KbM KUHEMATUKATA HA TOYKA B KPUBOJIMHENHHU
KOOPAUHATH

Hsau Yo6anos u Pymana CrosiHoBa

1. Heka pamuyc-BeKTOPBT 7 Ha MNOJBHXKHA TOYKA € 3aJafeH KaTo
$yHKIHA

(1) r=r(qy 9o 95)

Ha KPHUBOJIMHEHHHTe KOOpAauHaTH ¢,(v=1, 2, 3), KOHTO OT CcBOs CTpaHa ca
G yHKUHH

(2) 9»=q,(t)

Ha Bpemero f. EnunuuuuTe TanreHmuannu BexTopH ¢,°(v=1, 2, 3) Ha Ko-
OpAMHATHHTE JHHHH ce AeduHHupar ¢

o7
~ 0q,
P L -
(3) q» ‘dr (v=1, 2, 3).
aaq'
[Tpn
dr dr or
4 0
(#) 0% 0‘13:*:
peLMnpoYBHAT penep (g,°)=" (v=1, 2, 3) Ha penepa (3) e
1 or ar
6 ~l= — X vy=1,2,3
) %) |0‘]v dr Or O0r 09,11 0q,42 ( )
X .
dg, 0qs
pH
ar dr
6 — = =1, 2, 3).
(6) gies 0q, (v 3)

Heo6xoaumMo H 1OCTaTHYHO YCAOBHE 3a

(7) (g0~ =¢,° (v=1, 2,3)
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e
or dr
8 — =—=0 ,v=1,2,3; v),
(8) 34, 07, G pv)
T. €. cucremaTa (2) Aa 6bae OpPTOroHanHa.
Or
(9) ’Tz x(q.l’ d2 Q3) i~'+)’(?1’ 99 93)}"!" z(qlt da» 43) E
c/eIBa
(10) or ,or dr  Dix, y, 2)

(Tq:xdqg .643 " D(gy G 95
Ot (b), (10) cneasa
. ori D(x,y,2) 0r _ o0r

i1 O) = - P v=1, 2,3
(1) (q r '0q, ' D(qy, 9 Gs) 0g,41 \dflwz v )
npu (6). '
Or

3

(12) _ r= 2 [?(c?f))f‘]éﬂ
y==1 -

n (11) crenna

3 -

= D(q,, g Ch) — Or ( dr  or

13 e P A 2. q.0.
( 2 )‘ - D(X, ) k-er dq"+l dqv-f-o \)

Ipu (8) ot (12), (7), (3) cnensa, qe'\‘ paBeHcTBOTO (13) nmpuema Buaa

a0

3 ;
> 1, (=.0r \-
(14 r T r‘*"'—::"j(r‘ 7':—') yo. =
) <o Voow )"
SIS R dq’ -0 N Pl A
2. [{uaueapuunaTa Koop,zuma'rua cucrema (p, 9, 2) ce necbmmpa
9. ... f1r=ps G2=® §a=Z
an L o ‘:_ N, b
(16) r=pcosyi psingf +zk.
Ot (16) caensa .
R BN o _ o
a7 Feséc‘cosfcpi +sing 7,

o . = -
(18) () ag:-:.psmcpi{-‘tpws:p],
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or

(19) 5=k
Ot (17)—(19) caenBa
(20) %g-q g;,,:p, oo
Ot (17)—(20), (15), (3) caensa
(21) 0= cospi-ksingj,
(22) 90=  sinegi +cosgyf,
(23) 2k,

T (21)—(23) chensa
(24) P0G - g0 21 20 50 =),
Ot (15)—(20y, (24), (14) cnensa
(25) i‘:-;p-b-" Zk.,

KOeTo, pa3dupa ce, c1eiBa CbBCceM HemocpencrseHo W ot (16), (21).
Cdepununara xoopaunaTHa cucrema (7, ¢, ) ce nedunupa c

(26) gy=t, (o=9, 3=
IPH
(27) r—=rcos ¢ coslgoi Lrcosysingj +rsindk.
Ot (27) cnensa
(28) %;:cos¢cos:pf_+cos¢sin wj+singk,

dr L )
(29) (7}7_ —rcosdsinygi+rcosdcose/,

or : — -

(30) 3—47= —rsingcosqi — rsingsingj —-rcosk.
Ot (28)—(30) caensa

ori_ . lor|_ , 10r|_
@1 ar T gy Tresh gyl

Or (28)—(31), (26), (3) cnensa .
(32) = costpcos cpi—#-cosdasmcpj—{— sin ¢ &,
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(33) $0 s —singi +cos gJ,

(34) P0= —sin ¢ cos i —sin P singf - cos ¢ &.
Or (32)—(34) caenpa

@) == o700,

Ot (26)—(31), (35), (14) cnenpa

(36) r=rre,

KoeTo, pa3bnupa ce, caenBa CbBCEM HeNOCPeACTBEHO H OT (27), (32).

He Taxa TpuBHaleH € TNpPHUMEPDHT C eJUINTHYHATA KOOPAMHATHA CH-
crema (A, p, v), KOATO, KAaKTO € M3BeCTHO, ce nedpHHHPA NO CACHHHS Ha-
yuH. [IpH

(37) A< b <a?
aNre6pHYHOTO YpaBHEHHE OT TpeTa CTeNeH CMpAMO ¢

x2 y? N 22 _
MMa TPH Pa3NHYBH PeaJHM KOpeHa:
(39) 1= @o=H (Ga=V
c
(40) — A= <p<< =2y,
Mpu (9), (39) x, y, z ce onpenensAT OT CHCTeMaTa YpPaBHEHHS
x2 y2 22
x3 y2 22
(43) a’+v+b'-1,—v+c9+v =1

NpH JIONBLJAHUTENHA yroBopka 3a 3uamuute. OT (41)—(43) crexapa

(a®+2) (@2 +p)(a2+v)

(‘4) X2= (az_ b?) (a!__cg) ’
_ (B+2) (0% 4-1) (6% +V)

(45) 2 (bz...az) (b2—C2) ’
(46) s N E@+p)(2+y)

(02 —a?)(c2— bz)
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Ot (44)—(46) cnenpa

»

47) ox _x 9 _x  0x_ X
( A" A@N op Aatp) o0 AaEiv)
48) w__y . oy_ Y wv__ ¥ .
( DTN Op 2w v abEiwy
(49) 0z z 0z 2 0z z

O 2FN) op 2+ v 2V
Ot (9), (39), (47)—(49) cnenBa

(50) a—'r-—}—( R TR k‘)’

=2\ n T hEaa S +,_.2_H
0; 1 ( X = y — zZ - ’
(3?_1 X = y = P4 _ )
2 37*5_(024-\/ LI N = k)
Ot (47)—(49) cnensa
(53) Dix,y,2) 1  Q=p)@E—)0—})
D\, p, v) 8xyz (a®?—b2)b?—c3)(c2—a?)
Hexa ,
_ y2 z?
(54) Q9)==~ ot E A
Ot (54) u nedunuuusaTa Ha A, p, v caenma
(g—2)(g—p) (g—v)
5 = o
) “@) (@®+9)(62+4-9) (2 +-9)
Ot (B5) cnenpa
(56) dQ\ ___ (G=me-y)
dq Je= @D (B +0)(+2)

Ot (54) cnensa
(57) (‘E_Q_) - [ x? w2

g )e== @ T @ T @
Or (56), (67) caenpa
(58) X 52 2 (A=p) (A+)

@ TR T @I T @I N e hy
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AHAMOrHYEO Ce NoJy4asa

(59) . X< . __y’ 22 (n—2) (t—v)

‘ (@u T (B () (0 ) () ()
2 2 ~2 Ve 3 (Y

(60) Xy =R

(@2-v)2 (D2 w2 (¢ (@) (B2 ) (et - )
Or (50)—(52), (58)—(60) c.1e1Ba
or 1 | (==

(81 o> "2\/ (@2 2) (B2 3) (240)
or 1 | (p—i)(p—Y)

(62) o 2\ @p@ e’
RO
(63) or 1 (v 2y (=)

dv 2 \/ (@2 =) (b2 vy (c2=4-y)
Or (3), 139), (50)--(52), (61)--(63; caenna

. A ,(aaT/)(b— SIS A S z )

(64) A% \/ = )(/-,) (,a-’-,uf RIS U k)
: - /((1“—'—;}.) (62 +-p) (("—*:1-13—< ) 2y

(65) i \/ e 2 a? -, - i]J‘hF?C* k >’
, o @By () z -

911 . [ S . [ .

(86) o (v—21)(v-—p) ((7 Yy , /7 cr—v k)

Upe3 u3sBakaanve Ha aBofikute pameuctBa (41), (42): (42), (43): (43),
(41) ce noayuyaBa CHOTBETHO '

x2 y‘..’- : z:? B
(7 GRS o Wl (s (- mmry Rl o Rmy

x* yE 22 i
(6%) a2 L) (@ + ) T (B ) (BP=v) (e p) (- v) =0,
(69) @) (@+n (5 +v)(b2+>) hELn

clel CbKpalllaBaHe CBOTBETHO HA A—p. f—v, v-—XA CBbraacHo (40). Ot
(64)—(69) caenna

(70 - A0 =0 Y00 0=,
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Ot (39), (9), (70), (14), (3), (64)—(66), (41)—(43) crenpa

(A—p)(2—v)

[ (a3-1-v). (b2+—v)(c9+-v)-;

= =) (r=p) =

(r—A) (t—v)

— pe3yJaTaT, KOHTO CbBCEM He e Taka oyeBMIeH, kakte (25) H (36), ma-
Kap U TYK Ia ce Kacae 3a OPTOroHajJHa CHCTeMa KPHBOJHHEHHH KOOPAH-
HaTH. B cayuas Ha HeOPTOroOHanHH CHCTEMH , oJs3aTa. oT u3pasa (13), za-
palll pasnarane Ha pajguyc-sextopa (1) Ha . IOABHWXHATa TOYKA MO €JHHHY-
HHUTE TaHreHIHAJIHH BEeKTOPH (3) Ha Koopnuﬂamme JUHUH, IPY KOETO Koe-
¢HIMeHTHTE Ha pasnaraHeTo ca (QYHKUHMH Ha KPHBUIHHEHHHTE KOOPIHHATH,
e Oe3cbMHeHa. TasH nossa M3n'bKBa Ollle MOBe4e MPH ThPCEHETO HA TaKHBa
KMHEMAaTHUHH BEJHYHHY KaTO HaNnpuMep CKOPOCTTA H YCKOPeHHETO Ha MNOA-
BHXXHATA TOYKA, KOETO C€ NpaBH MO-A0JY.

3. Hexka
(72)
H

(73)
Torasa

(74

(78)
(76)
Or (75), (76) cnenBa

) az, (g) -

Ot (77), (74) caenpa

(78)

Ot (3), (78) caenmsa

a= &(p_lv _Pg;:- o Pu)

a=+0.
— 5
a —
a
L0 e
J (g_)_ dp, _op, @
op, \a) a?
a da =-a—0a
op»  Op»

6 roamwnsnk na Maremaruseckus dakyarer

(v=1, 2,..., n),
(v=1, 2 ny.
(v=1, 2,..., n),
(v=1, 2,.., N).
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aq°, 1 _Pr
aq,
Or (79) u
o°r N N
80) = -S' ' ( 0_1] 0 -
( 0qy0q“ zzl{ [ 0q,0q, (11) 7 (1 v=1, 2, 3)
crensa
0g,° 1 e — _
(8]) aqqﬂ =| d; 2 [ dq" aq“ (qAO)-l] qlo
! dqv; i=1 '
1 % —
oz (dq 5 ,°>q,° myv=1,2,3).
vYqu
| dqvi

[Mopanu (11) na (81) Moxe ma ce nane owe BHABT

(82) 9g.° _ 1 D(¢1,92 g5 l or  or )2},0
%u|or D(x'y'z)z 04 | 0f1;+1 0g1+2 04,09, )"

| g,
- ( o°r “0)‘0 =1,2,3
iar—’ 9g, 99, qd-" | q» @, v=1,2,3)
| 0g, |

npu (6).
[Mpu oprorowanua wpuBoauHeiiHa KoopauHaTHa cHcTeMa ot (81), (7)
c/elBa

dqy 1 0°r -0 —0 o ~—0 —0
(83) [(—m % )7t (2 )78 ]
dr dg-0q, gv+1 | gvi1- g, 04, dr+2 |v+2
|0,
(4, v=1, 2, 3) npu
(84) i3 =q° (v=1,2).
Or

d&;o . 31 ° d&;o _
(85) = Z qu gq_; (V-— lr 2! 3) s
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K'bIETO, KaKTO OOHKHOBEHO, ¢ TOuKka € O3HayeHo nudepeHLnpatHe COPAMO
ppeMeTo £, H (81) crensa

| D L N A o
(86) @ _/}. In { L og.og, @4
()(Iv' u=lI ;=1
0 —OI .
— O la, =1, 2, 3)
( 0q. 04, 9 )q v )
[Mopamu (11) Ha (86) MoXe 1a ce paie ouie BHADBT
dg,° i (D@1, e g3 i OF '( or
7 = i - P! S
(87) a i gr 12- uiD(X, W 2) 2 1 0g; \0G;41
'(E' u=lI =1
or  &r )—o_/ P —\=, e
qu;_LQ aqv dqu Q1 ( dqy d_q‘;—‘ qv )qv (Vr-h 1, 2, 3)

apa (6).
[Ips opToroHanua KpHBOMMHeHHAa KOOpAMHaTHa cuctema ot (87), (7)
caelBa

S )
(88) dt “‘! d;l qu, _ qu!-! qv-i-l

r - _
-+ ‘734-2 )qng }

(+=1, 2, 3) npu (84).

4. Ilpn unMAMEIPHYEK KOOPAWHATH OT (17)—(19) caexsa

¥ or Y

89 =0 CI o _sinoei 07 =0

(89) B 0, G:07 singi +cosg J, 9707 0;

(90) _02_7:__81-“ [ -+cose 7/, E-——- CoOS @i —pSing j ?—25——-6'
. dcpap ¢ . ij, dCP2 - p CP P (pjs acpdz"‘ ’
| Froo. OF o -

91 =0, =0, ==

o) 0zdg 0, 0z0y 0, 0z? 0.

OT (89)--(91), (24), (15), (83), (21)—(23), (20) caexsa
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(92) o0 0, g =% —5=0;

(93) %‘? =0, %‘?:—‘0, a(c;p'zo =0;
(94) ad'io 0, -"d‘izﬁ, %‘1:6.

Or (92)—(94), (15), (85) ciesBa

(95) e ow, W o, 2o

Pas6upa ce, peayaraTuTe (92)—(95) MOraT ja ce mnoayvyaT H IMPEKTHO OT
(21)—(23) nopaan npocrTorata Ha Te3u H3pasu.
[Tpu cepuunu koopaunatu ot (28)—(31) caensa

r
(96) 57 =0
2y 2y — —
97) ‘a(zdrcp' :"digr--—- —cos ¢ singi +cos cosgj,
2, 2, _ _ —
(98) did:p :-d(lgr: —sin¢ cosopi —sindsing j +cosdk,
02? e . 3
(99) 07 = —rcosdcosqi—rcosdsing j,
2, 2 -__ _
(100) d(;;q):aig?: rsindsinpi — rsingcosy j,
(101) gq; =—rcos¢ cos @i —rcossingj—rsin k.
Ot (96)—(101), (35), (26), (83), (32)—(34), (31) cnrexnBa
I R - R
(102) W"O’ F:-P—— cos ¢ 9°, dq-’-_ °;
0 _5 9 _ _osePrsing . 9% 3.
(103) or =0 55 cos ¢ r0+-sin ¢ 9, —a—q)-.—o,
o - o - 9
(104) —d-r——O, W— —SIHLI)CPO, —d—q)———r .

Or (102)—(104), (26), (85) ciensa
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#0 er0 . — .
= cos 45+ 30, T~ cosygritsing 30,

(105)
—= —singpe®— r0.

pas6upa ce, pesyatatute (102)—(105) morar na ce noayyaT ¥ HUPEKTHO
ot (32)—(34) nopaau mpocroraTa Ha Te3HW H3pa3M.
[lpn eanntuudu Koopausata ot (47)—(52) caepBa

(106) g;;*‘;z"l‘[ Gy o @ |
aom ngm—} @ (b@iu)? T+t J
(198 =il e
(109) d(;;r;n di:)l 41} (a? +A)x(a +p)-

: . ) B
+(b‘3+l) (b2+p)j+(c2+x)_(cz+p) k ]’

% or 1 X —
(110) opdv ovdp 4 [(a2+p) (a%+ v)
- y bl A =
i(.bz‘f‘}") @+’ +(c2+p) (c2+v) k J '
11) 2 o 1 X —
( dvdl (?Mv 4|(a*+ v) (a®+ )\)
y z *‘
+(b2+v) (b2+1)1+(02+v) (c*-+2) k]
Or (106), (65) cnensa ' |
Fr— 1 [@4p)@®+p)(P+p)
2 o= 4\/ @=Ne—y
npu
(113) s= X v 2

@ V@) CENeTE @)’
Upes nudepeHunpane Ha._(5.8)‘cnpamo g mopazwu (47)—(49) or (113) crensa
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S e e et e e 4 i s

V-—A
() @D
Or (112), (114) caensa
(115) <?_£ ~ (@) (62 p) ( C“rp) | y—X
2 4 (r—21) (2 —V) 20 (BN (1)

AHaJIOTHYHO ce M0/]1yYyaBa

ggr o \/(a"%—v)(b* ) (€4v) n— A
A2 T4

(116) =N —p) @R EE TN

Or (115), (116), (70), (39), (83), (61) caenpa

IN° _ (V=A@ p) O+ p)e®+p) -,
o m-u) @GN0

(117)

P (E—2) (@) (PE)(E 1)
- 200—) (V—p)(az—l-l)(bhl.l)(@_*_l)

AHAaJOrHYHO Ce€ [10/1yYaBa
op® 1 (v—p)(@FM(B2 1)) =,

118 =
(118) an 2N\ C= @R E ) )
] /(X p)(@®-=v)(62+v) (2 +v) ~
T2 \ =@+ EFp) () Y
(119) ddv":”l (=)@ 2) b2 +A)(c2+2) 5o
v 2(v—2) \/ Q—p)(@®+v)(b24-v)(c?+v)

] [—v)(@%+ )02 - p) (P +1) —
26—\ (=@ =V E+W) ()

Ot (109), (65) caensa

(120) i ‘o—_ (@) (0P +p) (C+p)
npH
(121) X | 32 | o

(@)@ ) T (GG () Ly
Upes aucepenunpane Ha (59) cnpamo X nopaau (47)—(49) ce nonyuyasa

122 = TR )
(122) (@®+p) (5% +p) (c2+p)
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Ot (120), (122) caenBa

er vV—p

03 )
(123) o ¥ 4\/ =@ O TIE )
Ot (109), (66) crensa
r -, 1 [(@E)EN(E+HY)

(124) XA =) (—p)
npu

. X2 yﬂ
(129 @@ @) T NG )

z2

T eI @y
Upe3 audepennupane Ha (67) cnpamo v mopaaH (47)—(49) ce noayuasa
(126) u=0.
Ot (124), (126) cnensa

(127)

Ot (123), (127), (70), (39), (83), (61) caeapa

0 A‘ (v—p)(a2+ 7«)(b2 +A)(c?+ l)
op 2(JK— 1) \/ O —v)(@+p) (6% +p)(c2 -+ u)

(128)

AHaJOruyHo ce fnoJnayuana

(129) 020 ! (=@ X G*+1)(E+D)
v 20—y \| G—p @G )Ety)
(130) o _ 1 [O=@ )"l 5,
or ~ 2(w—Ar) \/ @—y) @@+ A)G*F A+ N)
(131) 0»° (A=v)(@®+p) (6 +p)(c2+p) =,
2(»-—v) (=A@ B YNETY) "
(132) oV _ 1 R CEDGED G
Ox ~ 20— \/ (=)@ RGP+ AT+
(133) oY 1 A—p)(@®+)(B2+v)(c2+y) —,

O 2(v—p) \/ (v=2) a2 +p) B+ p)(c34-p)
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Ot (117)—(119), (128)—(133), (39), (85) caensa

(134) e 1 [ O RN RN IGET
dt 20 —p) [\ (=@ + G+ (e +2)

S O RN RSN GREN
\ =2 (@ p) et

L] [ =)@+ )P +V)(E+Y) -
2(A—v) [\/ (v —p)@4-X)(&%+A)(c®+2)

4 [O=m@ENEENELD | ]; |
(B —2A)(@?+v)(&2+v)(2+v) ’

(135) d;o_ 1 f /(l—v)(a2+p)(b2+p)(c2+p))_
df = Ap= L\ G—m)@FNEENETD)

=@+ NEHNEFD) - ]A
G—v(@+pE+p) P tp)

N ] [/(?—-p)(a2+v)b2-|-v)(f"+")
20— \/(v—z)(a2+p)(b*+u)(c2+u)

(V=A@ + p)( B+ ) (e +p) ; } 7 /
(A—p) @+ v)(6*+v)c*+v)

(136) ar _ 1 [ C—W@ NG NETY 5
dt 20— L\ (e =)@ )@+ NE+R)

o [e=v@ENE LR ] T
=)@ V(BT (e +Y)

R [ (=@ VT INCEFY) -
20— [\ @R

o (x—vxaéw)(bfﬂxc?w)v]
J =A@ty

3a pasnuka oT (92) (95), ‘pecn; (102)—(105), peayartatute (117)—~
(119), (128)—(133), (134)—(136) cBBCEM He ca OYEBHIHO CJEICTBHE OT
(64)—(66) mopamu cnoxHocTTa Ha Te3u u3pasy, a ca TVIaHOMepHa moce-
NHla OT MPHJIAraHeTo Ha peraunute  (83), (85) B cayuds Ha eaMNTHYRH
koopauHaTH. [IpH K/HHOroHa/sHa KPHBOJMHHERHA KOOpAHHATHA CHCTEMAa 3Ha-
YEHHETO Ha TE3H peJalld¥ HapacTBa YYBCTBHTEJHO.

uO

)\

-
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5. [lpu
—~ dr
37 =
(137) v=—7
ot (1) caenpa
N o
138 v= R
(138) < 7o
Ot (138), (3) cnexnpa
3 —
= -\ or | —
139 = i
(139) v ,;1' a9
Ot (139) u
3 F.
(140) V= ”[6(3,0)-1](10
ceiBa
. ldr | dr ~ :
(141) v a_qr: =‘d_’t’(qvo)-l (V=1, 2, 3)
cpraacio (137),
Or (138) caensa
e v
(142) o (v=1,2,3)
Or (142), (3)-enensa
—— 1 0 (v? -
(143) V=T a¢,<_2) (v=1,2,3).
aq, | o
OT (143) n ) o
3
(144) v= ) "([@g.9 (39
cae/Ba
31 9 fon
(145) v= 2, or o(j,(‘f)(qﬂ)-'l.
=1 aq’

Ot (145), (11) crensa
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(146) o D(91,92,95) ff,_ (v_‘)_@_{"_x or.
D(x, y, 7) ()qi 2 dqv 1 an—r’z

npyu (6).

B cnyuas sa oproroHasna KpHBOJMHE!Ha KOOPIHMHATHA
(45), (7) cnensa

(147 “""Z o7l 51;:( =

r=1 | dqy
[Topanu (3) na (147) moxe na ce gaje oule BAABT

3 . —
— 1 0 (v¥\or
(49 =2 (2] % (2)5%.

=1 dqv

CHCTEMa OT

6. [Mpy uuauuapuusH xoopauHatu ot (15), (20), (139) caexsa

(149) v=p P®+ppg®+z k.
[Mpu chepuunu xoopaunatu ot (26), (31), (139) caensa
(160) D=r r° + rcos § o o+ 7§ ¢°.

[Mpu eannturu koopauHatH ot (39), (61)—(63), (139) caenpa

_ 1 Y N
(15h 7"2[\/ @ e ey Y

+\/ =N (@E—v) hﬁb+\/ (v=2)(—p)
(@%+p) (B°+p) (2 +p) (@2+v)(6% +v)(c2+Y)
Or (149), (24) caenpa
(152) =2 it 4 22
Ot (150), (35) caenpa
(153) v2=r2+r2 cos? § ¢+ r2g2.
Or (151), (70) crenpa

g1 (A—p)(A—v) ;
(154) vi= [(a9+l)(b°+l)(c’+l) 2

N (r—2)(—v) » (v—N)(v—p)
@R @ErpEp T @) (@ (@)

y vo].

;z] :
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7. llpu
dv d?
(155) w0
cbraacio (137) or (138) caensa
$ ) 3 :
-—y [ - drl - - 02]’
oo we Yl > g )

=1 =1

Ot (15b), (3), (80) caenBa

3 - A
LA or C .o _0_1}-_0
(157) wwzi [‘lv 3 ‘(hw(‘]») q, -

[lopazm (11) na (157) moxe na ce maje olle BUABT

i’i-r:[ - D(g1, g5, 95) % or

(158) Y= 2 a5l "D, v, 2) L 794 94,1
=]} /—l u=1
(T o,
0q,+2 (?qqu,‘
npa (6).

Ilpu oproroHansa xpuBOJMHeNHHa KoopAHHAaTHa cHcrtema ot (157), (7)
caenBa

3.
159 v 4 o ) 0.
(159) 4. v (,qvfz 2 q;qudq/aquq 9,°

¥ Ai=1 u=1

Or (138) cnenBa

{160) dq“ 2“',5%% (n=1,2,3).

Or (160) u - | )

(161) —(‘;—t%:jév 05%4—; (r=1,23)
=1

cJaeaBa

(162) (%:B‘i-g—; (v=:1,2, 3).

Ot (153), (3), (142), (162) caenpa
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0r ——, dvor d(-—_();)_—d or
(163) f = ag.~ ai\° 35.) "V @ 9g.

d(— 077) ~07 _d a( ) 0(@2)
=—\v —|—v— —J—— =
at\" aq, dq T at o 7, 0g,\ 2.
(v=1, 2, 3). Ot (163) cnexnBa

d d (v 0 v™\1 = |
(164) w= Z dri'(dtdq,,\Q) d;],( )Jqo) '

109, |
[Mopanu (11) na (164) mcxke nma ce naje Ou € BHABT

— D(ql’ 9o q3) V'd 0 (7? 0 //'02)-1 or or
165 W= 2 — X
(169 D(x, y, 2) &dlat 64,( )- oo\e ) ge “ogaa

npu (6).
B cnyqaﬂ Ha OpTOI‘OHaJIHa KpHBOJ]H EHHa Koopzwnama cyciema OT

(164), (7) caensa

_ 1 [d @ /o2 0 (o]
(166) w”;/ Jr [dt aq,KQ) aq,(E) .
= |5, g
Or (156) caenpa
(167) ?§§r=gq’y (v=1, 2, 3).
Ot (167), (3) cnensa
(168) wgo——L 9 (zf’f) v=1,2,3).
. | or log\2 S
ag, |
Or (168) cnexnsa
3
e ‘__l_a zﬂz 7 0)—1
(159 el g,aé:.(z')(q”) |
' 0g,

Mopangu (11) Ha (169) Moxe na ce mane ouie BHABT

_ ) _
(170) wzl_)_(%q-z.qs)z (w> dr _ or
D(x, y, 2) 0 q, 0g,11 aqr 42
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npu (6).
[Ipu oproronainna kpusoauHeiina KoopauHaTHa cuctema ot (169), (7)
caenBa

(171) W= Z d.q,( )ql"-

pno]

dq,-
Ot (169), (164) cnenBa
0 (w?\ d J 0 (v
172 ( -—“( ( ) ~1,2,3).
(a72) dq, ) dt dq, 2) doq,\ 2 o )

8. Ipu umaunapuuny koopmunatu ot (15), (20), (152), (166) crexsa
' — e b d e = e
(173) w=(p—p9")¢"+ >, (P9 + 2k

ITpy chepuunu koopaunaru ot (26), (31), (153), (166) caensa

. ) 1 d . -
{ —(r— 2 2 0_1__ — (r2 P 0
(174) wW=(r—rcos? Yo +r 2y Feos ¥ df (r2cos @p)cp

+r1— [d‘ﬁ(r‘zs'?) +r?sin LPCOSW'?] $.

[Mpu enuntuunu roo puratu ot (°9), (61)—(63), (154),. (166) crensa

. — 1 @+ 0@0E+N]| 1
(175) =g O—no— | @ e+n X
A—p)(A—v) A ][21 V) — =) ~)< ! ! '-)'12
A== A+ 3 QA—p =)= CQ=p)O=) s Yy TEgy
y—2) ht (— 0 v | H—v
+(/ /) P"f'(r" k)/\ / ’+ 94_},’) (b9+}1)(c24"l1) p‘
Ll v—t (a2 +p)( b2+ p)(c®+p)
Tz (a2~*—/)(b"+v)(cz+v) (r—(p—v)

v
(au.p,)(b" P)(Cz—i—p-){(p' D —v) P«-I—Q{(Qp-——l-—v)

1 + 1 n 1
a?4p OPHp Cp

—(p.—)\)(p.—-—v)( )} p2-H (=) Ap+ (i —p) py }
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] ./\ - ‘/ -. n 1 ‘/ - }\ ‘.» o

*’“'2""(d‘-’l--l)(6’?5)\)@2--- 2w -

——— e — e — — 1

(‘/---A)(v —p) l_ (@2-5-v) (B2 ~v) (c2+9) l(‘/»-- AN )

- - l l ] i ‘n
4.‘5‘(2v~/‘-p)—--(v~—/\)(/ M( ATy et |

/7J V Ca.__L»/ ‘
i

| C o 1 h—1t .
Tl (=g v }*2‘ @ NG @ETH
1 L—nx
T2 (@@ p) 3

[1Ipu oproroHanua KpHBOJNMHEHHa KooOpAvWHATHA cHcTema oT (138), 8
cjrenBa

(o \2
(176) o= >"G7) a2

v=1
Ot (176) caenpa
0 (02) {or
v=1, 2,3).
(177) o\ 2 \@,) ¢
Ot (177) cnenpa
3 - —
/ 2 .
(178) 4 d( ) (dr) g, +2$ﬁ_‘7f.__‘?1_,qﬂqv
dt dg,\ 2 aq, <l 0q, 9dq, 04,
(v=1,2, 3). Ot (176), 3anucaso BbB BHUIA
3
(179) Z"":ZJ(SZ,‘) 7.2,
=1
c/1e/iBa
3
0 (v or o
0 R S D . 2 Yy — |
(180) dq,( 2) S daaa v=1,2,3).

==

Ot (178), (180) crnenpa

72 )/ 2 .,
(181) 40 ( ) d—(vf):-(‘-”) 2,
dt oq, dg,\2/ \dg,
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+£(KZ 72 9 or ~ dz; .o dr o0%r ..
I dq1 aqv2 q" . dqv dquq;&; qqu+l dq' dq,()q, N q q$'+.
or  or or  or
- 7. T T agas 0 e (=1,2,3
dqv-}-[ dq,+10qv qv-!-l aqv+2 aq,'+20qr q,,+~ ( )
neH
(182) qr+3=¢, (v=1,2).

Or (39), (61)—(63), (50)—(52), (106)—(111), (70), (181) oTHOBO
creasa (175), kato ce uma mnpen sua (113), (114), (121), (122) u T. H,
KaKTO H caenBauloro ot (58) upe3 audepeHuupase THKALCTBO

183) ——xg—-'l— v + 2 = ! 22X —u—v
U8 @ty @y T @ neE ey |
1 RS
—(A=p— ")( 7% T +c2+1){
PR

cbraacio (47)—(49), ur. H.
9. Pesyararure (167)—(172) morat na ce o6obmsar. Heka

n_ dv;‘_

(184) P,.ZEZ; (‘.':0, 1,2,...),

T. €. HampHMep
(185) Po=F, P1=0, pp=1
cpraacio (137), (165) u 1. . Ot (156), (184) (185) crensa

(186) P?“Z q" + 322 Mu ()‘{ dq

v=] =1

5—’ F 7 9:4. é’dq, g;qu.

==l u=1 »=l

Ot (186) caensa

| dps Or

187 —_— = (v=1,2, 3).

(187) 57, 0g,

Ot (187), (3) caenpa

(188) P I S (4 v=1,2,3),
P3 g ar aqv(\ 9 ) (

dq,
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Or (188) u
3
(189) N CY A o
v=1
cnenBa
3
— ._-_l__*.. i Ps’ ) L0)~
1dg, ! )
ﬂopanu (11) na (190) MOXe 1a ce 7naje olue BUABT
" - _D(q1, 92 q5) Z 93) or _ or
(19‘) D(xl .V» Z) Oq ( dqu-l Xaqv+2
npu (6).

[pu oproronanHa KpuBOJHHEHHA ‘KoopauHaTHa cuctema ot (190), (7)
caensa

«

-~ 1 0 932 —_
192 S L0 (e g,
(9) Ps - (?r!dq, 2)q
" |oq,!
[Topagu (3) na (192) moxe na ce mane oule BHIBT
3
19 SST L 0(eor,
(159 BT L (dr)"dqv 2 )9,
= {aa;
Ot (156) cnensa
— 3 _
Jdw . 0%
194 — =2 E y S =1,2,3).
(154) 0g, &= 704,09, ®
Or (194), (161) cnensa
dw . d or L

Ot (184), (185), (3), (167), (195) caensa
| dr",'a_g@_—d_?_d( 0r> ag!éf_
oq,| " " dt oq, dt\ oq,] " dt dq,
ow d 9 (wz) 10 w’)

(196)

2 9g,\ 2

=\ ) — w
dt( dq,) 2wdq, dt dq,

2
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v=1 2, 3). Or (196), (189) caensa

3
(197) ;:*ZZ 501; ‘L‘iit 0‘;(_2) ;02 ( )}(q o)1,

' 9q, |

[Topaan (11) Ha (197) moxe na ce paje oiwe BHIBT

pr=

(198) p3=

D(qy, 95, 95) [ d o (wz) 1 0 (fwz)1 or’ y or
dt 0g,\2

D(x, y, 2) L.J —5 _d_qy qu,” 0q,+2

npu (6)-
[Ipn opToroHanHa KpHBOJHHeiiHA KoopauHaTHa cHcTema oOT (i97), (7)

cnenBa.
3

- 1 {d 0wk 1 d( J o
(199) "3_2 0r\[dtdq,( ) 2 94, )‘7"

r=1 ‘
6qv

[Topaau (11) na (199) mMoxe nma ce naze olle BHABT
3

(200 53:2 (ai) | af, (3)2 ai; ( )l 5;

aq,
Or (190), (197), (4) caensa
201 = — = = y=
on aq( )~ a aq( 2dq,~( ) =123

10. Ot nHauuma, Mo KoOHTO 6sXa M3BeleHH Thxkaecrsara (190), (197),
(201), ICHO KaK Te mMorar xa ce o000WAT 32 MPOu3BOJHA HATypaJaHa
CcTOMHOCT Ha v B (184), T. e. kaK M(ratT zIa ce u3BeJaT ThXAECTBAaTa

[N

— 1 0 2\ _
@2 ) I o
p— ;01’} 2
=1 aqv
| 0g, |
| _ .1 [d o(p2 1 o9 (p?
(203) prvi= 2 —[ O\ ) Py (H)("l @91,
;& YT |
Oy
d (2N d 0 [e2\ 1 0 [pn2
(209) 'T_n(_ﬁ“) Tdf O (“)"“ G0 (—)
dq: 2 dt dg,' 2 ndq, 2

7 Toanmwnnk na MaTemarnueckns dakyaTer
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(v=1, 2, 3) 3a Bcsako n=1, 2,..., KbIETO € MOJ0XKEHO

(my  drg,
(205) 4v="51

Bepuocrra Ha (202) B caywaute n=1, 2, 3 ce norebpxnasa ot (145),
(169), (190); tasm wa (203) B cayvawre n=1, 2 — ot (164), (197); Haii-
nocne ot (172), (201) cneasa BepHocTTa Ha (204) 3a n=1, 2.

Haii-nanmpep 11e ycTaHOBUM Bepuocrra Ha TBXIECTBOTO

8 (m gr S o-n . oy
(206) =305 Ln 3 3G T gaaq. TR

r=1 y=1 u=1

(v=1, 2, 3; n=1,2...).

(n=3, 4,...), kbgeTro R, 03HayaBa u3pa3, B KoO#HTO npousBomuute (205)
q;nrypupar OT pex, He m0-BHCOK OT n—2. BeprHoctra Ha (206) npu n=3
ce Bmxaa or (186)., Or (206), (184) crensa

8 (+1) Gy 3 (.
(207) Pn+l"'2 q» oqv +2?Z 9y qu 3" aqv aqu
30, o%r
+”22/ q'y qu d(],, dq” _T'Rfl-{l
y=1 ge=:1
3 (+1) g o
_2 qv qu ! +Rn+1,
04, 99,

r=1 v=1 u=
KBIETO € MNMOJOXEHO

8 S (-1 .. g2
(208) Rn+1=n22 [qv q. _d—d“
r=1 u=l qv q”
(=1, O o’ Ohn
I ‘7“2 q*oququdq;]

Ot (208) u nedununusta R, cnensa, ue R,,, O3HauaBa u3pa3, B KOHUTO
npousBoaHuTe (205) ¢urypupar OT [ef, He mno-BuCOK OT n—1. PaBe:-
ctBoTO (207) noka3ea (206) 3a Bcako n=3, 4,.

Ot (206) cnensa

(209) -‘1(9-';- _or (v=1, 2, 3).
og, 0q,

Ot (209), (3) cnenpa
1 0 [pa®

(210) Pnq.0= T "(:)_(—2‘) (v=1,223)
L or | 0q,

0(1
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-

Ot (210) »

3 ——
(211) pn=_D"(pn 4,°Xq,9)""
yv=|

cnenBa (202). [Mopaau (11) ua (202) mMoxe na ce nane ouie BHIDBT

| D(g1, 420 45) (pn dr ., or
(212) 2= "Dix, y, ~)2 (q y )0q,+1 0,42

npu (6).
[Tpu oproroHanma kpuBOJMHHEHHAa KoOpauHaTHa cuctema ot (202), (7)
caelnBa

3
(213) pr== 3 e “) ( )q, i
= !07‘_1' dq: 2
. dqvl
[Topanu (3) sa (213) Moxe na ce pmaze olle BUIBT
3 ¢ -
— N 1 pﬂ) 0r
214) N S SN (4 )__.
| = (‘”Y il
aq,
Or (206) caensa
Opn_ o .
215) =n v=1,2,3).
Ot (213), (191) caenBa
216 oy ve1.2,3
0q. 7

Ot (184), (3), (209), (216) cnenna

r .~ ~_ dpa Or d(---- or\ — d or

i 0 = el P o
(217) aqv £Pn+1qv) dt dq,, dt P!t dq,,) Pndt d(],,

_d[*dp_n] | - dpn _d 0 Pnz) 1 0 'Pn“‘\)
=P O TR P oo =D 7 d‘) 9/ p n=n\ 9

v 1 4 1 4 »

(v=1, 2, 3). Or 217) u (211) ¢ n+1 BMecto n caensa (203). [lopanu
(11) na (203) mMoxxe n1a ce nmane OUIE BHABLT

~ D1 qa " r
(218) ey = (ql qs 93) y[dt (’ (22) ___}_ 1-1)(P )" dl’ X ar
aq, (3

D(x’yv Z) n Jaqv-!-l dqv-i-?

v
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npu (6).
[Ipu opTorosanHa KpHBOJHHeHHA KOOpAMHAaTHA cHcTeMa oT (203), (7)
crelBa .
d o <Pn) 1 0 Z3
(219) Pn+l 2| d [dt ) 2 '_n (,_1)< ) qv .
g, g,
dq,

[Mopanu (3) Ha (219) moxe na ce gaze owe BULBT

3
- - I d 0 (pa®\ 1 e-2\1or
R /A a1
g(dr )2 dt o, 2/ n f?q, 0q,
0q,
ToxnectBoto (204) e nupekrHo chaexcrsue oT (202) ¢ n+1 BMecTo

n u or (203).

11. Heka penepsT (3) Ha H306i10 KJIMHOTOHAJNHATA KPHBOJHHEHHA
KOOpAMHATHA cHcTeMa ¢, (v=1, 2, 3) e ,TBBpPA“ HIAH ,HeeJacTHYeH“, T. €.
HEKa

d . _
(221) 4t 9. 3.9=0 (, v=1, 2,3).

(B CPIMHOCT NPH p=v paseHcTBata (221) ca TpuBMaAHM, TBH KaTo 7,0
(v=1, 2, 3) ca enUHHYHH BEKTOpHW, T. €. nocTosHHM). Torasa peuepsnT (3)

anTemaBa MOMEHTaJHa ‘brJvBa CKOpOCT w, KOATO Ce ne(puﬂupa c

~_1 d(ch°)—1
(222) 0=y gl’q X
HIAN C
(223) oL Z( ,0)— 1><d(]1
v-—l

Ot (11) cnexBa, ue wBa (223) Moxe na ce najne oule BHABT

~ 1 D(gy, 42 95) r_dr ( or _ or ) dg,°
(224) ©= 2 D(x }’, 2’) Z dpaw dqa-H 0qv+2 X dat

npu (6). B ciyuas wa opTorOHaJIHa KPHBOJIMHEHHA xoopnnﬂama cuctema
g, (v=1, 2, 3) ¢ (221) ot (222), (223), (7) caensa

dg,’
(226) =5 2‘7~°>< :

=

BexTopBhT ®w MMa clIeIHOTO CBOHCTBO: 3a NPOM3BOJEH BEKTOP
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(226) a=a()),
3a KOWTO _
©227) 2 @70=0 (v=1,9,3),
dt
UK, KOETO € CBbLIOTO,
(228) 2 @@ 1=0 0=1,2,3),
¢ B CHJA
dn - —
(229) EZ':COXCZ.
Or (78) ¢ n=1, p,=t u (3) cnenBa
| dg,0 1 (— d a?) o
9 Ay o —— g0y 2 0 —
(230) 7, ,—ar 1_ q.,° X di aqv X{q, (v=1,2,3).
| 04,
Or (230), (223) cnensa
- 12 d or d or }
_ o = 72 0 0)—1 .
(231) w12‘§} r. lq,, X7 dq+{ X (4,%) dtdq,}q
| 09,

[Ipy opToroHasna KpuBOJHMHEHHA KOOpAHHATHA cHcTeMa oOT (225), (230)
cienBa

3
(232) w=;—£i—0]—;—— ,.ox%%’:
|9g,

12. Ipn nuansapuund xkoopaunatH oT (21)—(23) cnensa
(233) X" =k, ¢°X2=¢%, 2°Xe*=¢",
a ot (19), (24), (95), (225), (233) cnenpa
(234) w=9k.

[Tpu cpepuunn xoopaunatu ot (32)—(34) cnexnsa
(235) rOXgO=40, @OXPO=r0, OXr0=0¢0

a ot (26), (35), (105), (225), (233) caenBa
(236) w = sin ¢ rO— ®+cos P o §O.
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[Ipu enunTHYHH KOOpAdHATH oT (44)—(46) cnexnBsa

/(@ +2) (@*+1p) (@2 +)

(237) x=3 \ (@®—b%)(a2—c?) (E=x1),

. (B2 )) (b3 b*

(238) y=r \/ o (= £1),
e 1 (R i p) () .

(239) Zws\/ (c—a) (c2— b) C=+1).

Or

(240) e=E94

B (237)—(239) caenBa

(241) g=+1.

Ot (64), (65) crensa
(242) Ab><120=\/-E‘_"”‘f)*(—b@l)(“a;é)_ \/'h‘(a?+u)(b‘3+u)(c2+u)” A

A—p)(A—v) (B—2(@—v)
npHu
- 7 v
x oY z_
(243) A= a?+5  br+n 2+
X y z

aZ+p BP+p g
Or (237)—(243), (66) cnenBa
(244) MO p0=gy0,
Ot (244), (241), (70) cnenBa
(245) ROX YO =gAY, YO A0=gpl,
Ot (39), (70), (134)—(136), (225), (244), (245) caenpa

. — e 1 [ [ Q—p)@®+v)(6°+v)(c+V)
(248) “"le.——v[ @ eyt B

(=A@ + )+t ¢ 5

0
T (A—p)(@+v)(62+v)(c*+v) VA
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L] { (=)@ NP+ F)

y—A (A—p)a?+v)(b2+ v)(c2+v)

+ (=)@ Y)Y (62 v)(e2 +) 5 ]
NG TNEENET

! [ O—)(@+p) (B +p)c+p)
A—pl\) (V—p)a@t+1) (0% +2)(c*+2)

(v—p)@ + 2O+ AN +) J N ] ,
(A—v)(@®+p)(0% + w)(e® + 1)

13. MOMEHTANHOTO BIIOBO YCKOPeHHe € ce JedHHHpA C

(247) e=_.

‘ - 1 d2 ,,0)—

(248) e=y 2 q,ox_(gw__ ,
' —=_1 - 0)—1 d2?]v0

(249) € =5 E (9.9~ X7£§-. .

Ot (11) cnensa, ue Ha (249) Moxe ma ce mane oOlle BHABT

1 D(g1,495) 51| O ( or ., or . a4’
(250) ) D(x, y, 2) Zl dq, '\0¢,4: \<dq,+2)>< dt®

npu (6). B cayuas Ha oprorowansa KpHBOJMHeMHA KOOpAHHATHA CHCTeMa
g, (v=1, 2, 3) ¢ (221) or (248), (249), (7) cnenBa

-1 & - d"Z]-,°
(251) e =5 > §OX

y=

BeKTOPBT & HMa CBOMCTBOTO, e 32 POUBBOJIEH BeKTOp (226) c (227)
uma (228) e B cuna
(252) @=ExE+JX(ExE)
dt?
npu (222) nau (223).
Ot (85) caexBa
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30

253 @40 _ 5 080
( ) al? _Z “dq +22qiqu aq;aqy

“-u-

Ot (78) caensa

(254) Op,dp, ~ atop,

op, 0p,
Ot (254), (78), (76) caenBa

d’a° ( da )( oa
(255) 0, 05 b—2[3 a® TR a® .

0220 ] da( , oa
a’x
op,

1(°>< 0% )X 2.1 ( Xé?a‘)xdw

0 o —
)X 2o+ (da da )xa"

a\dp, ~ op,

op,

27 -
e

y Vfu

( da) da (aoda)dc;
apy dpr dp‘l' dpn“

Ot (255) ¢ n=1 u p,=t caenpa

(256) ¢a’ 1 [3(— da

dt? — a? dt

“2( dt)i(: (

Ot (256), (3) cnensa

atge 1 (- d or
(257) T ( 0;)2 [3 q,° df b—ci:
oq,

2( d or ) d or
9° dt dg,/ at oq,

(v=12,3). Ot (257), (249) cJjenBa
(268 = { ( q,

) 2 _2 (dr j
aq,

or d* or {
+0q,><dt2 aq, (¢~

—.d or d or
‘2(7’*‘)&{0%)( X G ag,

a

oa da) ]

(dm ap,

a® ——) a°+( X

g
dt/

e
dt

or

0q,

X

d2a> -
az ) @

)

~)2 g.° +(a—;x£-di—) X ,°

dg,” " dt?0q,

or\2--
aqt) ""’]
) (g1 Xq,°

dz? ar]
dt? dq,

d or\" — -
(% #) @)X qv"}'



3l KbM kuueéMaTHkaTa Ha TOUKA B... 105

[Ipn oprorosanHa kpuBOMMHelHAa KOOpAHMHATHA ~cucteMa ot _(258), (7)
cJexBa

~- 1 1 |or a2 or ( or a2 ar')~o

(259) g (o 2@&1—;25—5 45, X i og, ) %
dq, '
d dr) d 6r]
2(q’ dt oq, 7 th dq,
Or (164) ¢
(260) r=q° @=1,23)
cJeasa
g & 1 (d o [1 (da,o)g] 0 (dq,, J}
261 = V — — 0\—1
(261) a2 <= 9q,° {dt 0g,-2\ dt / 1 ogq,|2 dt) @)
= |og.
(v=1, 2, 3) npu
(262) 99.,° +0 @ v=1,23). .
0q,.
[Nopanu (11) Ha (261) moxe nma ce gaze ouie BHABT
d25,°_D(q1, d2r q3) [ (dq’ 1
(26) att — Dx, y, 2) 2 dt o0g, dt )
0 [ 1(dg,°\*1 0¢,° _ 0g,° .
g, 21 4) J; 01 0qus: =129

npu (6). [Ipn oprorosanHa KpHBOMHHEHHA KOOPJMHATHA cHcTeMa oT (261),
(7) caenBa

@0 & 1 [d o [1(@, )] d {1(d’iﬂﬂ}~
(264) AR & g, {dt g, 12\ dt /| og.|2\ dt 9

10q,,
v=1, 2, 3).
Ot (261), (249) caexBa
-1 3S 1 |d d[ dq?ﬂ
(265) 8_522 g0 \dt ag, 2(715,
u=l »=1 T
'y

0 {1(dg,°\
—5(]—;[-2—( Zt )”(qv")*lxwf) -
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[Ipn oprorosanHa KpHBOJMHeHiHA KOOPAMHATHA cHcTemMa oOT (265), (7)
c/e/iBa

. N LAV
(269) 722 'aq‘,o'[d: 9, B

14. ®opmyaute (261), (263)—(266) ca HenprJI0KMUMHU 3a UHIHHIPHY-
Hata H cQepyyHaTa KOOpJAMHATHA cHucTemMa nopaad (262) u (92)—(94),
(102)—(104). HanporuB, 32 eaunTHYHaTa KOOpPAMHATHA CHCTEMa Te ca NpH-
JOXHMH, TBi KaTo cnwraacHo (117)—(119), (128)—(133) ycaosuata (262)
ca H3II'bJHEHH,

[lpy UMAMHADHYHM KOODAMHATH OT (247), (234) clellBa Henocpen-
CTBEHO

(267) e=9k.
[pu ctepuunn xoopaunatu ot (247), (236), (105) cnensa
(268) g€ =(cos Yepd + sin g ) 70— PP

+(cos § p—sin g $)¢°.
[Mpu eanntnyru koopauuatu or (134)—(136) caensa

(dfo)z I 1T (=A@ p) P (et p)

(269) & TEH G @ N E D@+
L @ @) (B2 ) (@) 1
T ) @A (@A) | X I A

ILEE V. (B—vN@2+2)(H2+)(c®+3) .
RO S IR Ty iy VY ey e
Lt o=@+ A0 AN (@A)
0 (p—N@F)E+E+)
dp® 1 A=n(@+p)(6*+pXc+p) .

(270) (dt) = =@ NEFNETY) P
+ R T 1 (v—p)(@%+ A)(O2+N)(c?+2)
2u— R A 4[ (=22 (A—=v)(@®+p)(b2+p)(c?+p)

L =)@+ 1. 1 ..
(p=v)*  (v=2N@®+ )0 -+p)(c®+1) ]” To P #Y
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SRR SO et ot o O G 0. it DI
A=) (Q—p)@®+vIOEY)(EP+Y)

P 1 Q)@@
<") T4V (@R A0+ ) D)

(271)

b5y j+ 1 (r—2)(@%+ v)(82 +v)(c*+V) -
2(v—2)? 40v—p)? Q=)@+ (O + (e +p)

, 1 SR U (p—v)(@® -+ A)(B2+A)(c? +2)
Tov—pz M ”4‘[ =12 A= @ T+ +Y)

. (A—)(@2+p)(O3+p) (2 +p) ] ‘g
S (v—p)? (=A@ v)(c? )
O1 (269)—(271) canenBa

‘ ) ’(dlo) 1L (v=2)(@+p)(B )+ p)
(272) oi |12\ar ) | {(Ampy =)@+ 20BN (e + )
2;h N 2 .
BN (Y] Gt 7 a0 o +v)] oo 1 ,

O—=NE (v—p)@ + 0B+ N |7

d [1{aXy
273) [ ( ) =
( ()p dt

_(A:;.__‘z._ p ._T.- (._l ..;)._)__ \/
)

._____1___[ o @GN ]
4(r—p)? (V— @B+ )G+ p)ctp) P

0 [1({di ] L (@ (6 AN ) l
(274) dv L2 (dt) T 4y * (TR B =By 1 B (I Mg
‘ o [1(apo V| 1 [ (=9@+p)d+p(c+p) ;|
Y 5( dt ) '”4(>x-x)2"| BT = I @ NEENE TR "."
0 [1{op° ll 1

o ap[( =

,J_[' 1 =)@+ D@+ +D)

L= (=) (@@Hp) (P ) ()

1 (A— u)(d*+‘/)(b2+V)(c2+V)] 1
T = =@ 0P J*”' (n—v)* "}

oy 9 { (du )1 1 l-+ (V—N(@+ W62+ )+ 1) ,;];
dv 12" dt 4(p—y2 Ll R—p)(@+ B2+ )2 +Y)

(278) [ (‘”)]=————1 .[H— Q=@+ B>+ +) i],
a2\ o 4(1=2)? (1 —v)(@2+ (B2 + 1)+ N)
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079 2 [ (“’ °)} .___L__[\;+,_(uak)(a?+_v)(b'2+y)(c2+v) ]

Op'2 4(v—p)? (A—)@® + ) + p)(c® +p)
1{do\] 1 ] : ] .
LA d I NV
(280) o N T e Ty
[ 1 (=)@ + N4+
(V=22 (A—p)(@ -2+ v)(+ )

1 (A—=v)(@®+-p )&%+ p)(e? "A)Jv
Y —pP (p—2r)a? + O+ v) 2+ ) }

Or (117)—(119), (128) - (133), (70) caezpa
920 ]__ 1 (v—2)(@2+ p)(6>+ W+ p)

(281) ! Or | 2—2) (rR—@+X(E+))c>+2)
n 1 (=)@ +v)(b* + v)(c? + V)
2v—2n) (v—(@+ A )O2+N(CFN)
(262) 0p°l_ 1 —w@ N e+
|0 | T 2= =@+ @ )t )
o1 0@ ety
2v—p) (V=@ +p)(0%+p)c*+p)
1030 | 1 (p—v)@%+2)(b2+2)(c2+ )
(283) Oy T 2= @ )@ (Y
L ! A=9)(@+ )&+ )’ +p)
20r—p)  (p—N@+ O+ +Y)
284) R 1 @G NE D)
e T 20— @ e )
(285) T 1 (@ NN
: 0 T 2= (a—p) (@ (B )2 v)
(286) 0p 1 O=N@ @)
l-dl T 2e—2)  (p—yX@ B R)(C A
(287) 0p_ 1 Q0@+ e tp)
L ov - 2(v—p) (=M@ tVBE+ ) +Y)
(288) 0y ( 1 (B~ + (B> +v)(c* +/)

0T 20-0 G @ EENEED |
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0V _ 1 Gep@ (B e +y)
dr  2v—p)  (v—2)a?-Ep)(0F (et 4-p)
Ot (266), (70), (39), (245), (240) cnensa

(289)

(290) 4Znce=
L[ o (awy ofawy] L rd o dw P2 (4 )2J |
| ope lat ov Nat! ov' at 0w L dp.(dt op\ di
| O | O |
L[4 g (e o(ary) 1 fa 0@y o(aryi,
Vo lar ox‘at) ~an\dt! | aio] lae oy \at ! "onNar ) )
.0 dv
| { I [d 0 (dsgo)Q a(ﬁﬁﬂ 1 [d d (dﬁof 0 (dﬁ")j}*o
+ - | — = — —_— = —_— | o — ) ML v
02 ldt op " dt op dt opt Ldt ox  dt ox\dt
op o |
npu (281)—(289), (272)—(280), (269)—(271).
15. Heka
(291) a, =a,t) (v—1,2,3)
ca BEKTOPHU (yHKLHMH, 338 KOHTO
(292) a,Xa,.a,%+0,
(293) 2; (a,a,)=0 r,v=1,2,3)
3a BcAKO f. Heo6xomuMmo M 10OCTAaTBHYHO YCJaOBHE 34
(234) a,~'=a, (v=1,23)
(295) G|l e=Y (8 v=1,2,3)

"o (kv

n npH (295) MoMeHTasHATa 'bIVOBa CKOPOCT Ha pemnepa (29“1')' c (293) e

- 1 &~ da,
(296) m:iéjavxd_t.,

Heka cneuwuanuo

(297) =1, 52 =v0, ag=f°

€2 eNMHHYHMTE BEKTOPH Ha Tpueanpa Ha Frenet, Ot ¢dopmynute Ha Frenet
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dt® -

(298) —~== %v0
/0 - -
(299) % PGP,
30 )
(300) (%‘3_5_ = gyl

KbIETO § € I'bIXKHHA HAa 1bra, a x H 5 ¢a CHOTBETHO KPHUBUHATA H TOD-
3usita, cJelBa, ye paBeHCTBOTO (296) npuema BHIA

(301) W= %(u’:o N0 0 T e gyO 3¢ O B0 X vO) Z: :
Or (301) u
(302) 0N\ W .:f,'go’ YO B0 - put
cJe/1Ba
(303) W = (G.&O + ZBU) (—ib )
dt
BekTopbr
(304) 7 =gt? 4+ % ljﬂ

ce napuuya sextop Ha Darboux. Ot (303), (304) ce suxnia, ye & npeiacrta-
BJSIBA BIVIOBATA CKOPOCT Ha penepa (297) na Frenet, korato TpaexkTopHATa
ce ONHCBA C NOCTOSHHA Gbp3WHA, PaBHA HAa €JIMHHUA :

ds |

at
Ot (247), (298), (300), (303) caeasa

(305)

_ |dejds\? d?s]—,  idx(ds\® = d®s)<,
AKO IBH)KEHHETO e PaBHOMEpHO, T. €.
307 zs
(307) ‘d—tz—=0-
ot (306) caenpa
—_ dc-o d)t—'o ds 2'
(308) e ::LEE'C +Eﬁ ](Zi—t-)
[Tpu (305) paBenctsoro (308) npuema BHAa
90 5 dn g
(309) £ ES.: v +d$ t’ .

Ot (303) caensa
(310) wy’=0.
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Ot (303), (299) caenBa cbigo

(311) w -——-:30

Pesynrarwsr (306) Moxe na ce u3Bene W AupekTHO 6e3 noMouira Ha

(298), (300). Hauctrna u3BecTHO e, ue
, do dw
(312) T =5

KbAeTOo npu (296) %—9 € JIOKaJHara Mpou3BONHA Ha w cnpaMo pernepa (291)
¢ (293). Ot (312), (303) cnenma

do d{ ds d( ds

TJT‘dt( dt) ; +}u‘( dt)ﬁ

PaBenctBoro (306) cneasa ot (313) u (247).

16. Ilocaennara 3abenexxka B npeaHaTa TOYKA I03BOJABA N3 (€ M3-
OArHaT CJIOXKHUTE NpPeCcMATAHHUS, upe3 KOUTO B T. 14 O6e HaMepeH H3pa3bT

(290) 3a MOMEHTANHOTO BIA0BO YCKOPEHWE & B CJAyuyas Ha eJUNTHYHA KO-
opavHaTHa cucteMa. CpuoTo Baxu, pasbupa ce, H 3a COEPHYHH KOOPIU-
HATH M H3001{0 32 BCAKA KpHBOJMKMHe#Ha KOOpIMHATHA cHCTeMa ¢, (v== 1,
2, 3) ¢ ,TBBPA“ penep (3), T. e. 3a KOHTO e B cuaa (221).

HaucTuHa nHenocpencTBeHO ce BHXKJA, ye H3pa3bT (268) 3a momenTat-
HOTO BIVIOBO yCKOpeHHe & B c(epuyHd KOOPAUHATH € paBeH HA JOKaJa-
HaTa NMpou3BOJHAa Ha MOMEHTAJIHATa bIJi0Ba CKOPOCT w, onpenenaena ¢ (236)
cnpsmo penepa #°, % ¢O:

(313)

(314) e=Zisinppro—TE ot £ cosyp) o,

Ot (312), (246), (240) caexBa

R N A= e
(315) 2§7)~=€ dt [\/ (\}-—A)(a2—L}L)(b2+}L)(C"+P')

+

(V=)@ -+ )03+ p)(c + 1) } 1%
(A—p)(@2+y)(B2+v)(c2+-v)

+

df 1 [ (L —)(@ (B2 N)(c2+2)
at{ vy—A A—p)(@+)(b%+ v)(c?+-V)

+

| G=p)(@E)E () ﬂ} 0
\ E—9@+0EE+0E+1)
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+dt1x—pL =)@+ NG NE LNy

1 [ =)@+ )6 p) .

+

(=@ BN ] y
=)@+ p)(b2 + (e + ) '

[opuarta 3a6esexxka MOXe ja ce OTpasy M Karo jpyra obma ¢op-

MyJla 32 MOMEHTAJHOTO BIVIOBO YCKOPE€HHe ¢ 3a He/lTa e NOCTaTbyHO 13
ce Jane pas/oXeHHE

3
(316) o= 3o(g.)q"
vl

Ha MOMEHTAaJHaTa 'brjoBa CKOPOCT o B penepa (3);toraBa ot (316), (312),
(247) cnenpa

3
(4

- Sod. - — )
(317) R CCRRI VAR

v=1

Tyx obGaue He I[e nNpuBeXxJname eKCHNJHMIHMTHO Takopa pasnoxenue (316) Ha

BEKTOpa ©.
16. BbB BpB3Ka ¢ ropHuate pasraexnaHusi e€CTeCTBEHO BL3HHMKBAT JBa
BBIPOCA, KOWTO TYK caMo Ie ckuuupame. I npara ce oOTHAacAT IO OpTO-
rOHanMHa CHCTEMA KPHBOJMHEHHH KOODAMHATH ¢, (v=1, 2, 3).
[TbpBuAT BBOpOC 3acara AeDUHHUMATA HA eCMECMBEHA KPUBOAUHEUHA
rKoopouramua cucmema. Taka Ie HapuuaMe OPTOTOHAJHA CHCTeMa KPHBO-
JMHeRHH KOOpAMHATH, 38 KOSATO €IMHHUHHTE TAHTeHUHAJHH BeKTOPH (3)

KbM KOODIMHATHHTE JWHHM CHBIAJAT CBHOTBETHO C BekTOpHTE 1°, V°, B°
Ha Tpuenbpa Ha Frenet.
Bropusit BBIpOC 3acAra uesecvobpazwa nepudnuua Ha Eulerosure

BIK ¢, p, 0 W HA JMHUATA HAa BB3AUTE y° HAa TONBHXHHUA OPTOTOHAJEH

penep (3) cnpAMO HENOMABHXHHA OPTOrOHaJeH penep i, j, K,KaKTO H CBBP-
sanu1e c EuleroBute B KHHEMATHYHH BbIPOCH, KATO Hampumep npei-

CTaBAHETO HA MOMEHTaJHATa BIJIOBA CKOPOCT ® BBB BHJA
(318) o=y, k+0 704 0

npu cbOTBeTHA AepHHUIUA HA (0 KAaTO eXuH OT BEKTOpHTe (3).

PeureineTo Ha MbpBHA BBOPOC INO3BOJAABA Cb3JaBaHETO HA OOl Me-
TOJ, 3a MOCTPOABAHE HA pA3IHYHH OPTOTOHANHH CHCTEMH KPHUBOJHHEHHH
KOOpAHHATH. BTOPHAT BBNPOC MMA OTpaKeHHe B AUHAMHKATAa HA TeJa B
KPHBOJUHEHHN KOOpPAHHATH.

B nacrosmara paboTta ce OrpaHHyYHXMe 10 KHHEMaTHYHH pasriexna-
uHg. CrnenHasiuTe CUCTEMH KPHBOJHHEHHU KOOPIMHATH MO3BOJSBAT Pa3BH-
paHETO Ha 00INa TEOpHS HAa JUHAMHKATA Ha TOYKA, MOAYMHEHA HA KOH-
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KpeTHA KpalHH BPB3KH. — MOCTOSHEH LHJAHHIABP, cdepa, KOHyC, eNHNCOHN,
npocT W IBOeH xunepbosoun H np.

Jl4ckycnonen ocraBa BLOpPOCHT, KOA OT JBeTe POPMH Ha YCKOpEHH-
eto — (164) nau (169) — e 3a npegnoynMTaHe 3a H3BEXKJAHE HA JUHAMHUY-

HHTE YPaBHEHHs] HAa MaTepuanHa Touka. ¥ B IBaTa cnyyas cunara £ caen”
pa fla Ce NMpeiCTaBH BBbB BHIA

3

(319) F= > (Fa.”(@0".

y==l
BapHo e, ye npu pabora ¢ ypasuenusara (169) cnexmsa na ce nmpecmsita
LEHEPrHsTa Ha YCKODEHHETO“, NOKATO B yparHevuata (164) ¢durypura camo
 KHHETHYHATa eHeprus“. 3a Npu/aaraHeTo Ha YypaBHenusta (1€4) ofaue ce
Hanara JON'BbJAHHTENHO AHdepenuUpane CNPsIMO KPHBOJMHEHHHTE KOOPLAKHATH
g, (+=1, 2, 3) 3a HamupaHe Ha YacTHUTE NLOH3BOAHH

0 (vz) B
(320) 3&: ’Q_ (V =1, 2, 3),
KaKTO ¥ 3a HAMHUPAaHE Ha NPOH3BOJIHHTE COPAMO BPEMETO
da o0
321 v=1,2,3),
(321) 9 aq,( ) ( )
pokato npu (169) HaMupaweTO Ha NMPOM3BOIHHTE
0 [ w? _
(322) | — =12, 3)
dg,\ 2 )
e CbBCeM NPOCTO MOpaiu KBanpaTuaTa 3aBUCHUMOCT
o7
(323) W= ‘"’Z (‘lv*+2 9 G )
y=1 l=1 d aq“

. ar .. 0% )
X — T
( 7 d‘h+£ "9 "9g, 03,
Ha @? ot ¢, (v=1, 2, 3) cpraacko (156).
[Mocrhnuna na 25. IX. 1970 r.

ZUR PUNKTKINEMATIK IN KRUMMLINIGEN KOORDINATEN
Iw. Tschobanow u. R.Stojanowa
(ZUSAMMENFASSUNG)

Die vorliegende Arbeit enthdlt die Grundelemente der Punktkinematik
in krummlinigen Koordinaten ¢, (v=1, 2, 3), direkt ausgedriickt durch

den Grundreper ¢,° (v=1, 2, 3) der Einheitstangentialvektoren zu den

8  Tomummuux ma Matematuueckus dakyarer
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Koordinatenlinien und durch den reziproken Reper (¢,%)~! (v=1, 2, 3), de-
finiert durch (5), (6), ohne Zuhilfenahme des iiblichen Descartesschen

Orthogonalrepers i, j, k. Der Radiusvektor r des beweglichen Punktes
wird durch (13), (10) ausgedriickt und im Falle einesorthogonalen krumm-

7.0
linigen Koordinatensystems — durch (14). Die Ableitungen %%’—— (B, v=

1, 2, 3) der Einheitstangentialvektoren zu den Koordinatenlinien “in bezug
auf die krummlinigen Koordinaten sind durch (81) oder (82) gegeben;
diese Ausdriicke gehen bei orthogonalem krummlinigen Koordinatensystem

in (83) und (84) iiber. Die- Able1tungen — (v=1, 2, 3) der Einheitstan-

gentialvektoren zu den Koordinatenlinien werdcn durch (86) und (87) ge-
geben, wobei wieder diese Ausdriicke bei orthogonalem System in (88)
iibergehen. Die Formel (88) ermoglicht die direkte Auswertung der Ablei-

n

tungen beliebiger Ordnung 3% des Radiusvektors 7 des beweglichen Purk-

tes in bezug auf die Zeit £, zerlegt im Grundreper 7,0 (v=1, 2, 3), wieder

ohne Zuhilfenahme des Descartesschen Repers 4, j, £ Unter der Bedin.
gung (184) sind die Identitdten (202)—(204) mit (205) abgeleitet. Bej
unelastischem Reper ¢,° (v=1, 2, 3), d. h. bei dem (221), gilt, wird fir
die momentane Winkelgeschwindigkeit o des Repers ¢,° (v=1, 2, 3) der
Ausdruck (224) abgeleitet der be1 orthogonalem Koordmatensystem in
(225) tbergeht, bzw. die Ausdriicke (231), (232); fiir die momentane Win-
kelbeschleunigung e gilt (258), in orthogonalem System — (259). Diese
Ausdriicke konnen auch als (265), (266) dargestellt werden. Die obigen
Betrachtungen werden durch Beispiele meistens in elliptischem krammlini-
gem Koordinatensystem illustriert. Man zeigt, dal zur Auswertung von
e am zweckmifligsten die Gleichung (312) zu benutzen ist, ndmlich zwi-
schen der absoluien und der lokalen Ableitugg der momentanen Winkel-
geschwindigkeit o in bezug auf den Reper ¢,° (v=1, 2, 3). Es wird der
Begriff des natirlichen krummlinigen Koordinatensystems eingefiihrt, d. h,
desjenigen, fiir welches der Reper ¢, (v=1, 2, 3) mit dem Frenet-
schen Reper zusammenfillt, was die Konstruktion von neuen
breiten Klassen von krummlinigen ,Koordinatensystemen ermoglicht.
Es wird auch die Frage angedeutet iiber die _Einfithrung von Eulerschen
Winkeln ¢, ¢, 0 fiir den beweglichen Reper ¢,° (v=1, 2, 3) und den un-
beweglichen Descartesschen Reper £, j, &



