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INTRODUCTION

It is a well-known fact that in the theory of topological groups there

exists an analog of the Stone-Cech compactification. A general approach
to these two analogous phenomena is developed in [3]. The main con-
cept investigated there is that of a compact representation of an arbitrary
algebra.

. On the other hand, Stephenson [9], Doitchinov [5], and Prodanov [7],
[8] studied minimal group topologies. All known minimal group topologies
are precompact, and at the same time all precompact. minimal group to-
pologies are generated by minimal compact representations.

The purpose of this paper is to study minimal compact representa-
tions of arbitrary algebras. It could be divided into two parts. Sections 1,
2, and 3 represent a continuation of [3], and Sections 4, 5, 6 give a ge-
neralization of some results of [7] and [8].

In Section 1 the main notions and results of [3] are reminded, and
the role of closed congruences in the natural ordering of compact repre-
sentations is clarified.

Section 2 contains a few equivalent definitions of almost-periodic
functions and gives some more information about them in the cases of
modules and rings. ,

Sections 1 and 2 are applied in Section 3 to study minimal compact
representations. A few necessary and sufficient conditions for minimality
are given (Theorem 3.6).

Section 4 contains two classes of examples of minimal compact
representations of modules (Corollary 4.4, Theorem 4.17, and Corol-
lary 4.24).

In Section 5 we give a classification of minimal compact represen-
tations of finitely generated torsion-free modules over a Dedekind
domain with ideals of finite indexes (Corollary 5.31, and Corollary 5.44).

Section 6 is devoted to a topological description of p-adic comple-
tions (Theorem 6.38).
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NOTATIONS
N set of natural integers;
Z set of integers;
Q set of rational numbers;
R set of real numbers;
C set of complex numbers;
St={z¢C: 'z =1};
T'=R/Z one-dimensional torus;
R scalar domain, ring, Dedekind domain, Dedekmd domain
in which every ideal is of finite mdex
V& algebra over the scalar domain R, ring, module over the
ring R;
F compact aigebra, compact module;
A set of operations of an algebra;
Al the minimal set of operations containing A and all possible

compositions of its elements;
h:E — F compact representation;

I1 compact print;
n (h) compact print associated to #;
©'(h) precompact topology on E induced by #;
" (IT) precompact topology on E induced by I1;
/ ideal in the ring R;
D, q maximal ideals in R;
the set of all maximal ideals of R;
Ry p -adic completion of R;
R(p) localization of R at p;

% @, Y characters of the additive group E;
) the compact module of all characters of E;
Q(R) the field of fractions of the ring R;

HR)=(Q (R)R)*;
F(R)=(Q(R)*.
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1. Compact representations of algebras

Sections 1, 2, and 3 will deal with a topological space R, said to be
the space of scalars and with sets Qn, (m, =0, 1, 2,...) such that

an ﬂ Qm’n’ = g,

whenever (m, n) = (m’, n’). The elements of the set Q= |JQn, are said to
be operations.

An R, Q-algebra (or simply algebra) is a set E, and a funciton A
putting in correspondence to each w € L, a map

(1) w1 RMXEn s E

called an operation in E. A" will denote the minimal set of operations in
E which contains the operations (1) and all possible compositions of its
elements. On can find more about algebras in [2].

An algebra E is called fopological if E is endowed with a topology
such that the operations (1) are continuous; £ is said to be compact
when the space £ is compact.

A map h:E— F from an R, Q-algebra E to a topological R,
Q-algebra F is said to be a representation (of E in F) when the
following conditions hold:

a) h(E) is dense in F;

b) hw(r, x)=w(r, k(X))
for each w € Q,, (m, n=0,1,2,...), r ¢ R™ and x ¢ £E*. The representation
h is called compact when F is compact.

Let #,:E — F, (i=1, 2) be compact representations. We say that 4, is
finer than h,, or that h, is rougher than #k,, when there exists a conti-
nuous representation 2 such that the diagram

E — F,
(2) . Y 7
B k-
F,

is commutative. 2, and £, are said to be equivalent when each of them
is finer than the other; this means that % in the diagram (2) is algebraic
and topological isomorphism,

The study of compact representations is equivalent to that of a gene-
ralization of almost-periodic functions. Our starting definition is suggested
by that of Bochner. A bounded function f:E — C is called almost-perio-
dic (A. P.) when the following condition holds: for each operation

Ar, x,...x,) e A (reRm; x¢E)






