ON THE DEFINITION OF VECTOR MULTIPLICATION

Ivanka Christova, Ivan Chobanov

Praemissis praemittendis

In the present paper the symbols Sgn, sgn, Ax, Df, Pr and Dm stand,
for the words notation, denote, axiom, definition, proposition and proof res-
pectively; R, F and C stand for the set of all real numbers, for an arbi-
trary non-trivial ordered field and for the set of all complex numbers res-
pectively.

Let Vr be an arbitrary non-trivial Euclidean space over F, i. e. a set,
consisting of more than one element, for which mappings

) M, : Vi—Ve

(addition in V),

@) Mg: FXVp—Vp

(multiplication of the elements of F with the elements of V),
(3) My:V2—F

(scalar multiplication of the elements of Va) are defined, so that, provided
(4) a+b sgn: M,;((a, b))

(sum of a, b),

(5) Xa sgn: My((, a))

(product of 1, a), _

(6) ab sgn: M; ((a, 0))

(scalar product of a, d), the following conditions are satisfied:
Ax 1. a, b, c€¢Vp imply (a+b)+c=a+(b+c)

. There exists o ¢ F with: a ¢ V¢ implies a+o0=a.

a ¢ Vr implies: there exists—a ¢V with a+(—a)=o.

a ¢ Vp implies la=a.

p€F, ae¢Vr imply (Ap)a=2x(pa).

p€F, a¢Vr imply (A+p)a=Aa+pa.

€F; a b¢Vp imply A(a+b)=2a+20b.

€

N

b ¢ Vg imply ab=ba.
F; a, b¢Vp imply (A a) b=A2 (ab).

TERREERS
R
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Ax 10. a, b, c€¢ Vr imply (a+b)c=ac+be.

Ax 11. a ¢ VF implies 0<al.

Ax 12. a€VF, a*=0 imply a=o.

O0in Ax 11, Ax 12 and 1 in Ax 4 denote the zero- and unit-ele-
ment of F respectively; a—b sgn: a+(—0b) for all a, b ¢ Vr (difference of
a, b); a® sgn: aa for every a ¢ Vr (scalar square of a).

By analogy with the case of the real three-dimensional vector space
V, a three-dimensional vector space over an ordered field F is called any
Euclidean space Vs over F, for which a mapping

(vector multiplication in V) is defined, so that, provided
8) aXxb sgn: M,((a, b))

(vector product of a, b), the following conditions are satisfied:

Ax 13. a, b, c€¢Vr imply aXb.c=a.bXe.

Ax 14. a, b, c ¢ Vr imply (aXb)Xc=(ac)b—\bc)a.

Ax 15. There exist a, b ¢ VF with aXb50.

Ax 16. a, b€ Vs imply aXb==—(bXa).

Ax 17. 2€F; a, b¢Vr imply (Aa@)Xb=2(aX¥b).

Ax 18. a, b, c ¢ Vr imply \a+b)Xc=aXc+bXc.

The order, in which Ax 13—Ax 18 are usually enumerated, is another
one, cf. for instance {1]. The order given here is adopted, since it is proved
in the present paper, that Ax 16—Ax 18 are actually corollaries of Ax 1—
Ax 15. At that, when trivial corollaries of Ax 1—Ax 12 are used, this fact
will not be emphasized explicitly.

As it is well known, the following two propositions are proved on the
basis of Ax 1-—Ax 12.

~ Pr 1. The elements a, (v=1, 2,. . ., n) of an Euclidean space are li-
nearly independent iff their Gram determinant is different from zero.

Pr 2. If @, (v=1, 2,. . ., n) are linearly independent elements of an
Euclidean space and r, (v=1, 2V are such elements of the n-dimensional li-
near space, generated by a, (v=1, 2,. . ., n), that
9) r,a,=r,a, v=1,2,...,n),
then
(10) r 1=r’.

We shall now prove some auxiliary propositions.
Pr 3. a, b, ¢, d ¢ VFr imply

ac ad
11 b.cXd= .
) axX0-eXE= 1 e ba
Dm. (11) follows from
(12) axXb.cxXd=(axb)xc.d

=((ac) b—(bc) a) d=(ac) (bd)—(bc) (ad)
(Ax 13, Ax 14).
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Pr 4. a, beVp imply

2 ab
13 aXb)le | & .
9 ( ) | ba  b?
Dm. Pr 3. | | |
v ilfpf‘ 5. @, beVs imply: a, b are linearly independent elements of
F
(14) aXb=o.
Dm. Pr 1, Pr 4.
Pr 6. a¢Vyr imply aXa=o.
Dm. Pr 5.
Pr 7. a¢ Vp imply oXa=o.
Dm. Pr 5.
Pr 8. a, b¢Vp imply a.aXb=0.
Dm. Ax 13, Pr 6.

Pr 9. a, b¢Vr imply a.bXa=0.
Dm. Ax 8, Ax 13, Pr 6.
Pr 10. a, 6 €¢VFr imply

(15) (@xb)y=(bXa).
Dm. Pr 4.
Pr 11. a, b ¢ Ve imply
(16) (@X8) X (6X a)=0.
Dm. (16) follows from
(17) e xXb)xX(bxa)=(a.bxa)b—(b.bXa)a=0b—0a=0
(Ax 14, Pr 9, Pr 8).
Pr 12. a, 7€ Vpg,
(18) a=o,
19 rXa=0
imply
(20) r=aa (x € F).
Dm. (18) implies
(21) a*+0;

(19) implies

(22) o=oXa=(rxa)Xa=(ra)a—a'r

(Pr 7, Ax 14); (21), (22) imply (20) with w=ra/a®.
Pr 13. a, b¢Vrimply

(23) axXb=21(bxa) @ ¢ F).
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Dm. I
(249) bXa=o,
then
(25) axb=o.
(Pr 10); (24), (25) imply (23) for every A ¢ F. If
(26) bXxa=o,

then Pr 11, Pr 12 imply (23).
Pr 14. o, b€ V¢ imply
(27) aXb=¢g(bXa) (e=+1).

Dm. Pr 13, Pr 10.
Pr 15. a, b€ VrF,

(28) aXbmbXa
imply (25).
Dm. (28) implies
ab a?
(29) (axbPmaXxb.bdXa= 5 ba

(Pr 3); (29) implies
(30) (a X b)*= —(a X b)?
(Pr 4), i. e. (25).
Pr 16. @, b€ Vs imply
3n aXb=—(bXa).

Dm. Trivial if (25); Pr 14, Pr 15 if (14).
Pr 17. Ax 1—Ax 14 imply Ax 16.

Dm. Cf. the proof of Pr 16.

Pr 18. a, b, c¢Vr imply

RN . A

(32) a X (bXc)=(ac) b—(ab)c.
Dm. (32) follows from
33 8 X (X c)m —((bX ) X @) =—( (ba) c—(ca) b) = (ac)o—(ab) ¢

(Pr 16, Ax 14).
Pr 19. a, b, ¢, d¢Vp imply

(34) (axXb)X(cXd)=(a.cXd)b—(b.cXd)a.
Dm. Ax 14.
Pr 20. a, b, ¢, d € VF imply

[ 222 NS . '

(35) (@axXd)X(eXd)m@axb.d)c—(aXb.c)d.
Dm. Pr 18.
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Pr 21. a, b, ¢, d¢Vr imply
(36) (aXb.c)d=(bXc.d)at+(cXa.d)b+(axb.d)c.
Dm. Pr 19, Pr 20, Ax 13, Pr 16.
Pr 22. a, b, c; p, g, r¢Vp imply
ap aq ar
67 bp bg br
| ep cq cr |

(axb.c)(pXqg.n=

Dm. Pr 21 with d=pXgq implies
(38) (aXb.c)pXg=(bXc.pXg)a+(cXa.pXq)b

+(a><b.p><q)c=] bp bq a+ &p cq ap aq

b+
p cq ap aq bp bq

¢

(38) implies

(39) (aXb.c) (pXg.nN= op ¢

cp cq

ap aq ar |
bp bq br

| cp cqer |

[ a® ab ac

(40) (@aXb.cf=|pa b bc

lca cb ¢

ar+ | P 9
ap aq

br

ap aq
bp bq

cr=

Pr 23. a, b, ¢ ¢ Vr imply

Dm. Pr 22.

Pr 24. a, b, c¢Vr imply: a, b, ¢ are linearly independent elements
of Vp iff .

(41) aXxb.c0.
Dm. Pr 1, Pr 23.

Pr 25. a, b¢VF, (14),

(42) c=axb.

imply: a, 8, ¢ are linearly independent elements of V.
Dm. (42), (14) imply

(43) axb.c=(axb)=0.

Then Pr 24.

Pr 26. a, b, ¢, d¢ Vp imply: a, b, ¢, d are linearly dependent ele-
ments of Vg.

Dm. Trivial if aX&.c=0 because of Pr 24. If (41), then

__ bXc.d cxXa,d axb.d
(44) d= axt.c ¢t axb.c b+ axb.c

according to Pr 21.
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Pr 27. If Vr is a non-trivial Euclidean space and a mapping (7) is de-
fined, so that, provided (8), the conditions Ax 13 and Ax 14 are satisfied,
then Vr is an one-dimensional or a three-dimensional Euclidean space.

Dm. Pr 5, Pr 25, Pr 26 and the proofs of these propositions.

Pr 28. If Vr is a non-trivial Euclidean space and a mapping (7) is
defined, so that, provided (8), the conditions Ax 13 and Ax 14 are satis-
fied, the Vr is a three-dimensional Euclidean space iff Ax 15 holds.

Dm. Pr 27, Pr 25.

Pr 29. A¢F; a, beVr imply

(45) (Aa)Xb=2\(@aXxb).
Dm. (42) is trivial if Ax 15 does not hold. If Ax 15 holds, let

(46) a, ¢ Vr (v=1, 2, 3)

be a basis of Vr(Pr 28) and

(47) ry=(Aa)Xb,

(48) rg=A(aXxb).

Then ‘

(49) ri8,=Aa)Xb.a,=(ra).bXa,

=1(a.bXa,)=A(axb.a,) (vel, 2, 3)
(Ax 13, Az 9) and
(50) ry@,m (X (@Xb))a,=X(aXb.a,) (v=1, 2, J)

(Ax 9\; (49), (15) imply (9) (with n=3), i. e. (10) (Pr 2). Now (10), (47),
(48) imply (45).

Pr 30. Ax 1—Ax 14 imply Ax 17.

Dm. Cf. the proof of Ps 29.

Pr 31. a, b, c¢Vr imply

1) (e+b) Xe=aXe+bXec.

Dm. (51) is trivial if Ax 15 does not hold. If Ax 15 holds, let (46) be
8 basis of V and

(52) ry=(a+b)Xe,

(53) remaXc+bXe.

Then

(54) r,a, =(a+b)Xc.a, =(a+4b).cXa,

=a.¢cXa, +0.cXa, =axXe.a, +bXxe.a, . (v=1, 2, J)
(Ax 13, Ax 10) and
(55) rga, =(@xe4bXxe)a, =aXe.a, +6Xe.a, (v=1,2, 3

(Ax 10); (54), (55) imply (9) (with n=3), i. e. (10) (Pr 2). Now (10), (52),
(53) imply (51).
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Pr 32. Ax 1 — Ax 14 imply Ax 18.

Dm. Cf. the proof of Pr 3I.

Df 1. F being a non-trivial ordered field, a set Vg, for which mappings
(1)—@3), (7) are defined, such that, provided (4)—(6), (8), the conditions
Ax I?Ax 15 are satisfied, is called a three-dimensional vector space
over F.

Supplement. As it is well known, if Lc is a linear space over the
field C of the complex numbers with two at least linearly independent ele-
ments, it is impossible to define scalar multiplication of the elements of
Lc in such a manner, that Lc turns to be an Euclidean space with respect
to this scalar multiplication [1}. if however Ax 8 is subjected to a slight
modification, a definition of scalar multiplication, which preserves Ax 9—
Ax 12 could be given. The pseudo-Euclidean spaces so obtained are called
Hermitean spaces over C.

More precisely, a set Hc is called a Hermitean space over the field F
of the complex numbers, iff mappings

(56) Hl . H%-—'Hc ’

(57) H,: CXHc¢c—He,
(58) Hy: H2—C

are defined, such that, provided

(59) a+b sgn: Hy((a, b)),
(60) Aa sgn: Hy((2, a)),
(61) ab sgn: Hy((a, b)),

the following conditions are satisfied:

Ax 1H. a, b, c¢ He imply (a+b)+c=a+(b+c).

Ax 2H. There exists o ¢ H with: a ¢ fic imply a+to=a.

Ax 3H. a € Hc implies: there exists—a ¢ Hc with a+4-(—a)=o.

Ax 4H. a ¢ He implies la=a.

Ax S5H, A, p€C, a¢ He imply (A p)a=A (pa).

Ax 6H. 2, 1 €¢C, a¢ Hc imply A+4p)a=ra+pa.

Ax TH. 2€¢C; a, b¢ He imply A(a+b)=1a+1b.

Ax 8H. a, b ¢ Hc imply ab=ba.

Ax 9H. 2 ¢ C; a, b¢ He imply (A a) b=A2 (ab).

Ax 10H. a, b, c € Hc imply (a+08) c=ac+bc.

Ax 11H. a ¢ H; implies 0<a’.

Ax 12H. a ¢ He, a®=0 imply a=o.

0 in Ax 11H, Ax 12H and I in Ax 4H denote the zero- and unit-ele-
ment of C respectively; a—b sgn: a+(—>b) forall @, b ¢ Hc; ab denotes the
conjugate number of the complex number ab; a® sgn: aa forevery a ¢ Hc (Ax
8H implies aa= aa, i. e. a*¢ R for every a ¢ flc and this fact justifies the
use of inequality sign in Ax 11H). '

The question now quite naturally arises: given a Hermitean space Hc,
is it possible to define a mapping
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62 H, : HZ2—Hc ,
so that, provided
(63) axb sgn: H,((a, b)),

the following conditions to be satisfied:

Ax 13H. a, b, c€¢ Hc imply aXb.c=a.bXec.

Ax 14H. a, b, ¢ Hc imply (aXb)Xc=(ac) b—(bc) a.

Ax 15H. There exist a, b ¢ Hc with aXb+%0.

As we shall immediately show (Pr 37H), the answer of this question is
negative. Since we shall prove this statement by reductio ad absurdum, let
us suppose that there exists aset H¢ with the mappings (56)—(58), (62), satis-
tying the conditions Ax IH — Ax 15H, provided (59)—(61), (63). Then for
Hc will hold mutatis mutandis, i. e. obtained by formal change of F and
Ve with C and Hc¢ respectively, propositions, analogous to Pr 1—Pr 32; we
shall denote these analoguous propositions by Pr IH—Pr 32H respectively.
Indeed, as it is well known, Pr 1H and Pr 2H hold for Hermitean spaces as
well as Pr 1 and Pr 2 for Euclidean. As regards Pr 3H—Pr 32H, they are
corollaries of Ax 1H—Ax 14H, as it is easily seen be reviewing the corres-
ponding proofs: Ax 8H occurs in the proofof Pr 9Honly, and this last state-
ment is obviously true.

Before proving Pr 37H we shall give some auxiliary propositions.

Pr 33H. 2 ¢C; a, be Hc imply a (A b)= X (ab).

Dm. a(Ab)=A b)a=21 (ba)= A( ba)=21 (ab) (Ax 8H, Ax 9H).

Pr 34H. a, b¢ Hc imply aX (A b)=A(aXxb).

b 25):5.aX(lb)=—((lb)><a)=——(l(b)(a))=l(——(b><a))=k(axb)(Pr 16H,
4 .

Pr 35H. 2¢C; a, b, c ¢ Hcimply axX (A b).c=A(axb.c),

Dm.:axX(Ab).c=@A(axb)).c=r(axb.c). (Pr 34H, Pr 9H).

Pr 36H. 2¢C; a, b, c ¢ Hc imply axX(Ab).c=21(aXb.c).

Dm. aX(Ab).c=a.Ab)Xc=a.(A(bXc)=A(a.bXc)=X (@Xb. c)

(Ax 13H, Pr 34H, Pr 33H).

Pr 37H. There exists no set ¢ with the mappings (56)— (58), (62
satisfying the conditions Ax 1H — Ax 15H, provided (59)—(61), (63).

Dm. Otherwise let 2¢C; a, b, c¢ He with (41) (Ax 15H, Pr 25H,
Pr 24H). Pr 35H and Pr 36H imply

(64) X(@xb.c)=2x(aXb.c)

(64) and (41) imply A=2, i. e. C=R. This accomplishes the proof.

Let us note at last, that if Ilc is a linear space over the field C of the
complex numbers, for which scalar multiplication is defined, satisfying the
conditions Ax 8 — Ax 10 (with C and Ic instead of F and Vg relatively),
cf. [2] then vector multiplication in Ilc may be defined, satisfying the con-
ditions Ax 13—Ax 18 (with C and IIc instead of F and Vr relatively), as
it is easily seen by constructing a model of IIc in the set C? of all triples
(21, 23, Zg) of complex numbers. In this model by definition
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(65) (21, 29 2) 4 (1, Cgo §3) sgN: (2748, Zy+8an Z3+83),
(66) A(2y Zq, 23) SEN: (A2, A2y, A 25 (eC).

3
(67) (21 2 2) (G G Co) SENT D, 205,

r=1

(68) (21, 23 2) (§1o Lo §o) SEN: (2a83—28a 2a8i— 28 2 Co—2a%1)

and all the axioms Ax 1—Ax 10, Ax 13—Ax 18 (with C and Il¢ instead
of F and Vr respectively) are satisfied. For Il however do not hold propo-
sitions, obtained mutatis mutandis from Pr 17, Pr 30 and Pr 32, since the
analogues of Pr 1 and Pr 2 are not true for Ilc, as well as other corolla-
ries of Ax 11 and Ax 12.
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MNocremuaa na 31. 1. 1977 r.

BbPXY NEPUHULIUMATA HA BEKTOPHOTO YMHOXEHWE

Ub. Xpucrosa, Hs UYobanos

(PE3IOME)

KakTo e n3BecTHO, TPHMEPHO BEKTOPHO MPOCTPAHCTBO HAJ HAPEAECHOTO
nose F ce HapHua MHOMKecTBO Vp, 32 KoeTo ca JedHHHDAHH H300paKeHHH
()—(3) u (7), Takusa, 4ye npH (4)—(6) ¥ (8) ca usnbAHEHH YC/OBHATR AX J—
Ax 18. B nacrosmmara GesexKa ce NOKa3Ba, 4e TPaAHIHOHHKTE aAKCHOME:
Ax 16—Ax 18, KOHTO 33 BEKTOPHOTO YMHOXMGEHHE Ca aHaJO3H Ha CBOTBET-
HHTe akCHOMH Ax 8—Ax 10 3a ckaJapHOTO yMHOXEHHe, B IeHACTBHTENHOCT
ce OKasBaT CJEACTBH# OT akcHoMuTe Ax 1—Ax 14;3arosa ycaosuara Ax 1—
Ax 15 ca nocrarbyHH 3a nedpHHHpPaHE HA TPHMEPHO BEKTOPHO NpPOCTpaH-
CTBO HaZ HapeJAeHQTO moJje.

19 I'oa. sa Co¢. ynus., dak:; no mateMaThka M MeXanwka, T. 70, 1975/76



