On the saturation of the Kantorovich sampling
operators in variable exponent Lebesgue spaces

Borislav R. Draganov

Abstract

The purpose of this note is to correct an absurd mistake in [3, Theo-
rem 3.4(i)], which lead to a mistake in the description of the trivial class
of the family of the Kantorovich sampling operators in variable exponent
Lebesgue spaces. In addition, we extend slightly the results in the above-
mentioned paper dropping the assumption that the exponent function is
finite.
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Lebesgue space

Let f : R — R be a locally Lebesgue integrable function and y : R — R.
Bardaro, Butzer, Stens and Vinti [1] introduced the Kantorovich-type sampling
operators
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where {t;}rez is a sequence of reals such that 6 < 6y := tr11 — t, < O for all
k € 7Z with some constants 6,0 > 0. It is assumed that both f and y satisfy
certain assumptions, which provide the convergence of the series in (1) at least
almost everywhere in R.

We consider approximation in variable exponent Lebesgue spaces. Let us
recall their definition.

Let p : R — [1,+00] be Lebesgue measurable. As it is customary in this
setting, to emphasize that p is generally non-constant, we will write p(-). It is
the exponent function of the variable exponent Lebesgue space.

We set

py = essinf p(x), p*:=esssup p(z)
zeR zER
and
RO := {z € R: p(z) = +o0}.



Next, for a Lebesgue measurable function f on R, we set

ppy(f) = /R\Rp(') |f(x)|p(ac)dac + esssup |f(z)].
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The variable exponent Lebesgue space L,.)(R) is the set of all Lebesgue mea-
surable functions f on R, for which there exists A > 0 such that

pp(.)(f/)\) < Q.

It is a Banach space with the norm (see e.g. [2, Theorem 2.25))

”f”p() = mf{)\ >0: pp()(f/)\) < 1}

As is known, if f € L,.y(R), then f is locally Lebesgue integrable (see e.g. [2,
Corollary 2.27]); hence the integral terms in (1) are defined.

In [3, Theorems 1.2 and 1.3] we established a direct estimate and a matching
two-term strong converse one for ||SY f— f||,(.) by means of moduli of smoothness
in L,)(R) with finite exponent p(-) such that p, > 1 and 1/p(-) € LH(R).
Crucial in the proofs was the boundedness of the Hardy-Littlewood maximal
operator, which follows from p. > 1 and 1/p(-) € LH(R) regardless of whether
p(+) is finite or not. As usual, LH(R) denotes the space of the log-Holder
continuous functions on R. We refer to [2, Definition 2.2] for its definition.

The assumption that p(-) is finite was made only for convenience and is
not actually related to the proof of [3, Theorems 1.2 and 1.3] and, hence, their
validity. That is also true for the assertions concerning the saturation class
and rate of {SX},~0 stated in [3, Theorem 1.5]. The description of its trivial
class, however, needs clarification; moreover, the statement concerning it in [3,
Theorem 1.5] is not quite correct—it holds for finite p(-) only if, in addition,
p* < 0.

Below, we give the complete and correct description of the saturation prop-
erty of the family {S%}w>0. In its statement, W[ (R) is the variable exponent
Sobolev space

loc

Wiy (R) = {f € Ly )(R) : f € AC[.'(R), f) € Ly (R)},

M, (x) is the discrete absolute moment of x of order o > 0 w.r.t. {¢x }xez, which
is given by

Mo (x) == sup Y |ty — ul*[x(u— tx)],
u€eR keZ

and |S] is the Lebesgue measure of the set S C R provided that it exists.

Theorem 1. Let r € Ny and p(-) be an exponent function on R such that
pe > 1 and 1/p(-) € LH(R). Let x € C"*(R) be such that:

(i) Myi1(x), My (x"H) < oo,

(i) Zx(u —tr) =1,

kEZ
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(iv) Z (r—z 1) Zﬂzfe(tk —u)’x(u — t),) = const # 0.
=0

kEZ

In addition, let the series

Doltw—ul (=)l and Y ft =l XU (u - 1))
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be uniformly convergent on the compact intervals of R.
Then the approzimation process { Sy }w>o is saturated in Ly.y(R) with order
O(w™"), its saturation class is Wy (R) and its trivial class consists of

(i) the functions which are equal to 0 a.e. if p* < 0o and \R\R‘&(}'” = o0,

(ii) the functions which are equal to a const a.e. if p* = oo or |R\Rg<({)| < 00.

In particular, if p(-) is finite, then the trivial class of {SX}.,,>0 consists of
the functions which are equal to 0 a.e. if p* < oo, and of the functions which
are equal to a const a.e. if p* = co.

As we already pointed out, the assertions concerning the saturation class and
rate follow by the same argument as in the case of the additional assumption
that p(-) is finite. Those about the trivial class follow from a property of the
moduli of smoothness used in [3]. The moduli are given by
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where AJ f is the forward finite difference of order r and step w of f, that is,
Auf(x) = f(x +u) — f(z), z,u € R, and A7 := A, (A7),

Now, let us state their property that directly implies the last part of Theo-
rem 1.

L Ly = p

)

p()

Proposition 2. Letr € Ny, p(-) be an exponent function on R such that p, > 1
and 1/p(-) € LH(R). Let f € Lyy(R) and Q.(f, 1),y = o(t"). Then:

(i) f=0 a.e if p* < oo and |R\R§£')| = 0,

(i1) f = const a.e. if p* = oo or |R\R€<({)| < 0.



The assertions remain valid with Q. (f, )y i place of Qu(f, )y
Assertion (i) corrects [3, Theorem 3.4(i)].

Proof. By virtue of [3, Theorem 3.2], either Q,.(f, 1),y = o(t") or Qu(f,t),) =
o(t") implies that f coincides a.e. with an algebraic polynomial of degree at
most 7 — 1. The function f needs to be in L,)(R), that is, p,.y(f/X) < co with
some A > 0. Since p(z) > 1 on R and at least one of the sets R\R&g) or R&({) is
not bounded, then f =c € R a.e.

It remains to determine those ¢ € R for which
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If p* < o0, then p(z) is bounded above on R. Consequently, if |R\R€g)| < 00,
then any ¢ € R satisfies (2), whereas if |R\R€é')| = 00, then only ¢ = 0 does.

Let p* = co. As it follows from the definition of the log-Hdélder continuity,
1/p(x) tends to a nonnegative real ro, as x — oo (we apply [2, Definition 2.2]
with r(x) = 1/p(x)). Since p* = oo, then ro, = 0 and

p(x)
dzr < oo with some A > 0.

1
p@) 2 o log(e + fal), w€R,

with some Cy > 0.
Now, we see that any c¢ € R satisfies (2) with A > 0 such that

|c| 1
By = e2Co
Indeed, then
‘ c ‘p(ﬁ?) < 1 cR
Ao S erEp T
hence pp.)(c/A) < oo. O

References

[1] C. Bardaro, P. L. Butzer, R. L. Stens, G. Vinti, Kantorovich-type general-
ized sampling series in the setting of Orlicz spaces, Sampl. Theory Signal
Image Process. 6 (2007), No. 1, 29-52.

[2] D. CruzUribe, Variable Lebesgue Spaces: Foundations and Harmonic
Analysis, CRM Preprints, Barcelona, Spain, 2012.

[3] B. R. Draganov, A characterization of the rate of approximation of Kan-
torovich sampling operators in variable exponent Lebesgue spaces, Rev.
Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat. 118 (2024), 71.



Borislav R. Draganov

Department of Mathematics and Informatics
Sofia University “St. Kliment Ohridski”
5 James Bourchier Blvd.

1164 Sofia

Bulgaria

and

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences

bl. 8 Acad. G. Bonchev Str.

1113 Sofia

Bulgaria

bdraganov@fmi.uni-sofia.bg



