OBLLUAY KOHLEIUUS METPU3YEMOCTH TOINOJIOTMYECKUX
IMPOCTPAHCTB

C. !. HepeB 1 M. M. Yo6au

O6ugas MeTpH3auHOHHAaAg mNpo6JjeMa, TO ecTb NnpobJgeMa HAXOXINEHHST
Ae00X0AUMBIX H AOCTATOYHBIX YC/A0OBHH AJS TOro, 4YTo6GbHl NAHHOE TOMOJIO-
ruyecKoe npoCTPaHcTBO OHJIO roMeoMOpPQHO METPHYECKOMY, BO3HHKJA
OXHOBPEMEHHO C MOHATHEM TOMOJIOTHYeCKOro nmnpoctpancrea (M. Ppeme
[39], I1. C. Anexcannpos H Il. C. Ypucon [1), [43]; 965 u xmp.). Ha npo-
THXEHHH HECKOJbKHX NECATHJEeTHH OHA Oblla B LIEHTPH BHUMAHHSI MHOTHX
MaTeMaTHKOB, H aaxe mocae pesyabraroB [O. M. Cmupuosa {32], Harath
[25] » Dbuura [14], maBmHx ee HcUepnHBaOIiee peEILIEHHE, OTKPHUIHCH
HOBHE TOUKH 3peHHs Ha 3Ty npobseMy, KOTOphle JaqH HOBOJ. K HOBBHIM
H3pickanusaM. [TloaToMy He ynHBHTENhHO, YTO HAa NMYTH K PEILEHHIO METpH-
3aHOHHOH npo6/ieMBl HAKOMHJAOCh MHOXECTB) (paKTOB, Pa3pPO3HEHHHIX,
OZHAKO, HE TOJbKO BO BpeMeHH, HO H B HACHHOM OTHOILEHHH.

B Hacrosmieii pa6oTe aBTOPH PacCMAaTPHBAIOT C €AHHOH TOUKH 3PEHHA
BCE OCHOBHBIE PE3yJabTaThl, MOJYYEHHbIE HO CHX IIOP B CBA3H ¢ npobaemoil
METPH3alHH, H PACKPHIBAIOT CBSA3H, CYIECTBYIOIIHE MEXAY HHMHU. 10T
NOAXO0J MO3BOJHJ BBHIACHHTHL POJb ,Mapa3uTa CYETHOCTH, COMYTCTBYIOWEro
NMOYTH BCeM 6o0Jiee PAHHHM HCCIeJOBAHHAM™ H JaXke HrpaloIlero B HHX
OCHOBHYIO POJIb.

PaGota cocTouT M3 naTHaxuatH naparpadoB. B mepsBrix AByx mapa-
rpadbax BBOJAATCS OCHOBHBIE MOHATHS: MOHATHA O-lIKaxae, 6 M-mKaabl
6-o-MeTpHKH M T. A. B §3 ana xawxpoH 6-o-MeTpHKHM CTPOHTCH PaBHOMEPHO
3KBHBANEHTHAasA el mpaBHJbHAas 0-0-MeTpHKAa HAJ THXOHOBCKHM IOJYNOJEM
RY. 3nech, mpexae BCero CaAeAyeT OTMETHTb 3HaueHHe 3TOr0 pesyJbTara
npH BH6OpE ,CTPYKTYpY, HAZl KOTOPHIMH CTPOSITCH ,MeTpukH“. Hamu peny-
KIOHOHHBIe pe3yabtaThl (cM. Teopema 3.1 u 3ameuanus 3.1 uH 4.3) yTBep-

* Ucxkmouennem spasiotca pa6ote M. ®peme [40], Annepra [13], I'omeca [16], Koame
{19] u Hekoropuix apyrux. OCHOBHas Lenb Ha3BaHHHIX paGoOT — PacKpHITh CBA3b MEXNY
IIOHATHEM .peryAsipHOro OTkKJOHeHud*, BBeieHHoro M. ®pewe [40], H nonaTHeM paBHOMEp-
HOR cTpykTypnl A. Beitas [15].

Hamuoro panbuwie B csoux wuccregmoBanusx mnpoasuryauck M. f. Antonosckmit, B. I,
Bonrauckut u T. A. CapbiMcakoB [6] ¥ UX Yue€HHKH, KOTOpble PacCMaTpMBAIOT BONPOC MeT-
pusaudu Hapx noaynoismu. Ho obuwiuit 3ambices 3THX paboT COCTOMT B CCHCBHOM B IPHJIO-
KeHHY METPHK Hal THXOHOBCKHMH TNOJYNOJSMH K Da3jHYHBIM BONpocaM (YHKUHOHAALHOIO

dHann3a, TCOpPHU MEpH H T, A.
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JKJAAIOT, YTO €CTECTBEHHbIM KaacCOM M-liKkaj, Haj KOTOPbIM CJAENYET H3y-
gath 06INHe BONPOCH O-METPU3AlHH, SBJIAIOTCH THXOHOBCKHE IOJYNOJAS™.
Ho 310 eue He 03HauaeT, 4To MBI AOMXHBI HCKJIOUHTD LLIKAJ1bl K3 PACCMOTPEHHS.
ViMeHHO 3[ech HaM KaxkeTCs Les1eco06pa3HbiM CeAYIOWHKH NMOAX0L: H3 II0-
CH/IOK O CYIIECTBOBAHHH JJs NGHHOIO IPOCTPAHCTBA O-METPHK HaA ce-
HHANbHBIMH IIKaJAMH BBHIBOAMTH 3aKJAIOUEHHS O [qaibHeHLIHX CBOHCTBAX
JaHHOIO TOIMOJIOTHUYECKOro HPOCTPAHCTBA ITOMY MOAXOAY M MNOCBSIIEHbI
§§6, 13, 14, 15 nmannoit paboThI*™ .

B § 4 nmpuBonaTcs KputepHu €-0-MeTPH3YeMOCTH, O-CHMMETPH3YEMOCTH.
0-A-MeTpH3YyeMOCTH H €-METPH3YEMOCTH TONOJOrMYeCKHX NpOCTPaHcTB. OT-
METHM, 4TO IMOHATHE 0-MeTpH3ayeMocTH BBezeHO M. 5I. AnToHOBCKHM (7]
EMy ¥ npHHazsiexaT nepsbie Pe3yAbTaThl B 3TOM HanpaBjeHHH.

§§ 5 ¥ 6 noceamEeRs NPOM3BEAEHHIO O-METPH3YEMHIX MPOCTPAHCTB.
B §§ 7-10 usyvaioTca TOMOJOrHueCKHe CBOHCTBA 6-0-MeTPH3YEMBIX NPOCT-
‘PaHCTB.

B §§ 11, 12 nam yamanoch Bce OCHOBHble METPH3AUHOHHBIC KPHTEPUH
pa36utb Ha uBa kjaaca (p[l) u (1) Takum o6pa3oM, 4TO ycaoBusi JiO60ro
KpuTeépHa Kaacca (pll) ob6ecneunsaioT O-mMeTpuayeMocTb npu Jo6oM 6,
a ycJaoBHsa KpuTepues kaacca ([1) — Toabko ans cayyasa 0=ag*** C.nenyer
OTMETHTb, YTO, HECMOTPS Ha TaKyi0 npeleAbHYi0 OOGIIHOCTbL MpH f§=a,,
MBI MOJAYY2EM H3BECTHBHIE O-METpU3yeMble, A-MeTpH3yeMble H METPH3yeMble
npocTpanctea [26]. Takum ob6pa3om, npoGiema 6-MeTpPH3aUKUH CONEPKHT B
cebe KaaccHueCKylo npobaemy MeTpu3auud. Kpome Toro, 3Ta OOGIIHOCTH
MO3BOJIH/IA TOJNYYUTb HOBbIE PE3YJIbTAaTH Aaxe A §=a, 0 OJIHOBPEMEHHO
OYEpPTHTL TPAHHUB COMAEPKATEAbHOCTH MOHATHH, BOBHHKIIHX B KJ2CCHYEC-
KOH TEOPHH METPH3YeMbIX, CHMMETPH3YeMbIX H 0-METPH3yeMbiX NPOCTPAHCTB.

Tunuynbie npeacTaBHTeNH KJaacca kpurepues (pll) — Merpuaauuonumu
KpuTepHit UuTTenAeHa 44 M €ro 3KBHBAJIEHT Ha fA3bIKE MOKPBHITHH — KpH-
Tepud AunexcasapoBa-YpoicoHa [l1]. YcnoBHSI 3THX KpUTEDHEB Jake B
caMbIX OOIIMX CHTYAUHUSIX SKBHUBAJIEHTHH aKCHOME TPEYTOJbHHKA H II03TOMY
ROJroe BpPeMsl CUMTAIHCH HEYHOBJETBOPHUTENbHBIMH. HIX cozepxareabHOCTD
packpbiach ¢ BO3HMKHOBEHHEM IIOHATHS DAaBHOMEPHOTO NPOCTPAHCTBA M
TIOSBJICHHEM H3sIIHOH paboThl Mazam (men( [41].

Kaaccy (I1) npunazaexat Kpmepma B. B. Hembiuxoro [29] # ero
S5KBHBAaJeET Ha #3blke NOKPHITHH — KpuTepuit A. B. Apxanreanckoro [9]
n_ A. Croyna |33]. OTo Gomee TOHKHE KPHTepuM U NpH §>>a, OHH He BCerja
o6ecneunBaoT 6-MEeTPH3YEMOCTb.

B sakaiouenne oTMeTHM Caeayioniue oﬁosnaqemm €CIH Y-CEMEHCTBO
noxmuoxectB X 1 ACKX, o yYA=U{U € vy ' UnA+4g } ny A=yy"'A.
Uepeas R Mul Bcerna “0603HagaeM noje AEHCTBHTEJAbHBIX YHCEJ, a 9epe3
{R, ¢ A} — cemeiicTBa mnoseil neficTBMTeNbEBIX uYHCes. Kpome ToroO,

* Hosmmy 3ajaya MeTPH3alHM TONOJOTHYECKHX MPOCTPAaHCTB HAX YacTHYHO YNOPAXO-
YEHHHMH nonyrpynnamu [24] mam Han M-wkanamn He MokeT OwTh Gonee obuiet, yem
330243 METPW3AUMH HAJ THXOHOBCKMMH TOAYNOASMH.

¥ Jromy noaxomy nocssimieHa pabora M. fI. Amioncsukoro [8], paborm {34], [37] u
HekoTOpHie maparpadnl KHHrW Mawmysnua [23].

*¥ a, — MOUKHOCTb HAaTypajbHOro psaa.
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TOYKH M3 R, 6ynem cuabxaTb HHaeKcoM a BHH3Y, RA=II{R, a¢ A}, Hyan
1 enunHua B R4 pceraa o6osuavaercs yeped 0=={0,} u 1={1,}, a npous-
BOJbHAA TouKa X ¢ R4 uepes x={x,}.

ABTOpH BHIPaXAIOT HCKPeHHIOW 6.1aroaapHocTe A. B. Apxaureabckomy
3a UEHHHE YKa3auusd MPH BHIMOJHEHHMH HACTOAUIed PaboOTH, a Takxe ray-
6okyl0 GaaronapHocTh M. 51. AHTOHOBCKOMY, O3HaKOMHBHIEMYCH ¢ pabo-
TOH B PYKONHCH H CAe/NaBlIEMY psAf HEHHLIX 3aMeyaHWH.

§ 1. M-mKansl

B satom naparpade Mbi BBeaeM Te€ OOBEKTh, KOTOpHie OYAYT HrpaTrh
poab ,paccToaHuda“. Ynopapoyesnyio Tpoiky (£, o, V), rae E— nexo-
TOpo€ MHOXeCTBO, 0¢ £ u Vg — cucTemMa mnoaMHOXeCTB MuoxecTBa F,
HasoeM wkano#, ecan {o}=N{v|ve€¢Ve} H aas ao6bix ABYX eJe-
MEHTOB U,, Uy € Vg cyuiecTByeT uy¢€ Ve TakoH, uto v, v, N s,

[Tpumep wxaab. llycts £ — T,-MPOCTPAHCTBO U O -— MPOU3BOJb-
nas ¢uxcupoBauuas Touka £. O603HaunM yepe3 Ve HEKOTOPBIH (HKCHPO-
BaHHHH 6a3sc okpectHocTel Toukn 0. Torga tpoiika (£, o, V) siBaserca
IKAIO0H.

B Taxom Buae nOHATHE 1UKaJkbl HE MPHIFOLHO AJAS PacCMOTPEHHH Me-
TPHK €O 3HAYEHHAMH B £ H YIOBIETBOPAIOUIMX aAKCHOME TPEYroJbHUKA.
TloaToMy MBI paccMOTpPHM 60Jee CheUHaJbHBIA KJaacC LUKaJ.

Ukany (£, o, Vi) nasoem M-uikaJio#, ecad Ha £ onpenesexbl
onepauHs CyMMBbl , + “ IBYX 3J€MEHTOB M3 £ M YacTHUHBIH NMOPAAOK , =< “
(WMH ,=>“), YAOBJETBOPAIOIHE CJACKYIOIIHM aKCHOMaM :

1. x4+0=04+x=x pasa no6oil Touku x¢ E;

2. Ecnn x<y u y<x, To x=y. Kpome Toro, ecin x=-y H x££y, T0 Oy-
AeM IHCaTb x>V,

3. Ecan x=x, v y==y,, TO X+y=x;+ ;.

4, g xawxnoro v¢ Ve cymecrsyer w=w ()¢ Vg Tako#, uto w+wc .
5. llna moboro aneMenta v ¢ Vg cymectByerT 3JeMeHT w¢ Ve Tako#, yto
ecMn a<x<b u a, be¢w, To x€v. JInt KPaTKOCTH 3/1eMeHT W OyneM
Ha3LIBaTb U-3aMOJHEHHBIM.

M-mikanbl MOXHO KJACCHOHUHPOBATb €CTECTBEHHBIM o6pasoM. ITycTh
6 —HekoTOpOE 6ecKoHeYHOe KapAWHaibroe uncao. M-tikany (£, o, VE) (B uact-
HOCTH M 1IKaay) HasoBeM O-M-mikanoi (COOTBETCTBEHHO 6-LIK aJo0 ),
ecan card Ve<h. ,

O6o3naunM uepes R? THXOHOBCKOE npoH3BeaeHde 6 mMTyK AEHCTBH-
TEJbHBIX NPAMbIX KR C eCTECTBEHHBLIMH MNOPSAKOM H onepauueid CYMMH.
Tpoiixa (R 0, Vi), rae Vs — 6a3HC BBINYKJBIX OKpecTHOCTEH HYyJNs B
R? momnocTH 0, saserca 0-M-mkanoi. M-mkana (R¢, 0, Vzo) OyRET urparn
0c060 BAXHYI0O POJb B HanbHeHUIMX HCcaenoBauuax. Chaenys TepPMHHOMO-
ruu paboth [6), M-mxany (RY 0, V) GyneM HaspiBaTh THXOHOBCKHM

gnonynoJeM (Wi 6-moaynoneM) M AN KPATKOCTH 6yjaeM o06o3HayaTh
gepe3 R’. Bmecto V4 Bceraa Oynem mucats V.

Voanmidnk Ha Maremarnyecxkus daxyarer



114 C. HeneB ¥ M. UYo6an 4

[IpumepoM M-mkanbl MOXeT CAyXHTb M J06oe moaynonae (cMm. [6)),
[ycte (£, 0., VE,)|a€ A} — cemeitctBo wkan Ilonoxkum E=IT{E,

& EA}’ 0:{00} H VE={IEI 'U[X n {Ea o E A\{“ly o e 3“:'1}} Ui e VEa," &y E A’.
==t

i=1,2,...,n). Tpoiika (&, o, Vp) sBIsieTca wKanoH H HasbiBaeTCH
THXOHOBCKHM npousBenenneMm mkaa (£, o, Vg) OueBunso,
YTO THXOHOBCKOE mnpou3BeleHHe He Gonee ueM § 6-ukana ecTh 6-lIKaza.
KpoMe Toro, ecam xaxnoe (E, 0. VE,) sBnsetcas M-mkanol, To Ha E
MOX(HO BBECTH €CTECTBEHHbIM 06pasom caoxkenne {X,}+ {Vo}={XatVa} B
nopanok {x,}=<{y.} B TOM M TOJbKO B TOM cJyuae, €CIH X,<Jy, IJ11
KaXporo a ¢ A. M-mkana (£, o, V) C yKa3aHHBIM CJOXEHHEM H IOpAl-
KOM pa3biBaeTCd THXOHOBCKXHM HNpoH3BengeHHeMm M-wkan (£, 0,,

VE,). Takum o6pasom, 8-noaynosne (R, 0, V,) ABASETCA THXOHOBCKMM NPO-

1

u3sex enneM 6 moaei (KR, 0., Ve ) rne.VRa:— (— — 717)‘ n=1, 2 }

B 3akJaiouenre OTMeTHM, yTO a06yio wkany (£, 0, Vi) mMoxso npe-
BpaTHTb B M-mkaay. [lopsnok 6GepeTcs TPHEMaNEHBIM : KaxJaa Touka x=0
H Jlo6ble OBE pasnuyBbie TOYKH, OTAHuHHE OT (O, HecpaBHHMHL. [las TOroO,
4yTOGH ONpPENENUTh ONEPAUHIO CJAOXKEHHS, MHOXECTBO £ BIOJHE YHNOpPAAO-
yyBaeTCd TakuM o6pa3oM, uyTcO6nl O 6BJIa nepBOM TOYKOH NO NOPAAKY.
Torma x+y=max {x, y} no nociexnemy nopsaxky.* B Takom cayuae Bcs-
Koe v¢ Ve v-3amonneno u v-+ov=7.

§ 2. OcHoBHBe NMOHATHA H 0003HAYEHHS

[Tycer X — nponsBoabHoe MuoxecTBo H (£, 0, V) — M-wkana. Oto-
Opaxenne p: XXX — E, oto6paxaiomee XXX B E, nazpiBae1cs 0-M € T-
pHKOH Ha MHoXecTBe X naa wkano# (£, o, Vi) ecanp (x, x)=0
IS KaXI0H TOYKH X €.X.

MuoxecTBo X BMeCTe C 3aJaHHOH Ha HeM O-MeTpHko# p: XXX — £,
Ha3biBaeTCsd C-METPHYECKHM NPOCTPAHCTBOM HaJg M-wkano#l
(E, 0, VE), koTopoe Mbl 6yZeM 06o3HauaTh cuMmBoaoM {X, p, (£, o, VE)}.

[TycTh 3amano o-MeTprueckoe NpocTpavcTEo {AN, p, (£, 0, VE)}. Has
Kaxabis ASX n v€ Ve noaoxnm O2A={x¢X|p (v, X)€v AN HEKOTO-
poro y¢A}. Ecam AcX, BcX u maa nexkotoporo v¢ Ve umeeMm
O¢AnNB=g, 7o 6ymnem nucatb p[A, Bl=v umm p [4, B]>o0. Takum
o6pa3oM, HepaBeHCTBO p [A, B|>o0 o3nauaer, yro OANB=g naa1a HeKo~
toporo v¢ Ve. Ecan xe OgAﬂB#;zf ang awbéoro v€ Vg To 6yaem
nucats p [4, B]l=o.

[Mycts {X, ¢, (E, 0, VE)} — o-meTprueckoe mnpoctpancteo. C o-meT-
PHKOH p MOJXXHO KaHOHHYeCKHM 006pa3oM CBf3aTh TOMNOJOTHIO T, HA X no

* Onepauns ,+*“ Gyner acCOLMATHBHA ¥ KOMMYTAaTHBHA.
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CACAYIOLIEMY MPABHAY: MHOXECTBO /< X 06bsBAfAeTCH 3aMKHYTHIM B TOM
M TOJbKO B TOM Cayyae, eClHd p [x, F]>o0 ana xawxnoi ToukH x § F. Ta-
kUM o6pasom, U €Te TOTJAA H TOJABKO TOraa, Korma aada JoO0H TOYKH
x€¢U nveem O¢xcU nna wekoroporo v¢ V.

[lycte A< X. [lonoxum [A)l={x€ X p[x, Al=o0} u [A]g:[u{[A]ﬁ]
;3<oz}]g a9 moboro MOPAAKOBOro 4yucaa «. OueBHIHO, YTO I HEKOTO-
poro moOpSXKOBOrO YHCHa a umeeM [Al2=|A], .

O-METPHKY p HA30BEeM CHJIb HoOH, ecan [A],,=[A]! ans moboro A< X.
Jlerko 3aMeTHUTb, YTO O-METPHKA p SIBJSIETCS CHJAbHOM TOrAa H TOJbKO
toraa, koraa x¢ N{lnt O¢x v¢ Ve} naa moboit Toukn x¢X.

Tomosoruyeckoe npocTpaHcTBO (X, T) Ha3bIBaeTCd O-ME€TPH3yeMHB M
0-MeTPHKOH p: XXX — E, ecin t=r,.

BeeneMm caenyrmolde orpaHHYC€HHS.

Axcuoma cummeTpuu (C):p (X, ¥)=p (¥, X) A15 NO6HX X, ¥€X.
0-MeTPHKH, YyHAOBJAeTBopsiiomiHe axcHoMe (C), 6yneM HasbiBaTh CHMMETPH
KAaMH.

Axcunoma (Ty):p(x, y)=0 TOraa U TOJAbKO TOrAa, KOTAA X=J.

Axcunoma (T,): ecin x=y,170 0% xN0O¢ y=¢g a1 HEKOTOPOro
'Z’E VE.

Ycaosue (cK): ecan A ne saMknyTo B (X, 1,), To 1ag qoboro v Vg
CYLIECTBYIOT X, y €A Takue, uTo p (X, ¥) €V H X=FJ.

Ycnosue (AH) (Anexcanaposa-Hewmbiukoro): ajs nwo6bix x€X H
v¢ Ve cymectsyer w=1w (v, x)€ Ve Tako#t, uro ecain y €09 x u 2¢0e, X,
TO 2€ 00y,

Ycaosue(pll) (Ppewej: ans noboro v¢ Ve cymecTByer w=
@ (V) € Vg Taxoe, uto ecau y€0¢, x u z2€0¢ y, T0 2¢0¢ x.

Ycanoue (II)(Hembiukoro): Jas aobbx v€ Ve B x¢ X cymecr-
ByeTw= (v, X) € Vg Takoe, uTO ecau y€0¢ x n 2¢02 y, 10 2€0° X

Jlemma 2.1. Ilyets {X, p, (£, 0, VE)} — o-MeTpHueckoe npocTpaH-
crtBo. Torma: a) p ynosiersopser akcuome (T;) Toraa M TOJAbKO TOrAa,
xoraa (X, t,) — T,-mpoCTpaHCIBO.

6) ecan p yaominetBopseT ycaosuio (CK), 10 p yHORIETBOpsSeT H akCHOMe
(Ty).

B) ecau (X, t,) — To-NpoCTPaHCTBO, TO p YAOBJECTBOPsET akcHoMme (Ty).

I) eCaH p-CcHAbHasA o-MeTpuka, yrposaeTeopawmas (T,), To (X, t,) — Tg-
NPOCTPAHCTBO.

1) ecau p ynosaetsopsieT (pll), To p yaosaersopser u (I1).

e) ecau p ynosaetBopseT ([1), To p—cuabHas o-meTpuka Ha X.

k) ecaH p ynosaerBopsietT (AH) u (T;), To p ynosaetBopseT H (cK).

Lloxazameabvcmeo. YTBepKAeHHs: a) — N) OYEBHHBL

posepum yrBepxaenue e). [lycts A< X u [A]! ne 3amxnyTO B (X, 7).
Torna p [x, [A)]]=0 aas nexoropoii Touxn x § [A]!. Cymecrsyer v Takoi,
uto 0¢ xNA= ¢, tak Kkak p[x, A]>0. Bubepem w=w (v, x)€ Vg no
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ycaosuto ([T). Iycrs y€0¢, x N [A]}. Toraa z¢ O¢,y nas nekotoporo z¢ A.
o ycaosuio (1) p (x, 2)¢v. [lonyyenHoe npoTHBOpeuure 3aBeplllaeT AOKa-
3aTeJILCTBO YTBEPKAEHHSI €). Y TBEPXKIEHHE XX) — oyeBHAHO. JleMMa n0ka-
3aHa.

Teopema 2, 1. [lycts mpocTPacTBO X 0-MeTPHU3YEMO O-METPHKOH p
Han M-lkanoit (£, o, Vg). Toraa p aBaseTCd CHIbHOH O-METPHKOH B TOM
M TOJIbKO B TOM cJyuyae, e€cJaH Ja1060e moanpoCTpaHcTBo X; mpocTpancisa X
0-MeTPH3yeMO O-METPHKOH p.

Lfloxazame.ascmeo. TlycTb O-MeTpHKa p cuabHasg, L X, =X U L ue
aaMkHyTo B X,. [lockonbky [L]« :o={x€X ‘o [x, L]=0}, To nmas moGoh

Touku x€[L]N X, umeeMm p [x, L]'=~o. Ecnu xe Fc X,, F 3amkuyTo B X|
u X€X\\F, 10X § [F]r [ostomy O xNF= g Aans uexoroporo v¢ VE.

Taxkum o6pasoM, X; o-MeTpusyemo o-meTPHKOIH p (Tounee, ee CyXenHeMm
Ha X, X X))

[lpexnnonoxum Tenepb, 4TO BcsiKoe MOANPOCTPAHCTBO NPOCTPAHCTBA X.
0-MeTpH3yeMO O-MeTPHKo# p. Jlokawem, uTO [A) ={x€Xip[x, A)l=o0}
ans moboro mnoamuoxectsa Ac X, Iycts AsX u x¢[A] . Tlonoxum
X;=AU {x}. Ilockoneky X, o-MeTpusyemo o-MeTpdakoi o u [A]x, =AU {x}
T0 p [x, A]=o0. Teopema moxasana.

 O-MeTpukH p;: XX X — (E;,0, V};) (i=1,2)Ha3biBaOTCA 3KBHUBa /€ H-
THHMH, €CTH I MoObx x¢ X, v, ! Vp n 7,€ Vg, CyWeCTBYIOT Taxde
aneMedTH Wy € Ve, # w, € Vi, 40 ()g}’ xc0g x 1 0z x< 02 x. 0-MeTPHKH
p1 H pg OyaeM Ha3bIBaTh paBHomépno 35KBHBAJEHTHB MH, €cad
mas mo6bix vy € Ve, U vy € Vg, cyriecTByloT Takue 31eMeHTB @€ Vg, u
wy ¢ VE,, uto O2 x<O%:x n 0 xc O2: x ns MOGOH TOUKH x¢X.

Bes Tpyna ycranaBanBaetcs caepyionias

Jlemma 2. 2. O-metpuku p;: XXX -»(En 0, Vg) (i=1, 2) skBHBa-

JICHTHB TOrZa M TOJAbKO Toraa, koraa |A]! =[A)l nrs 7106070 MHOXKECTBA
0y 02
Ac X
Canencrsue 2. 1. Ecau o-MeTPHKH 7, H py CHJBHBIE H T, =7, TO

O-METPHKH p; H py SKBHBAJACHTEBL.

Teopema 2. 2. [Iyctb nasnl o-meTpuku o: XXX — (E|, 0, Vg) u
d: XXX —(E,, 0, Vg). Ecin o-MeTpuk# p U d 3KBHBANEHTHBI, TO:

1. [Al:=[A]z ana moSeix A< X # MOPAAKOBOrO YHCAA .

2 T, =7T4.

3. ¢ CHJbHAA -TOTAA M TOJMBKO TOTAa, Koria d CHAbHas.

4. p y1osiersopsaer axciome (T,) nau (Ty) Toraa M TOJALKO TOTAa
KOrAa 4 yXOBJETBOPSET TOH e aKCHOMe. |

5. Ecan, kpome TOro, O-MeTPUKH p H d PABHOMEDPHO 3SKBHBAAEHTHBI
TO p yZAosJeTBOpseT HeKoTopoMy M3 ycaoBuit (AH), (pIl), (IT, (cK) B Tom
H TOJbKO B TOM cCJydae, ecid d YAOBJAETBOPSIET TOMY Xe€ YCJIOBHIO.

Loxazameancmso. 1. BurTekaer u3 nemms 2. 2.

2. Cnegver u3 yrBepwiaenns 1.
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3. Boitekaetr H3 JeMMmbl 2. 2.

4. OueBuaHo.

5. IlycTtb p ynoBaeTBOpSieT YCJOBHIO (cl(), Vg € VE, H MHOXKeCTEO A

He 3aMknyTo B (X, 7,). [lo onpenenennio, Haiayrcs 2iaeMeHT @, ¢ Vg H

TOYKH X, Y€ A, Bas KOTOPHX p (X, V)€w,, Xy H 09 xCO“ x. Torna
d (%, ¥)€v,, TO ectb y€ 0 xCO? x. Takum 06pa30M Hd ynoanewo-
paeT ycaosuo (cK). ) |

[Tycts p yaonietBopsiet yeaosuio (I1), v, € Vg, uxeX. [1o ycnoBusm Teope-
Mbl  HakayTcs @, v,€¢ Vg, Takue, uTO Oo 202 z paa 1106OH  TOUKH
z¢ X y, ecau y(Ov x, 2€0e, W TO zeOo x d)nxcnpyeM TAKOH 3JI€EMEHT
w'y € Vg,, uto 0% zCO@ 2 ,zum M0608 TOUKH 2¢X. Torna, ecam y(Od
nzeO; y, 1o yéOo X H z¢O0¢, y. Caenosarensho, z¢ 02 x < OF x. StHM
nokasaro, uto H d ynosneTBopaeT ycaosuio (I).

Ycaosus (AH) u (pIl) mpoBepsiroTcs aHanornynbiM o6pa3om. Teopema
AOKa3aHa.

Mpumep 2. 1. [lyets X={0,1, Yo, Vs, .. ., .o} p (X, ¥)=iX—I
aas mobbix x, y¢ X. CuMMeTpHKka d BBOJMTCH CaeAylOHM 06pasoM:

| o (x, y), ecam 0¢{x, y},
d(x, y)= 0, ecan x=y,
I, ecan O==x=-y=-0.

. 0-MeTpPHKH ¢ ¥ d CHIbHBIE K OPOXKAAIOT OLHY M Ty e TOMOJIOTHIO HA MHO-
wecTBe X. O-METPHKA p SIBAAETCS METPHKON B OGBLIYHOM CMBLICAE M HO-
5TOMY OHa ynosnemopﬂem‘ BceM ycaoBuam  (cK), (AH), (pI1) u (I1). Muo-
wectso A={l, Yp ..., Yu,...} He 3aMKHYTO, HO AAs AWGBIX ABYX pas-
JUYHBIX TOYEK X, yEA nmeeM d (x, y)==0U. Takum  o6pasom, d He YiO-
srersopaer ycaopusaM (cK) n (AH). [To nemme 2. 2 o-Me1pukH p M d =KBH-
BaJeHTHH. 3HAYHT CYWIECTBYIOT OBE SKBHUBAJEHTHBIE O-METPHKH p, d (name
Ha KOMNAKTHOM MNPOCTPAHCTBE), OJHA M3 KOTOPHIX YAOBJETBOPSET Y CJO-
BuaM (cK) u (AH), a apyras Her.

[Tpumep 2. 2. CymecTByIOT ABE€ SKBHUBAJEHTHHE CHMMETPHKH, O1HA
H3 KOTOpHIX ygosiaersopseT ycJaoBuio (pll), a apyras He yAaoBJAeTBOpPAET
naxe ycaosuio (I1).

JeAcTBUTENbHO, NYCTb X — CHALHO CHMMETPH3YEMOE HEMETpH3yeMoe
(B KJIaCCHYECKOM CMBIC/JE) BIOJHE-peryJspHoe npocTpaHcTBo. [lyeTs
p: XXX -+ R— onna u3 cumMeTpuk Ha X. B cuay caenctsus 4.5 cymecT-
ByeTr wMetpuka d:X> X - R nas xotopo#t t,=14 Ha ocHoBanmu caen-
ctBuA 2.1 0-MeTfHKA g M d SKBHUBAJEHTHBL 0- -MeTpBKa d YAOBJETBOPHET
ycnoBHio (pIl). Cummerpuka p He ynoaeTBopsieT ycaoBrio (I1), nockoabky
B NPOTHBHOM cJyyae NpPOCTPAHCTBO Xme'rpnsyemo (cM. Teopemy 12.3).

[Tycers (£, 0, Vi) — M-wkana u p: XXX — E — o-meTpuka.

Axcuoma (A). p(, 2)<p (% Y)+p (v, 2) ang AGHX X, ¥, 2¢X.

- Heorpuuareanubie o-MeTPHKH, YAOBIeTBOpsIONHe akcHoMe (A), GyneM
Ha3biBaThb A-Me T PHK aMH, a CHMMETPHKH, YIOBJIETBOpsoLIne axkcHoMe (A)
— MEeTPHKaMH.






