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A TWO-SIDED ANALOGUE OF A METHOD
OF A. W. NOUREIN FOR SOLVING
AN ALGEBRAIC EQUATION WITH PRACTICALLY
GUARANTEED ACCURACY

NIKOLAI KJURKCHIEY, SVETOSLAY MARKOV

Huxkoxaii Kwopkunen. CBerocaas Mapkos. JBYCTOPOHHUN
AHAJIOIT METOJIA HOWPEHHA JJA PEHNIEHHMSA AJITEEPANMYECKOIO YPAB-
HEHUS C NMPAKTUYECKU F'APAHTUPOBAHHOW TOYHOCTBIO

B pabote paccMOTpeH IBYCTOPOHHRMIt aHanor meroia HoiipeiiHa 118 OZHOBPEMEHHOTO
HaXOXEHMSA BCeX KODHEH anrebpaudeckoro ypasHEHHA C NEHCTBHTENbHBIME IPOCTHIMM KOPHAMM.
TIpennoxena WrTepauOHHas mponenypa ¢ KyOmdeckoit ckopocTsio cxoammocTd. ITonyyeHo onwu-
CaHUe METOJa B TCPMHMHAX KOMIBIOTEPHON apu()METHKH, TIO3BOAIONIEE ONHOBPEMEHHOE HAXOK-
JICHHE BCEX KODHEH C MPAKTHYECKH TapaHTHPOBAHHOK TOYHOCTBIO.

Nikolai Kjurkchiev, Svetoslay Markov. A TWO-SIDED ANALO-
GUE OF A METHOD OF A. W. NOUREIN FOR SOLVING AN ALGEBRAIC EQUATION
WITH PRACTICALLY GUARANTEED ACCURACY .

. Considered is a two-sided analogue of a method of A. W. Nourein for simultaneous deter-
mination of all roots of an algebraic equation possessing real simple roots. Proposed is an itera-
tion procedure with cubic rate of convergence. Obtaines is a formulation of the method in terms

of computer arithmetic permitting the simultaneous finding of all roots with practically guaranteed
accuracy.

. Suppose that the algebraic equation of degree n=2 with real coefficients

(1) fX)=x"+a,_ x"" 14 ... +a,x+a,=0



has » distinct real roots. A. W. Nourein suggests the following iteration formula
for simultaneous determination of the roots z; of Eq. (1):
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[ ,-iz
wherein A,— zf,',‘)-—zf,’f), =1, ....3 1], and Z% denote the approximations
of the roots of (1) according to the K. Docev’s iteration procedure [2, 3]
i1
i+m

In [4] we considered an interval method for algebraic equations with real dis-
tinct roots x;<<x,<< ... <X, This method is a two-sided analogue of the scheme
(3) and has the following form:
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We shall assume that the roots of (1) are located in non-intersecting
(known) intervals [xfo), x,m] z—] 2,...,n The numbers x(o) are the left

initial approximations, and x\* are the right initial approxxmatlons of the
roots.

Consider the following two-sided analogue of the scheme of A. W. Nourein
for determining the roots of (1):
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The above scheme possesses a cubic rate of convergence. The proof is analo-
guous to the proof given in [1] and will be omitted.
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We shall prove that the scheme (5) produces bounds for the exact

values of the roots. Indeed, let us assume that for some k>0 we have

5 4 k k (k
x;—x32=0 for j=1, 2, ..., n. Then, for j<i we have x; (T Sl T

— XX ——z“‘“’>x(k)—x >0 (it was proved in [4] that for the scheme (4)
the mequahty X -z, T1)>0 holds true for j=1,...,n). Hence, 0<(~#(k)

—x,)/(-(k) z§-k+”)§l, so that for the product 1, we have tlzl | (G}k)

i=1

—xj)/(sc',(k) (-k+1))) € (0, 1]. Similarly, it is proved that the product

H((_(") x)/(xP—=2¢*)) is in the interval (0, 1] and therefore the

Jj=i+1

value of 1—1,7, is non-negative. Using (5) we easily compute that (it

—x)=(x—x)1—r1,1,). This implies that the signs of x\*"?—x, and
x5 x are equal that is x*"P—x,>0 for every i=1,..., n and every
k ' I [ . Similarly it can be proved that x§"+')-x,.§0 for every
i=1,...,n and every k=0, 1,... . Thus we have proved that the scheme

(5) delivers bounds for the exact values of the roots.
Consider the following relations:
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The identities (6) suggest, that the scheme (5) can be modified as follows:
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The iteration procedure (7) also produces bounds for the correct value of the

).

equation; the proof is analogous to the proof that (5) produces such bounds. We
shall next prove that the bounds produces by (7) have a cubic rate of convergence

to the correct values of the roots. This is the content of the following:

Theorem. Let ¢>0 be such that 0<cnM/(d—2c)<<1, where d=min |x,—x;, |

sy
=3

and M—4,9238. .. satisfies the equation:

(8)  2exp(M™)(3+M"'exp(M))/M>+exp (2M™1)(1+exp (2M 1))/M?

=(1—M"1exp(2M ).
fIf the initial approximations {[xEO), xP)}_; satisfy the inequalities

0 xV—x <y,
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or some ¢, 0<g<1, then the approximations produced by (7) satisfy the ine-

qualities
(10a) , 0= xM—x, _s_cq3",
(10b) 0<x; —Jﬁ,k)<cq3k i=1, ..., n,

for every k=1, 2,...
Proof. We shall prove the inequality (10a). Denoting

j=1 = j=i+1

and making several times use of the equality [5]:
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for the difference x; —Xx; we obtain:
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By assumptlon (9) are satisfied and therefore (10) are true for k=0. Assume that
(10a) are true for some k. From the above inequality and condition (8) we get

= 3 2ncq3k 3ncq
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+ Mt exp (1/M))+ M2 exp (2/M) < (1t exp(2/M)\(1 — M ~'exp(2/M)2=
which proves (10a) by induction. Inequahtles (10b) are proved similarly. Thus the

theorem is proved.
Denote by 1 and | the directed roundings to the right, respectlvely to the left,

that is if x is real then Tx and | x are machine numbers such that Tx= x, [x < x [6].
In partlclﬂar, Tx. | x might be optimal directed roundings, such that between them
there are no other machine numbers. For the arithmetic operation *, {4, —, X, :}

we denote a*B T(a=p). a*B l(a=B), where a, B are real numbers.
We shall formulate the method (7) in terms of computer arlthmetlc, in order

to obtain practically guaranteed bounds. To this end we first rewrite the method
(7) 1n the following form:
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