ON TURING COMPUTABLE OPERATORS*

Dimiter Skordev

We shall consider Turing computable operators not only on total func-
tions, but also on partially defined ones.

I. Let N be the set of the natural numbers and P be the set of all
functions the domains and the ranges of which are subsets of N. By F
will be denoted the set of all functions belonging to P the domains of
which are equal to N. We shall always identify the elements of P with
their graphs.

The elements of P the domains of which are finite can be effectively
listed in a sequence

Tov fry fore o
We may, for example, set
fr={<x y> (n+1)x=y+1}
Let m be a positive integer and let R and F be given such that
RCPm, F:R-+P.

The mapping F is called a partial recursive operator if there exists a re-
cursively enumerable subset /7 of N7*2 such that for all ¢,,..., ¢ belong-
ing to P and satisfying the condition

<q)}v'~ 9 ipﬂl:i) GIQ
the following equality holds

F(d. oy Ym)={<x, y> gn...q0n(fuCd; &...
&f,,m(:q)m & < hyyeras Bimy X, ¥ £ H))

If the domain R of F coincides with the whole P~ then F is called
4 recursive operator from P™ into P.

Let ¢,,.., dm, ¢ belong to P. The function ¢ is partial recur-
stve in <{..., dn> if there exists a partial recursive operator £ such
that

<o Pn> € Dom F

_ * This is an extended version of a lecture given by the author on February 15,
1973 at the Stefan Banach International Mathematical Center for Raising Resezrch Qua-
lifications in Warsaw, '
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and
:F;:F(Qt)p-'-, "Li?l);
¢ is strongly partial recursive in <¥y,..., bn> if the same
equation holds for some recursive operator F.
If $4,..., U are elements of F, then by Kleene’s Normal form theorem

(Theorem XIX of |2]) every function ¢ be}onGmg to P and partial recur-
stve in & < dy,..., bn>F has a representation of the form

wWx)=U@y 1,%(e, x, y))

and hence % is sirongly pcirtlal recursive in W. Myhill [4] has, however,
shown that there exist ¢ ¢ P and ¢ ¢ F such that % is partial recursive
n ¢ but ¢ is not strongly partial recursive in ¢

II. T shall give only an intuitive definition of the notion of Turing
computable operator because the notion of Turing machine is well-known
and it is a routine work to formulate the precise formal definition for
Turing computability of operators and to make the proofs agree with it
(Turing computable operators are considered, for example, in [2], § 67, in
the form of uniform computability in some given functions; it is not very
essential that these functions are assumed to be total).

Let F be a mapping of P7 into P. The wmarping F is called a Turing
computable operator from P7into P if there exists a deterministic
procedure for computing F(dy,..., Ym) (x) for any given ..., $m, X and
this procedure is fully algorithmical, except that at some stages of the
computation the value of some ¢, at some point y can be demanded and
the computation cannot go on before this value is given to the compu-
ter (in the cases where some demanded value J;(y) happens to be unde-
fined the value F(dy..., ¥m)(x) must be undefined too). A function ¢
is called Turing computable in some m-tuple of functions <d,,...
bm> if o =F(dy,..., Im) for some Turing computable operator F.

A mapping ~ of P” into P is called precursive if A(dy,..., ,) Is
obtainable from ¢,,..., ", and the initial primitive recursive functions by
means of a fixed succession of substitutions, primitive recursions and
applications of the p-operator.

 Teorem 1. An operator is Turing computable iff it is p-recursive,

The proof is essentially contained in § 68 and §69 of [2].

Theorem 2. Every p-recursive operator is recursive.

This is Theorem XVIII of [2].

[II. By Theorem 1 and Theorem 2, Turing computable operators and
p-recursive operators are the same thing and they all are recursive ope-
rators. It is natural to ask whether all this three classes of operators
coincide.

From Kleene's Normal forin theorem it follows that on functions be-
longing to F every recursive operator coincides with some p-recursive
one. The situation is, however, different in {he case where we consider

#'The definition of relative partial recursiveness given above is equivalent to the
definition given in [2].
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the operdtors also on partially defined functions, This was shown by A, V
wuzeecov and me in 1961% as an answer to a question of V. A. Uspen-
<icii. 1 shall give now some examples.

Example 1. Let F be the mapping of P? into P defined hy the
equation

F(dq, do)=(Dom ¢, J Dom d,) x{0;.

i1 is not difficult to prove that F is a recursive operator but this opera’
tor is not Turing computable (Hint: Suppose that F is Turing compu’
rshle and consider the first demanded value J,(y) in the computation of
/by, b)(0). It is obvious that i and y will not depend from the choice
of b, and b, Making usc of that, choose such b, and ¢, that F(dy. $9)(0)
i« defined but ¢;(y) is undefined). ‘

Example 2. Consider the mapping (7 of P into P defined by the

cquation

(D) = (Range ¢) x{0}.
We can prove in a quite similar way as above that ( is also a recursive
operator which is not Turing computable.

IV. We shall give now a necessary and sufficient condition for the
Turing computability of a recursive operator (this condition is a modifi-
cationn of a condition given in [L1]).

Theorem 3 Let m be a positive integer. Then for every re-
cursive operator £ from P7 into P, the following two conditions are
(quivalent:

(i) / is Turing computable.

(ii) There exists a partial recursive functiony of m -1 variables such

it Tor all By 5 ey &

A T I ([ Ch1 & & [, Cdn& x € Dom F (. Um)
= (Hyy -0 Hmy X) € Domy;

D) X (Mg -y iy X)=0 =>x € DOmM F(fuype. -, fo):

) vyvillSism&y (., tm X)=my+i=>y¢Domf,
&YYo Vm(f, Ty & & fr,, Cdm& x € DomF (Yy,..., D) =y €
Dom 4, )]

| Proof. Let F be a recursive operator from P7 into P. Then the func-
nons ¢ defined by the equation

PRy oy M, 'Y)%F(j.rplw-‘~’ fnm,’(x)

s 4 partial recursive function. If condition (i) is satisfied. then we define
the function y in the following way:

= It seems that rhe fact has been known earlier to Orlovskii and Lacombe (see
(G} and 5], 8.4).






