KbM KUHEMATUKATA HA TOYKA B KPUBOJIMHENHHU
KOOPAUHATH

Hsau Yo6anos u Pymana CrosiHoBa

1. Heka pamuyc-BeKTOPBT 7 Ha MNOJBHXKHA TOYKA € 3aJafeH KaTo
$yHKIHA

(1) r=r(qy 9o 95)

Ha KPHUBOJIMHEHHHTe KOOpAauHaTH ¢,(v=1, 2, 3), KOHTO OT CcBOs CTpaHa ca
G yHKUHH

(2) 9»=q,(t)

Ha Bpemero f. EnunuuuuTe TanreHmuannu BexTopH ¢,°(v=1, 2, 3) Ha Ko-
OpAMHATHHTE JHHHH ce AeduHHupar ¢

o7
~ 0q,
P L -
(3) q» ‘dr (v=1, 2, 3).
aaq'
[Tpn
dr dr or
4 0
(#) 0% 0‘13:*:
peLMnpoYBHAT penep (g,°)=" (v=1, 2, 3) Ha penepa (3) e
1 or ar
6 ~l= — X vy=1,2,3
) %) |0‘]v dr Or O0r 09,11 0q,42 ( )
X .
dg, 0qs
pH
ar dr
6 — = =1, 2, 3).
(6) gies 0q, (v 3)

Heo6xoaumMo H 1OCTaTHYHO YCAOBHE 3a

(7) (g0~ =¢,° (v=1, 2,3)
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e
or dr
8 — =—=0 ,v=1,2,3; v),
(8) 34, 07, G pv)
T. €. cucremaTa (2) Aa 6bae OpPTOroHanHa.
Or
(9) ’Tz x(q.l’ d2 Q3) i~'+)’(?1’ 99 93)}"!" z(qlt da» 43) E
c/eIBa
(10) or ,or dr  Dix, y, 2)

(Tq:xdqg .643 " D(gy G 95
Ot (b), (10) cneasa
. ori D(x,y,2) 0r _ o0r

i1 O) = - P v=1, 2,3
(1) (q r '0q, ' D(qy, 9 Gs) 0g,41 \dflwz v )
npu (6). '
Or

3

(12) _ r= 2 [?(c?f))f‘]éﬂ
y==1 -

n (11) crenna

3 -

= D(q,, g Ch) — Or ( dr  or

13 e P A 2. q.0.
( 2 )‘ - D(X, ) k-er dq"+l dqv-f-o \)

Ipu (8) ot (12), (7), (3) cnensa, qe'\‘ paBeHcTBOTO (13) nmpuema Buaa

a0

3 ;
> 1, (=.0r \-
(14 r T r‘*"'—::"j(r‘ 7':—') yo. =
) <o Voow )"
SIS R dq’ -0 N Pl A
2. [{uaueapuunaTa Koop,zuma'rua cucrema (p, 9, 2) ce necbmmpa
9. ... f1r=ps G2=® §a=Z
an L o ‘:_ N, b
(16) r=pcosyi psingf +zk.
Ot (16) caensa .
R BN o _ o
a7 Feséc‘cosfcpi +sing 7,

o . = -
(18) () ag:-:.psmcpi{-‘tpws:p],
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or

(19) 5=k
Ot (17)—(19) caenBa
(20) %g-q g;,,:p, oo
Ot (17)—(20), (15), (3) caensa
(21) 0= cospi-ksingj,
(22) 90=  sinegi +cosgyf,
(23) 2k,

T (21)—(23) chensa
(24) P0G - g0 21 20 50 =),
Ot (15)—(20y, (24), (14) cnensa
(25) i‘:-;p-b-" Zk.,

KOeTo, pa3dupa ce, c1eiBa CbBCceM HemocpencrseHo W ot (16), (21).
Cdepununara xoopaunaTHa cucrema (7, ¢, ) ce nedunupa c

(26) gy=t, (o=9, 3=
IPH
(27) r—=rcos ¢ coslgoi Lrcosysingj +rsindk.
Ot (27) cnensa
(28) %;:cos¢cos:pf_+cos¢sin wj+singk,

dr L )
(29) (7}7_ —rcosdsinygi+rcosdcose/,

or : — -

(30) 3—47= —rsingcosqi — rsingsingj —-rcosk.
Ot (28)—(30) caensa

ori_ . lor|_ , 10r|_
@1 ar T gy Tresh gyl

Or (28)—(31), (26), (3) cnensa .
(32) = costpcos cpi—#-cosdasmcpj—{— sin ¢ &,
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(33) $0 s —singi +cos gJ,

(34) P0= —sin ¢ cos i —sin P singf - cos ¢ &.
Or (32)—(34) caenpa

@) == o700,

Ot (26)—(31), (35), (14) cnenpa

(36) r=rre,

KoeTo, pa3bnupa ce, caenBa CbBCEM HeNOCPeACTBEHO H OT (27), (32).

He Taxa TpuBHaleH € TNpPHUMEPDHT C eJUINTHYHATA KOOPAMHATHA CH-
crema (A, p, v), KOATO, KAaKTO € M3BeCTHO, ce nedpHHHPA NO CACHHHS Ha-
yuH. [IpH

(37) A< b <a?
aNre6pHYHOTO YpaBHEHHE OT TpeTa CTeNeH CMpAMO ¢

x2 y? N 22 _
MMa TPH Pa3NHYBH PeaJHM KOpeHa:
(39) 1= @o=H (Ga=V
c
(40) — A= <p<< =2y,
Mpu (9), (39) x, y, z ce onpenensAT OT CHCTeMaTa YpPaBHEHHS
x2 y2 22
x3 y2 22
(43) a’+v+b'-1,—v+c9+v =1

NpH JIONBLJAHUTENHA yroBopka 3a 3uamuute. OT (41)—(43) crexapa

(a®+2) (@2 +p)(a2+v)

(‘4) X2= (az_ b?) (a!__cg) ’
_ (B+2) (0% 4-1) (6% +V)

(45) 2 (bz...az) (b2—C2) ’
(46) s N E@+p)(2+y)

(02 —a?)(c2— bz)
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Ot (44)—(46) cnenpa

»

47) ox _x 9 _x  0x_ X
( A" A@N op Aatp) o0 AaEiv)
48) w__y . oy_ Y wv__ ¥ .
( DTN Op 2w v abEiwy
(49) 0z z 0z 2 0z z

O 2FN) op 2+ v 2V
Ot (9), (39), (47)—(49) cnenBa

(50) a—'r-—}—( R TR k‘)’

=2\ n T hEaa S +,_.2_H
0; 1 ( X = y — zZ - ’
(3?_1 X = y = P4 _ )
2 37*5_(024-\/ LI N = k)
Ot (47)—(49) cnensa
(53) Dix,y,2) 1  Q=p)@E—)0—})
D\, p, v) 8xyz (a®?—b2)b?—c3)(c2—a?)
Hexa ,
_ y2 z?
(54) Q9)==~ ot E A
Ot (54) u nedunuuusaTa Ha A, p, v caenma
(g—2)(g—p) (g—v)
5 = o
) “@) (@®+9)(62+4-9) (2 +-9)
Ot (B5) cnenpa
(56) dQ\ ___ (G=me-y)
dq Je= @D (B +0)(+2)

Ot (54) cnensa
(57) (‘E_Q_) - [ x? w2

g )e== @ T @ T @
Or (56), (67) caenpa
(58) X 52 2 (A=p) (A+)

@ TR T @I T @I N e hy
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AHAMOrHYEO Ce NoJy4asa

(59) . X< . __y’ 22 (n—2) (t—v)

‘ (@u T (B () (0 ) () ()
2 2 ~2 Ve 3 (Y

(60) Xy =R

(@2-v)2 (D2 w2 (¢ (@) (B2 ) (et - )
Or (50)—(52), (58)—(60) c.1e1Ba
or 1 | (==

(81 o> "2\/ (@2 2) (B2 3) (240)
or 1 | (p—i)(p—Y)

(62) o 2\ @p@ e’
RO
(63) or 1 (v 2y (=)

dv 2 \/ (@2 =) (b2 vy (c2=4-y)
Or (3), 139), (50)--(52), (61)--(63; caenna

. A ,(aaT/)(b— SIS A S z )

(64) A% \/ = )(/-,) (,a-’-,uf RIS U k)
: - /((1“—'—;}.) (62 +-p) (("—*:1-13—< ) 2y

(65) i \/ e 2 a? -, - i]J‘hF?C* k >’
, o @By () z -

911 . [ S . [ .

(86) o (v—21)(v-—p) ((7 Yy , /7 cr—v k)

Upe3 u3sBakaanve Ha aBofikute pameuctBa (41), (42): (42), (43): (43),
(41) ce noayuyaBa CHOTBETHO '

x2 y‘..’- : z:? B
(7 GRS o Wl (s (- mmry Rl o Rmy

x* yE 22 i
(6%) a2 L) (@ + ) T (B ) (BP=v) (e p) (- v) =0,
(69) @) (@+n (5 +v)(b2+>) hELn

clel CbKpalllaBaHe CBOTBETHO HA A—p. f—v, v-—XA CBbraacHo (40). Ot
(64)—(69) caenna

(70 - A0 =0 Y00 0=,
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Ot (39), (9), (70), (14), (3), (64)—(66), (41)—(43) crenpa

(A—p)(2—v)

[ (a3-1-v). (b2+—v)(c9+-v)-;

= =) (r=p) =

(r—A) (t—v)

— pe3yJaTaT, KOHTO CbBCEM He e Taka oyeBMIeH, kakte (25) H (36), ma-
Kap U TYK Ia ce Kacae 3a OPTOroHajJHa CHCTeMa KPHBOJHHEHHH KOOPAH-
HaTH. B cayuas Ha HeOPTOroOHanHH CHCTEMH , oJs3aTa. oT u3pasa (13), za-
palll pasnarane Ha pajguyc-sextopa (1) Ha . IOABHWXHATa TOYKA MO €JHHHY-
HHUTE TaHreHIHAJIHH BEeKTOPH (3) Ha Koopnuﬂamme JUHUH, IPY KOETO Koe-
¢HIMeHTHTE Ha pasnaraHeTo ca (QYHKUHMH Ha KPHBUIHHEHHHTE KOOPIHHATH,
e Oe3cbMHeHa. TasH nossa M3n'bKBa Ollle MOBe4e MPH ThPCEHETO HA TaKHBa
KMHEMAaTHUHH BEJHYHHY KaTO HaNnpuMep CKOPOCTTA H YCKOPeHHETO Ha MNOA-
BHXXHATA TOYKA, KOETO C€ NpaBH MO-A0JY.

3. Hexka
(72)
H

(73)
Torasa

(74

(78)
(76)
Or (75), (76) cnenBa

) az, (g) -

Ot (77), (74) caenpa

(78)

Ot (3), (78) caenmsa

a= &(p_lv _Pg;:- o Pu)

a=+0.
— 5
a —
a
L0 e
J (g_)_ dp, _op, @
op, \a) a?
a da =-a—0a
op»  Op»

6 roamwnsnk na Maremaruseckus dakyarer

(v=1, 2,..., n),
(v=1, 2 ny.
(v=1, 2,..., n),
(v=1, 2,.., N).



82 Us. Yobanos m P. Crosnona 8

aq°, 1 _Pr
aq,
Or (79) u
o°r N N
80) = -S' ' ( 0_1] 0 -
( 0qy0q“ zzl{ [ 0q,0q, (11) 7 (1 v=1, 2, 3)
crensa
0g,° 1 e — _
(8]) aqqﬂ =| d; 2 [ dq" aq“ (qAO)-l] qlo
! dqv; i=1 '
1 % —
oz (dq 5 ,°>q,° myv=1,2,3).
vYqu
| dqvi

[Mopanu (11) na (81) Moxe ma ce nane owe BHABT

(82) 9g.° _ 1 D(¢1,92 g5 l or  or )2},0
%u|or D(x'y'z)z 04 | 0f1;+1 0g1+2 04,09, )"

| g,
- ( o°r “0)‘0 =1,2,3
iar—’ 9g, 99, qd-" | q» @, v=1,2,3)
| 0g, |

npu (6).
[Mpu oprorowanua wpuBoauHeiiHa KoopauHaTHa cHcTeMa ot (81), (7)
c/elBa

dqy 1 0°r -0 —0 o ~—0 —0
(83) [(—m % )7t (2 )78 ]
dr dg-0q, gv+1 | gvi1- g, 04, dr+2 |v+2
|0,
(4, v=1, 2, 3) npu
(84) i3 =q° (v=1,2).
Or

d&;o . 31 ° d&;o _
(85) = Z qu gq_; (V-— lr 2! 3) s
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K'bIETO, KaKTO OOHKHOBEHO, ¢ TOuKka € O3HayeHo nudepeHLnpatHe COPAMO
ppeMeTo £, H (81) crensa

| D L N A o
(86) @ _/}. In { L og.og, @4
()(Iv' u=lI ;=1
0 —OI .
— O la, =1, 2, 3)
( 0q. 04, 9 )q v )
[Mopamu (11) Ha (86) MoXe 1a ce paie ouie BHADBT
dg,° i (D@1, e g3 i OF '( or
7 = i - P! S
(87) a i gr 12- uiD(X, W 2) 2 1 0g; \0G;41
'(E' u=lI =1
or  &r )—o_/ P —\=, e
qu;_LQ aqv dqu Q1 ( dqy d_q‘;—‘ qv )qv (Vr-h 1, 2, 3)

apa (6).
[Ips opToroHanua KpHBOMMHeHHAa KOOpAMHaTHa cuctema ot (87), (7)
caelBa

S )
(88) dt “‘! d;l qu, _ qu!-! qv-i-l

r - _
-+ ‘734-2 )qng }

(+=1, 2, 3) npu (84).

4. Ilpn unMAMEIPHYEK KOOPAWHATH OT (17)—(19) caexsa

¥ or Y

89 =0 CI o _sinoei 07 =0

(89) B 0, G:07 singi +cosg J, 9707 0;

(90) _02_7:__81-“ [ -+cose 7/, E-——- CoOS @i —pSing j ?—25——-6'
. dcpap ¢ . ij, dCP2 - p CP P (pjs acpdz"‘ ’
| Froo. OF o -

91 =0, =0, ==

o) 0zdg 0, 0z0y 0, 0z? 0.

OT (89)--(91), (24), (15), (83), (21)—(23), (20) caexsa
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(92) o0 0, g =% —5=0;

(93) %‘? =0, %‘?:—‘0, a(c;p'zo =0;
(94) ad'io 0, -"d‘izﬁ, %‘1:6.

Or (92)—(94), (15), (85) ciesBa

(95) e ow, W o, 2o

Pas6upa ce, peayaraTuTe (92)—(95) MOraT ja ce mnoayvyaT H IMPEKTHO OT
(21)—(23) nopaan npocrTorata Ha Te3u H3pasu.
[Tpu cepuunu koopaunatu ot (28)—(31) caensa

r
(96) 57 =0
2y 2y — —
97) ‘a(zdrcp' :"digr--—- —cos ¢ singi +cos cosgj,
2, 2, _ _ —
(98) did:p :-d(lgr: —sin¢ cosopi —sindsing j +cosdk,
02? e . 3
(99) 07 = —rcosdcosqi—rcosdsing j,
2, 2 -__ _
(100) d(;;q):aig?: rsindsinpi — rsingcosy j,
(101) gq; =—rcos¢ cos @i —rcossingj—rsin k.
Ot (96)—(101), (35), (26), (83), (32)—(34), (31) cnrexnBa
I R - R
(102) W"O’ F:-P—— cos ¢ 9°, dq-’-_ °;
0 _5 9 _ _osePrsing . 9% 3.
(103) or =0 55 cos ¢ r0+-sin ¢ 9, —a—q)-.—o,
o - o - 9
(104) —d-r——O, W— —SIHLI)CPO, —d—q)———r .

Or (102)—(104), (26), (85) ciensa
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#0 er0 . — .
= cos 45+ 30, T~ cosygritsing 30,

(105)
—= —singpe®— r0.

pas6upa ce, pesyatatute (102)—(105) morar na ce noayyaT ¥ HUPEKTHO
ot (32)—(34) nopaau mpocroraTa Ha Te3HW H3pa3M.
[lpn eanntuudu Koopausata ot (47)—(52) caepBa

(106) g;;*‘;z"l‘[ Gy o @ |
aom ngm—} @ (b@iu)? T+t J
(198 =il e
(109) d(;;r;n di:)l 41} (a? +A)x(a +p)-

: . ) B
+(b‘3+l) (b2+p)j+(c2+x)_(cz+p) k ]’

% or 1 X —
(110) opdv ovdp 4 [(a2+p) (a%+ v)
- y bl A =
i(.bz‘f‘}") @+’ +(c2+p) (c2+v) k J '
11) 2 o 1 X —
( dvdl (?Mv 4|(a*+ v) (a®+ )\)
y z *‘
+(b2+v) (b2+1)1+(02+v) (c*-+2) k]
Or (106), (65) cnensa ' |
Fr— 1 [@4p)@®+p)(P+p)
2 o= 4\/ @=Ne—y
npu
(113) s= X v 2

@ V@) CENeTE @)’
Upes nudepeHunpane Ha._(5.8)‘cnpamo g mopazwu (47)—(49) or (113) crensa
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S e e et e e 4 i s

V-—A
() @D
Or (112), (114) caensa
(115) <?_£ ~ (@) (62 p) ( C“rp) | y—X
2 4 (r—21) (2 —V) 20 (BN (1)

AHaJIOTHYHO ce M0/]1yYyaBa

ggr o \/(a"%—v)(b* ) (€4v) n— A
A2 T4

(116) =N —p) @R EE TN

Or (115), (116), (70), (39), (83), (61) caenpa

IN° _ (V=A@ p) O+ p)e®+p) -,
o m-u) @GN0

(117)

P (E—2) (@) (PE)(E 1)
- 200—) (V—p)(az—l-l)(bhl.l)(@_*_l)

AHAaJOrHYHO Ce€ [10/1yYaBa
op® 1 (v—p)(@FM(B2 1)) =,

118 =
(118) an 2N\ C= @R E ) )
] /(X p)(@®-=v)(62+v) (2 +v) ~
T2 \ =@+ EFp) () Y
(119) ddv":”l (=)@ 2) b2 +A)(c2+2) 5o
v 2(v—2) \/ Q—p)(@®+v)(b24-v)(c?+v)

] [—v)(@%+ )02 - p) (P +1) —
26—\ (=@ =V E+W) ()

Ot (109), (65) caensa

(120) i ‘o—_ (@) (0P +p) (C+p)
npH
(121) X | 32 | o

(@)@ ) T (GG () Ly
Upes aucepenunpane Ha (59) cnpamo X nopaau (47)—(49) ce nonyuyasa

122 = TR )
(122) (@®+p) (5% +p) (c2+p)
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Ot (120), (122) caenBa

er vV—p

03 )
(123) o ¥ 4\/ =@ O TIE )
Ot (109), (66) crensa
r -, 1 [(@E)EN(E+HY)

(124) XA =) (—p)
npu

. X2 yﬂ
(129 @@ @) T NG )

z2

T eI @y
Upe3 audepennupane Ha (67) cnpamo v mopaaH (47)—(49) ce noayuasa
(126) u=0.
Ot (124), (126) cnensa

(127)

Ot (123), (127), (70), (39), (83), (61) caeapa

0 A‘ (v—p)(a2+ 7«)(b2 +A)(c?+ l)
op 2(JK— 1) \/ O —v)(@+p) (6% +p)(c2 -+ u)

(128)

AHaJOruyHo ce fnoJnayuana

(129) 020 ! (=@ X G*+1)(E+D)
v 20—y \| G—p @G )Ety)
(130) o _ 1 [O=@ )"l 5,
or ~ 2(w—Ar) \/ @—y) @@+ A)G*F A+ N)
(131) 0»° (A=v)(@®+p) (6 +p)(c2+p) =,
2(»-—v) (=A@ B YNETY) "
(132) oV _ 1 R CEDGED G
Ox ~ 20— \/ (=)@ RGP+ AT+
(133) oY 1 A—p)(@®+)(B2+v)(c2+y) —,

O 2(v—p) \/ (v=2) a2 +p) B+ p)(c34-p)
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Ot (117)—(119), (128)—(133), (39), (85) caensa

(134) e 1 [ O RN RN IGET
dt 20 —p) [\ (=@ + G+ (e +2)

S O RN RSN GREN
\ =2 (@ p) et

L] [ =)@+ )P +V)(E+Y) -
2(A—v) [\/ (v —p)@4-X)(&%+A)(c®+2)

4 [O=m@ENEENELD | ]; |
(B —2A)(@?+v)(&2+v)(2+v) ’

(135) d;o_ 1 f /(l—v)(a2+p)(b2+p)(c2+p))_
df = Ap= L\ G—m)@FNEENETD)

=@+ NEHNEFD) - ]A
G—v(@+pE+p) P tp)

N ] [/(?—-p)(a2+v)b2-|-v)(f"+")
20— \/(v—z)(a2+p)(b*+u)(c2+u)

(V=A@ + p)( B+ ) (e +p) ; } 7 /
(A—p) @+ v)(6*+v)c*+v)

(136) ar _ 1 [ C—W@ NG NETY 5
dt 20— L\ (e =)@ )@+ NE+R)

o [e=v@ENE LR ] T
=)@ V(BT (e +Y)

R [ (=@ VT INCEFY) -
20— [\ @R

o (x—vxaéw)(bfﬂxc?w)v]
J =A@ty

3a pasnuka oT (92) (95), ‘pecn; (102)—(105), peayartatute (117)—~
(119), (128)—(133), (134)—(136) cBBCEM He ca OYEBHIHO CJEICTBHE OT
(64)—(66) mopamu cnoxHocTTa Ha Te3u u3pasy, a ca TVIaHOMepHa moce-
NHla OT MPHJIAraHeTo Ha peraunute  (83), (85) B cayuds Ha eaMNTHYRH
koopauHaTH. [IpH K/HHOroHa/sHa KPHBOJMHHERHA KOOpAHHATHA CHCTEMAa 3Ha-
YEHHETO Ha TE3H peJalld¥ HapacTBa YYBCTBHTEJHO.

uO

)\

-
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5. [lpu
—~ dr
37 =
(137) v=—7
ot (1) caenpa
N o
138 v= R
(138) < 7o
Ot (138), (3) cnexnpa
3 —
= -\ or | —
139 = i
(139) v ,;1' a9
Ot (139) u
3 F.
(140) V= ”[6(3,0)-1](10
ceiBa
. ldr | dr ~ :
(141) v a_qr: =‘d_’t’(qvo)-l (V=1, 2, 3)
cpraacio (137),
Or (138) caensa
e v
(142) o (v=1,2,3)
Or (142), (3)-enensa
—— 1 0 (v? -
(143) V=T a¢,<_2) (v=1,2,3).
aq, | o
OT (143) n ) o
3
(144) v= ) "([@g.9 (39
cae/Ba
31 9 fon
(145) v= 2, or o(j,(‘f)(qﬂ)-'l.
=1 aq’

Ot (145), (11) crensa







