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1 Computability in N*

Basic notions and definitions

Let N be an arbitrary countable set. Take 0* which is not an element of
N and an operation ordered pair, denoted by (-,-) such that no element of
N U{0*} is an ordered pair. By induction we define the sets No = N U {0*}
and N, 11 = N, UNZ2, where N2 = {{(a,b) |a € N,, &b € N,}. Finally, define
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the Moskovakis’ extension of N, N* = U N,.
n=0

For s1...8541 € N* we use (s1,...,Sp+1) to denote (s, (s2,... ,8p+1))-
Recall that w is the set of all natural numbers. By induction we define
the set w* C N* as follows:
0* € w*
(n+1)* = (0*,n*) € w*
Define the left and right functions L and R : N* —— Nx as follows:
L(0*) = R(0*) = 0*
L(n) = R(n) =1* forne N
L((s,t)) = s, R((s,t)) =t
By F we denote the set of one argument partial functions ¢ : N* —— N*.
Define the following operations on functions in F' :

1. composition (po)) € F

(Vs € N*) (Vt € N¥)

(potp)(s) =t (Fpe N*)(4(s) =p & p(p) =1)
2. pairing I(p,9) € F

(Vs € N*) (Vt € N¥)
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(p,9)(s) =t < (Fp,q € N) ((p,q) =1t & p(s) =p & (s) =q)
3. iteration (o, 9] € F
(Vs € N*) (Vt € N¥)
(o, ¥](s) =t & Jwy,... ,w, € N* (wo =s& w, =t & P(t) € Ny &
Vio<icn) (p(wi) = wiy1 & P(w;) & No))

We define the constant functions as follows: if ¢ € N*, by ¢ we denote
the function ¢ : N* —— N*, such that ¢(s) = c for all s € N*.

Definition 1.1

The function ¢ € F is said to be prime computable using constants, rel-
atively the set {1,... ¢}, where ¢; € F (write p € PC(¢)1...9y)), if it
can be expressed with functions from {L, R,¢1,... , gt U{¢1,... ,Cn,...},
where ¢1,...,¢p,... is an enumeration of the elements of N, using compo-
sition, pairing and iteration. The function ¢ is said to be prime computable
with constants (write ¢ € PC), if it is prime computable relatively the
empty set of functions, i.e. p € PC(Q).

The function ¢ € F' is said to be prime computable relatively the set
{t1,... , 9} (write ¢ € PC(1p1...1)), if it can be expressed with func-
tions from {L, R, 41, ..., } using composition, pairing and iteration. The
definition of ¢ € PC' is analogous.

Definition 1.2 The function ¢ € F is said to be search computable using
constants, relatively q,... 1 € F, write ¢ € SC(1)1 ... 1), if there exists
a function ¢ € PC(1y, ... , 1), such that

(Vs € N*) (Vt € N*) (p(s) =t <= Fr e N*($((r,s)) =1)).

In the same way we define p € SC, ¢ € SC(1)1...1) and p € SC.

Examples The following functions are PC' :

1.

)

(s)=0*forse€ N* 0=L3o][L,1]

(s) =n* (n+1) =TI1(0,n)

2. I(s)=sforse N* I=]L,0]

3. The nowhere defined function @* : @* = [I,I]oII(I,I)
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0* s =0* —
5. Sg(s) = ’ Sg = Lo [1I(1,0), R] o II(L, I
9= ey gy 8= LoD AeNL)

L s La—

6. S = Sg = Lo [l1(0,0), R] o II(1, S
=4 T Sa= LoD, R on(L50)
0* ,s€w*
7. Xw*(g):{l* e N\ w Xw* = Lo[p, R] o TI(L, I), where

_J{@50%)  ,s#0°  p=Lo[y,SgoLoR]oIl(II(1,0),1)
o((s, (s,1))) = {<L(t),t> ,s=0* andt =I(II(LoR* R%),L)
0 L(s) = R(s) = 0"

1*  otherwise

8. And(s) = And = Sgo Lo [II(1,0),Sg o R]

0* L(s) =0* or R(s) =0* — _ _
Or(s) = () , or R(s) Or =Sgo AndoTI(Sgo L,Sg o R)
1*  otherwise
9. Nk:{<81...8k>|81,...,SkEN}
N'=N

(s) = 0 ,seN xn = Sgo[0,1]
Xnk - 1* , S ¢N XNk+1 = AndOH(XN OI’,X]V’c OR)

10. If(P € PC(Q/)la 71/)n)71/) € PC(l/)la 71/)71) a‘nd§ € PC(l/)la 71/)71)7
then the function If(&,¢,v) is PC(11,... ,1y), where

~Je(s) L if&(s) € No

If(§,¢,¢)( )_{Q/)(S) ,lff(S)EN*\N()

If(&,9,9) = Lo [ll(po L,1I(1,0)),Sg o L o R] o [TI(¢ o L,1I(1,0)), R*]o
II(Z,II(Z, 1) o xn, © &)

11. If p € PC(¢1,... ,¢pn) and ¢p € PC(¢1,... ,1p), then there exists a
function x € PC(¢1,... ,1,), such that:

x((07, 5)) (s)
x((z +1)%,s)) (=%, 5, x((2%, )

for all s € N* and « € w*; in the other cases x is not defined.

X = If(Caga Q*)a where C = And((Sg)oXNme*) and f = R30§20617 where
& = I(L,II(0, II(, ¢) o R)), & = [I(R o L, T(II(0, L), II(L o R, ¢)) o R), L].
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12. Ify € PC(¢1,... ,1n), then there exists a function p € PC(¢1,... , 1),
such that:

P(8) = ' T o= [P (2", 5)) € Nol,
ie. Rng(w) “and ¢(s) = 2% < YP(((z*,5)) € No & Vy <z (¥({y*, s >)_i &
(W ({y*,s)) ¢N0) for all s € N*. Indeed ¢ = L o [II(I1(0, L), I), 1] o I1(0, I).

The proof of 10, 11 and 12 for PC is similar.

Definition 1.3 Having the partial function p : W™ —— w, we can define its
corresponding function p* € F' as follows:

form>2 : p'(s)=t & 1 ...an,y Ew(s=(z}...35) &
y*—t&p($1,..., :y))
forn=1 : p*(s)=t & Tmycw(s=z"&y =t&p(z)=y),

for all s and ¢ in N*.

Proposition 1.4
If the function p : W™ —o— w is partial recursive relatively 11,... , 9y,
where each 1; : w" —— w, then p* € PC(¢7,... ,¢f).

PRrOOF:

Since p is partial recursive relatively 11,... , 1, it can be expressed with
functions from {O, S, IT",... I[P} U {41, ... , ¢}, using superposition, prime
recursion and minimization. We will prove that p* € PC(+7,... ,4}) using
induction of the structure of p :

Let p = O. Define p* = 0. Then p* = If(Xw*,p*’,Q*) € PC,

Let p = S and define p* = I1(0,I). Then p* = If(Xw*,p*',Q*) € PC;

Let p = I™ and define p* = Lo R*~! € PC for m > 1, and for m = 1
define p* =1 € PC.

Superposition: Let p(z1...xn) ~ f(g1(z1...2p) ... gs(x1...2,)) and f,
J1,---, gs are partial recursive relatively ¢1,... ;1. By the induction hy-
pothesis it follows that f*, ¢7,..., gi € PC(¢7,... ,4¢},). But p* = f*o
IIs(g7 - g5), whereII;(¢%) = g*, and Is 11 (g7 - - - 9541) = T(g7, 1Ls(95 - - - 9541))
are PC(17,... ,%;) and therefore so is p*.

Prime recursion: Let

p(0,7) ~ ¢(7)
plz+1,5) ~ P(z,7,p(z,9))
where ¢ and 1 are partial recursive relatively 1, ... , 1 and then ¢* * €

PC(y7,... ,4F). But (see ex.11) there exists x € PC(¢], ... ,4}), such that
X = Pr(¢*,¢7), ie



X(0%, ) 2 (s)
(z+ 1) ~ (a5 x((z, )
But p* = x = Pr(y*,4*) and therefore p* € PC(¢7,... ,1}).
Minimization: Let p(z1...2zn) ~ py[(y,z1 ... z,) = 0] and 9 is partial
recursive relatively 91,... ,9. Then ¢* € PC(¢f,... ,1}), but (see ex.12)
there exists p € PC(¢7, ... ,¢5) and s.t. @(s) ~ p*zk o [¢*((z*,s)) € Nol,
ie. ¢(s) = z* & ¢Y*((z*,s)) € Ny & Vy < = (¢¥*((y*,s)) L& Np), for all
s € N*. Then ¢(s) =t & Jz,21...2p €Ew (s = (z1...2y) &t = 2" &
P*((z%,5)) = 0F & Yy < z (¢*({y*,s)) 1# 0)), i.e. p(s) =t if and only if
2,01 .0n Ew (s =(z1...an) &t =2" & P(z,21...2,) =0 & Vy < 2
Y(y,z1...2,) V#£0), Le. p* = = p*z*[Y*((z*, ) € No] € PC(¢5 ... ¢}).
O
We have the following: PC C SC, PCC SC, PC C PC and SC C SC.
In the general case the constant functions are prime computable using
constants: ¢ € PC, for all c € N*. And ¢ € PC, for all ¢ € w*.

~
~

2 Abstract structures

Definition 2.1
Let w be the set of all the natural numbers and N be a countable set. A
structure we will call an abstract partial two-sort structure

Q[:<N7W;ZN77AN;217-" 7Zk>7

with two fixed (basic) predicates in N? - equality in N (=x) and inequality
in N (#x5). 21,... % are partial predicates, ¥; € N% x w’, a;,b; > 0 and
are not both zero, for all 2,1 < ¢ < k. This kind of structure will be denoted
as 91(21 e Ek)

Definition 2.2
For any predicate ¥ C N x w® we define its semicharacteristic function
S :N* —— N*, S € F, as follows: Rng(i) C {0*} and for all s € N*
$(s) = 0* if and only if
ds1...8 € N dx1,...2p Ew
(s: (51..-8a, 7 ... xp) & (81...84,%1...2p) € E).

Ezxamples:
=ny={(n,n)|n € N}, =n(s) =0" < 3Ine N (s = (n,n))
#N::—N:{(namﬂﬂameN&n#m}

#n(s) =0« Ine NIm e N (s = (n,m)) & n# m).



Definition 2.3
Let A = (Z¥,...,2%) and B = (2P,... ,22) be structures and %y,

S, .

1.

5.

.., 2 be predicates.

S <sc {Z1,..., 5} if and only if S € SC(Z4, ... , 5k);

Yo <sc 2 if and only if ¥y <sc {=n,#N,2T,... , 52}
A <sc B if and only if Vii<;<p 2?[ <sc B;
APV = (N;w; =N, #N; 20 .02 BB . 0B =¢x¥.. .22 =B . u3

n n

A =g¢ B if and only if A <gc B and B <gc 2.

In the same way we define the relation <go (without constants) but
henceforth we consider the relation <gc only.

The relation <gc is a preorder (reflexive and transitive relation), and
=gc is an equivalence relation.

S-degrees or structure degrees we call the equivalence classes, induced by
the relation =g¢ between structures: given a structure 2(, an S-degree of A
we denote its structure degree by ®g(2() and mean the set {8 | B =gc A}.

The set {Dg(A) | A is an abstract structure} we denote by ©. For 2
and b in ©, a < b if and only if there exist structures A in a and B in
b, such that A <gc B. For a and b in ® and for A € a and B € b we
define a U b = D4(A & B). So the structure S = (D, <gc, U, D) is an upper
semilattice with least element the empty structure O = (N;w; =y, #n).

Lemma 2.4
The following functions are prime computable (PC):

1.

The functions ¢, ;,, defined as follows:

() 0* ,ifs e w* q () 0* ,ifseN d
S) = an S) = an
oL 1* , otherwise PLO 1* , otherwise

0* ,for s =(81...8n,t1...tn) where
for n+m > 2, opm(s) = S$1y...,8p €E N and tq,... ,ty, € wW* .

1* , otherwise

Indeed @o,1 = Xw*, P0,m+1 = And o II(Sg o xn,, And o II(xy=* © L, po,m © R)) form > 1,
©1,0 = XNy @nt+1,m = AndoT(xn o L,on,m o R), form > 0and n > 0 and n+ m > 1.

).



2. The functions v, ;,,, where for all w and s; in N*, ¢y, 1 ((, (51 ... 5py ... ))
(81 Spy U ty...)yn>0,m>0.
m times
Indeed ¥0,m+1 = Yo,m o (L, I), for m > 0; and ¥n41,m = (L o R, ¥n,m o II(L, R?)), for
n,m > 0. Therefore 9n,m € PC.

3. The functions ,le'” such that for all s,...,5, € N* and p > 1,7 € w,
Vp({s1---8p)) = (s1...8p, %) = (s1,(s2...(8p,0")...)).

Indeed v} = TI(1,7%), ’Y;iw+1 = H(L,'y; o R),ie. fyli, = p,; o II(7*, I). Therefore fyli, € PC.

4. The functions Lt,, n > 1, such that for u,s; in N*,
Ltn((s1...5n)) = Sn.

Indeed Lt; =1 and Lty41 = Lty o R, for n > 1.

5. The functions F'st,, n > 1, such that for u,s; in N*,
Fsty((s1...8p.-.)) =(s1...8p).
Indeed F'st1 = L and Fstp4+1 = II(L, Fsty o R), for n > 1.

0

Corollary 2.5

For every structure B%(X; ... %) with predicates ¥; C N% x wb, 1 <
i < k, there exists a structure 8 with one predicate B(X), ¥ C N® x wt!,
where ¢ = max{a; | 1 < i < k} and b = max{b; | 1 < i < k}, such that
%k =sC B.

PROOF:

Let a = max{a; | 1 <i <k} and b = max{b; | 1 < i < k} and define a
predicate ¥ C N? x wbt!, as follows:

Y={(s1---8a,01..-xp0) | 1 <i<k&s1...EN& z1...0pb Ew&

(1.--8a,%1...2p) € i}
Here we prove that fact, but we do not give such explicit proof in the rest
of this paper.

1) B* <gc B, proof: For every predicate 3;, 1 < i <k, for all s € N*,
f]z(s) =0%iff s = (s1...8q,,27 . w;';) & (s1...8q4;,21...2p;) € Xy, Le. iff
s=(s1...80;,77 ... ) & (Fr € N*) (r =(r1...70,p1...pp,0) & 11 =N 51
&...&’I"ai =N Sa; &p1 =y t1 &...&pbi =N tbi & ¢ =N " & S(’I") = 0*),
that is 3; = If(©a; ;s Yo ;0 'ygieri, @*), where g, 5, and 7tii+bi defined in
Lemma2.4 are prime computable, and the function ; is such that for all
81 ... ,8g;, b1 .. Ty, D E N*,



Pi((s1 ... Saz>t1-. - tp;,0)) = (S1...5q;, CooC Jti...ty, d...d ,p), where
a—a; times b—b; times
¢ € N and d € w* are constants, ¢; € PC is prime computable with con-
stants ¢, since ¥; = Y, a—q; °IL(E, I)0tg; 14, p—b; oH(cZ, I), where the functions
Ya;,a—a; a0d g, 1, p—p; defined in Lemma?2.4(2) are prime computable (PC).
Then 3; € SC(=y, #x, %), ie. ; <sc (B), ie. B = (T1... %) <sc B.
2) B <gc B*, proof:

N(r) = 0% iff s = (51...80,27 ... 25,7") & (S1...84,%1 ... Tp,0) € X iff
s = (s1...8q,27...2,i") &1 < i < k& si...50 € N& x1...25 €
w& (81...5¢;,%1..-2p;) € B. X = If(And(@q, p+1, Pk © Ltaibi1), Vi, @),
where ¢, 511 and Lt 41 are defined in Lemma2.4 and ¢ is such that
for Dom(pr) = w* and p(z*) = 0 iff 1 < 2z &z < k, ie. ¢ =
If(xw=, And(0*, p}.), @), where 6 and py, are functions from w into w, d(z) =
0< 1<z and pg(z) = 0iff x <k, and 0* and p* are prime computable, see
Proposition 1.4. The functions ¢, is such that ¢ ((s1...54,27...25,4")) =
Si((s1.- - 8ap, 75 ... wy)), for 1 < i < k. Indeed oy = If(p}, X0 F stq, 14,, %),
that is ) € PC(X1); and ¢y = If(pz, ZkOFStak—l—bkad)k—l) € PC(Xq,...,2%k).
Therefore ¥ € PC(;...%;) and B <gc BF.

O

3 N-enumerations

Definition 3.1
An N-enumeration is a total and surjective function fy : w — N. Define
the following sets:

1. f]\_,l(E) ={{z1...20,y1-.. ) Ew| (fn(z1) ... fu(za),y1-..yp) € T}

2. By :={(z,y) ew| fn(z) =5 fn)} = f' (=x); .
Ef:={(z,y) € w|fn(x) #v fn(y)} = 5 (#n); and E;— = E;®Ey.

Definition 3.2
Let f* : w — N*. For the functions ¢ € F and the predicate ¥ C N®xw?,
define:

L E :={(z,y) ew | f(z) = ")}
2. [*7Hp) = {{z,y) €w|o(f*(2))} = [*H(Gry).
3. f*7I(E) = {z ew|E(f*(2)) =07} =
{z| f*(x) =(s1---8a,y7 ---y;) & (s1...8a,y1--- ) € B}



Lemma 3.3
The function f*:w — N* is total and surjective; there exist a recursive
function J : w? — w, such that for all z,y € w, f*(J(z,y)) = (f*(z), [*(y)),
and there exists a recursively enumerable set X, such that f*[X] = N. Then
for all ¢, 1 ... € F,if 1p € SC(p1 ... px), then f*7L() <o f*Lp1) @
@ pr) @ B

PROOF:

Since 1/) € SC(p1...pk), there exists ¢ € PC(yy...¢y), such that
P(s) =t < (Ju € N¥) <p( s)) = t). Therefore (z,y) € f* () &
P(f* (= )) = f'y) & Gu e N*) (p((u, [*(2)) = f*(y)) /since f is sur-

3
jective/ < (It € w) o({f*(t), f
) e @tz ew) (J(tz) =2z & o(f*(2)) =
o).

By induction on the definition of PC, we are going to prove that for
0 € PC(p1...01), [*(9) <o [* 1) @ ... 8 [ (1) ® E*, from which
follows that f*(1) <. f* ' (¢1) ® ... ® f* (o) ® E*.

Let ¢y and ¢; € w be such that

f*(co) = 0* and f*(c1) = 1*. Such ¢ and c; exist, since f* is a surjective
function.

“(2)) = *(y) & (@t € w) (p(f*(J(t,2))) =
= f*(y)), therefore f* 1 <,

e Ifo=1L
(2’ y)f*fl( ) ff L(f*(2)) = f*(y) iff f*(2) = f*(
fflyy =1V f*(2) e N\N -0 & Iz € w (f*(y)
(z o), ( y,co) € E*V3Ir € X((z,z),{y,c1) € E*)V Iz €
f*(z)) iff (=, co> (y,c()) € E*V dr e X((z,2),(y,c1) €
w(J(y,z) =t & (f*(t) = f*(2)) Hf (z,¢0),(y,c0) €
X(z, ),(y,q) € E*) VvV dz,t € w(J(y,z) =t & (t,z) € E*), ie
fr 1( ) <e E*, and it follows that f* (L) <. f* '(¢1) ® ... ®
F How) @ E.

) =0* v
7*33

e For ¢ = L the proof is similar.

e For p=¢;, 1 <1< k.
e =)< e @ @ o) @ B

e For ¢ = ¢ the constant function, for c € N.

Therefore f*~'(p) = f*71(&) = f*7(Grs) = {(z,y) € w | &f*(x) =



f*(y)} = {{z,y) € w|c= f*(y)}. Since f* is surjective, there exists
d € w, such that f*(d) = c. Then (z,y) € f*~(¢) iff (z,y) € E*.

The induction hypothesis for 1; and ¥o € PC(p; ... ¢k),
FH) <e [ He) @ @ f* o) @ BT

e Composition ¢ = 1)1 0 1s.
We have the following equivalences (z,1) € f*7(p) © o(f*(z)) =
f*(y) & 3s € N* (P2(f*(2)) = s & 1(s) = f*(y)) and since f* is sur-
jective, this is equivalent to 3z € w ¢(f*(z ) = (z) & i(f*(z)) =
f (), ie. Iz ((z,2) € b)) & (z,y) € F* L )) therefore
F7He) <e f7HWn) @ [N (), le f1THY) e fTHp) @ O
f* Her) ® E.

e Pairing ¢ = TI(1)1, 19).

Using that f* is surjective, we obtain the following equivalences (z,y) €
7o) & o(f*(2)) = f*(y) & Fs1,50 € N* ((s1,%) = f*(y) &
P(f*(2)) = s =1 & ho(f*(2)) = s2) & w1, 22 € w ((f*(21), [*(72)) =
) & pi(f*(2)) = f*(@1) & o(f*(2)) = f*(22)) & Fp1,20 € W
(f*(T(m1,22)) = [*(y) & Pa(f*(2)) = [* (1) & pa(f*(2)) = [*(x2))
& Tz, 20,t (J(z1,20) =t & (ty) € E* & (z,z1) € f* (Y1) &
(Z,:E2> € f*il(d)?))v 1.e. f* 1( ) f (1/) ) f* 1(1/)2) @E*a there-
fore f* (o <e [* 7 (p1) @ ... @ [ (1) ® B,

e lteration ¢ = [11,12].

We have that (z,y) € f*' () & o(f*(2)) = f*(y) & [, 2] (f*(2)) =
() & Pa(f*(y) L€ No & Fuwg,... ,wn € N* (wy = f*(2) &
wy = [*y) & Vi (0 < i < n) (br(wi) = wipr & P2(wi) & No)),
and since f* is surjective we obtain that the last part is equiva-
lent to 3zp,...zn € w (f*(z0) = f*(2) & f*(za) = f*(y) & Vi
0 < i <n) (Pu(f*(z:) = [*(wip1) & P2(f*(2:)) & No)). There-
fore (z,y) € [* " (p) & ($2(f*(y)) = [*(co) = 0" Vha(f*(y)) € N) &
20 ... 2p € w ({0, 2), (T, y) € B* & Vio<i<n) ({%i>Tiy1) € Y (epy)
& a(f* (i) L€ N*\No)) <

((y,co) € f*7H(¢ho) V It € X(9ha(f*(y) = f*(t)) & Fmp... 20 € w
(<$07z>7 <$n7y> € E* &Vi(0§i<n) (<$i7$i+1> € f*il(d)l) & Jtiy, tiy, ti €
w (I(tiy, tiy) = ti & o(f*(2i)) = f*t:))) & 3t € X U{co} ((y,1) €
f*il(d)g)) & dzg, ... 1 EW ((:ch,z(e E* & (zn,y(€ E* & Vijg<icn)
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(<LL'Z',I7:+1> € f*fl(l/Jl) & 3t; € Range(J) ((zi,t;) € f* 1(1/)2))) ie.
) <e £ 1) @ f*7 (o) ® E*, therefore
FHe) =legef* o) @... @ f* M) @ B*.

g

Corollary 3.4

Let f* : w — N* be a total surjective function and J : w®* — w, such
that for all z,y € w, f*(J(z,y)) = (f*(z), f*(y)) and there is a recursively
enumerable set X, such that f*(X) = N, ; C N% x wb, 0 < i < k, are
predicates, such that Xy < (2 ...3g). Therefore

IO E)e...of (S e B

Proposition 3.5

Let fy : w — N be an N-enumeration and ; C N% X wbi, 0<i <k,
such that 20 <SC (21 Ek)

Therefore f* *(Zg) <. f* H(Z1) @ ... ® f* (k) ® Ey.

2

PROOF:

Let J(z,y) := 2(x,y) + 2, where the pairing is recursive injective func-
tions, for example (z,y) := 2*.(2y + 1) — 1. Then for all ¢ and z, t < J(¢,2)
and z < J(t,z).

Having fn : w — N, define a total surjective function f* : w — N*, as

follows:
[ (J(z,y) = (f*(2), ")
fr22+1) = fn(z)
f*(0) = 0

The set X = {22 + 1|2z € w} is recursive and f*(X) = N. Therefore,
using Lemma3.3, f* 1(3g) <. f* ' (Z1) @... @ f* (Zp) @ E*.
There exists a recursive function g, such that y* = f*(g(y)), that we

define as follow:
9(0) =0
gly+1) = J(0,9(y))

Therefore there exists a recursive function h, p, such that
(fn(z1) - In(za) yi o) = (FF (220 + 1), 5 (g 2 1)) - [ (9(wp))) =
fr(I2a + 1L, J(.., J(g(ys)) ---))) = f*(hap((21 Fa Y1 - Yb)))-

1) We can prove that for every predicate X C N“ X w? f* )y <E*9

fn1(D), from which follows that f*~1(2g) <. fx 1(Z ) LN (Ek) @
E*. Indeed

pEfUUE) = B(f) =0F =

ds1...8 € N Jy1...yp Ew
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(f*(w) =(51...80, Y7 ---yp) & (51.-.5a,y1...Up) € Z) —

Hzlza,yl...yb cw

(f*(=) = (fn(2) (N (za) 0t - 05) & (FN(21) - [N (2a) 01 - ) € B) &

dz1 .. 20,1 U

(f(2) = f*(hap((21 - Zasy1 - 00)) & (21 Zasyr - p) € I H(E)) &

21 ... Za, Y1 - (( < Za,yl(yb>) EE & (z1... 20,91 ) € ().
Therefore f* 1(20) < f* IZ)e...o Y2 o E* <,

NS e e N I(Ek)®E*

2) We can prove that for every predicate ¥ C N x w?, f;,l(E) <. fFHD)e
E*. Indeed
(wl...wa,yl yb)Efﬁl( )< (fn(z1) ... fn(za),y1...p) €EX &
s € N* (5(s) = 0" & 4s = (fn(21) ... fv(2za), 91 - 45)) &
Iz € w (3 (f (x))—()*&f():( ( 1) fn(a)y vt up)) &
3z (z € fH(2) & f(x) = [*(z) = [*(hap((z1 - Tasy1 . ) &
dz, z (x € f*- 1(Z]) & 4h((xy xa,yl(yb)) =z & (r,2) € E*)

Therefore fy'(Zo) < f*~ 1( )@E* and since f* (%) < f& (21)®
.. @ fxn'(Z) @ E*, we obtain that f,,'(Zg) <. fy (Z1)@.. @fN (Xp)®E*.

3) We have E* <, Ej, from which follows that fy'(Zo) <. fy'(Z1) @
.. f&l(Ek) D Ef.

For the proof of that statement is necessary to know that (z,y) € E* &
fH@)=fy) er=y=0VIzt(r=22+1 &y =2t+1& fn(z) = fn (1))
V Jz1,x2,y1,y2 such that (z; < z & y1y <y & 22 < z & y2 < y) and

(2 =J(@1,22) & y=J(y,,y2) & f*(x1) = f* (1) & [*(x2) = [*(12))-
O

Definition 3.6
For an N-enumeration fy : w — N and a structure A(X; ... Xy), define:

FH@) = {(i ) | 2 € f3 (E}UL0,2) | 2 € Bf ).
Remark: fy' () = [ (Z1) ®...0 [y (Sk) © E; @ Ej.
Definition 3.7
1) N-string 7y is a function 7y : [0...n—1] = N, with length (h(7y) = n.

2) v Copn iff Ve(z < lh(Tn) = TN (2) = on(x)).
3) Code of the N-string 7 define to be "7y = (n*, 75 (0),... , 78 (n — 1)).

Remark: The functions hg, hy, ho, such that
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Vs € N*(ho(s) < Frn(s =18 7)),

hi(("tn %, "on () = 0" & v C o,

ha((Try @t 1)) = 0° & () = y)
are prime computable.

Definition 3.8
For a structure 2 = A(X;...%;) with predicates ; C N% x wb, a N-
string 7y and a formula F,(z) with e, z € w, define 7, IFy Fe(z) as follows:

T ko Fiu(2) iff Ju((v, 2) € W, & 1, IFgy Do)

and

Tp Ik Dy iff Yu € Dy(u = (4, (21 ... Zg;, y1 .- - Yp;)) &
1 Siék&xl...xai EDOTTL(TN) (TN(xl)...TN(xai),yl...ybi) €3,V
u=1(0,2.(x,y)) & z,y € Dom(7y) &
™ (z) =78 (y) &u=(0,2.(x,y) + 1) & x,y € Dom(rn) & N () #N TN (Y)).

Properties:

1) If 7, C on and 7y Iy Fe(z), then oy ko Fe(2).

2) The function hg, such that h3(("rn7,€",2")) = 0x & 7n |Fy Fe(2) is
SC(E1... S0 2N, 2y)-

Definition 3.9
For an N-enumeration fy : w — N and a structure 2A = 24(3; ... %)
with predicates ; C N% x w’ define

fn B2 Fe(z) if and only if 2 € T, (f5' ().
PI‘OpOSitiOl’l 3.10 fN |:91 Fe(z) iff E|TN g fN(TN ”_91 Fe(z))

Definition 3.11

The predicate ¥ C N® x w® has normal form in the structure A =
A(X;...Xk), when there exist e € w, an N-string iy and z; ...z, € Dom(dy),
such that
(Vs1...8¢ € NVyi...yp € w)
(($1.--8asy1---yp) € X iff 7y D oy such that
(Tn(z1) =51 & ... & TN (20) = S0 & TN ot Fe({T1 ... Tay Y1 .- Ub))))-

Theorem 3.12 (The Normal form theorem)

Let 2A(3;...3;) be a structure, with predicates ¥; < N% x w’. Then
for every predicate ¥ C N® x w” the followings are equivalent:

1) ¥ has in normal form in 2.

13



2) ¥ <gc .
3) fr (D) <e fy'(A) where fy is an arbitrary N-enumeration.

PROOF:

1) (3) follows from (2).

Let ¥ <gc A, i.e. ¥ <gc (X1...Xk,=n,#n). Therefore, using Corol-
lary 7.6, for every N-enumeration fy, we have that fy'(2) <. fx'(Z1) @
- Ofy (CHefy (=83 (Zy) @B, but fy'(=n) = Eyand [ (#y) =
Ef, therefore fy!(2) <c fy'(Z1) @ ... @ f' (Zk) @ Ef = fy' ().

2) (1) follows from(3).

Let for every total surjective function fy : w — N, f]\_,l(E) <e f&l(Ql),
i.e. there exists e, such that fy'(X) = Te(fy (A)). Assume that = has no
normal form in 2, i.e. for all e € w, for all N-string oy and z1...2, €
w\Dom(dy), there exist s1...5, € N and y; ...yp € w, such that the fol-
lowing holds true:

(x) (5,7) ¢ T iff
Jry D 5N(TN(I1) =51&...&7n(zg) = 80 & TN IFy Fe(@,y)))

We can define an N-enumeration fy : w — N, such that f&l Le f&l(Q[),
i.e. such that for every e, fy'(2) # Te(fy'()). First we define by in-
duction N-strings 0’?\7, such that O’?V Cc ... C O’;IV C ..., so that at stage
2e + 1 we insure fy to be total and surjective,and at stage 2e + 2 we insure
NN (B) # W' (), for fo = ok, as follows:
q

Stage 0
O'?V =g
Stage 2e+1

Suppose we have already defined o%;, for ¢ = 2e. Let © = [h(c%;), for the
least n & N, such that n ¢ Range(o%).
Define 0% D 0%, Ih(o%) = Ih(0%) + 1 and 0% (z) = n.

Stage 2e+2

Suppose we have already defined 0’?\7, where ¢ = 2¢e + 1.

Let z ...z, € w are such that z; = [h(o%) +j—1,1 < j < a. Therefore
T1...2q & dom(o)) are the first a elements, where o is not defined.

Case 1. There exist s1...5, € N and y; ...y, € w, such that (*) holds
true, i.e. (5,7) € X iff 3ty D ol (TN(IL‘l) =51&...& N (24) = 5. & TN IFg
Fe((f,y))), Le. for oy D 0%, such that dy(z1) = s1 & ... &In(za) = sa &
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Ih(6n(zq) = h(c};) + a, the following holds: (5,y) ¢ ¥ iff Ity D dn
(v IFa Fo((Z,7 >))
Subcase 1.1. 375 D oy (TN IFo Fe(@,y))). Define U?VH = TN.
Subcase 1.2.¥7x D 0y (v W Fo((F,7))). Define 0% := .
Case 2. Otherwise, define U?VH =0

Define f := U 0%, which is total and surjective, i.e. an N-enumeration.
q

Using the assumption that ¥ has no normal form in 2 it follows that
at stage 2e + 2 the Case 2 never happens, so we have the following two
subcases only:

In Subcase 1.1, 0q+1 ko Fe((Z,7)) and (3,7) ¢ X, and a?vH(xj) = s; for
1 < j < a (from the last one it follows that fy(d;) = s;). From J?VH IFo
F.((z,7)), using Proposition 3.10, we obtain that fy Iy F.((Z,7)), i.e.
)T,7) € We(fy' (). But (fn(z1)... fn(2a) 1o mp) = (5,7) € %, ie.
(7.7) & £ (%) and therefore (%) 7 U (f5 (20).

In Subcase 1.2, V7N D J?VH (v Wa Fo((Z,7))), (5,7) € £, and aq—H(dJ) =
sj for 1 < j < a (then we have fy(z;) = s; and therefore (:1: 7)€ [y (D).
From V7 D U?VH (TN Vo Fe((T, y))), using Proposition3.10, it follows that
I Va F((7, ), ie. (7,5) € Wo(f3 (). Therefore £ () # W (fy" ().

We have proven that for all e, fy'(2) # Te(fy'(RA)), ie. fy (Z) e
f ]\_,1(9[), which is a contradiction. Therefore our assumption is false, i.e.
has normal form in 2[.

2) (2) follows from(1).

Suppose Y has normal form in 2.

We can prove that 3 € SC(f]l S, ﬁN,;;éN), which according to the
definition means ¥ <gc (X1...3k, =n,#nN), 1.6. that ¥ <gc 2. Since ¥
has normal form in 2,

(Je € w, 36 and N-string, Iz1...2, & Dom(dy))
(Vs1...8¢ € NVyi...yp € w)

((5,9) € T iff
dry D on (TN(Il) =51&...&7n(zg) = 50 & TN IFoy Fe(( )),
thereforeE( ) = 0* 1ﬁ331...5a€N3y1...ybEw( =(S1...Sa,Y} - >&

5.y eX) iff (s=Ey)&s; EN&yf €w* & 3Ir D6 (TN(IL‘l) =51 &
& TN (za) = sq & F((v, (Z,7)) € We & 7v kg D,))).

Note that the functions x,~, xn, IJ", (where I (r) = 7“] <:> r={ry...mm)),
ho, (where ho(s) = 0" < s = "7x7), hi, (where hi(("tn ", TonT) = 0 &
™~ C on, hg, (where ho(("7n 7, 2%,5)) = 0" & 7n(x) = s) are PC. The
function ¢ (the semicharacteristic function of the set W), is partial recur-
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sive and therefore (see Proposition 1.4) the function ¢* is PC, for the same
reason the function (-,-)*, the coding of pair of natural numbers (where
(z*,y*) = 2" & (z,y) = z) is PC.

It is not difficult to check that the function g, such that g("7y 7, v*) = 0*
<:>TN||—Q[DU<:>VUED( -Ta;, Y1 - b1>>&lélgk&
T1...Tq; € Dom(7y) & (T3 (1) .. TN(IEGZ) Yl .- Up, ) € X Vu=/(0,2(z1y))
& 2,y € Dom(ty) & Tn(2) =N TN (Y) \/Au = (0,2(z,y) +1) & z,y €
Dom(rx) & Tn(z) # 78 (y)), is PC(S1 ... 5k, =n, #)

Therefore ¥ <gc 2.

4 Enumerations

Definition 4.1
An enumeration is a pair @ = (fy, Ra), where fy @ w — N is a total
surjective function and R, C w.

The structure of the enumeration « is the structure A, = A(Gr(fn), Ra),
where Gr(fn) = {(s,z) | fn(z) =s} C N X w.

Definition 4.2
For every enumeration o = (fy, Ry) we define the following sets:

= {(z,9) | fn(z) =~ f(¥)} = Bf = f5'(=n) Cw.
( ) =E} ®R,.

Proposition 4.3

Let a structure 2 = (3 ...%) and an enumeration o = (fn, Ry) and
a predicate ¥ C N® x w® be given. Then ¥ <gc U ® A, if and only if
fNil(E) <e fNil(Ql) D Ra-

PROOF:
(=)Let ¥ <gc AB Ay, where ADA, = (21 ... Ek, Gr(fn), Ry). Then from
The Normal Form Theorem(3.12) it follows that fy'(Z) <. fy (2 & Aa),
ie.
f]?( ) <e [N (D) @ @ N (3k) @ fi'(Gr(fn)) @ fy' (Ra) ® Ef, but
In' (Gr(fn)) = {{o, > | Un(@).y) € Gr(fn)} = {(z.) fn(y) =~ fx(@)}
= v (=n) = Ea. Then /(%) <. /! (E)@...0fy (S)@ /' (Ra) OB,
but f5'(Ra) = Ra C w, and therefore f5'(Z) <. fx' () ® Rq.
(<) Let

(1) F3'(2) <e 3" (W) @ Ra.
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Consider an arbitrary N-enumeration gy : w — N, for which we can
prove that gy' () <. gy’ (% ® 2,), from which, using the Normal form
theorem (3.12) follows that ¥ <gc A A,.

We know that gy (Gr(fx)) = {(z.9) | (9n(2),y) € Gr(fn)} =
{(,9) |gn(@) = ()}, and gy (Ra) = Ra.

2) 03 (2) <. 1 (%) 8 31 Gr (7)), since
(z,7) € gN () & (gn(@)...gn(Ta)yy1---yp) EX S T 21... 24
(

(@1,21) 5 (as2a) € 931 (Gr(fN)) & (fv(z1),e oo I (2a) 91 1) € 2)
& Fz1. 20 ((@1,21) 55 (Tar 20) € gy (Gr(fn) & (7,7) € [y (D).

(3) f L) <egn ( i) ® Gr(fn), for all 1 <4 < k, since
(7)€ f5' (%) & (fn(z1) . In(a)s v ) €S & F21... 2

((z1,21) - (205 Za,) € g5 (GT(fN)) & (2,7) € g (50))-
Using the same reasoning as in (3), we obtain E, = Ef = —1(:N) <
N ( )@QN (Gr(fn)) :Egeagirl(GT(fN)) and B, <. B, ]:7 (Gr(fn))-
From (1), (2) and (3) it follows that gy (Z) <¢ gy (A D Ag).
|

Corollary 4.4
For any enumeration o = (fy, Ro) and predicate £ C N?xw®, ¥ <gc Ua
if and only if f5' (%) < D(a).

PROOF:

Let @ = (N,w;=pn,#n) be the empty structure. From Proposition 4.3
if follows that & <gc @0, & [ (Z) < fx' (D)@ Ry, but f1' (@) = EF,
ie. ¥ <sc @D U & frH (D) <. D(a).

O

Corollary 4.5
For any structure 2 = (31 ...%;) and enumeration o = (fn, Ro), A <

A, if and only if £ 1 () <. D(a).

PROOF:

Form Corollary 4.4 it follows that % <gc % & Vii<i<k Xi <sc Ao &
Vitcick fy' (5 <e D(@) & [ () @ ... 0 f3' () <c [y ) e...8
In'(Ck) ® Ef <. D(a) & fy' (%) <. D().

O

Definition 4.6
The pair f = (fn, fw), where fy : w = N and f, : w = w are total
functions, is called an N-w-enumeration.

Notation: Gr(f,) = {(z,y) | fu(z) =y} C w is the graph of f,.
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Remark: The N-w-enumerations f = (fn, f,,) are enumerations a = (fn, Rq)
with R = Gr(fu), D(a) = D(f) = Ef ® Gr(f.);
A = Ay = A(Gr(fx), Gr(f))i Ba = By = [5M=n).
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