3A YCTOWYUBOCTTA HA EJHA CUCTEMA IUPEPEHUHMAJHU
YPABHEHHS CbC 3AKbCHABALL APTYMEHT

3anpsau 3anpsHoB H Bacuan Juamaniuen

Heka e mameHa cucremara AupepeHLHaNHH ypPaBHEHHUA CbC 3aK'bCHA-
BAalll aprymeHT: '

X(t)*[- Q(X)-_—‘E (](t, X, ;V, /\:s /;) 2y E) 7;" Z; E),

(1) e - . N . - —_—

z() = s F(t, x, x, X, X, 2, 2, 2, 2, &),
KbIeTO0 2={Z|, Zs...,2n} F={Fy, Fo...,Fy} ca N-mepuu BexTOpH,
X —e1HOMepHa KoopauHaTa, x = x(t—h), z=2(t—h),t ¢ (0, ), =const >0—
3AK'bCHEHHE, ¢ — MaN'bK NapaMeThp.

B Hacrosimara pabora ce H3cjaeABa BBHNPOCHT 3a aCMMNTOTHYeCKaTa
YCTOHYMBOCT Ha peLIeHHSTa Ha Ta3d CHCTeMa MpH JOCTATBYHO MaNKH
CTOMHOCTH Ha & 3a cucreMd oT BuAa (1) 6e3 3aK'bCHEHMSA TO3H BBAPOC e
pa3rsenan B (1).

[lle wanpaBuM cJeJHHTE NPEANONOKEHHUs :

1) [Mopaxpmauiara cucrema (e=0) uma peenus [I, 2] oT Buaa:

D xO =g [w(—1,-]- 1), w],

(2) .
2=,
KbJeTo ¢ e nepHojaHuna (QYHKIHA OTHOCHO I'bPBHSA CH aPryMeHT C NepHOX
2n
T, W=or — coGcTBEHA 4eCTOTa, @ T% M T, Ca KOHCTaHTH,
0

2) Oynkumute ¢ M [F; ca HenpekbCHaTH M MNEPHOAMYHHM NO £, a no
OCTaHaJuTe aprymMeHTH AONYCKAT YaCTHH NPOH3BOJHH, KOUTO YJIOBJETBOpS-
BaT ycJ0BHeTO Ha JIMALIMI C He3aBHCEUM OT [ KOHCTAHTH B HAKOA OKOJ-
HOCT Ha nopaxaalloTo pellleHHe,

3) dynxkuuara (x) monycka BTOpa NPOH3BOJAHA, KOSITO YJIOBJIETBO-
pABa ycnosHeTO Ha JIMMIUKIY B HAKOA OKOJIHOCT Ha NOPaXZallOTO pelleHHe,

4) Cucremara or N+ 1 HeJHHEHHH YyDPABHEHHS OTHOCHO T, Ty, To, s« , TN

T

P(T, T], a0y rN)-_—'—' fq(t, xo, ;0, ).Co, ;0, zo, Eo, 2‘0, ._Zlo, 0) .x'o dt:O,
0 .

(3)

T b J— . —_
Pt, 1y, ..., T8)= f Filt, X4 Xoy Xoy X0y 200 Z0» Z0r 2 0) dE=0
: .
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JONYyCKa peaiHO pelueHHe <%, 1), T5,...,T,, T. €&
o (P, Py
J(z* V1)) + 0.

5) [lpn npocTarpyHo MalKH CTOHHOCTH HA € OCHOBHATA HauyasHa 3ajaua
[3] 3a cucremara (1) uma peleHHs OT BHAA
) x(t, &) = xOfw (E—1,-- %), o]+ 3¢, ¢),
zi(t,e)=1]-leyi(t ¢),

KbJeTo (PYHKUHHUTE y, y; ca nepuoguusu ¢ nepuor 1 (T=nT, n —uano
NONOXHUTENHO YHCJO). 3a Aa u3cjenBame YCTOHYMBOCTTA HA TOBA pellieHue,
na nonoxum B (1)

x=x(t €e)+s,
2i=2i(t, &)+ ri

3a BapuallHuTe S U ry HosaydyaBame CHCTeMaTa

. dQ dg 0g ., 0g9-, 09, g
S+ S s=¢ + T s+ -Ts4 s °9 v
dx [dx 0x dx L d)C +§()} J
N N N
dg 0q - g
+ N - Ml M=t
=1 92 = 0z % 0Z; j

&)
dF[ dF dF( dFl ()Fx
- _{_ —_ - . R
E[()x +d\¢ ' 0x S dx +Zdz,

N N
oF; . 3O F;- NoF; .
un Ly 2 L + Y'____

= 0z it 1 0z r,l

KbJeTO MpOH3BOJAHUTE Ha QyHKuuuTe Q, ¢ M F; ce npecMATaT 3a Hecmy-
TeHOTO ABHKeHHe (4).

CnenBaiixy meToxa Ha JlanyHoB [2, 4], pewenusaTa Ha Ta3nW CHCTeMa
THPCHM BB BHAA

1—1 <j

-
3

t !
S= EP“ riz'f‘i 6’“ ,

KBAETO o € XapaKTepUCTHYeH MNoka3aTen Ha cucremara (1), a & v ca
nepuogudby Gynkuud. OTHOCHO € M ¥ MoJyyaBame
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dQ .
E+dfg { X q(gL“EH* V j u+ S’——(,4 a1)
l——l
w[0g= 0q . N o :
t+e” ~-»Z;%----'Z(§+a5)+2-»gnf \ —:(nﬁ & 75) }—2045 %G
00X 9x dzj = 1 0z
(6) N
- oF, . '0F; . - 0 F; dF
PR it 2t i -3 N A N2 -
7)’ E{dx C_'L 0,\: (5 +“C)+;;_i azj ")r‘f‘ 0 (TU ' “7)1)
—an|0Fi. OF - - QOF- AQ()F,- =
+e B T (e M =yt N L (e )]} 2 oy — oy
ox 0x ! gaz} ,‘:-1( 02z g 7)1_ |
) J(P, Pi)
Toit karo - 0, 2
0 (e sy 0 0 012
a~a,]/e + oug - a;,eal‘—{— cee
(7) E=FEO £V Je LE@eteMe ., .,

="+ Ve - P etqV e+ ..

Kato 3amectdam o, £ U v oT (7) B (6), 3a Hy/neBOTO W NbPBOTO MPHOMIH-
AKeHue Ha § W v moJy4yaBaMe CHOTBETHO

E(U) (d Q) E(O) _

(8)
| 7 =0
H
E(I) n (d Q) Eh= —2a, E(O)’
(9)
7]:')‘_ —2 a7, 45 .

YpaBueauara (8) ¥ (9) UMaT NepUONHUYHH peILeHHS -
E(O) = (10 ’%0 = ao ll,
p O =q®
[ i

1 {1
nf’—a,’

KBAETO U, U Ca MEPHOLWUYHH DEILIeHHs CBHOTBETHO HA YPaBHEHHATA

\
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u Jn— Q’(xo) u :01
'v+ Ql(xo) v=—2 &% t'I,

a a, a, a® a' ca koncrantd. Ot (6) n (7) cnexpa, ue 3a QPysxuHuTE
P, 7 umame

{18 { 28 (e ()

N
dq dg 29\ ;
(0) - Z’ °9)\ .o o (%90
+2( ) (0éf)onj %(0 )og +(d}§>0§”

i=1

+ 2 (dz )72‘°’+ ) ( ) O 2 g, ED -2, EO — g 2EO,
J

(9)

(10)

N
(i) (e S S

j=1

0 F; 0 F; al
I ASEAR TN ) gy Lo
| (z)x )o l_( )oE +2’ (0z ) +j

—-Qal'q, )2 a,'/( ) ocm,(o),

KbAeTO 3HaKbT 0 NPH CKOOGHTE O3HauaBa, Ye B IPOM3BOAHHTE HA (PYHK-
uuure Q, ¢ n F; aprymeHTHTe ca B3eTH 3a MOPaXKAAU(OTO pelleHHe,
Ypasienusta (10) wuMaT nepHOAHYHH pelueHus ¢ nepuon 7, Koraro ca
H3M'bAHEHH YCJOBHATA

fr{_—(218')0x1a0u2+(gz)0a u2+< )aoutH-Z( )“”u

[$]

--k(aq)aoutw( )auuu+2( )a“’)u — 20,22 u v—a’a, uldt =0,
0 o0x J

0x =

(11)
N
:(”) ( ) aoii 4 v(2F o (i_’i p ("_.Ff)az;'
Jl 0x U°+ R g(dzj)o’+dx)oa°u+ ox Jo

d F;
(0) g2 (0)]
+ (dzj)a ala Idt =0.

=1
®
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Or (3) nonyyasame

f { (5;) o);qi;)”"_“*(%f;)”"‘*(%)”5“"‘}‘”
f [ ‘)ZJ dz,)o }dt
(12)
et S Gy (5 i (55 oo

OP; _ ((9F; dFi\
— - dtl
J1; ‘;fl(dzf) ' (dz )ol
Kato B3emem npex Bux, ue

T T
a*Q ;
— (29N yurdt= [ quat
: Gf(dx“ )0 ! Gf

(Bx. Mankus [2], 408), ot (11) u (12) cneaBa

aP NP
a0 (5? - KT ) T2 =0
Jj=1
-(13)
oP

aod *+2 (0)( ~f'.;—o,,a1 T):‘O:

j=l

KbaeTo K=u2+uv—uv e JeTepMHHaHTaTa Ha BpoHckn 3a peiuenusita
U=, Ug=ut+7v Ha bPBOTO YypaBHeHHe Ha (9,).

Cucremara (13) uMa HenyJeBO pelleHHe OTHOCHO BeJHUHHHTE 4, 4!,
KOraTo '

L oP . aP
e !
det || ' =0.
| apl ()P, |
i P ——,.=—5,--a2T A
| 0T° 01:}. I |

KopeHute Ha ToBa ypaBHeHHe OTHOCHO p=a,°7 ca pa3nIH4HH OT HYyJa.
Heo6xonsmo ycsoBHe 3a YCTORYMBOCT Ha peILUEHHATA HA CHCTemaTa e
Bcuuku p, (v=0,1,2,..., N) na 6baar cTporo oTpuiaTe Hd. Torasa BCHUKH
af")—]/p, me 6bAAT YHCTO HMArHHEPDHH H W3C/EBAaHETO HA YCTORYHBOCTTA

e ce onpejens OT ag
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Ot ypasreHusTa (6) u (7) nonyuapame, 4e Qyuxunute §3 u 93 ypo-
BIETBOPABAT ypaBHeHHATA

@, [AQ\ v _ _ (d*Q 1) (04) (1) (dfl) £(1) (0)
¢ J'(dx)n& N (d.\‘2) xlE —L ())L c)E J— 0\ ( -L E )

oy Nag dq dq
VvV Y 7,() \ I (1) (0) n (1) (0)
+: a2 2 ,(" +an,)+( x\f + (a\)( +a,E0)

N N
dg- %9 J
+ Z’q 'f)‘,-”‘*‘ \ __(_I ('ﬂ")+“17(0)) o h {(03) §<0)+( ) E())
J_A/:! z; X /o ox

+ \N‘ Q_fl'-,;«}ur \{\i ‘)_fl",;(m] — 2y B — 2, B —2 alg(z)_a EM 2, EO,
j‘:, dzj ' = 0z /
(14)
= oF EQ) 4 (B 4o, O VdF 7(h L+ \Iy’ oFfi (DL o 7(0)
o= (02 (G s m e oz e () e
. N N
+(’ 3: )"'m F(a,\ )(E<'>+ L EO)-+ é‘-‘a’gn‘,}wm Z’j (1) - 7(0)

JF; Fi OF\
—ah g(0>+( N\ FO - 2 ( Fi 7O - \’( ) (p)}
“ [(dx )o ()x )0 i=1 ) K 0z 01"

Jj=1 &

1Y

—203 O —20a, %) =2, P —a2nV—2 a a, O

ycnoaue'ro 3a nepupguqﬂocr #Ha £ ce 3anucBa Taka:

599 wEo 599z 209\
— 2 *v,t 80— 37 L (g0t n«jﬂ)gw))_(dt) ELE©

i=1 J X ‘0

(15)
N ag -
(0 ) (EMEC) g FO EO)— 2— 7w g0 — 3 g
: y

j=1 0Zj

(gg) EO) 5(0)+(0‘1) EOEO 4 S‘ ‘7.,)(0)5(0)
x o 0

+a ;f;f)) §O)+ah

J—l
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1 2” g:‘lj ,(0)5(0)] 42, EDE® L.9q, EMEO 1 2, EOEO 44 2EM EO

4-2 o %y E(U)?} dt =0,

3a na enumunupame E(2, ymuHOxaBame NbpBHTE ypaBHewusd Ha (9) # (10)
cboTBeTHO ¢ £@ u () u ru uasaxxnpame. [lonyyaBame

[l (68 mewen (32 gm0 (37) emeos 3G ) e
) ’ ’

(16)

N . -
-y 0(] * - dq d '7 s -
4+ V(91 ‘:.r(f))g(l)_i_( ..... ) C(O)g(l)_l_< ) EO) () 1 ( ) y® E(b)

l—l

T . N
+"y(d‘7> 7(0) B 9 g, BDEM —Q g, BOE() — g 82O) EN -9 g t«O)gmldt -0.
0z; /v

[To-naraTbk c1>6upame (15) n (16) u rpynupame

[a EOR_L E) E©) — EO) thZ (,)(1)5(0)_,)(0)5(1))

(0gy\
; 1] ()z

f{ (29).-

2 (06’) 7)5-0) E(O)—'r-((;-; )O(E(Dg(O)_E_(O)E(;))

(17)
L (0‘7) [TMEO 4 o O FO __EMEO)] 4 \,(d_q) (7D EO —7OEW)
0x /o i 2j /o
N
b 37(24) o —a (20 200 1 (24 co o
i \dzjlo 0x /o ox

N
0 N0
+ Zaz‘] n(O)E()+ N qn(O)g(O)] ==0

j=1 Y<i J= l Zj

KX
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(¢

+a1a0 ( )a“’)u—i— q[aou(a] u-+o,a,v)—a, u(a,uta, a,v)]
ox

) a2K+ V q[a“)au a® (au+a, a,v)|

0 -
(18) ()—Q[a(,u(a1 u+a, a, )L @, Qg 1w —ay u(an4-2,a,0))
X
. )‘ 9 ) g© Now V(04 (0)
2 (-_) [a,uaV—al®(a,u+a, a, u)]—,-alé (__) a,ual
j=1 Zjlo Jsd FARA
—a,h [(‘-’—2) aguz—ht-(?—g) al wu- -A- 2 - aoua‘o)]
(’X 0 ()x 0 j=I ()o(«]

i (33) Aol (@11+2,40) = ( aou(aluwluow)ldz;o.
0
P

K 0 dP
aToO CBHKpATHM Ha A, H BbBEAEM 0o dt , nony4yaBaMme

N N .
0P 1 dP
(19) ald *+20 [ -I—;;(—)-gaT a®| +ay =0,
KBAETO
og
-——2a a, K— =) va®4 - | wald
= [ (52-2) k- 2 (50 rere 2 (5,
+ 99 a,(tv—uv)+ Q_Q a, (V1 E—&b)—f‘(i‘.—’.) va®
0x ox ; ()Zj 0 !
N N
dq [ og\ — ogy = daq l
~+- —\ua®=h a( _-.-) uu-ta (T) nu—+ ua| Ldt.
g(dz,-)o ’ "\ox)s "\ox /o _;02’: J
Cowraacuo (13) ypasHerne (19) moxe n.a ce 3anuilue H TaKa:
(20) a (g—p;; —a"’KT)—i— 2 ————— a(‘)+aly 0.

Jj=1

Cera uie 3andiieM YC/IOBHeTO 3a NepHOAHMYHOCT Ha 7'd:
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[ (OF 0 F;
0 dx 0

0
N
| Y ()Ft 3\-: 0 i
§ D95 a0 (2 avapr (2L @it

+ (53—[:—‘)[alu+a1 aov+a1aou]+2(6F‘) “’+2(d*&) % a)

dx o 0z;

-—alh [( -d—ﬁ) dol;-'l— ( d—F}-) aOu'T_ Zgﬁa(o) ] ag agl)_2 4G aSO)l dt=0.
0 0 dz_,

HITH
. /0F, aF,
a b — — u dt
1‘[[ 0 )0u+(d.x )OI+( ]
v 9OFN\  /OF, P " (OF
Ly AN A al— Na?278;al)+a ~— | ay
‘.2“[(04' )o (02;‘ )0} ’ % 1 T léf {(dx )0 0

j=1
(22)
+ (gf‘)oao(b+u)+(g-§‘i)oao?+ (—S——F—) ao(v-+ )+2(0F' ), o

X j=l1 j

— 3’(“) <f-')-h[a0(0—§> ':24-%(9—_5) u 'Z(dF') a
j=I 02] o'x 0 dx 0 j=l1 02, 0

—2 a2a§0>} dt =0.

oP; 0P
Kato BBbBenem Fp H PP nonyvyabame
T ‘tj

‘ar L y(——a12o,,r)a(l>+am 0. (i=1, 2,...,N),
=1

KBbAeTo

T(/0F; dF; 0F\ — /0F; S
n= fl(G) o (5) a3 vt () o

\OXx
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0 Fi 0F;
Sl S (e )
"= \oz )y ! zdz,oj "\ox Jo "Vox /o

J=1 j=l1

N
+ T(()—F‘) (0)] —2 a,a(")}dt
R

= \ 0z
[To TakbBR HAUMH 38 KOHCTAHTHTE a, aj.” (j=1,2,...,N) nonyyaBame
crepHara cucrema ot N-+1 ypaBHeHHs :
oP : Nop
. .2 N a0 iy —
a,(dfg o, K7)+ﬁ' g a4,y =0,
j=
dP dpl 9~ ~ : ¢
ala'c* ]’"2’ (a'é‘:i:'—alein )(ZS” +‘“1Y"::0 (t:1,2,...,N).
j=1 J

Toit KaTo OCHOBHATA JeTEePMHHAHTA Ha TAa3d JIMHEHHAa CHCTeMa OTHOCHO
ay, a.g‘) (j=1,2,...,N) e paBHa Ha HyJa, TO 33 na 6bRe TH paspelinma,
CBracHO Teopemata Ha Pyle Tps6Ba

oP \ oP | |

.d,t.:,i.‘__al-«KT ()"c ';.......Y
rang L =rang

oP,  dP |

d:;{ 01"—‘a125ijr". '!:.ao.-o-'fl"

l . L
p=p, pP=p,

Ha Bcako p, moxe na ce noaysu cborBetHo af). Ako Re(al)) <0

(v=1,2,..., N+1), Bb3aMYTeHOTO pelLleHHe Ha cucTeMaTa (5) e acHMNTO-
THYECKH YCTOHYMBO. B 4aCTHOCT, ako npu HsKOsA CTOHHOCT Ha v Re (a{)--0,

CbOTBETHHTE MM XaPaKTePUCTHYECKH TOKa3aTend Tp#6Ba jna 6biar npe-
CMETHATH C MO-TOSIMa TOYHOCT. '
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ON THE STABILITY OF A SYSTEM OF DIFFERENTIAL EQUATIONS
WITH A RETARDATING ARGUMENT

Z. Zapryanov, V.Diamandiev

(SUMMARY)

In this paper the authors consider the system of differential equations
with a retarded argument

) X+ Q) =eq(t, x, X, X, %, 2, 2, 2, 2 €),

Aty=eF(t, x X, X, X, 2, 2, 2, 2, )

where _
z2={2y, 29, ..., 28}, F={Fy, F, ..., Fy} are N-dimensional vectors,x is a
one-dimensional coordinate, x=x(¢—k), z=2(t—h), ¢ € (0, o), k=const>0:
is a constant, ¢ is a small parameter.

The following assumptions are made :

1. The function Q(x) has a second derivative, which satisfies the
Lipschitz’ condition in a neighbourhood of the generating solution (¢=0)

X0 = lw(t —1, i-1), w)],
20 =1,

where ¢ is a perlodlc function with respect to its first argument with a
period TO, w=2xn'T, is the proper frequency, z, = are constants.

2. The functlons g and F; are continuous and periodical with respect
to £, and relatively to the other arguments they have partial derivatives,
which satisfy the Lipschitz’ condition.

3. The system of N+1 non-linear equations in 7, tv,..., Tn

T . .
P(T, 'Cl, 12, "eey t[V)—-—'—fq(t, Xo. XO’ 4!(), x, ZO, 20, zo, zg, 0) 4v0 (it’-’—"o

T d — B -2
P(t, 14 Toyen. s tN)=fF,-(t, Xoy Xo Xor Xo» 2oy 20 20r 200 0) dE=0
0

has a real solution <* ti,...,1}.
4. For sufficiently small values of ¢ the basic initial problem for the

system (1) has solution, as follows:
) x(f, €)=xO [0 (f—1,+1%), w]+e y(£, ¢),
(2) zi(t, ey=1]+eydt,¢),
where the functions y and y; are periodical with a period 7 (T=nT,, n
is a whole positive number). |

In the paper conditions for the asymptotic stability of the solution
(2), for sufficiently small values of ¢, are found.



