which has exactly k elements in it.

>k | >k | >k | ... | 2k k k k
“ v, —> “ v,
>k+1 k

FIGURE 3.1: How the specific matrices in $, are replaced with “smaller”
matrices in g

It is immediate that &, = y. We can easily prove that the Duplicator has a winning strat-
egy for G, (%, &1); hence, by Fraissé-Hintikka theorem we have that §, =, &,. Therefore,

since § & ¥ and gr(y) = k, then &, |~ x.
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commaute

Let Wibe k + 1 sets such that:
o card W)=k, forl1 <i<k+1;
e forl<i<j<k+1W nWw/ =g

o LetW,= |J W' Then W,nW, =4.

1<i<k+1

Let a; € W! be a witness of the non-emptiness of W!.
Let us define the frame & = (W, R, R,):

o W =W UW,;
L] RI:RIIU%XM;

[ ] R2 = R12 U U (Wl X Wl)

1<i<k+1

IL.e. we add to &, this matrix:

wlt w2 | w3 | .. | wk

. J/
WV

k+1

The added equivalence classes form a new equivalence class in the composition of the
relations, because the union of the added classes form an equivalence relation and by 1.3.1.4
we have that they commute. Since §, € £ and the newly added class commutes, then

% € ]Ccommute'

Let us define the frame §' = (W', R, R}):

commute

e W =W,U{a};
* Rl = Ry U {{a,a))};
* Rl = RjpU{{a;,a))}.
Again the added equivalence classes form a new equivalence class in the composition of the

relations, because the union of the added classes form an equivalence relation and by 1.3.1.4
we have that they commute. Since §; € K and the newly added class commutes, then

%, G ]Ccommute'
L.e. we add to g, this matrix:

commute

a

——
1

Then &, is a relativized reduct of & w.r.t. p(x,x;)and a;, F F v, F F v and F' is a
bounded morphic image of &, for example a bounded morphismis f : W » W':

a, ifxew,
f=s<" ’
x, ifxeWw,.
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commute

wt |l w? | w3 | ... | wkt f a,
S ~ d - ~——
k+1 1

FIGURE 3.2: How a witness bounded morphism f “compresses” the matrix
added to &, to form &

By Bounded morphism lemma we have that § < §'.
Since §' |~ w, then §’ |~ 6. But A is a modal definition of 8 w.r.t. Koppmurer > & €
Keommue and § < F'; therefore, F [ 0. Since, F E w, then F K= Ix; @xep(x, x;) A
@(x.x1)
0T
1 1s a relativized reduct of § w.r.t. @(x,x;) and a;, so by Relativization theorem we
have: i

S =N Na ] = § Ex (ii)

Moreover § = Ixplla, .
But & I 3x;@xp(x, x1) A ()2 ); hence, § ()2 [a;1. Now using (ii) we
get that §, = y, which is a contradiction.

From (=) and (<) we conclude that E ¥y < 0 is modally definable w.r.t.

commute

Kcommute'
|

Corollary 3.0.0.3.1:

MD-def w.r.t. K, 15 undecidable.
Proof. By theorem 2.5.0.3 the problem of deciding the validity of sentences in K.,z 15
undecidable; therefore, by theorem 3.0.0.3 we have our statement. [ |
Theorem 3.0.0.4: '

The problem of deciding the validity of sentences in ICJ:mem is reducible to MD-def

w.r.t. ICmemm.

Proof. Remark thatif the frame g, is finite then the construction in the proof of theorem 3.0.0.3
shows that & and &’ are also finite. Therefore, the problem of deciding validity of sentences

in lezzmmm is reducible to MD-def w.r.t. ICJZmem. [ ]
Corollary 3.0.0.4.1:

MD-def w.rt. wrt. K"

commute 18 Undecidable.
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Chapter 4

Summary and further work

The main results of this work can be summarized in the following table:

Classes and status of validity in them
Classes of structures Arbitrary cardinality | Finite cardinality
e undecidable undecidable
K ommute undecidable undecidable
xcunt decidable decidable
rectangle
K ectangle decidable decidable
I S decidable decidable
square
K quare decidable decidable

Also, MD-def w.r.t. K. 1s undecidable. In future works we will be interested in the
status of MD-def and FO-def in all classes mentioned. We conjecture that for some of the
above mentioned classes MD-def is a decidable problem w.r.t. the particular class in question.

An object of interest in our study of MD-def will be also some subclasses of structures

of &K..,pumue With various “constraints” like the following:

o Letforeachn € w* ]Cfolnfn};me be the class of all structures from

each matrix in the structure the rows have < n number of cells.

such that for

commute

R,<n,R R. <
o Letforeachn € wt K C{}n;n’;’mfw be the class of all structures from K, [},;,Zme such that

for each matrix in the structure the columns have a finite number of cells.

We conjecture that they have FMP. The classes ICilms,Zm for n € ™ are finitely axiom-

atizable. All the classes of these types can be proven to have decidable theories. The even

. R, <n,R,y< . . . .
tighter classes ICwln;,ij " for n,m € w* are finitely axiomatizable and decidable.

We will also be interested in syntactically complete extensions of Th(X

] commute)' For ex-
ample let K> be a subclass of K,z Such that each structure is a collection of are

infinitely many matrices and each matrix has infinitely many columns, infinitely many rows

and all cells are of cardinality 1. We conjecture that the theory of ICE,;‘,’Z;,‘;Z’;C’ is decidable

and syntactically complete. Is it possible to describe all syntactically complete extensions of
K ? What about MD-def w.r.t. these classes.

commute *
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