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1 Computability in N�

Basic notions and de�nitions

Let N be an arbitrary countable set. Take 0� which is not an element of

N and an operation ordered pair, denoted by h�; �i such that no element of

N [f0�g is an ordered pair. By induction we de�ne the sets N0 = N [f0�g
and Nn+1 = Nn[N

2
n; where N

2
n = fha; bi j a 2 Nn& b 2 Nng: Finally, de�ne

the Moskovakis' extension of N; N� =

1[
n=0

Nn:

For s1 : : : sn+1 2 N
� we use hs1; : : : ; sn+1i to denote hs1; hs2; : : : ; sn+1ii:

Recall that ! is the set of all natural numbers. By induction we de�ne

the set !� � N� as follows:���� 0� 2 !�(n+ 1)� = h0�; n�i 2 !�

De�ne the left and right functions L and R : N�
(! N� as follows:������

L(0�) = R(0�) = 0�

L(n) = R(n) = 1� for n 2 N
L(hs; ti) = s; R(hs; ti) = t

By F we denote the set of one argument partial functions ' : N�
(!N�:

De�ne the following operations on functions in F :

1. composition (' �  ) 2 F
(8s 2 N�) (8t 2 N�)

(' �  )(s) = t, (9p 2 N�)( (s) = p & '(p) = t)

2. pairing �('; ) 2 F
(8s 2 N�) (8t 2 N�)
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�('; )(s) = t, (9p; q 2 N�) (hp; qi = t & '(s) = p &  (s) = q)

3. iteration ['; ] 2 F
(8s 2 N�) (8t 2 N�)

['; ](s) = t, 9w0; : : : ; wn 2 N
�
�
w0 = s & wn = t &  (t) 2 N0 &

8i(0�i<n)('(wi) = wi+1 &  (wi) 62 N0)
�

We de�ne the constant functions as follows: if c 2 N�, by �c we denote

the function �c : N�
(! N�; such that �c(s) = c for all s 2 N�:

De�nition 1.1

The function ' 2 F is said to be prime computable using constants, rel-

atively the set f 1; : : : ;  kg; where  i 2 F (write ' 2 PC( 1 : : :  k)), if it

can be expressed with functions from fL;R;  1; : : : ;  kg [ f�c1; : : : ; �cn; : : : g;
where �c1; : : : ; �cn; : : : is an enumeration of the elements of N; using compo-

sition, pairing and iteration. The function ' is said to be prime computable

with constants (write ' 2 PC), if it is prime computable relatively the

empty set of functions, i.e. ' 2 PC(?):

The function ' 2 F is said to be prime computable relatively the set

f 1; : : : ;  kg (write ' 2 PC( 1 : : :  k)), if it can be expressed with func-

tions from fL;R;  1; : : : ;  kg using composition, pairing and iteration. The

de�nition of ' 2 PC is analogous.

De�nition 1.2 The function ' 2 F is said to be search computable using

constants, relatively  1; : : : ;  k 2 F; write ' 2 SC( 1 : : :  k); if there exists

a function  2 PC( 1; : : : ;  k); such that

(8s 2 N�) (8t 2 N�)
�
'(s) = t () 9r 2 N�( (hr; si) = t)

�
:

In the same way we de�ne ' 2 SC; ' 2 SC( 1 : : :  k) and ' 2 SC:

Examples The following functions are PC :

1: 0(s) = 0� for s 2 N� 0 = L3 � [L;L]

n(s) = n� (n+ 1) = �(0; n)

2: I(s) = s for s 2 N� I = [L; 0]

3: The nowhere de�ned function ?� : ?
� = [I; I] � �(I; I)

4: �N0
(s) =

(
0� ; s 2 N0

1� ; s 2 N� nN0

�N0
= L � [�(1; 0); R] � �(0; I)
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5: Sg(s) =

(
0� ; s = 0�

1� ; s 2 N� n f0�g
Sg = L � [�(1; 0); R] ��(L; I)

6: Sg(s) =

(
0� ; Sg(s) = 1�

1� ; Sg(s) = 0�
Sg = L � [�(0; 0); R] ��(1; Sg)

7: �!�(s) =

(
0� ; s 2 !�

1� ; s 2 N� n !�
�!� = L � [';R] ��(L; I);where

'(hs; hs; tii) =

(
h1�; 0�i ; s 6= 0�

hL(t); ti ; s = 0�
' = L � [ ; Sg � L �R] ��(�(1; 0); I)
and  = �(�(L � R3; R3); L)

8: And(s) =

(
0� L(s) = R(s) = 0�

1� otherwise
And = Sg � L � [�(1; 0); Sg � R]

Or(s) =

(
0� L(s) = 0� or R(s) = 0�

1� otherwise
Or = Sg �And � �(Sg � L; Sg � R)

9: Nk = fhs1 : : : ski j s1; : : : ; sk 2 Ng
N1 = N

�nk(s) =

(
0� ; s 2 N

1� ; s 62 N

�N = Sg � [0; I]
�Nk+1 = And � �(�N � L;�Nk � R)

10. If ' 2 PC( 1; : : : ;  n);  2 PC( 1; : : : ;  n) and � 2 PC( 1; : : : ;  n);

then the function If(�; ';  ) is PC( 1; : : : ;  n); where

If(�; ';  )(s) =

(
'(s) , if �(s) 2 N0

 (s) , if �(s) 2 N� nN0

If(�; ';  ) = L � [�(' � L;�(1; 0)); Sg � L � R] � [�( � L;�(1; 0)); R2]�
�(I;�(I; I) � �N0

� �)

11. If ' 2 PC( 1; : : : ;  n) and  2 PC( 1; : : : ;  n); then there exists a

function � 2 PC( 1; : : : ;  n); such that:���� �(h0�; si) ' '(s)

�(h(x+ 1)�; si) '  (hx�; s; �(hx�; si)i)
;

for all s 2 N� and x 2 !�; in the other cases � is not de�ned.

� = If(�; �;?�); where � = And((Sg)��N0
; �!�) and � = R3 ��2 ��1; where

�1 = �(L;�(0;�(I; ') �R)); �2 = [�(R �L;�(�(0; L);�(L �R; )) �R); L]:
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12. If  2 PC( 1; : : : ;  n); then there exists a function ' 2 PC( 1; : : : ;  n);

such that:

'(s) ' ��x�
x�2!� [ (hx�; si) 2 N0];

i.e. Rng(') � !� and '(s) = x� ,  (hx�; si) 2 N0 & 8y < x ( (hy�; si) # &
( (hy�; si) 62 N0); for all s 2 N

�: Indeed ' = L � [�(�(0; L); I);  ] ��(0; I):

The proof of 10, 11 and 12 for PC is similar.

De�nition 1.3 Having the partial function � : !n (! !; we can de�ne its

corresponding function �� 2 F as follows:

for n � 2 : ��(s) = t , 9x1 : : : xn; y 2 !
�
s = hx�1 : : : x

�
n
i&

y� = t& �(x1; : : : ; xn) = y
�
;

for n = 1 : ��(s) = t , 9x; y 2 !
�
s = x�& y� = t& �(x) = y

�
;

for all s and t in N�:

Proposition 1.4

If the function � : !n (! ! is partial recursive relatively  1; : : : ;  k;

where each  i : !
ni
(! !; then �� 2 PC( �1 ; : : : ;  

�

k
):

Proof:

Since � is partial recursive relatively  1; : : : ;  k; it can be expressed with

functions from fO;S; Im1 ; : : : I
m

mg [ f 1; : : : ;  kg; using superposition, prime

recursion and minimization. We will prove that �� 2 PC( �1; : : : ;  
�

k
) using

induction of the structure of � :

Let � = O: De�ne ��
0

= 0: Then �� = If(�!� ; ��
0

;?�) 2 PC;
Let � = S and de�ne ��

0

= �(0; I): Then �� = If(�!� ; ��
0

;?�) 2 PC;
Let � = Im

i
and de�ne �� = L � Ri�1 2 PC for m > 1; and for m = 1

de�ne �� = I 2 PC:
Superposition: Let �(x1 : : : xn) ' f(g1(x1 : : : xn) : : : gs(x1 : : : xn)) and f;

g1; : : : ; gs are partial recursive relatively  1; : : : ;  k: By the induction hy-

pothesis it follows that f�; g�1 ; : : : ; g
�
s
2 PC( �1 ; : : : ;  

�
m
): But �� = f� �

�s(g
�
1 : : : g

�
s); where �1(g

�) = g�; and �s+1(g
�
1 : : : g

�
s+1) = �(g�1 ;�s(g

�
2 : : : g

�
s+1))

are PC( �1 ; : : : ;  
�

k
) and therefore so is ��:

Prime recursion: Let���� �(0; y) ' '(y)

�(x+ 1; y) '  (x; y; �(x; y))
where ' and  are partial recursive relatively  1; : : : ;  k and then '�;  � 2
PC( �1 ; : : : ;  

�

k
): But (see ex.11) there exists � 2 PC( �1 ; : : : ;  

�

k
); such that

� = Pr('�;  �); i.e.
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���� �(h0�; si) ' '�(s)

�(hx+ 1; si) '  �(hx�; s; �(hx�; si)i)
But �� = � = Pr('�;  �) and therefore �� 2 PC( �1; : : : ;  

�

k
):

Minimization: Let �(x1 : : : xn) ' �y[ (y; x1 : : : xn) = 0] and  is partial

recursive relatively  1; : : : ;  k: Then  
� 2 PC( �1; : : : ;  

�

k
); but (see ex.12)

there exists ' 2 PC( �1 ; : : : ;  
�

k
) and s.t. '(s) ' ��x�

x�2!
� [ �(hx�; si) 2 N0];

i.e. '(s) = x� ,  �(hx�; si) 2 N0 & 8y < x ( �(hy�; si) #62 N0); for all

s 2 N�: Then '(s) = t , 9z; x1 : : : xn 2 !
�
s = hx1 : : : xni & t = z� &

 �(hz�; si) = 0� & 8y < z ( �(hy�; si) #6= 0�)
�
; i.e. '(s) = t if and only if

9z; x1 : : : xn 2 !
�
s = hx1 : : : xni & t = z� &  (z; x1 : : : xn) = 0 & 8y < z

 (y; x1 : : : xn) +6= 0
�
; i.e. �� = ' = ��x�[ �(hx�; �i) 2 N0] 2 PC( 

�
1 : : :  

�

k
):

�

We have the following: PC � SC; PC� SC, PC � PC and SC � SC:

In the general case the constant functions are prime computable using

constants: �c 2 PC; for all c 2 N�: And �c 2 PC; for all c 2 !�:

2 Abstract structures

De�nition 2.1

Let ! be the set of all the natural numbers and N be a countable set. A

structure we will call an abstract partial two-sort structure

A = hN;!; =N ; 6=N ; �1; : : : ;�ki;

with two �xed (basic) predicates in N2 - equality in N (=N ) and inequality

in N (6=N ): �1; : : :�k are partial predicates, �i � Nai � !bi ; ai; bi � 0 and

are not both zero, for all i; 1 � i � k: This kind of structure will be denoted

as A(�1 : : :�k):

De�nition 2.2

For any predicate � � Na � !b we de�ne its semicharacteristic functionb� : N�
(! N�; b� 2 F; as follows: Rng(b�) � f0�g and for all s 2 N�b�(s) = 0� if and only if

9s1 : : : sa 2 N 9x1; : : : xb 2 !�
s = hs1 : : : sa; x

�

1 : : : x
�

b
i & (s1 : : : sa; x1 : : : xb) 2 �

�
:

Examples:

=N= f(n; n) jn 2 Ng; b=N (s) = 0� $ 9n 2 N (s = hn; ni)
6=N= =N = f(n;m) jn;m 2 N & n 6= mgb6=N (s) = 0� $ 9n 2 N9m 2 N (s = hn;mi) & n 6= m):
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De�nition 2.3

Let A = h�A1 ; : : : ;�
A
m
i and B = h�B1 ; : : : ;�

B
n
i be structures and �0;

�1; : : : ; �k be predicates.

1. �0 �SC f�1; : : : ;�kg if and only if b�0 2 SC(b�1; : : : ; b�k);
2. �0 �SC A if and only if �0 �SC f=N ; 6=N ;�

A
1 ; : : : ;�

A
m
g;

3. A �SC B if and only if 8i1�i�m �A
i
�SC B;

4. A�B = hN ;!; =N ; 6=N ; �
A
1 : : :�

A
m;�

B
1 : : :�

B
n i = C(�A1 : : :�

A
m;�

B
1 : : :�

B
n ):

5. A �SC B if and only if A �SC B and B �SC A:

In the same way we de�ne the relation �SC (without constants) but

henceforth we consider the relation �SC only.

The relation �SC is a preorder (re
exive and transitive relation), and

�SC is an equivalence relation.

S-degrees or structure degrees we call the equivalence classes, induced by

the relation �SC between structures: given a structure A; an S-degree of A

we denote its structure degree by DS(A) and mean the set fB j B �SC Ag:
The set fDS(A) j A is an abstract structureg we denote by D: For A

and b in D; a �sc b if and only if there exist structures A in a and B in

b; such that A �SC B: For a and b in D and for A 2 a and B 2 b we

de�ne a [ b = Ds(A�B): So the structure S = hD;�SC;[;Oi is an upper

semilattice with least element the empty structure O = hN ;!; =N ; 6=N i:

Lemma 2.4

The following functions are prime computable (PC ):

1. The functions 'n;m; de�ned as follows:

'0;1(s) =

(
0� , if s 2 !�

1� , otherwise
and '1;0(s) =

(
0� , if s 2 N

1� , otherwise
and

for n+m � 2; 'n;m(s) =

8><>:
0� , for s = hs1 : : : sn; t1 : : : tmi where

s1; : : : ; sn 2 N and t1; : : : ; tm 2 !�

1� , otherwise

.

Indeed '0;1 = �!� ; '0;m+1 = And � �(Sg � �N0
; And � �(�!� � L;'0;m � R)) for m � 1;

'1;0 = �N ; 'n+1;m = And � �(�N � L;'n;m � R); for m � 0 and n � 0 and n+m � 1:
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2. The functions  n;m; where for all u and sj inN
�;  n;m(hu; hs1 : : : sn; : : : i) =

hs1 : : : sn; u : : : u| {z }
m times

; : : : i; n � 0; m � 0:

Indeed  0;m+1 =  0;m ��(L; I); for m � 0; and  n+1;m = �(L �R; n;m ��(L;R2)); for

n;m � 0: Therefore  n;m 2 PC:

3. The functions 
i
p
; such that for all s1; : : : ; sp 2 N� and p � 1; i 2 !;


i
p
(hs1 : : : spi) = hs1 : : : sp; i

�i = hs1; hs2 : : : hsp; i
�i : : : ii:

Indeed 
i
1
= �(I; i�); 
ip+1 = �(L; 
ip � R); i.e. 


i
p =  p;i � �(i�; I): Therefore 
ip 2 PC:

4. The functions Ltn; n � 1; such that for u; sj in N
�;

Ltn(hs1 : : : sni) = sn:

Indeed Lt1 = I and Ltn+1 = Ltn � R; for n � 1:

5. The functions Fstn; n � 1; such that for u; sj in N
�;

F stn(hs1 : : : sn : : : i) = hs1 : : : sni:

Indeed Fst1 = L and Fstn+1 = �(L; Fstn � R); for n � 1:

�

Corollary 2.5

For every structure Bk(�1 : : :�k) with predicates �i � Nai � !bi ; 1 �
i � k; there exists a structure B with one predicate B(�); � � Na � !b+1;

where a = maxfai j 1 � i � kg and b = maxfbi j 1 � i � kg; such that

Bk �SC B:

Proof:

Let a = maxfai j 1 � i � kg and b = maxfbi j 1 � i � kg and de�ne a

predicate � � Na � !b+1; as follows:

� = f(s1 : : : sa; x1 : : : xb; i) j 1 � i � k & s1 : : : sa 2 N & x1 : : : xb 2 ! &

(s1 : : : sa; x1 : : : xb) 2 �ig:
Here we prove that fact, but we do not give such explicit proof in the rest

of this paper.

1) Bk �SC B; proof: For every predicate �i; 1 � i � k; for all s 2 N�;

�̂i(s) = 0� i� s = hs1 : : : sai ; x
�
1 : : : x

�

bi
i & (s1 : : : sai ; x1 : : : xbi) 2 �i; i.e. i�

s = hs1 : : : sai ; x
�
1 : : : x

�

bi
i & (9r 2 N�) (r = hr1 : : : ra; p1 : : : pb; ci & r1 =N s1

& : : :& rai =N sai & p1 =N t1 & : : :&pbi =N tbi & c =N i� & �̂(r) = 0�);

that is �̂i = If('ai;bi ; �̂ �  i � 

i

ai+bi
;?�); where 'ai;bi and 


i

ai+bi
de�ned in

Lemma2.4 are prime computable, and the function  i is such that for all

s1 : : : ; sai ; t1 : : : tbi ; p 2 N
�;

7



 i(hs1 : : : sai ; t1 : : : tbi ; pi) = hs1 : : : sai ; c : : : c| {z }
a�ai times

; t1 : : : tbi ; d : : : d| {z }
b�bi times

; pi; where

c 2 N and d 2 !� are constants,  i 2 PC is prime computable with con-

stants c; since  i =  ai;a�ai ��(ĉ; I)� ai+bi;b�bi��(d̂; I); where the functions
 ai;a�ai and  ai+bi;b�bi de�ned in Lemma2.4(2) are prime computable (PC ).

Then �̂i 2 SC(=̂N ; ^6=N
; �̂); i.e. �i �SC (B); i.e. Bk = (�1 : : :�k) �SC B:

2) B �SC B
k; proof:

�̂(r) = 0� i� s = hs1 : : : sa; x
�
1 : : : x

�

b
; i�i & (s1 : : : sa; x1 : : : xb; i) 2 � i�

s = hs1 : : : sa; x
�
1 : : : x

�

b
; i�i & 1 � i � k & s1 : : : sa 2 N & x1 : : : xb 2

! & (s1 : : : sai ; x1 : : : xbi) 2 �: �̂ = If(And('ai;b+1; 'k � Lta+b+1);  k;?
�);

where 'a;b+1 and Lta+b+1 are de�ned in Lemma2.4 and 'k is such that

for Dom('k) = !� and 'k(x
�) = 0� i� 1 � x & x � k; i.e. 'k =

If(�!� ; And(��; ��
k
);?�); where � and �k are functions from ! into !; �(x) =

0, 1 � x; and �k(x) = 0 i� x � k; and �� and �� are prime computable, see

Proposition 1.4. The functions  k is such that  k(hs1 : : : sa; x
�
1 : : : x

�

b
; i�i) =

�̂i(hs1 : : : sai ; x
�
1 : : : x

�

bi
i); for 1 � i � k: Indeed  1 = If(��1; �̂1�Fsta1+b1 ;?

�);

that is  1 2 PC(�̂1); and  k = If(��
k
; �̂k�Fstak+bk ;  k�1) 2 PC(�̂1; : : : ; �̂k):

Therefore �̂ 2 PC(�̂1 : : : �̂k) and B �SC B
k:

�

3 N-enumerations

De�nition 3.1

An N-enumeration is a total and surjective function fN : ! ! N: De�ne

the following sets:

1. f�1
N

(�) := fhx1 : : : xa; y1 : : : ybi 2 ! j (fN (x1) : : : fn(xa); y1 : : : yb) 2 �g:

2. Ef := fhx; yi 2 ! j fN(x) =N fN (y)g = f�1
N

(=N );

Ef := fhx; yi 2 ! jfN (x) 6=N fN (y)g = f�1
N

(6=N ); and E
+
f
:= Ef �Ef :

De�nition 3.2

Let f� : ! ! N�: For the functions ' 2 F and the predicate � � Na�!b;
de�ne:

1. E� := fhx; yi 2 ! j f�(x) = f�(y)g:

2. f��1(') := fhx; yi 2 ! j '(f�(x))g = f��1(Gr'):

3. f��1(�) := fx 2 ! j �̂(f�(x)) = 0�g =

fx j f�(x) = hs1 : : : sa; y
�

1 : : : y
�

b
i & (s1 : : : sa; y1 : : : yb) 2 �g:
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Lemma 3.3

The function f� : ! ! N� is total and surjective; there exist a recursive

function J : !2 ! !; such that for all x; y 2 !; f�(J(x; y)) = hf�(x); f�(y)i;
and there exists a recursively enumerable set X; such that f�[X] = N: Then

for all  ;'1 : : : 'k 2 F ; if  2 SC('1 : : : 'k); then f
��1( ) �e f

��1('1) �
: : : � f��1('k)�E�:

Proof:

Since  2 SC('1 : : : 'k); there exists ' 2 PC('1 : : : 'n); such that

 (s) = t , (9u 2 N�) ('hu; si) = t): Therefore hx; yi 2 f��1( ) ,
 (f�(x)) = f�(y) , (9u 2 N�) ('(hu; f�(x)i) = f�(y)) /since f is sur-

jective/, (9t 2 !) '(hf�(t); f�(x)i) = f�(y)), (9t 2 !) ('(f�(J(t; x))) =
f�(y)) , (9t; z 2 !) (J(t; x) = z & '(f�(z)) = f�(y)); therefore f��1 �e
f��1('):

By induction on the de�nition of PC, we are going to prove that for

' 2 PC('1 : : : 'k); f
�(') �e f

��1('1) � : : : � f��1('k) � E�; from which

follows that f�( ) �e f
��1('1)� : : :� f��1('k)�E�:

Let c0 and c1 2 ! be such that

f�(c0) = 0� and f�(c1) = 1�: Such c0 and c1 exist, since f
� is a surjective

function.

� If ' = L

hz; yif��1(L) i� L(f�(z)) = f�(y) i� f�(z) = f�(y) = 0� _ f�(z) 2 N
& f�(y) = 1� _ f�(z) 2 N�nN � 0 & 9x 2 ! hf�(y); f�(x)if�(z)) i�
hz; c0i; hy; c0i 2 E

� _ 9x 2 X(hz; xi; hy; c1i 2 E
�) _ 9x 2 !(f�(J(y; x)) =

f�(z)) i� hz; c0i; hy; c0i 2 E� _ 9x 2 X(hz; xi; hy; c1i 2 E�) _ 9x; t 2
!(J(y; x) = t & (f�(t) = f�(z)) i� hz; c0i; hy; c0i 2 E� _ 9x 2
Xhz; xi; hy; c1i 2 E�) _ 9x; t 2 !(J(y; x) = t & ht; zi 2 E�); i.e.

f��1(L) �e E�; and it follows that f��1(L) �e f��1('1) � : : : �
f��1('k)�E�:

� For ' = L the proof is similar.

� For ' = 'i; 1 � i � k:

f��1(') = f��1('i) �e f
��1('1)� : : : � f��1('k)�E�:

� For ' = ĉ the constant function, for c 2 N:
Therefore f��1(') = f��1(ĉ) = f��1(Grĉ) = fhx; yi 2 ! j ĉf�(x) =

9



f�(y)g = fhx; yi 2 ! j c = f�(y)g: Since f� is surjective, there exists
d 2 !; such that f�(d) = c: Then hx; yi 2 f��1(ĉ) i� hx; yi 2 E�:

The induction hypothesis for  1 and  2 2 PC('1 : : : 'k);

f��1( j) �e f
��1('1)� : : :� f��1('k)�E�:

� Composition ' =  1 �  2:

We have the following equivalences hz; yi 2 f��1(') , '(f�(z)) =

f�(y), 9s 2 N� ( 2(f
�(z)) = s &  1(s) = f�(y)) and since f� is sur-

jective, this is equivalent to 9x 2 !  (f�(z)) = f�(x) &  1(f
�(x)) =

f�(y)); i.e. 9x (hz; xi 2 f��1( 2) & hx; yi 2 f��1( 1)); therefore

f��1(') �e f
��1( 1) � f��1( 2); i.e. f��1(') �e f

��1('1) � : : : �
f��1('k)�E�:

� Pairing ' = �( 1;  2):

Using that f� is surjective, we obtain the following equivalences hz; yi 2
f��1(') , '(f�(z)) = f�(y) , 9s1; s2 2 N� (hs1; s2i = f�(y) &

 (f�(z)) = s�1 &  2(f
�(z)) = s2), 9x1; x2 2 ! (hf�(x1); f

�(x2)i =
f�(y) &  1(f

�(z)) = f�(x1) &  2(f
�(z)) = f�(x2)) , 9x1; x2 2 !

(f�(J(x1; x2)) = f�(y) &  2(f
�(z)) = f��1(x1) &  2(f

�(z)) = f�(x2))

, 9x1; x2; t (J(x1; x2) = t & ht; yi 2 E� & hz; x1i 2 f��1( 1) &

hz; x2i 2 f
��1( 2)); i.e. f

��1(') �e f
��1( 1)� f

��1( 2)�E
�; there-

fore f��1(' �e f
��1('1)� : : :� f��1('k)�E�:

� Iteration ' = [ 1;  2]:

We have that hz; yi 2 f��1('), '(f�(z)) = f�(y), [ 1;  2](f
�(z)) =

f�(y) ,  2(f
�(y)) #2 N0 & 9w0; : : : ; wn 2 N� (w0 = f�(z) &

wn = f�(y) & 8i (0 � i < n)
�
 1(wi) = wi+1 &  2(wi) 62 N0)

�
;

and since f� is surjective we obtain that the last part is equiva-

lent to 9x0; : : : xn 2 !
�
f�(x0) = f�(z) & f�(xn) = f�(y) & 8i

(0 � i < n)
�
 1(f

�(xi)) = f�(xi+1) &  2(f
�(xi)) 62 N0)

�
: There-

fore hz; yi 2 f��1(') ,
�
 2(f

�(y)) = f�(c0) = 0� _ 2(f
�(y)) 2 N

�
&

9x0 : : : xn 2 !
�
hx0; zi; hxn; yi 2 E

� & 8i(0�i<n) (hxi; xi+1i 2 f
��1( 1)

&  2(f
�(xi)) #2 N

�nN0)
�
,�

hy; c0i 2 f��1( 2) _ 9t 2 X( 2(f
�(y)) = f�(t))

�
& 9x0 : : : xn 2 !�

hx0; zi; hxn; yi 2 E
� & 8i(0�i<n) (hxi; xi+1i 2 f

��1( 1) & 9ti1 ; ti2 ; ti 2
! (J(ti1 ; ti2) = ti &  2(f

�(xi)) = f�ti))
�
, 9t 2 X [ fc0g

�
hy; ti 2

f��1( 2)
�
& 9x0; : : : ; xn 2 !

�
hx0; zh2 E

� & hxn; yh2 E
� & 8i(0�i<n)

10



�
hxi; xi+1i 2 f��1( 1) & 9ti 2 Range(J) (hxi; tii 2 f��1( 2))

�
; i.e.

f��1(') �e f
��1( 1)� f��1( 2)�E�; therefore

f��1(') = leqef
��1('1)� : : :� f��1('k)�E�:

�

Corollary 3.4

Let f� : ! ! N� be a total surjective function and J : !2 ! !; such

that for all x; y 2 !; f�(J(x; y)) = hf�(x); f�(y)i and there is a recursively

enumerable set X; such that f�(X) = N; �i � Nai � !bi ; 0 � i � k; are

predicates, such that �0 � (�1 : : :�k): Therefore

f�
�1(�) �e f

��1(�1)� : : : � f�
�1(�k)�E�:

Proposition 3.5

Let fN : ! ! N be an N -enumeration and �i � Nai � !bi ; 0 � i � k;

such that �0 �SC (�1 : : :�k):

Therefore f��1(�0) �e f
��1(�1)� : : : � f��1(�k)�Ef :

Proof:

Let J(x; y) := 2hx; yi + 2; where the pairing is recursive injective func-

tions, for example hx; yi := 2x:(2y + 1)� 1: Then for all t and z; t < J(t; z)

and z < J(t; z):

Having fN : ! ! N; de�ne a total surjective function f� : ! ! N�; as

follows:������
f�(J(x; y)) = hf�(x); f�(y)i
f�(2z + 1) = fN(z)

f�(0) = 0�

The set X = f2z + 1 j z 2 !g is recursive and f�(X) = N: Therefore,

using Lemma3.3, f��1(�0) �e f
��1(�1)� : : :� f��1(�k)�E�:

There exists a recursive function g; such that y� = f�(g(y)); that we

de�ne as follow:���� g(0) = 0

g(y + 1) = J(0; g(y))
Therefore there exists a recursive function ha;b; such that

hfN (z1) : : : fN (za); y
�

1 : : : y
�

b
i = hf�(2za + 1); f�(g � y1)) : : : f

�(g(yb))i =
f�(J(2z1 + 1; J(: : : ; J(g(yb)) : : : ))) = f�(ha;b(hz1 : : : za; y1 : : : ybi)):
1) We can prove that for every predicate � � Na � !b; f��1(�) � E� �
fN

�1(�); from which follows that f��1(�0) �e fN
�1(�1)� : : :�fN

�1(�k)�
E�: Indeed

x 2 f��1(�) () �̂(f�(x)) = 0� ()
9s1 : : : sa 2 N 9y1 : : : yb 2 !

11



�
f�(x) = hs1 : : : sa; y

�
1 : : : y

�

b
i & (s1 : : : sa; y1 : : : yb) 2 �

�
()

9z1z.a; y1 : : : yb 2 !�
f�(x) = hfN (z1)hfN (za); y

�
1 : : : y

�

b
i & (fN (z1) : : : fN(za); y1 : : : yb) 2 �) ,

9z1 : : : za; y1 : : : yb�
f�(x) = f�(ha;b(hz1 : : : za; y1 : : : ybi)) & hz1 : : : za; y1 : : : ybi 2 fN

�1(�)
�
,

9z1 : : : za; y1 : : : yb
�
hx; hz1 : : : za; y1hybii 2 E

� & hz1 : : : za; y1 : : : ybi 2 f
�1
N

(�)
�
:

Therefore f��1(�0) �e f
��1(�1)� : : :� f��1(�k)�E� �e

fN
�1(�1)� : : : � fN

�1(�k)�E�:

2) We can prove that for every predicate � � Na�!b; f�1
N

(�) �e f
��1(�)�

E�: Indeed

hx1 : : : xa; y1 : : : ybi 2 f
�1
N

(�), (fN (x1) : : : fN (xa); y1 : : : yb) 2 � ,

9s 2 N�
�
�̂(s) = 0� & 4s = hfN (x1) : : : fN (xa); y

�
1 : : : y

�

b
i
�
,

9x 2 !
�
�̂(f�(x)) = 0� & f�(x) = hfN (x1) : : : fN (xa); y

�
1 : : : y

�

b
i
�
,

9x
�
x 2 f��1(�) & f�(x) = f�(x) = f�(ha;b(hx1 : : : xa; y1 : : : ybi))

�
,

9x; z
�
x 2 f��1(�) & 4h(hx1 : : : xa; y1hybi) = z & hx; zi 2 E�

�
:

Therefore f�1
N

(�0) �e f
��1(�0)�E

�; and since f��1(�0) �e f
�1
N

(�1)�
: : :�f�1

N
(�k)�E

�; we obtain that f�1n (�0) �e f
�1
N

(�1)�: : :�f
�1
N

(�k)�E
�:

3) We have E� �e Ef ; from which follows that f�1
N

(�0) �e f�1
N

(�1) �
: : : � f�1

N
(�k)�Ef :

For the proof of that statement is necessary to know that hx; yi 2 E� ,
f�(x) = f�(y), x = y = 0 _ 9z; t

�
x = 2z+1 & y = 2t+1 & fN (z) = fN (t)

�
_ 9x1; x2; y1; y2 such that (x1 < x & y1 < y & x2 < x & y2 < y) and�
x = J(x1; x2) & y = J(y1; y2) & f�(x1) = f�(y1) & f�(x2) = f�(y2)

�
:

�

De�nition 3.6

For an N -enumeration fN : ! ! N and a structure A(�1 : : :�k); de�ne:

f�1
N

(A) := fhi; zi j z 2 f�1
N

(�i)g [ fh0; zi j z 2 E
+
f
g:

Remark: f�1
N

(A) �e f
�1
N

(�1)� : : : � f�1
N

(�k)�Ef �Ef :

De�nition 3.7

1) N -string �N is a function �N : [0 : : : n�1]! N; with length lh(�N ) = n:

2) �N � �N i� 8x(x < lh(�N )) �N (x) = �N (x)):

3) Code of the N -string �N de�ne to be p�Nq = hn�; �N (0); : : : ; �N (n� 1)i:

Remark: The functions h0; h1; h2; such that
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8s 2 N�(h0(s) #, 9�N (s = p�Nq));

h1(hp�Nq; p�Nqh) = 0� , �N � �N ;

h2(hp�Nq; x
�; yi) = 0� , �N (x) = y)

are prime computable.

De�nition 3.8

For a structure A = A(�1 : : :�k) with predicates �i � Nai � !bi ; a N -

string �N and a formula Fe(z) with e; z 2 !; de�ne �n 
A Fe(z) as follows:

�n 
A Fe(z) i� 9v(hv; zi 2We & �n 
A Dv)

and

�n 
A Dv i� 8u 2 Dv(u = hi; hx1 : : : xai ; y1 : : : ybiii&
1 � i � k & x1 : : : xai 2 Dom(�N ) &(�N (x1) : : : �N (xai); y1 : : : ybi) 2 �i_
u = h0; 2:hx; yii & x; y 2 Dom(�N ) &

�N (x) = �N (y) & u = h0; 2:hx; yi+1i& x; y 2 Dom(�N ) & �N (x) 6=N �N (y)):

Properties:

1) If �n � �N and �N 
A Fe(z); then �N 
A Fe(z):

2) The function h3; such that h3(hp�Nq; e
�; z�i) = 0� , �N 
A Fe(z) is

SC(�̂1 : : : �̂k; =̂N ; ^6=N ):

De�nition 3.9

For an N -enumeration fN : ! ! N and a structure A = A(�1 : : :�k)

with predicates �i � Nai � !bi ; de�ne

fn j=A Fe(z) if and only if z 2 	e(f
�1
N

(A)):

Proposition 3.10 fN j=A Fe(z) i� 9�N � fN (�N 
A Fe(z)):

De�nition 3.11

The predicate � � Na � !b has normal form in the structure A =

A(�1 : : :�k); when there exist e 2 !; anN -string �N and x1 : : : xa 62 Dom(�N );

such that

(8s1 : : : sa 2 N;8y1 : : : yb 2 !)
((s1 : : : sa; y1 : : : yb) 2 � i� 9�N � �N such that

(�N (x1) = s1 & : : :& �N (xa) = sa & �N 
A Fe(hx1 : : : xa; y1 : : : ybi))):

Theorem 3.12 (The Normal form theorem)

Let A(�1 : : :�k) be a structure, with predicates �i � Nai � !bi : Then

for every predicate � � Na � !b the followings are equivalent:

1) � has in normal form in A:

13



2) � �SC A:

3) f�1
N

(�) �e f
�1
N

(A) where fN is an arbitrary N -enumeration.

Proof:

1) (3) follows from (2).

Let � �SC A; i.e. � �SC (�1 : : :�k;=N ; 6=N ): Therefore, using Corol-

lary 7.6, for every N -enumeration fN ; we have that f�1
N

(�) �e f
�1
N

(�1) �

: : :�f�1
N

(�k)�f
�1
N

(=N )�f
�1
N

( ^6=
N
)�Ef ; but f

�1
N

(=N ) = Ef and f
�1
N

( ^6=
N
) =

Ef ; therefore f
�1
N

(�) �e f
�1
N

(�1)� : : :� f�1
N

(�k)�E+
f
�e f

�1
N

(A):

2) (1) follows from(3).

Let for every total surjective function fN : ! ! N; f�1
N

(�) �e f
�1
N

(A);

i.e. there exists e; such that f�1
N

(�) = 	e(f
�1
N

(A)): Assume that � has no

normal form in A; i.e. for all e 2 !; for all N -string �N and x1 : : : xa 2
!nDom(�N ); there exist s1 : : : sa 2 N and y1 : : : yb 2 !; such that the fol-

lowing holds true:

(�) (s; y) 62 � i�

9�N � �N
�
�N (x1) = s1 & : : :& �N (xa) = sa & �N 
A Fe(hx; yi)

�
We can de�ne an N -enumeration fN : ! ! N; such that f�1

N
6�e f

�1
N

(A);

i.e. such that for every e; f�1
N

(�) 6= 	e(f
�1
N

(A)): First we de�ne by in-

duction N -strings �
q

N
; such that �0

N
� : : : � �

q

N
� : : : ; so that at stage

2e+1 we insure fN to be total and surjective,and at stage 2e+2 we insure

f�1
N

(�) 6= 	e(f
�1
N

(A)); for fn :=
[
q

�
q

N
; as follows:

Stage 0

�0
N
= ?

Stage 2e+1

Suppose we have already de�ned �
q

N
; for q = 2e: Let x = lh(�

q

N
); for the

least n 62 N; such that n 62 Range(�q
N
):

De�ne �
q+1
N

� �
q

N
; lh(�

q+1
N

) = lh(�
q

N
) + 1 and �

q+1
N

(x) = n:

Stage 2e+2

Suppose we have already de�ned �
q

N
; where q = 2e+ 1:

Let x1 : : : xa 2 ! are such that xj = lh(�
q

N
)+ j�1; 1 � j � a: Therefore

x1 : : : xa 62 dom(�
q

N
) are the �rst a elements, where �

q

N
is not de�ned.

Case 1. There exist s1 : : : sa 2 N and y1 : : : yb 2 !; such that (*) holds

true, i.e. (s; y) 62 � i� 9�N � �
q

N

�
�N (x1) = s1& : : :& �N (xa) = sa& �N 
A

Fe(hx; yi)
�
; i.e. for �N � �

q

N
; such that �N (x1) = s1 & : : : & �N (xa) = sa &
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lh(�N (xa) = lh(�
q

N
) + a; the following holds: (s; y) 62 � i� 9�N � �N�

�N 
A Fe(hx; yi)
�
:

Subcase 1.1. 9�N � �N
�
�N 
A Fe(hx; yi)

�
: De�ne �

q+1
N

:= �N :

Subcase 1.2. 8�N � �N
�
�N 6
A Fe(hx; yi)

�
: De�ne �

q+1
N

:= �N :

Case 2. Otherwise, de�ne �
q+1
N

:= �
q

N
:

De�ne f :=
[
q

�
q

N
; which is total and surjective, i.e. an N -enumeration.

Using the assumption that � has no normal form in A it follows that

at stage 2e + 2 the Case 2 never happens, so we have the following two

subcases only:

In Subcase 1.1, �
q+1
N


A Fe(hx; yi) and (s; y) 62 �; and �
q+1
N

(xj) = sj for

1 � j � a (from the last one it follows that fN (dj) = sj): From �
q+1
N


A

Fe(hx; yi); using Proposition 3:10; we obtain that fN 
A Fe(hx; yi); i.e.
ix; y) 2 	e(f

�1
N

(A))): But (fN (x1) : : : fN (xa); y1 : : : yb) = (s; y) 62 �; i.e.

hx; yi 62 f�1
N

(�) and therefore f�1
N

(�) 6= 	e(f
�1
N

(A)):

In Subcase 1.2, 8�N � �
q+1
N

�
�N 6
A Fe(hx; yi)

�
; (s; y) 2 �; and �

q+1
N

(dj) =

sj for 1 � j � a (then we have fN(xj) = sj and therefore hx; yi 2 f�1
N

(�)):

From 8�N � �
q+1
N

�
�N 6
A Fe(hx; yi)

�
; using Proposition3:10; it follows that

fN 6
A Fe(hx; yi); i.e. hx; yi 62 	e(f
�1
N

(A)): Therefore f�1
N

(�) 6= 	e(f
�1
N

(A)):

We have proven that for all e; f�1
N

(�) 6= 	e(f
�1
N

(A)); i.e. f�1
N

(�) 6�e
f�1
N

(A); which is a contradiction. Therefore our assumption is false, i.e. �

has normal form in A:

2) (2) follows from(1).

Suppose � has normal form in A:

We can prove that �̂ 2 SC(�̂1 : : : �̂k; =̂N ; ^6=N ); which according to the

de�nition means � �SC (�1 : : :�k;=N ; 6=N ); i.e. that � �SC A: Since �

has normal form in A;

(9e 2 !;9� and N -string, 9x1 : : : xa 62 Dom(�N ))

(8s1 : : : sa 2 N;8y1 : : : yb 2 !)�
(s; y) 2 � i�

9�N � �N
�
�N (x1) = s1 & : : :& �N (xa) = sa & �N 
A Fe(hxyi)

��
;

therefore �̂(s) = 0� i� 9s1 : : : sa 2 N 9y1 : : : yb 2 !
�
s = hs1 : : : sa; y

�
1 : : : y

�

b
i&

(s; y) 2 �
�
i�
�
s = hs; y�i & sj 2 N & y�

l
2 !� & 9� � �

�
�N (x1) = s1 &: : :

& �N (xa) = sa & 9v(hv; hx; yii 2We & �N 
A Dv)
��
:

Note that the functions �!� ; �N ; I
m

j
; (where Im

j
(r) = rj , r = hr1 : : : rmi);

h0; (where h0(s) = 0� , s = p�Nq); h1; (where h1(hp�Nq; p�Nqi) = 0� ,
�N � �N ; h2; (where h2(hp�Nq; x

�; si) = 0� , �N (x) = s) are PC. The

function ' (the semicharacteristic function of the set We), is partial recur-
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sive and therefore (see Proposition 1.4) the function '� is PC, for the same

reason the function h�; �i�; the coding of pair of natural numbers (where

hx�; y�i = z� , hx; yi = z) is PC.

It is not di�cult to check that the function g; such that g(p�Nq; v
�) = 0�

, �N 
A Dv , 8u 2 Dv

�
u = hi; hx1 : : : xai ; y1 : : : ybiii & 1 � i � k &

x1 : : : xai 2 Dom(�N ) & (�N (x1) : : : �N (xai); y1 : : : ybi) 2 �i _ u = h0; 2hx; yii
& x; y 2 Dom(�N ) & �N (x) =N �N (y) _ u = h0; 2hx; yi + 1i & x; y 2
Dom(�N ) & �N (x) 6= �N (y)

�
; is PC(�̂1 : : : �̂k; =̂N ; ^6=):

Therefore � �SC A:

�

4 Enumerations

De�nition 4.1

An enumeration is a pair � = (fN ; R�); where fN : ! ! N is a total

surjective function and R� � !:

The structure of the enumeration � is the structure A� = A(Gr(fN ); R�);

where Gr(fN) = f(s; x) j fN(x) = sg � N � !:

De�nition 4.2

For every enumeration � = (fN ; R�) we de�ne the following sets:

1. E� := fhx; yi j fN (x) =N f(y)g = Ef = f�1
N

(=N ) � !:

2. D(�) = E+
� �R�:

Proposition 4.3

Let a structure A = A(�1 : : :�k) and an enumeration � = (fN ; R�) and

a predicate � � Na � !b be given. Then � �SC A � A� if and only if

fN
�1(�) �e fN

�1(A)�R�:

Proof:

())Let � �SC A�A�; where A�A� = (�1 : : :�k; Gr(fN ); R�): Then from

The Normal Form Theorem(3.12) it follows that f�1
N

(�) �e f
�1
N

(A � A�);
i.e.

f�1
N

(�) �e f
�1
N

(�1) � : : : � f�1
N

(�k) � f�1
N

(Gr(fN)) � f�1
N

(R�) � E+
f
; but

f�1
N

(Gr(fN)) = fhx; yi j (fN (x); y) 2 Gr(fN)g = fhx; yi fN(y) =N fN (x)g
= f�1

N
(=N ) = E�: Then f

�1
N

(�) �e f
�1
N

(�1)�: : :�f
�1
N

(�k)�f
�1
N

(R�)�E
+
�
;

but f�1
N

(R�) = R� � !; and therefore f�1
N

(�) �e f
�1
N

(A) �R�:

(() Let

(1) f�1
N

(�) �e f
�1
N

(A)�R�:
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Consider an arbitrary N -enumeration gN : ! ! N; for which we can

prove that g�1
N
(�) �e g

�1
N
(A � A�); from which, using the Normal form

theorem (3.12) follows that � �SC A� A�:
We know that g�1

N
(Gr(fN )) = fhx; yi j (gN (x); y) 2 Gr(fN)g =

fhx; yi j gN (x) = fN (y)g ; and g
�1
N
(R�) = R�:

(2) g�1
N
(�) �e f

�1
N

(�)� g�1
N
(Gr(fN )); since

hx; yi 2 g�1
N
(�) , (gN (x) : : : gN (xa); y1 : : : yb) 2 � , 9 z1 : : : za

(hx1; z1i ; : : : ; ha; zai 2 g�1
N
(Gr(fN )) & (fN (z1); : : : ; fN (za); y1 : : : yb) 2 �)

, 9z1 : : : za (hx1; z1i ; : : : ; hxa; zai 2 g�1
N
(Gr(fN)) & hz; yi 2 f�1

N
(�)):

(3) f�1
N

(�i) �e g
�1
N
(�i)�Gr(fN); for all 1 � i � k; since

hx; yi 2 f�1
N

(�i) , (fN (x1) : : : fN(xai); y1 : : : ybi) 2 � , 9z1 : : : zai
(hz1; x1i : : : hzai ; xaii 2 g

�1
N
(Gr(fN)) & hz; yi 2 g�1

N
(�i)):

Using the same reasoning as in (3), we obtain E� = Ef = f�1
N

(=N ) �
g�1
N
(=N )�g

�1
N
(Gr(fN )) = Eg�g

�1
N
(Gr(fN )) and E� �e Eg�g

�1
N
(Gr(fN)):

From (1), (2) and (3) it follows that g�1
N
(�) �e g

�1
N
(A� A�):

�

Corollary 4.4

For any enumeration � = (fN ; R�) and predicate � � Na�!b; � �SC A�

if and only if f�1
N

(�) �e D(�):

Proof:

Let ? = (N;!; =N ; 6=N ) be the empty structure. From Proposition 4.3

if follows that � �SC ?�A� , f�1
N

(�) �e f
�1
N

(?)�R�; but f
�1
N

(?) = E+
�
;

i.e. � �SC ?� A� , f�1
N

(�) �e D(�):

�

Corollary 4.5

For any structure A = (�1 : : :�k) and enumeration � = (fN ; R�); A �

A� if and only if f�1
N

(A) �e D(�):

Proof:

Form Corollary 4.4 it follows that A �SC A� , 8i1�i�k �i �SC A� ,
8i1�i�k f

�1
N

(�i) �e D(�) , f�1
N

(�1) � : : : � f�1
N

(�k) �e f
�1
N

(�1) � : : : �
f�1
N

(�k)�E+
� �e D(�) , f�1

N
(A) �e D(�):

�

De�nition 4.6

The pair f = (fN ; f!); where fN : ! ! N and f! : ! ! ! are total

functions, is called an N -!-enumeration:

Notation:Gr(f!) = fhx; yi j f!(x) = yg � ! is the graph of f!:
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Remark: TheN -!-enumerations f = (fN ; f!) are enumerations � = (fN ; R�)

with R� = Gr(f!); D(�) = D(f) = E+
f
�Gr(f!);

A� = Af = A(Gr(fN ); Gr(f!)); E� = Ef = f�1
N

(=N ):
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