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Let A be a rmg and P a #opological property. Denote by {4; P} the
set of all topologies in 4 concordant with the algebraic operations and
having the property P. We define a partial ordering < in [A4; PJ in the
usual way: for arbitrary t and o belongmg to [4; P 'c<c:1ff T is weak-
er than o..

Denote by M[A; P] the set of all minimal elements in sense¢ of Zom
in [A; P]. Our purpose is to describe M[A; P| after we have fixed the
ring A and the property P. We consider the following proper’nes

C — the topology is compact;

Pc — the topology is precompact;

H — the topology is Hausdorfi;

L — the topology possesses ‘a fundamental system of neighbour-
hoods of the zero consisting of open twosided ideals. We call them
ideal nuclei and the topology—linear.

For any two properties P and Q PQ means P&Q.

Example 1. For any ring A [A; HCJC M[A; H]

Example 2. Let Pbe a property invariant under any weakening
of the topology (for instance C and Pr) and Q any arbltrary property
Then for any ring A M[A; PQIC M[A; Q]. :

In [3}) M[G; HPc] is 1nvesttgated where G is a- finitely generated
free abelian group. s

In the present paper M[A; HPc] and M[A HL] are described, where -
A is a Cartesian. product of Dedekind rings. Theorem 3 gives an inform-
ation when A4 is a Noetherian domain.

'§ 1. PRECOMPACT TOPOLOGIES IN RINGS

It is easy to verify the following lemma.
~ Lemma 1. Let A be a ring, P — any property and < ¢ [A; P] Then:
t¢ M[A; P| iff for any ring A, any topology 7, €|4,; P] and for any
continuous isomorphisin %:(A4, 7) — (A, t,) # is a homeomorphism.
One can prove the followmg lemma in the same way as theorem
1.1 in [3].
Lemma 2. Let A be a ring and t¢[4; HPc]. Then ¢ M4, HPc]

iff every nonzero closed ideal / of the completlon A intersects 4 in a
nonzero ideal, S
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Let A be a ring. Proposmon I enables us to study M[A; HPc by
means of M{A; HL] using algebraic methods. In |2] lt is proved that%
every compact Hausdorff topology in a ring with a unit is linear. 4

Proposxtlon 1LA precompact Hausdorff topology in a ring with a
unit is linear.

Proof. Take the completion A and apply the result mentloned
above.

'For our purpose it is sufficient to consider M[A; HL), because%
M[A; HPe]C M[A; HL] (it follows from proposition 1 and example!
2).

Proposition 2. The discrete topology is the only linear Haus-=
dorff topology in a ring with a unit- satisfying the descendmg chams
‘condition.

"Proof. Let A be a ring satisfying the conditions mentioned above
t ¢ [A; HL] and {/;},¢ 4 be the ideal nuclei of t. Since it is a filter base,

its minimal element /; is contained in every open 1dea1 hence Lo=N1;.:

. 4€4 . ]
But t¢[A; HL], consequently (/=1 —(0) Smce I,=(0) is an open
l i€4

ideal, 7 is discrete.

Accordmg to proposition 1 we obtain :
- Corollary. Let A be an infinite ring with a unit, satlsfymg the
descendmg chains condition. Then [A; HPc]=4#, hence M[A HPc]
5 ¢ ;
§2 MINIMAL TOPOLOG[ES IN DEDEKIND RINGS o :

Let A be a ring and M an ideal of A. Then {M"}>  can be consi-;
~dered ‘as ideal nuclel of some hnear topology in 4, called M-adic and’
denoted by .. :
The following lemma is proved in [4] (as lemma 4). 1
Lemma 3. Let A be a commutative ring with a unit and M a fi-:
nitely generated ideal in A. 1y is precompact iff the quotlent rmg Alm lS
~finite. , SRy

Theorem 1. Let A be a Dedekmd ring. Then

M[A; HL]={,:p is a nonzero prime ideal of A}

Proof. Let p be a nonzero prime ideal of A. We shall. establish that’
€ M[A; HL] i
- Ais a Noethenan domain, therefore <, ¢ [A HIL] (see [1}, chap. IV:
' § 7, theorem 12). Let t€[A; HL] and 1=1p. If {/;}ie4 are the ideal
nuclel of 1, then for each XA ¢ A there is a natural number 2, such that:
paccl, i e, I divides p"A (A is a Dedekind ring).Since pis prime, [; =pks’
0=k iri,l. But t© ¢[A: HL], thus ﬂ 1,1=ﬂ p’%:,(O) hencet{ka}ze,i is

not limited and t=r, Therefore 1, EM[A HL] 3
Let 1 ¢ M[A: HL] and B be the -set of “all open ldeals, whlch areivj‘
prime. We consider two cases. |  adape Y






