ON MULTIDIMENSIONAL POINT KINEMATICS IN CURVILINEAR
COORDINATES

Ivanka Hristova, Ivan Tchobanov

In the present article R denotes the set of all real numbers and E, the
n-dimensional real Euclidean space; G(a,)y”_, denotes the Gram’s determi-
nant for the vectors

(1) a, ¢ E, G=1,2..., m).

When G(a,)7,+0 the Gibbs’ vectors for the reper (1) are denoted by a;!
(V‘—'—'-], 2,.-0, m).

=1

1. Let
2 e ¢tE, (v=1, 2,..., n)
be an orthonormal basis of E,:
— - [l (p=V)
(3) €u ev:{o (P#V)  v=1,2,..., n).
For
(4) p» € R (v=1,2,..., n)
let
() r=r(P1y Pas-- s Pn) € Ey,
where
(6) (plrpz,-“v pn)EPCRn
with
@) G(m)_,+0
and
(8) m o0 (v=1, 2
ﬂv"‘apy y=1, 30 1’2)

Then the ordered n-tuple (6) of real numbers (4) is called the curvilinear

coordinates of the point r of E,.
From ()

) r= 2’ X e,
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and B

de, _
(10) P, =0 @ v=1, 2,..., n)
follows
(]1) x':xv(pli P2sseos pn) (V=l, 21-‘°) n)
for (6).

The surface, defined by (5), when the v-th curvilinear coordinate (4) is
fixed and the rest n—1 coordinates (4) vary independently is called the
v-th coordinate surface for the system (6) of curvilinear coordinates.

The curve, defined by (5), when the v-th curvilinear coordinate (4) va-
ries and the rest n—1 coordinate (4) are fixed is called the v-th coordinate
curve for the system (6) of curvilinear coordinates.

From (7), (8) follows the existence of the vectors

(12) ﬁ?-:?:—--ﬁ, (v=1, 2, ..., n),
(13) Xy =T (v=1, 2,..., n).
The vector = (v=1, 2,..., n) is called the v-tk tangent unit vector for the
system (6) of curvilinear coordinates. From
- |1 (g=V)
(14) Tu x,={0 () @ v=12,..., n)

follows that the vector x, is orthogonal to the v-th coordinate surface for
the system (6) of curvilinear coordinates.

The system (6) of curvilinear coordinates is said to be orthogonal when
(15) T Ty =0  v=1,2,..., n; pFv)
and nonorthogonal, when at least one of the conditions (15) fails. In case
of (15)
(16) ©,=nlx, (v=1,2..., n
holds, 1. e.

¥

(17 'i,=nl_£ (v=1, 2,..., n).

The system (6) of curvilinear coordinates is called orthonormal, when it is
orthogonal and

(18) w, =1 (v=1,12,..., n).
The conditions
(19) T, =%, (v=1,2,..., n)

are necessary and sufficient for the orthogonel'ty of the systems (6) of cur-
vilinear coordinates.



3 On multidimensional point . . . 87

From (8)—(11) follows

(20) E,.=2'—§"—‘LE, r=1,2,..., n)-
= OPu
From (20), (3) follows
ox 0x  9x
tdp, dp, ~ " dp,
o 0%, 0% dxz;
2h VG(m,y = |9P1 02 """ dp, .

0x, 0Xn 0&,
1dp, Op, " Op, |

From (21), (7) follows

D(x,, xX3,..., X,)

22 : 0.
@2 D(pry Prr i P T
2. From (8) and
(23) r=2)(rm)x,
v=1
follows
— l ~9r
24 r=—¢ X, .
(24) < P,

When the system (6) of curvilinear coordinates is orthogonal the equality
(24) takes the form

= 1 :' 1 gr? -0
(25) '"f-é T op,
according to (17).
For
(26) p.=p, () (v=1, 2,..., n; t¢ TCR)

from (5) follows

(27) v~-~—=2 p, ..

From (27) and

(28) =3 @ %)%,

v=]
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follows o

(29) Py=0X, (v=1, 2,..., n).

The system (29) of differential equations determines the functions (26) when
the systerll (6) of curvilinear coordinates is given, i. e. when (13) and the

velocity v are given.
From (27) follows also

(30) 5= w=l%.., 0
ap,
From (30) follows B
(31) 'z’}n,,=?z}9-.—=—;—- o (v=1, 2,..., n)
p, op,
From (31) and
(32) v= ()%,
follows .
- 1 00—
33 V=4 — %,
) 2 g ap,

this equality is an analogue of (24). In case of an orthogonal system (6) of
curvilinear coordinates the equality (33) takes the form

— : 3 _
34) vy O 00
T, 0p,

v=1

according to (17), which is an analogue of (25).
From (8) follows

d, _5: . or ,
(35) dt - — p#m (V—], 2""‘1 n)'
From (27), (8) follows
v\ orr
36 — _ =1 ¢
(49 Jp, ‘}{p."dpudp» V=l 2.0 m)
‘,[:
From (35), (36) follows
drn, 0dv
37) s S =1, 2,..., 1
( a odp, (v )
when
2, 9
(38) o a1 1, v=1, 2,..., n).

0puop, zopvapu
In what follows the equalities (38) and analogous for the derivatives of high-
er order shall be tacitly assumed.
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From (24) follows

-1 d or? - "dr2 dxy
(39) "9 L odtap, T 2 ap, df

=1

From (27) follows

(40) =147 _ 2 ot D 5%

The equality (40) is also obtained by differentiating

(41) 7}7":‘0(pl: P2y Pn§P.1iP.2,---, pn)v
i. e. from

(42) w= 2 p. 22 2

v=|

according to (37), (30).
From (40) follows

(43) Ty, = - - (v=1, 2,..., n),
ap,
which is an analogue of (30). From (43) follows
—— 2
(44) wr, _wd_.z'v Ld_zg_ v=1, 2,..., n).
dp, 2 ap,
From (44) and
(45) w=J (wr)x,
v==]
follows
— 1 \ 0 w?—
(46) 'w*'g":g_l_, —a—;*,»

this equality is an analogue of (33). In case of 2n orthogonal system (6) of
curvilinear coordinates the equality (46) takes the form

n

— 2 _
~ T, dp,

A=

according to (17), which is an analogue of (34).
From (43), (31), (37) follows
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—~ dv- d --  -dm, 1 d07
(48) wm, ——‘—i-t—‘lt,-;it— ('U 1:’)-_.'0 ._az___ﬁ_ Ft dpy
3
;g% (v=1, 2,..., n)

From (45), (48) follows

d d'v’ LAY
S (E )
In case of an orthogonal system (6) of curvilinear coordinates the equality
(49) takes the form

- 1 l‘l d 0v® 07? 0
50 ook ST (800 0

v

v=l
according to (17).
From (40), (35) follows

(61) w=2p,n,+2 ZP“P*ap,ap,.

u=1 v=I1
From (51), (38) follows

ow E’ . r
52 ° =2 =1’ 2,00.’ ;
) op, < P ap.op. o ")

this equality is an analogue of (36).
From (33) follows

— 1 " d 0® - 1 ~9 o dx,
63) ) @ o5 VT gyt
this equality is an analogue of (39). From (49), (53) follows
2 " —
(54) QP_, gx_, 0v?

&' op, 4 el op, e
From (42) follows

(55) g;.” =§pﬁ v=1, 2,..., n).
3. Let
am ,
(56) m="rm (m=0, 1, 2,...),
i e. o
(57) Po=r, P1=7, p2=W

and
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(m) dm p ,

i (v=1,2,..., n; m=0,1, 2,...).

(68)

We shall prove that

m (m-—-l) a2r
(59) Pm—' 2 P, dp,+m2' 2 pa pP. ‘a“p_p“é‘ﬁ' + Rin—2

ve=1 u==1
(m=3, 4,...),

where R,,_, is an expression containing (58) of order not higher than m—2.
For m=1, 2 the equality (589) fails, as follows from (8), (27) and (51).
Indeed from (8), (35), (61), (86), (87) follows

(60) Z”' op. l32« 2« Pep ap?‘g«;pv

) u=l =
with

(61) R, = )ﬁZ;PAP“p’op 3p.0p,

pn=1

i. e. (8§9) is true for m=3. From (§9) follows

""(m+l) ar (m) 02
(62) Pm1= P, dp’~'+(m+1)_}_: Z:n. ap“apy-f-Rm-x

v=1 p=1 vl
with
(m-—l) 0%r
(63) Ry =m 2“___1 é N T
R . .. (m=1) o3r dRy_2
m 5 ’
+ gl_, “)=lJ v-.l,pﬂ.pﬂ P, 0plap“ap’+ dt

i. e. the validity of (59) for m+1, that is (69) is proved by induction.
From (8), (30), (43), (89) iollows

a?m 0r ’
(64) —m 0p v=1,2,..., ny; m=1,2,..).
op,

From (8), (64) follows

— 0r _ Opm 1 9F%
(65) Pmﬂ _'p’ﬂap =pm _(m =_2— (m) (V=1:2:--°1 nym=1,2,..).
ap, ap,

From (65) and
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(66) om=2, (mm)x,  (m=1, 2,..))
v=1
follows
092
(67) pm = 2 2 (,,,) x, (m=1, 2,...).

In case of an orthogonal system (6) of curvilinear coordinates the equalities
(67) take the form

1062~
(68) pmu—i- 2 o 3 (m=1,2,...)

p=1

according to (17).
From (36), (52), (67), (89) follows

Mr o
(69) (m ,) =m E p,; 30, 0P, v=1L2,...,n;m=1,2,..).
u==1
From (69), (35) follows
dom dr,
(70) a(m_l)-:m dt (’I=1, 2,...,n;m=l,2,...).

From (56), (65), (70) follows
- —dE,,,— —dn_liapﬁ. 1 — dp,

) pmum,=—prm dt (pm ) — P =5 df Ty P =
ap, o p,

_1d 9¢; 1 0¢

=5 o g men  O=h2.,nm=1,2,.0).

ap, 2 p,
From (71) and
(72) Em-irlzz (_P_M+l ;Ev) ;v (m=03 1' 2’ "')
v=I1
follows
doe, 1 9¢, \_
(73) Pm+l— 2 2 ( (m) T (m—l)) (m=1, 2,..).

d p,

In case of an orthogonal system (6) of curvilinear coordinates the equality
(73) takes the form
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! dde, 1 90} \-
(74) Pm-H_ y ( “m ‘—"“(;,,‘_—1))753 (m=1’ 2)" ')

apr " 0 p7
according to (17).
From (67) follows
75)  msr= 2 @, (,,,) — g (m=1,2,..).
y=1 ye=l v
From (73), (75) follows
=002 gy 1 = 0g2 _
(76) 2 o d’; —— D k%, (m=1,2,..)).
y=1 ap,
4. From (35) and
dr, S dr, —\ -
(77) —-‘-i—t'—'—— (-d?—x;)n;_ (V—'l, 2,..., n)

follows

(78) —---——2 2 (0p?----—~x1)nz v=1,2,...,1).

From (40), (78) ifollows

(79) W= Z(PH 2.12Puﬁy 0;:;;,“ )ﬁz-

=<1 u=1 v=1
From (79) and

(80) w= (wx)m,
i=l1

follows

(81) 'wm—pﬁ— 2 2 p“p, ap pa ‘Kl (l=1,2,. cey ﬂ).

p=1 v=1

_ The result (81) is also abtained from (51) by scalar multiplication by
x(A=1, 2,..., n) because of (14), as well as from (29):

(82) W.xy=pr— T (A=1, 2,..., n).
From (27) follows
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(83) ”d"‘ Z “d"‘ A=1,2,..., n).

From (14), (35) follows

— d;tg_ — d;y_ 3' . 02; — _
(84) T, E‘—“Xz‘a‘t‘“—-‘_é, py‘d—‘;‘:a*;:%; (1—1,2,. v oey n).

From (82)-—(84) again follows (81).
The knowing of the expressions (78) for the derivatives of r (v=1,

2,..., n) is of interest for the following reason. Let a=a() be a given

function decomposed in the reper =, (v=1, 2,..., n):
(85 a='a,rx,.
y=I1
From (85) follows
da _2:' o= - dn
e dt =1 o yezr] dt‘

By substituting the expressions (78) in (86) one gets

g

da «
(87) dr =2bz T,
1=1

with

(88) br=a;+ _5_ Z ,p,.apvdp“ (r=1, 2,..., n).

=1 =1

We now find the higher order derivatives of a(f) by repeating the above

procedure : ditferentiate (87) and substitute the derivatives of =; (A=1,2,...,n)
with the expressions (78) once more. The difference between the results so
obtained and the results from the previous paragraph is that while the

derivatives of a(f) given here are decomposed in the reper =, (n=1,2,...,n),
in the preceding paragraph they are decomposed in the reper x, reciprocal
to @, (v=1, 2,..., n). By the way, one could proceed in the following man-
ner: to obtain the decompositions in the reper x», (v=1, 2,.. ., n) from

the previous paragraph, then to pass from the reper x, to the reper =,
~v=1, 2,..., n) using the equalities

(89) %= D, (ko %) T o=12...,n).
u=1
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In case of an orthogonal system (6) of curvilinear coordinates the ap-
plication of the formula (50) is preceded by calculating of ¢ from the
equality

n
(90) v2= ) p2n?,
r=1
which is an immediate corollary from (15) and (27).

5. In the threedimensional case, which for apparent reasons is the most
interesting, the calculations for nonorthogonal system (6) of curvilinear coor-
dinates are facilitated by the fact that now one disposes of convenieut ex-
pressions for the reciprocal vectors

r+l><av+2

91) av—‘ v=1,2, 3)
a1 )(ag a3

with

(92) a,.3=a, (v=1, 2).

In this paragraph we shall consider some traditionally used orthogonal
systems (6) of curvilinear coordinates in the threedimensional vector space
V. At that i, j, k denote the unit vectors of the axes of a rectangular
right-hand orientated Cartesian coordinate system Oxyz.

For the coordinate system

(93) r=p,(cos p,i+sinp, j)+ps &
with

(94) 0=p,, 05, <28, —0<<Pp3< 0
the equalities

(95) ©, =COoSp, i+sinp,J,
(96) ®y=p; (—sin p,i+cosp, J),
(97) ng=Fk

hold. From (95)—(97) foliows (15) and

(98) m=1, ®y=py, "y3=1
From (93) follows

(99) r’=p:+pi.

From (25), (98), (99) follows

(100) r=p,nd+psml.

From (90), (98) follows

(101) v,=P3+D2 P3+P3.

From (50), (98), (101) follows
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_ . b — 1 d e =

(102) wW=(p,—P1P?) “‘H‘E ar (P2 p2) 73 +p;s wl.
For the coordinate system

(103) r=chp, cosp,i+shp,sinp, j+p;k
with
(104) —C’.')<p1<w' O§p2<2ns _w<p3<w
the equalities
(156) =, =shp, cos p,i+chp, sinp, J,
(106) n,=—chp, sinp,i+shp, cosp,j
and (97) hold. From (105), (106), (97) follows (15) and
(107) my=n,=|ship, +sinip,, n,=1.
From (103) follows
(108) r2=sh?p, - cos? p,+pi.

From (25), (107), (108) follows

sh2 p, =0—sin 2 p, n° ]

- -—:._6 _l._..;_—.:.-;_p_z_. 2 +p3 Ttg .
2 Vsh-“ pi+sin? p,

(109) re-

From (S0), (107) follows
(110) v2=(sh? p, +sin® py) (P2 + pD) + p.
From (50), (107), (110) follows

2
1 ) '*_5 d 2 P 3 ‘1.0
(b Vsh? p, +siny p, (%7 ‘(zg'[(Sh p.+sin® p,) p,] nd

T S - .
~ 5 (P1+p3) (sh 2 p n9+-sin 2 py nd) +ps nd.

For the coordinate system

s 1 - -
(112) r=p Pt (P1—P)J+psk
with
(113) — 0 < pyL oo (v=1, 2, 3)
the equalities
(114) m=p2i+piJ,

(115) Ez=P1 2.—_Pz.—/;
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97

and (97) hold. From (114), (115), (97) follows (15) and

(116) m=mn,= P2 p?, m=1.
From (112) follows

1
(117) rP=-—(pi+r)+r;.

From (25), (116), (117) follows

i ] e — - _
(118) r=“§‘ypf+P§(P1 n)+pr i)+ pamg.
From (90), (116) follows
(119) v3=(p2+pd) (P + P +p3.

From (50), (116), (119) follows

1 3

— d . . - e -
(120) w= 2/ 27 [(A+P) Pl—(Pi+P) Py 0+ P33

Vpi+p2

r=1

For the coordinate system

— shpyit+sinp,j &
(2D r= chpl—-cosﬁ;'"'-*‘psk

with (104) the equalities

— _ (1-—chp, cos p,) i—sh p, sin PaJ.
(122) ™= (chp,—cos p,)? ’

— __ shp,sinp,i+(1—chp, cosp,) j
(123) 2T (ch p,—co8 p,)?
and (97) hold. From (122), (123), (97) follows (15) and
1

(124) Ty =N,= chp,—cosp, ’ Ty=1.
From (121) follows

o Chpitcosp, .,
(125) ! chp,—cosp, +P5

From (25), (124), (125) follows

_ sh p, cos p, nl+ ch p, sin p, nl -
(126) == chpl—cospz +p31t3.

From (90), (124) follows

7 rox. Cod. ynus., Pax. 10 MATEMATHKA N MeXaMmka, T. 68, 1973/74
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B S
(127) = (ch p,—cos p,)® P

From (50), (124), (127) follows

2 :
(128 W= —COS a P
) w=(chp,—cosp,) ');1: df (chp,—cos p,)2 ™
| G Rasing )
(ch py—cos p,)* A
For the coordinate system .
(129) 7= p, (COS p, COS p3i+ COS p, sin p, j-+sin p, k)
with
(130) 0Sp, g SPS o 0Sp<in
the equalities
(131) T, =C0S P, COS Py L+ COS p, Sin py j+sinp, k,
(132 7, = p, (—sin p, cos p;i—sin p,sin p, j+cos p, k),
(133) =P, (—C0S p,Sin p,i-+cos p, cos ps J)
hold. From (131)—(133) follows (15) and
(134) m=1, my=p,, T=p,COSP,.
From (129) follows
(135) r2=pi.
From (25), (134), (135) follows
(136) F=p 0.
From (90), (134) follows
(137) V= pi+p} pi-+picost py pl-
From (50), (134), (137) follows
(138) W=(p,—p, COS* P P3+ P PD) 7
picosp, dt 1 2PV B2 g Ngf YT 2 33
For the coordinate system
(139) r=shp, cos p, (cos psi+sinp, j)+chp, sinp, &

with (130) the equalities
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(140) m,=ch p, cos p,(cos p,i-+sin p, j)+shp,sin p, &,

(141) n,=—sh p, sin p, (cos p,i+sin p, j)+chp, cosp, &,

(142) 7, =ch p, cos p, (—sin p,i--cos p; J)

hold. From (140)—(142) follows (15) and

(143) n,=7,=}/sh? p, + cos? p,, my=shp, cosp,.

From (139) follows

(144) r=sh?p, +sin?p, .

From (25), (143), (144) iollows

(145) . sh 2p, 70+ sin 2p, w2 .

"9 Jsh2 p, + cos? p,

From (90), (143) follows

(146) v2=(sh? p, 4-cos? p,) (p2-+p3)+sh? p, cos? p, p2.
From (50), (143), (146) follows

X 2
_____ 1 d P

l 47 W =--——— - "3 Sh2 Cosg v 0
(147) Vshi!pl +cos? p, g ‘v=15; dt ((sh®pr+ PP ]11:’,

1. -
— 5 (P}+p3) (sh2p, n)— sin 2p, T‘g);

1 _d_ 2 2 )} 10
+shp1cosp;_dt (Sh™ py coS™ pz pg) 3

For the coordinate system

(148) r=chp, cos p,(cos p,i-+sin p, j)+shp, sin p, &
with

(149) —0<p,< 0, —i;—gng—;-, 0Sp,<2m

the equalities

(150) m, =sh p, cos p, (cos ps 1+-sin p, j)+-chp,sinp, &,
(151) n,=—ch p, sin p, (cos p; 1+sin p, j)-+-sh p, cos p, k
(152) ny=ch p, cos p, (—sin pi+cos p, )

hold. From (160)—(152) follows (15) and
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(163) n,=mn,=ch?p,—cos® p,, ny=chp, cosp,.
From (148) follows
(154) r?=sh?p, +cos?p,.

From (25), (1563), (154) follows
sh 2p, n9—sin 2p, nJ

(155) r=

2 Veh2 p,—cos? p,

From (90), (153) follows

(156) v2=(ch? p,—cos? p,) (p2+ p2)+ch? p, cos? p, p2.
From (60), (1583), (156) follows

P 1 -~
(157) W= ch? p.—cos? 130
VChgpl—cos2p2 2 dt [(ch? p, Pz)l’]’t

y=1

1 . . — ) - 1
—5 (p%-—[—pg) (sh2p, Tttlur sin2p, Ttg) +W it (ch? p, cos? Pa p,) fco
For the coordinate system

— - — 1 —
(158) r=p, P, (cOS p,i+sin py j)+—2— AL
with
(159) 0<p,, 05p;, 0Sp,<2r
the equalities
(160) =P, (COS pyi-+sin p, .7) +p, k,
(161) m,=p, (cOS pyi4-sin py )—p, &,
(162) 1y =Py P2 (—Sin p;i+cos py )
hold. From (160)—(162) follows (15) and
(163) T =R~ VP%‘FP%. Tyg=p1P2-
From (158) follows

1

(164) r9=T (P2 +p2H2

From (125), (163), (164) follows

1
(165) r= VPi+p}(py 3+ panY).
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From (90), (163) follows
(166) v =(p}+ P (P} +P)+P} B3P
From (50), (163), (166) follows

2

(167) w= sz e 2 (P +pD) Pl

r=1

S - 1
—(p§+p§)pvn9 P12 dat (pzpzps)“o-

For the coordinate system

sh p, (cos p, i +sin p, j)+sm Dok
chp,—cosp,

(168) r=

with (130) the equalities
(1—chp, cos py)(cos py t—j-smp3 j)—shp sinp, &

19 m= (ch p,—cos p,)? ’
(170) - - —sh p, sin p, (cos p,i+sin p, j)+(chp, cospz—l)k
2= (ch py—cos p,)?
(171 = shp.(—-—;misw cos s J)
Chp(—CoS Py
From (169)—(171) follows (18) and
N S L .2
(172) T=R2= chp,—cosp, ' chp,—cosp,
From (168) follows
(173) pi= _CEELTEQ_S_R_Z .
chp,—cosp,

From (25), (172), (173) follows

sh Picosp; 7r°~f- ch P sm P 71:2

7 r=—
(174) 4 chp,—cosp,

From (90), (172) follows
P3+ p3+sh? p, p?

(175) 2 .
7 (ch py—cos p,)?

From (60), (172), (175) follows
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2 -
—‘—‘ T d pv -0
(176) w =(ch p;—cos p,) T Ty

r=1

i+ pi(chp; cos py—1) 3 shp, 70
(ch p;—cos p,)?
piApitshippt 1 4 shpip, w2l

. L 0 o IRl §
(ch p,—cos p,)? mp2mt g shp, df (chp,—cosp,)

For the coordinate system

sin p (cos psi+sinp, +shp k

(a7 r= ch p,—cos p,

with

(178) —o<p<o, 0Ep,sm, 0Sp,<2n
the equalities

sh p, sin p, (cos pyi+-sin p; j)+ (chpycosp,—1)k k
(ch p;—cos p,)?

(180) (ch picosp,—1) (cos py z—i—sm p_,,j) —shp, sinp, k »

a79)  m——

(ch p,—cos p,)?
— _ sinp,(—sinpyi+cosp;))

(181 =TT chp,—cos p,
hold.
From (179)—(181) follows (15) and
I sinp;
(182) T g Ccosp, T 3 chp,—cosp,

From (177) follows (173). From (25), (182), (173) follows (174). From (90),
(182) follows

Y24 p2-+sin p, p?
(183) U2=P1+P2+ P2P3 .
(chp;—cos p,)?

From (50), (182), (183) follows

2

— d P =0
184 =(chp,— 2 ’ 0
(184) w=(chp,—cosp,) 2 idf " (ch p,—cos py)?

y=

.bf+b§+8inzpzﬁ§ o Pz ‘H’ +(1—ch p, COSPz)Ps sinp, 7

(ch p;—cos p,)? shpymy (ch p;—cosp,)®
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1 d sin?p,p, =

sinp, df (chp,—cosp,)? ? |’

6. Let £ be an arbitrary nontrivial real Euclidean space. We shall prove
some proposition that are frequently used [Th=theorem, Dm = proof].
Th. 1. From ‘

(185) ou, ¢ R (g, v=1, 2,..., n),

(186) Det a,, 0 w, v=1.2,..., n),

(187) a, ¢ E v=1,2,..., n,

(188) Mana, -0  (p=1,2..., 1)

y=1

follows

(189) a,=0 =1, 2,..., n).
Dm. From (185), (186) follows

(190) 20 (n=1,2,..., n)-

)'=1

From (190), (188) follows
(191) G(a,). ,=0.
From (191) and
(192) D a0
v=l1

without loss of generality |[because of the possibility of a new numbering
0f the vectors (187)] would follow the existence of [<n with

(193) G (5v)2=, +0
and
H
(194) a.=2Baa  (=1,2..., 1)
i=1
for appropriate
(195) B € R A=), 2,...,/; v=1,2,..., n).
From (188), (194) follows
1 n
(196) 2:(2: auv B,l)alzza ('.L-':l, 2,. s ey ﬂ).
A= y=

From (196), (193) follows
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(197) D ., B,a=0 A=1,2...,0;p=1,2..., n.
»==1

From (194) follows

(198) Ba=a,a ! \=1,2,..., l;vy=1,2,...,n),

where

(199) al¢E  (=),2...,)

is the reciprocal reper to the reper

(200) a, ¢ E a=12..., 0.

From (198) follows

(201) B=1 (v=1, 2,..., n).

From (197), (186) however follows

(202) B,.=0 A=1,2,...,L;v=1,2,..., n).

The contradiction (201), (202) refute (192) and proves (189).
Th 2. From (185), (187), (188), (192) follows

(203) Det «,,=0 (i, v=1, 2,..., n).
Dm. Th 1.
Th 3. From (185)—(187)
(204) b, ¢E v=1,2,..., n),
(205) D awa, = 4 by, (r=1,2,..., n)
=1 v=1
follows
(206) a,=b, (v=1,2,..., n).

Dm. From (205) follows

n

(207) 2 aw(@—b)=0  (u=1,2,..., n).

v=1

From (207), (186), Th 1 follows (206).
Th 4. From (185), (187)

(208) bu=2 wuay  (=12,..., 1),
y=1

follows (186).
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Dm. From (203) follows the existence of

(210) a, ¢ R (v=1,2,..., n
with

211 jaf:izo

and -

212 2;2, =0 v=1,2,...,n.
From (208), (212) follows

(213) Z?oz,.b},=i?(2?au a“,)a,=0'

for (210), (211) contrary to (209}, which refutes (203) and proves (196).
Th 5. From (185), (187), (208), (209) follows

(@14 G(a,),=1%0.

Dm. From (186), (187), (208), (209) follows (186) (Th 4). Let there
exists (210) with (211) and

(215) Za, a,=0.
y==|
From (186) follows that the system of equations
(216) Zwﬁuam':() (V=1. 2, cee, N)
y=1
has a solution
(217) Bu € R (p=1,2,..., n)
with
(218) éﬁ#o,
otherwise we would have
(219) o,=0 v=1,2,..., n),
contrary to (211). Now from (208), (216). (215) follows
(220) 23» .17—“:’2’( Bu “uv) a,=0
v=1 y=1

u=1

for (217), (218), contrary to (219), which refutes (215) for (210), (211) and
proves (214).
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Th 6. From (185), (187), (208), (203) follows

(221) G(b)r_,=0.
Dm. Th 4.
Th 7. From (185), (187), (208), (191) follows (221).
Dm. Th 5.

Th 8. From (185)—(187), (208), (214) follows (209).
Dm. From (208), (214) follows

(222) Gy = ;" B @, v=1, 2,..., n).
From (222), (186) follows

(223) G(@, b,)—10.

We have

(224) (G(a;t, b)=r)P=G a7 _,G(b,)_,
according to (1], p. 229. From (214) and

(225) G(a)_,G(a "y =1
follows

(226) G(a; )y _,+0.

From (223), (224), (226) follows (209).
Th 9. From (185), (187), (208) follows (209) iff (186), (214).
Dm. Th 4, Th 5, Th 8.
Th 10. From (185), (187), (208), (209) follows

(227) ot =2 a,, b (v=1,2 ..., n).

=l

Dm. From (185), (187), (208), (209) follows (214) (Th 5). From (208),
(214) follows (222). From (208), (209), (214) follows

(228) a 1= @b B v=1,2,..., n).

u=1

From (222), (228) follows (227).
Th 11. From (185), (186), (204), (209),

n

(229) 3,='2auy5;;‘ (v=1,2 ..., n)

pn=1
follows

(230) b= a,, ¢ (w=1,2,...,n).
v=1
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Dm. From (204), (209) follows

(231) G +0.

From (185), (187), (213), (229) follows

(232) G (c,)_,+0

(Th 8). From (185), (229), (232) follows (230) (Th 11) because of
(233) (b1 1=b, v=1,2,..., n)-

Th 12. From (158), (204), (209) follows: the only solution (207) of
the system of equations (208) is defined by (227).

Dm. Th 10, Th 11, Th 3.

Th 13, From (185), (187), (208), (209),

(234) e a —{l B=0) el o)
““ o ('-L:#V) B, y Ly.ee, N
follows
(235) a,=2amb;‘ v=1,2,..., n.
p=1
Dm. From (234), (226) (Th 8) follows
(236) al=a, (v=1,2,..., n.
From (227), (236) follows (235).
Th 14. From (185), (187), (208), (209),
— . [l (=W
(237) bu b,={0 (k) @ V=D 2 )
follows
(238) a'=2 aub,  (v=1,2,...,0n).
u=l1
Dm. From (237), (209) follows
(239) b=, v=1,2, ..., n).

From (227), (239) follows (238).
Th 15. From (185), (187), (208), (209), (234), (237) follows

R

(240) a,= ) «,b, v=12..., n).

—

I

Dm Th 13, Th 14.
Th 16. From (185), (187), (208), (209), (235) follows (234).
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Dm. From (227) (Th 10) and (235) follows (236). From (236) fol-

lows (234).
Th 17. From (185), (187), (208), (209), (238) follows (237).
Dm. From (227) (Th 10) and (238) follows

n

(241) Zac#, (5;‘——5,¢)='6 v=1,2,..., n).
u=1
From (241), (186) (Th 4) follows (239) (Th 3). From (239) follows (237)
. Let
(242) g, € R v=1,2,..., n)
and .
(243) Pv=Pv(qu qu"°1 Qn) (V=1, 2:"-’ fl)
for
(244) g1y 92, -5 g,) € QCR?
with

D(pls p2"°"p’l) :*:0.

4 —

(2 b) D(‘hn‘]z,---s qn)

From
(246) P=P(q1! qZ!"" ‘In)="(P1(ql: ‘h,---.qﬂ),

P2(q1s Gaye ooy Gn)yeeey Pn(qyy Gaseeey Gn))
follows
a;)"
247 .
(247) G(dq, ,=::I:O
Indeed for
(248) PV“_‘gqp (V=1, 20' ’ ﬁ)
from (246), (8) follows
(249) b= g;ﬁu, @=1,2.... n.
y=1 H

From (249) and
(250) D re.=0  (r.€R;p=1,2..., n

follows

T op\ -
(251) P ( 2 rua-g—“)m-:—o-

From (251), (7) follows
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n

_5_‘ op, _
(252) “=ll r“’a'—q‘;—o (V—l, 2,..., ’Z).
From (252) and
(253) 2 %0
y==1
would follow

D(pl- pZ"": pn) =0
Dy G2s-+-» 45 '

(254)

contrary to (245). Hence
(255) r,=0 (v=1, 2,..., n)

which together with (250), (248) proves (247).
From (249) follows

(256) g;”f-—i':'ﬁ; & p=1,2,....n.

From (256) tollows

D(pln p2v°°~, p’l) 1 . \P
257 =G l. v), 0
( ) D(ql N qz, e 0y qn) (nv p )7-—-1:'*:

for (7), (248), (247) according to [1], p. 294, 299. Thus conversely from

(247) follows (245).
The introduction of the Cartesian coordinates is based on the following

circumstance: for

(258) ;=2pr;:_”=2q';r

=1 ra=1

with

(259) om,_Op,

—"_"=-b ] V=l, 2,00 «p n

Ip. 04, » )

there exists a linear dependence between the curvilinear coordinates (6) and
(244). Indeed, from (258) follows

(260) p=2 & e, (=1, 2., 0).
y=1
From (259) follows
on—!
“ = = ...’
(261) =0 - @, p=1, 2,..., n)

and
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dp, _ 1 g,0p, = _
(262) ip= £ Gpae=0  Gv=h2..,m.

From (261), (262) follows

(263) I O, mov=1,2...,n1
0,01 ’ P” — 4y [ IR | .
It is proved analogically that
o(n—'p,
(264) ,(_,_e__P_,_)=0 A p v=1,2,..., n.
dq;

For (2), (3), (6), (9)—(11) let by definition

(265) grad p, == ygi“ (p=12,...,n).
y==1 ’
[t is not difficult to see that
(266) n-l=gradp, (v=1, 2,..., n).

Indeed from (9)---(11), (8) follows

. ar _ 0 p,~ _
(267) 9% =€, = - dx,,n” (r=1,2,...,n).
From (3) follows
(268) eT'=e, (v=1, 2,..., n).

From (267), (268), (22), Th 14 follows

—1 Fe o _
(269) U < i wp=12...,n,
i. e. (266) according to (265).
From (266) follows, that the system (6) of curvilinear coordinates is

orthogonal iff

(270) grad p;grad p, =0 G p=1,2,,.., 1y Ap).
From (266) and
@71) r=2 ¢ x)m
r=l

follows
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(272) r=_2 (r gradp),.

From (266) still follows

20 ___.__gia_g_pr, =1
(273) % grad p, (v=1,2,...,n).
In the case (270) from (16), (266) follows
(274) m,=mn2grad p, v=1,2, ..., n
and
(275) gradpy=;1~;f,’ v=1,2,...,n).

8. As a nontrivial application let us consider the elliptical coordinates
(6), which are defined as the n different real roots of the equation

n

x2

(276) g‘ iy =0
of n-th degree with respect to p for
(277) a2>al>...>at.
At that for definiteness let
(278) —a@d P2 P, <. L—aklp,.
Below for brevity we shall use the notations
e
279) Sy ; Aip
n 2
250) Su= £ @Tpy @R
n x2
@D S~ i@y BT B
for (278).
From the defiuition of elliptical coordinates and from (279) follows
(282) Si=1 =1, 2,..., n).

From (282), (280) follows
(283) (pl—pa) S;,,=S;,—-S,,=0 A, }l:l) 2,..., ﬂ).
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From (283), (278) follows

(284) S;,=0 A, w=1,2,..., n; AFp).
Let
S x2
(285) P(p)= , af-}-p_]'

If we reduce to a common denominator the sum in the right side of (285)
the numerator becomes a polynomial of n-th degree in p, whose zeros are
the elliptical coordinates (6) with (278), (279), (282) and the coefficient of
p" is equal to —1. Hence

286 P =_l’]p_ﬁ-—p,.
(286) (p) dasp
From (286) follows
‘dP(p))
287 =—R x=1,2,...,n),
( ) ( dp p=p ’ ( )
where
n n —1
(288) R1=H(P1—Py)<n(af+l’z)) (=1,2,..., n.
O =t
From (285), (280) follows
dP(p)
289) —— -—38 A=1, 2,..., n).
( ( dp )P:Pz ; ( "
From (287), (289) follows
(290) Su=Ri (=1, 2..., n.
From (279), (282), (280) follows .

08 _ 24 o Op
ox, a+p " ox,
From (291) follows

0 pa 2x,
- ....___.=__—__S:'l ’ = ) y g ooy .
ox, a+p # & =14 &

From (292), (290) follows

6!),1 = Qxl‘ R—!
dx, al+p. *

From (293), (265) follows

(291) =0 O, p=12....,n).

(292)

(293)

O p=1,2...,n).
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n
—lzﬁ ¢ r=1,2,..., 1)
(294) grad p1=2R; & @i e, (A=1, s 1)

From (294) follows
(295) grad p;grad p,=4R"! R;‘ S G p=12,..., n).

From (295), (284) follows (270).
From (294), (3), (280) iollows

(296)\ (grad p)*=4R? Sy =12,..., n.
From (296), (290) follows

(297) igrad pa| = 2R A=1, 2,..., n).
From (270) follows

(298) 0= %0 v=1,2,..., n).

From (298), (273), (294), (297) follows

n

_ v x, -
0 __ R—I1/2 RS A = e s .
(299) R0 R é wip e O=L2om
From
(300) r=2" (r)n
=1

according to (270) and from (9), (3), (279), (282) follows

(301) r=_2, ROzl
i=l

So in order to find the expression (301) for the radius vector » of an
arbitrary point in function of the elliptical coordinates and the elliptical tan-
gential unit vectors (299) it is not necessary to solve the system of equa-
tions (282) with (271) in respect to x,(v=1, 2,..., n). From (299) how-
ever it is seen, that in order to express the elliptical tangential unit vectors
in function of the elliptical coordinates only it is necessary to solve these

equations.

In order to find the expression (301) one could use the equality (24),
which in the case of an orthogonal system (6) of curvilinear coordinates

takes the form (25). From (9), (3) follows

(302) r= x2,

and then

8 Toxa. Cod. yuun., ®ax. no maremaTHka ¥ MeXanuxa, T. 68, 1973/74



114 I. Hristova, I. Tchobanov 30

ar? > Jx,
(303) E""é B3 G=1 2., n)

From (279), (282), (280), (290) follows

xv axy_ Rl (l=p-),
(304 Z at+p, 0ps |0 (Ap)

=1

* p=1, 2,..., n). From the system of equations (303) one could deter-
mine the quantities x,g-;’ (A, v=1, 2,..., n), which are necessary for (303).
i

This determination also does not require to know x,(v=1, 2,..., n) in fun-
ction of the elliptical coordinates.

Let
b L
| al+p. aitp ai+p,
|
R
(305) A,=| ai+py aitp, ay+p;
1 ] 1
G%J(—p,, a§+p" arza+p" r

From (306) follows

a}—a} a—al 1 |
(@*+py) (@2+py) (a2+p)(@+py) a+-p,
atzt_af a}—ai ___l — |=pP. &
(306)  A,=| (@ +p2)(@i+p;) (a3+p)(ci+4py) at+p, | "
R :
al—a; a—aj 1
| (@+p) @ +py) @+p)@+ps) @ +pa
where
n n —1
(307) PA=U (ag—af)(U(a§+p,)) “(A=1,2..., n)

()
and
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1 1 . 1 )
a?""Pl a§+p1 aﬁ_;'f‘Pl
1 1 L 1 1
(308) 5,= Gt GtP G tpr
R T %
I DR 1
a% +Pn ag + Pn a,_, + Pn l
From (308) follows
___Pn—P PP . .o]
(a2+py) (@2 +p,) (a2+py) (@24 pn) z
1
Pn—P2 PP " |
(a2+p,) (af + Pn) (a§+Pz) (a§ “+Pn)
(309) 8’. | e + & & & e s e & . = Rn A"_l »
L pn—'pn—-l pn""pn—-l . 0 _
@i+ 1) (@1 +P0) (@+p)@1py i
1 1 :
a? +Pn a§+pn i
where
a+p. a+p @ +p
1 1 1
l An... =
(310) : at+p, ai+p, a;_.-+p;
l J— l o 0 ]
af'!‘pn—l a§+pn—l a3_1 + Pn—1
From (306)—(310) by induction follows
n u—l
1111 @ p—p
(311) Ay =2=2 = (=2, 3,...).
111 @)
pa=1 y=1

From (279), (282), (306), (308) follows
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(312) x2=ln_pi,
An
Analogically to (312) one receives in general
(313) =Pt (=1,2...,n),
i. e,
(314) Xy=¢g, P12 =12,...,n),

where ¢;(A=1, 2,..., n) take the values +1 and —1 independently from

one another.
From (299), (314) follows

n
y € —

> e
P@+p)

(315) n0= P =1, 2,..., n).

y=1

From (315), (301) follows

O & .
(316) '=% % R\ P (a2 +p;)
On the other hand, from (9), (314) follows
(317) r= e Prie,
A=1
From (316), (317) follows the equality
- 1
24—————“-:1 =1,2...,n.
(318) L' Ri(a}+p1) (=1 &
9. Let H be a nontrivial real Hilbert space,
(319) S E€R v=12,..., n),
(320) a=a(s;, S3o-+., Sm)
for
(321) (S1, S2,. 4, Sm) € SCR™
When
(322) a0
from
— a
0—_~*_
(323) a0=—
follows

70 a
21 (, 5508 iy

(324) os, @ \%9s, 95°
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From (323), (324) and

da - da
(325) ﬂ—-—a a5, (v=12,..., m)
follows
da® da [ ,0a\=, -
(325) *5;: (—o——sv—(a —0”?,—)61 ) (I—-l, 2,..., m)

From (8), (12), (326) follows

0 . 9 —
(327) .f_’i’-_= R ( 2r ( w0 O )ng) Ap=1,2,...,n).

Opu  |0r|\0p0p. \ " Opidp,
9 ol
From the obvious equality
Om S (07 -, \=
328 = (J- n‘,’)*')n? Ap=1,2,...,n
(328) 37, :5_7 ip. u )
and from (327) follows
tho l n a‘.?,w
329 9T coy—1|50
%) 7 or| < 2 (6/?10/1,, ) )n'
0 s
1 “ - 0°r — _
I Y (70 (=1 20
dr'Z( T apﬂ)(“z("?) omy,
c)p,u
i e.
dn 1 S dr - _
330 ot = (_.______ 0—1) 0
450 5. Tor] 2 \apom "
dpl
1 0r - \-
— X (dp;,()p,, ng)ng A p=12,..., n).
om

In the case (15) of an orthogonal system of curvilinear coordinates the
equality (330) takes the form

0 no M r -
33D 3_’;2—_- . T( uf)’,&g @ p=1,2...,n).

apl apn
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From (26) follows

611:0 0
332 A=1,2,...,n).
(332) zp,,ap” ( )

u=1

From (332), (330) follows

d'no <N
K — . —1 0
(‘533) dt ar 2 2 (opl dp“ (7:0) )ﬂ

0p1

1 5 o*r 0 | 0
oL Pr\opop, TN A=h 2w

In the case (15) of an orthogonal system of curvilinear coordinates the
equality (333) takes the form

d 5 ‘
(334) d‘- 2 E'pu(amap 2)1:3 (A=1,2,..., n).

r=]

0 pl (=k4)
10. From (2384), (290) follows
R (A=p)
(335) Si=| A p=1, 2.0, 1)
“Tlo Qp) v )
From
1 A B C
(336) (x—a) (x—b) (A:——t:)= xX—a + X—b + x—c
for
(337) afbfeka
follows
@8 A=, L _,p. L e 1 .
(a—b)(@a—0) (6—a) (b—c) (c—a)(c—0)

From (338) follows

(339) A+B+C=0.
Let
(340) AdpFvEA QA v=1,2,..., n.
From (340), (278) follows
(341) PiEp.ED, G v=1,2,..., n).

From (278) follows
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(342) Sty = Zx ( 2 - o agﬁ;,, + a?,f-:o, )

with

(343) A+ A,+A,=0.

From (342), (279) follows

(344) Sin=AS1+A4,5,+A,S,.

From (344), (343), (282) follows

(345) Sipy =0 (o v=1,2,..., n; AEptvEd).
From (313), (307) follows

(346) ox, I 00T B Y b=1,2...,1).

0p. 0p.  @+p,  ai+p,
From (346) follows

d x; x;
0p., 2@+p,)

From (290) follows

(347) O p=1,2,..., 1.

OS;,;, o0 R,
348 = A u=l,2,..., n.
(348) ip, ~9p, (3 p )
From (280), (346) follows
0511 . dx,

(349) 5~ “Z(az+p)z oo =S Oy =1, B, 13 M),

From (288) follows

O R, R :
350 = — )\, '-_-],2,...,”;1 .
(350) R — O FH)
From (348)—(350) follows
R
3 = = seeey Ny .
(351) Siu Py * p=1,2 n; AEp)

From (9), (10), (347) follows
or 1 & -
(352) =g D ¢

From (352), (347) follows
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2r

(353)  Gpap. = é’ 02+p1)(a2+p) (v p=1,2,..., n; AEp)
and

d2£ =1,2
(354) dpl“*'_42(a2+p)269 (7&-— ’ ,...,fl).
The equalities (353), (354) can be written together in the form

0r  2sgn? (1 w—1 "X,

(355) Ipiop, Z @ ) @y ©

(l! p= ,2,—..,n).
From (355), (299), (3), (281) follows
0°r -, 2sgn®(A—p)—

1/2 9 Yo
(356) 37 0P, 0= 4 R_ T
-0
From (331) follows, that in order to find a—;i A, p=1, 2,..., n) we
can restrict ourselves to the case g
(357) A=y
in (356). From (356), (345), (351), (357) follows
(358) -?i;—;'c-":————x———R-‘/zR; A, v=1, 2,..., n; Av)
dpf M 4 (pv——pﬂ.) v d ] ] b y b y
(359) 3 orr n0=0 A, b v=1,2,..., n; AFpkvEd)
apl ap“ » ’ ] ’ ’ ’
2, _
@60) P qom L RE iy ol n k).

0piop, » 4(pi—py) *
In accordance to the cases (358)——(360) from (331) follows

01t° —
(361) ) - (p» —p).) R1l2 ns’
dp‘ (:i:zl)
0
(362) ‘f,p - A Gv u=1,2,..., n32ekp).
0[7). |(pl_pu)




37 On multidimensional point . . . 121

d 70

From (334) and (361), (362) the expression for —ETZZ— (A=1, 2,...,n) in
elliptical coordinates is obtained.

11. The results from § 6 and especially Th 9, Th 10 suggest a man-

ner for an explicit construction of an orthogonal basis of a finite-dimensional
linear space, defined by some basis.

Let
(187) a, ¢ E (v=1,2,..., n),
(214) Gy, +0
and let
(363) L (‘z’z,)gf:l={a:d=2ara,(a, ¢ R)} (m=1, 2,..., n)
r=1
be a m-dimensional linear space, spanned on the reper
(364) E,,(E w=1,2,..., m).
Let us seek vectors
(204) b.¢E (v=1,2..., n)
with
(209) G4y, #+0
and
(365) b, ¢ L(a,)_, w=1,2 ..., m,
(366) E“b—,=0 (1, v=1, 2,..., n; pd=v).
The condition (365) is equivalent to
I
(367) b= ama,  (p=1,2,...,1),
v=1
where
(368) % € R =1, 2,..., ny v=1, 2,..., p).
Let

(369) o, =0 (=1, 2,..., n—1; v=p+1, p+2,..., n).
From (368), (369) follows, that

(370) Det ,,54-0 @ v=1, 2,..., n)
iff
(371) @0 (v=1, 2,..., n);

these conditions are supposed satisfied.
From (370), (214), (367), Th 9 follows (209).
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From m=1, 2,..., n let us consider successively the systems of
equations

s
(372) b“= “ ;a“y av (p=1, 2.. sy m)o
y=1
Let
al a2 . @ .am
9 I
a a,a ...0,4n
_ 3 -
. a, a, as .. Q3 am
S (_})#-H
mu Y ‘
(373) G@y.,, . _ _
ap+[al a“+1a2. . .a,,+1a,,

(x=1, 2,..., m) be the Gibbs' vectors of the reper (364). Then from the
system of equations (372), Th 10 and (369) follows especially

(374) Gole Dty m bt = b,

u=1
where
(375) bl ¢E n=1,2,..., m
are the Gibbs’ vectors of the reper
(376) b, ¢E k=1, 2,..., m).
The conditions
(377) b,b,=0 (s v=1, 2,..., m; pfv)
are equivalent to
(378) b=02b7"  (u=1,2,...,m)
From (374), (378), (371), (209) follows
(379) b= —a=1  (m=1,2..., n).

Cmem b’zn mm

Since the conditions (214), (209), (365),(366) are independent from the norm-
ing of the vectors (204), because of (373), one may put

(380) b,=a, (v=1,2...,n
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instead of (379), where

a, a,
) o
@ a, a,
381)  dy=|a,a, 4
t
ay-..] al ay——l a2 .

T i

. aa,

Naturally the above considerations have only heuristic and not demon-
strative character. It is established in the following paragraph, that the vec-
tors (381) form an orthogonal basis of (363) and some of their fundamen-
tal propertfes are studied. The norming of the basis (381) leads to simple
explicit expressions. Some of the propositions of § 12 are well known and
are given here only for completeness.

12, Let C be the set of all complex numbers, Ec be a complex Eucli-
dean space (pre-Hilbert space over C) and

(383) b, ¢ Ec
Then by definition

(384) G(av, b, =
and

(385)

v=12,...,n),
v=1,2, ..., n.
a b ab a, b,
a, b, a,b, a, b,
a, bn ayb, ... anh,

G (EV):=1 nG (Ey ’ Ev):=l .

Obviously (385) is the determinant of Gram for the vectors (382).

From (384), (385) follows

2 - = - =
- -- - —
— a, a, a? . QyQn |
(386) G@,)y_, = 2 .
| . . . ;
[P , |
] anai a,, az . an .

For z ¢ C let z denote the conjugate number of 2z According to the

definition of Ec the equality
(387)

ab=ba

(@b ¢Ec)
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holds; particularly
(388) @*=a’=aa=aa=a’=a’ (a¢Ec).

Th 18. From (382) follows
(389) @) =G @)

Dm. The assertion is an immediate consequence from the definition
(385), (384), (386) and from (387), (388).

Th. 19. From (382) follows (191) iff (382) are linearily dependent ele-
ments of Ec.

Dm. let there exists

(390) 2, €C  (v=1,2,...,n)
with
(391) 2 wa,%0,
=1
(392) D wa,=0.
y=]

From (392) follows

(393) D e, a,a,~0a,=0 k=1, 2,..., n).

v=1]

Since the determinant of the linear with respect to (391) system (393) is

(385), from (391) follows (191).
Let now conversely (191) holds. Then there exists (390) with (391) and

(394) Da,a,a,=0 w=1,2...,n.

y=|

From (394) follows

(395) 2 (@,9)(@,a,)=0 ®=1,2,...,n.
y=1

Since

(396) (xa) B b)=(aB) (2 b)

(@ B€C, a, b¢Ec), from (395) follows

(397) 2 (@, @) (2,a,)=0 k=1, 2..., n).

r=1
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From (397) follows

n ! _ _ n _ 9
(398) 2 2;1 (o @) (2, @) =( Z a a*) =0,

p=1 v=l v=1 *

i e. (392) tor (390), (391), since according to the definition of Ec, from
a ¢ Ec and a?2=0 follows a=0.

Let (382) hold and let
(399) a,, €C w v=1 2,..., n).
Then by definition

ax a2 ¢ w8 a’[
txn a22 e v« Qop n
b} —
(400) Gy G e s |= D %l

Cy==]

- 7% &n2 . o s Cpn

where a,(v=1, 2,,.., n) is the cofactor of a1, (v=1,2,..., n) in the
determinant
@y Xy2 ... Oyn

@y Q33 .+ .. G2n

(401) Oy G3g - .. O3p

oooooo

d,n “n?_ ¢« o 0 ann

For (382) let by definition

El a2 e 8 e a‘“
2 R —_ -
d] d, al o o e a“ al
(402) b=a,a, & ... a8 @=1,2,..., n.

3 Gyt BByt o o BBy
Th 20. From (382) follows
(=1 G (@)=t (v=p),

0 (v=1, 2,..., p—1)
Dm. Immediate consequence from the definitions (402), (400), (384), (385).

(403) d,,a‘,—_—{ @=1,2,..., n).
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Th 21. From (382) follows

(—1p+1 G (a)fr (v=p),
0 (v=1, 2,..., p—1)
Dm. Th 20, (387), Th 18.

In the following, when there is no danger of misunderstanding, we shall
put for brevity

(404)' a,d,= {

p=1, 2,..., n).

(405) Go=1, G,=G(a )", ®=0,1,2,..., n.
Th 22. From (382) follows
A s G- G, (p=V)
(406) a,,a,—{o (1) ®, v=1,2,..., n).
Dm. Let
(407) VYSp.

From the definitions (400), (402) follows

(408) 4= w4 (v=1,2,..., p)
=1

for appropriate
(409) o €C A=1,2,...,v).
From (408), (409) follows

(410) d,d,= 2 Gy (@)=, e(d,a,)
=1 =1
={i”(dnan) - (r=12..., n)
0 (v=1,2,..., p—1)

according to (396) with a=1, (407), Th 21. From (402), (408), Th 18 how-
ever follows-

(411) 2, =(—1p1 G (@)=l =a, n=1,2...,n
and from Th 20 follows
(412) G, =(—1y"1 0@k,  (=112..,n).

From (410)—(412), (405) follows (406) for (407). It is clear, that since the
products in the left side of (406) are real, the condition (407) is no rest-

riction of the generality,
Th 23. From (382) follows



43 On multidimensional point . . .

127

(413) 05G@), (=0,1,2...,7).
Dm. (413) follows by induction from (405) and
(414) G G,,=d:§0 =1 2,..., n

according to Th 22,
Th 24. From (382), (214) follows

(415) 0<G(@Eye, ®=0,1,2...,n.

Dm. Th 23, (405), Th 19.
Th 25. From (382), (214) follows

(416) G(a)_,+0.

Dm. From (390),
(417) D' a6,=0,

r=1

Th 22 follows
(418) é’a,a, 8u=0,02=0  (p=1,2,...,7).
From Th 22, Th 24 follows
(419) 0<a? n=1,2,..., n.
From (418), (419) follows
(420) %, =0 @=1,3,..., n),

which proves (416).
Th 26. From (382), (214) follows

(421) L) =L(a,)_, k=1,2..., n).

Dm. Th. 25, (402), (363) with C instead of R.

For (382), (214) let by definition

~ — +1

(422) PR Gul) A
VG(a )=l G,

Then:
Th 27. From (382), (214) follows

VGG =

(423) a,a,=
0 (v=12,..., p—1)

Dm. From (422), Th 20, (405) follows

a, p=12,..., n).

=1, 2,..., n).
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~ — (_1)y+l —

(424) a,a,= a,a,
’ VGu-l Gn ’
(=1t -~
— = G =
21/0,,_10 PV o
0 (v=1,2,...,p—0 =1, 2,..., n).
Th 28. From (382), (214) follows
-~ V “...1 (V:“:l"')
(425) a, a,= =1 2..., n).
0 (v=1, 2,..., p—1)

Dm. Th 37, (387).
Th 29. From (382), (214) follows

(426) G(@,,a)_,=|Ga.
Dm. From (384), (425), (405) follows

» -~ -~
; al al a2 al ¢« 2 o an al

r
| . ~ ~ —_ ~
- i al a2 az az v e e a,, az

(427) G(a,, @) _ =]
|~ ~ o~
taya, a,a, a, a,

Th 30. From (382), (214) follows

~n~ |1 (p=v)
(429) ““""{0 (=)

Dm. (422), Th 22, (405).
Th 31. From (382), (214) follows

(429) G(a)_, =1 k=1, 2..., n).

Dm. (386), Th (30).
Th 32. From (382), (214) follows

(430) L@)_ =L@y, (@=1,2..., 1.

Dm. Th 31, (422). Th 26.
In the light of Th 31, Th 32 the meaning of Th 29 is that the repers

(382) and

,v=1, 2,...,n).
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(431) a, ¢ E v=1,2,..., n

are equally orientated.
It is well known that for (382), (214) the reper

(432) a' ¢E (v=1,2,..., n)
of Gibbs of the reper (382) is defined by

4 a a,
I 0-2 —_ = — -
1 a, a, a, ay
2 -
1, @, 02 a, ¢,

_ (-—- l)v~i~l .......
(433) O = |
R A a,a, i

ooooooooo

(v=1,2,..., n). Then:
Th 33. From (382), (214) follows

(434) a-'=a, =1, 2...,n.

Dm. Th 30.
Th 34. From (382), (214) follows

@35 e ={ VG@ymi G @, (=),

0 =1, 2,...,v—=1), (=1,2,..

Dm. (422), (402), (384), (385).
Th 35. From (382), (214) follows

(436) 5—1'5“ _ { VG (Ez)';;} G~ (a)e, (=),

0  (u=1,2,...,v=1), (v=1,2,...

Dm. Th 34, (387).
Th 36. From (382), (214) follows

u
(437) a,=2 (@aha,  (@=1,2...,n.
=1

Dm. From Th 32, Th 34 follows

9 rox. Cog. yrks., S a8k, O MATEMATHKR M Mexanuka, T. 68, 1973/74.

R
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n [
(438) a,=2 @aYa=2 @aMa  @=1,2...,n).
pu=1

»=1

Th 37. From (382), (214) follows

n

(439) a,=2 (@,a)a w=1,2...,n).

Y==z n

Dm. From Th 32, Th 27 iollows

(440) a,= 2 (@.a)a =D @,a)a!
s =1 -
p=1,2,..., n).
Th 38. From (382), (2!4),
(441) a¢ La) =1 2,...,n)
follows
Ny o~ ~
(442) asz_. (aa)a,

yv=1

Dm. From (441), Th 32 follows

m

(443) a=_ w0,
r=1

with appropriate

(444) @, ¢ O (v=1, 2,..., ).

From (443), Th 30 follows

G

(415) ad D e@a)=a  0=1,2...,p.
y==1
From (443), (445) follows (442).
Th 39. From (382), {214), (444) f{ollows: ths only solution (441) of

J

the system of equations

— P

(446) au,=x, (v=1, 2,..., p)
is (413)

Dm. From (441), (446), Th 38 follows (443),i. e. the sysiem (446) does
not have more than one solution. From (443), Th 38 follows (446), i. e.
(443) is indeed a solution cf the system (446).

Th 40. From (382), (214) follows: the only solution a ¢ Ec of the sys-
tem of equations

(447) aa=90 ov=1,2...,n
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is a=0.
Dm. Th 39.
Th 41. From (382), (214) follows

(448) a,= (a,a,)a, ov=1,2..., 1.
=1

Dm. Th 32, Th 38.
Th 42, From (382}, (214) follows

(449) a—'=  (a ' a)a, v=1,2...,n).
Dm. Frcm .
(450) Lia7hy_ =L (ay_,,
Th 38, Th 35 follows
(451) 0= @1 a,) a,=2 (07", @,
==l U=y
(v=1, 2,. nk.
Th 43 From (282), (214), (44}), b € Ec follows
(452) ab= 2 (@a,)(a,b).
y=1
Dm. Th 38.
Th 44. From (382), (214), (441), b ¢ Ec follows
"
(453) ba= (a,a)(b a,).

ve=1|

Dm. Th 43, (387).
N. B. The equality (453) may be written in the form

n
(454) ba= (ba)(a,a),
r=1
but (454) and therefore (453) is not to be obtained from (452) by a formaj

change of @ with &, since the roles of a and & in Th 43 are not equi-

valent.
Th 45. From (382), (214), (441) follows

(455) a?= D (aa,)@a).
v=1
Dm. Th 43.
Th 46. From (382), (214),
(456). ASp O, e=1,2...,n

follows
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b3
(457) @ma,=Q (ma)(e,a,).
ye=1
Dm. From 3
(458) a € L(a)_,,

and Th 43 follows (457).
Th 47. From (382), (214),

(459) pEA (2, p=1,2,...,n)
follows
(460) ala = %‘ (a'a)(a, ).
Dm. From Th 42 follows
(461) a-t=" (@' a) a, A=1,2...,n).
y=:]

From (461) follows (460).

N. B. In the proofs of Th 46 and Th 47 the conditions (456) and (459)
seemingly are not used. But in reality that {s not true. Indeed, if in Th 46
p<<i holds, from Th 27 follows

(462) a, a,=0 (r=13, 2,..., vy=1)
and (457) would take the form

(463) 2 a,= 0 @a)@a,).
v

Analogically if in Th 47 A<p holds, from Th 34 follows
(464) a,a'=0 (=1, 2..., p—)
and (460) would taxe the form

(465) atat= (@'a,)(a a7,

v=p

Th 48. From (382), (214), (390) follows: the only solution
(466) a¢la,)_,
of the system of equations
(467) aa,=a, (v=1,2,..., n)
is
(468) a=2) B.a,,
v=1

where
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(469) B, € C (v=1,2,..., n)
is the solution of the system of equations
"
(470) D'baa=c, (u=12...,n).

ye=]

Dm. From Th 27, Th 24 follows, that the system of equations (470)
has a unique solution (469). Then from (468), Th 27, (470) follows

(471) aa,~ 238 a,=8aa=% q=1,2,..n,

i. e. (468) with (469), (470) is indeed a solution of (467). The uniqueness
of the solution is established in |1}

Th 49. From (382), (214) follows: the only solution (466) of the sys-
tem of equations

(479) {l (=) @ v=1, 2 )
aqQ = y ¥Y=1, £4,..., R
0 (v "
is
(473) é;—l 32?’[“' Er ?
re==1
where
(474) 3, €C (p, v=1,2,..., n)
is the solution of the system of equations
A - 1 (A=p)
475 3 ,,a,.a={ Wp=1,2...,n.
(475) 2 b, 0 ouw O )
Dm. Th 48, (450) and
- — [l (v=p)
~1 = ‘ Y=
(476) a'a, {0 (vEp) (B, v=1, 2,..., n).

Th 50. From (382), (214), (390) iollows: the only solution (466) of
the system of equations (467) is

(477 2= a, D (@'a)a,.

r=1 =y

Dm. From (382), (214), (466), (467) follows

n
(478) a= wa-t.

r=1
From (478), Th 42 follows (477).
13. We shall call the reper (422) semireciprocal to the reper (382).
From (428) follows, that the semireciprocal repers to a given reper in E¢ of-
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fer orthonormal bases of the linear space spanned on the given reper. From
(422), (402) follows, that by the manner given in the preceding paragraph
one could construct n! orthonormal bases of the linear space in question.

From (423), (425) follows, that the semireciprocal vectors are not only
mutually orthogonal, but they are orthogonal to a part of the vectors of
the given reper. Namely the vector (422) is orthogonal to all those vec-
tors (382), whose indices are less than his.

As it is well known, a Gram-Schmidt orthogonalization is called the
following inductive process [2], [3]: for a given reper (382) is put con-
sequently

§$1=0ay,
(479) S2=a——5 S
5
- .. ag S a3 ';2 <
3=0ag—- 2 1T T S2
1 2
and in general
u—1 _
. a,s, .
(480) s=a,—2 55 =1, 2...,0n.
=1 v

From (402), (480) by induction follows

(481) L(sy_,=L@)y_,  @=1,2...,n),
as especially
(482) S=dy,
1 .
(483) 52="—‘&7 a,.

1
The equalities (481)—(483) naturally hint, that may be in general

(484) s,=a.d, (v=1, 2,..., n)
hold for appropriate (390). As will be shown the answer of this question is
affirmative.
First of all the equalities
(485) 5,4,=0  v=1, 2, ..., n; pv)
hold. Indeed, from (481) follows

i
(486) Su=2) % d, @®=1,2,...,n)

py==1

for appropriate (444). Now (485) follows from (486) and Th 22.
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On the other hand from (485), (422) follows

(487) 5,0,=0  (t, v=1,2,..., n; pEv)
and from (481), (422) follows

(488) L(s)y_,=L@)y_, (n=1,2,...,n).
Now from (487), (488), Th 32, Th 39 follows

(489) s=(,a)a,  @=1,2...,n,

which together with (422) rcroves (484).

In this manner the orthogonal basis (480) of Gram-Schinidt almost
(with accuracy to scalar factors) coincides with tlie orthogonal basis (’t()?)
The advantage of (402) over the inductive definition (480) cousisis first in
the fact, that the veclors (402) are given explicitly by the vectors (382),
whereas the vectors (180} are constructed step by step; moreover the vac-
tors (402) permit the daiitily norming (422).

In § 11 the hzuristic motives were <hown, by which we arrived to the
crthogonalization (402). Qur purpese was the orthegenalization of the curvi-
linear coordinates. Lately our colleague Iv. Dimovski drew our attention to
the fact, that the equalitics (422) are to be found in the course [4] of
G. Stanilov, in whose preface the author writes: “Here we propose expii-
cite formulae for the system of orthonormalized vectors, which, it seems to
us, are new.”
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KbM MHOTI'OMEPHATA KMHEMATHUKA HA TOYKA
B KPHUBOJIMHEMHUM KOOPIUHATH

H. Xpuctosa, U. HUobaHosn

(PE3IOME)

B nacrto:iata pa6oTa e H3rpameH OCHOBHHAT anapar Ha MHOroMepHaTta
KHHEMaTHKA Ha TOYKAa B KPHBOJNMHEHHM KoOpinHHATH (6) 33 MPOHMSBOJIHO peaj-
Ho XunGeproso npocTpakcTEO / Ha Ga3zaTa na penHnpoutnnTe BekTopH (433) Ha
I'n6¢c 3a npousBoned pencp (432), kpiaeto £ e Jexamoro B ocHoBaTa Ha 7
peasHo eBKJHA0BO npocTpancTRO. CbhllecTBeHa pOJA B pasrieXJaHHATA Hr-
pasT pa3naraH¥AaTa Ha NPOHM3BCJIEH BEKTOP OT NOPOAEHOTO OT penepa (432)
n-MepHO JHHEeHHO NPOCTPAHCTBO MO BEKTOPUTE HA penepa (432) ¥ no penu-
NPOYHHTE KM BeKTOPH (433), KOHTO NO3BOJAHBAT 34 Npou3BonHa cHcTema (6)
KPHBOJIMHEIHM KOOPDAWHATH Ja ce nojyyar mnpexnctapanuata (24), (33) u (46)
CHOTBETHO 33 PajUyC-BEKTOpa 7 Ha NPOH3BOJHA TOYKa, 3@ CKOPOCTTa H ¥
H 3a YCKODEHHEeTO H w ypea peuunpouHus pernep (13) ua pemepa (8) sa TaH-
FeHIHaNHUTEe BEKTOPH KbM KoopanHaTHHTe JjuHHd Ha (6). Ilpu (56), (68) ca
B CHJAa TbXxAaectBaTa (67) 3a yCKOpeHHATAa OT NMPOM3BOJIEH pell, YHHTO H3BOJ
Cce OCHOBaBa Ha TBXAeCTBOTO (59), KbAETO R,—2 € H3pa3, CbADPMKALL YCKO-
peuusara (58) Ha KpHBOAMHelHUTE KoopAHMHATH (6) OoT pen, He MO-BHCOK OT
m—2. Tlo3uasanero Ha npeactadsAsusTa (78) 3a NPOM3BOJHHTE HA TAHIEH-
IIHaJIHHTe BeKTOPH (8) K'bM KOOpDAMHATHHTE JHHMK Ha cucteMarta (6) xkpHBO-
NUHellHH KOODJHHATH TNpPENCTaBAsiBA MHTePeC NOpajM cjejHATA NpuyuHa, 3a
npoussosHa ¢ynkuusa (85) ca B cuaa ThxkAecTBara (86)—(88), nopaxu koeTo
npu Hanmuuuero Ha (78) nponsBonnuTe Ha (85) OT NpOM3BOJEH pen MoOraTt na
Ce nojyuyaT ype3 NOBTAPAHEe HAa mnOCOYeHaTa NPOUEAYpa € MHOTOKPAaTHO H3-
nonsyBaue Ha (78).

B cnydyass Ha TDHMEDHO BEKTOLHO NPOCTPAHCTBO pAa3IJIeKJaHHATA NpH-
n0o6HBaT 6cO0EHO NMPOCT BHA nopazd yao6HoTo npeictapste (81) ¢ (92) na
BeKTOpHTE Ha ['H6C ¢ H3nos3yBaHe Ha BEeKTOPHO npou3BeneHHe. Karo npH-
MepH ca pasrie/aHd TPalUUHOHHO HM3NOA3YBaHHTE B TPUMEDHHS ciaydaR opTo-
roHajqHy KOOpLHuHATHH cucTemu (93), (103), (112), (121), (129), (139), (148),
(158), (168) u (177). KaTo HeTpHBRANHO INPHJIOXEHHE € pasriaefaHa NoipobHO
CHCTeMaTa eJHNTUYHH KOOPAMHATH (6) B #-MePHO N[ OCTPAHCTBO, KOHTO Ce
nedunupar KaTO 7-Te Da3jMYHA peaNHM KopeHa HA ypaBHenueto (276) or
n-ta crened cnpamo p npu (288). [lonyuveno e npencraBsnero (301) npn
(288) sa paaMyc-sekTOpa Ha NMPOH3BOJIRA TOYKA, K'bAETO €JHHWYHHTE TaHTeH-
LHaNHH BEKTOPH KBbM KOODIAHHATHHTE JHHHHU ce oupenensaT or (299). 3a wacrt-
HHTE NPOM3BOIHH HA NOCAEJHHTE CNpAMO KpuBoauHeHHHTe KoopauHaTtH (6) ca
nonyyenu uapasure (330), Bonemw no mpencrassuusita (333) HA CKOPOCTHTE
H& €JHHHYHUTE TaHreumHasHH BCKTOPH, KOHTO [0O3BOJABAT HaAMHpPAHETO HA
CKOPOCTTa H YCKOPEHHETO HAa NPOM3BOJNHA TOUYKA B €JHMNTHYHH KOOPAHMHATH.
OxonuarenuuTe M3pasH 3a YACTHHUTE NPOH3BOJAHH HA e IHHHYHUTE TaHTeHUHAaNHH
BexTopH ca (361) u (362).
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3agavyaTa 3a mosnyuyaBaHe Ha MOBH OPTOTOHAJHU CHCTEMH KPUBOJARIIEIHH
KOODAUHATH €CTECTBEHO BOJAH IO HeOOXOAMMOCTTA OT EKCIJIMIBTHA OPTOIrO-
HaJHU3aNHOHHA CX€Ma 332 NPOU3BOJIHA 6a3a B €IHO €EBKNKAOBO LIPOCTLAHCTRO,
eBPHCTHYHHTE CBHOOPAXEHHs 33 NOCTPOABAHE HA TaKaBad CXeMa Ca H3JOMEHH
B T. 11 ot paborara. B cneaBsamata yact Tasu Hies ce MPOBEXAA KOHCEK-
BEHTHO M Ce CTHra J0 cHcTeMara BekToOpH (422) npu (402) u (384), (385),
(405) sa penmepa (382). MaBeneny ca oOcCHOBHHUTE peJaliii, KOWTO CBBP2BAT
BekTOpHTE (422) C u3xoaHus penep (382) u ¢ Herosus penep Ha [udc u e
noKa3aHo, ye opToronanunata 6asa (402) cwBnaza c oprorosannara 6asa (480)
Ha ['pam — LH{vmr C TOYHOCT 10 CKanapHH MHO:xHTeNH. [10-TOdHO, nOKazBa ce
THKAECTBOTO (439), xoeTto cBBbp3Ba BexkTopuTe (480)Ha I'pam — llIMur, negu-
HHpanH HHAYKTHUBHO C (479), (480), cbec ceMuperunpoyunTe texTopu (422) 3a
penepa (382). JloxoJXOTO € H3BECTHO Ha aBTODHTE, ABHH H3pPasll 3a TeW BeK-
TOPH Ce NaBaT 3a npbB IbT B Kypca [4] va I'. Cranunoz.



