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Introduction

S. N. Bernstein introduced in 1912 an approximation operator, which is now
named after him, in order to give a simple proof of Weierstrass’s theorem
that every continuous function on a finite closed interval can be uniformly
approximated by algebraic polynomials [9].

The Bernstein operators or polynomials are defined for f € C[0,1], z €
[0,1] and n € N, by

00 Bt =31 (E)puste), ) = ()eH0 -

We have
lim B, f(z) = f(z) uniformly on [0, 1],

n—o0

that is
n—oo

where || o || stands for the supremum norm on the interval [0, 1].
Moreover, clearly

IBufIl < [If[l, f€Cl0,1], neN,.

Thus {B,}>°, is a strong approximation process on C0, 1] (see [13, Def-
inition 12.0.1]).

Various estimates of the supremum norm of the error B, f(x) — f(z) were
established. Some of the earliest ones were stated in terms of the so-called
moduli of smoothness (or continuity). For example, Popoviciu [86] (or see
[79, Theorem 1.6.1]) showed that

1Baf = 71l < S (S, 07,
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Introduction

Above wy(f,t) is the modulus of continuity of f, defined by
wi(f,t) == sup [f(z) = fy)l-

lz—y|<t
Since B, f interpolates f at the ends of the interval, one can expect that it
approximates the function better in their neighbourhood. This is indeed so.
The following estimate holds for f € AC. (0,1) such that ¢*f” € L,[0,1],
where p(z) := \/x(1 — z) (see e.g. [18, Chapter 10, § 7] or [23, Chapter 9])

C
(0.2) 1Buf = fll = le® £, n €N,

Here and henceforward ¢ denotes absolute constants.
This estimate can be further generalized for any f € C[0,1] and n € N
in the form

(0.3) IBuf = fIl < cwl(f,n '),

where wZ(f,t) is the Ditzian-Totik modulus of smoothness of second order
with varying step controlled by the weight ¢(z) in the sup-norm on [0, 1]. Tt
is defined by

wo(f.t) = sup  sup |f(z+ho(x)) = 2f(z) + f(z = he(z))], ¢>0.
0<h<t z+hp(z)€[0,1]

Adell and G. Sangiiesa [4] proved that (0.3) holds with ¢ = 4. Later on
Gavrea, Gonska, Paltanea and Tachev [42] improved this estimate to ¢ = 3,
then Paltanea [85, p. 96] to ¢ = 5/2 (or see [12, p. 183]).

It turns out that (0.2) and (0.3) cannot be improved. The converse to
(0.3) is also valid—there holds (see [70] and [93])

(04) ||an - f” > cwi(f, n_1/2)7 n > no,

where ng € N, is independent of f.

Earlier, Ditzian and Ivanov [22, Theorem 8.1] obtained a similar two-term
converse inequality.

The last estimate implies that B, f cannot approximate f in the supre-
mum norm on [0, 1] with a rate faster than 1/n unless B, f preserves f, that
is, f is an algebraic polynomial of degree at most 1. This is known as satu-
ration. It was first observed by Voronovskaya [99] (or see e.g. [18, Chapter
10, Theorem 3.1]). She proved that if f € C?[0, 1], then

(0.5) lim n(Bof(x) — f(a)) = "2 o)

n—oo 2



Introduction

uniformly on [0, 1].

The Bernstein polynomial possesses another property. As it was estab-
lished by Chlodowsky [17], Wigert [100] and Lorentz [78] (see e.g. [18, Chap-
ter 10, Theorem 2.1], or [12, p. 232]), it not only approximates the function,
but also its derivatives. More precisely, we have

lim (B,f)® (z) = f)(z) uniformly on [0, 1],

n—oo
provided that f € C*[0,1]. That phenomenon is referred to as simultaneous
approximation.

The main subject of the dissertation is to present estimates of the rate
of this approximation. We prove both direct estimates and matching one-
or two-term converse estimates, which show that the direct estimates are
sharp. The estimates are given in the esssup-norm on [0, 1] with Jacobi
weights. As a further application of those results we characterize the rate
of the simultaneous approximation of the iterated Boolean sums of B, and
of two modifications of B,,, which are polynomials with integer coefficients.
Finally, we investigate the rate of convergence in Voronovskaya’s theorem
(0.5).

The contents of the dissertation are organized as follows.

In Chapter 1 we collect the definitions and the basic properties of the
standard K-functionals and moduli of smoothness that are used in problems
of the type we consider. In later chapters, we introduce other K-functions
as well. The latter are more straightforwardly related to the error of the
approximation processes under considerations.

In Chapter 2 we establish inequalities between the weighted essential
supremum norms of the derivatives of functions as well as between them and
the norms of the values of the differential operators that are associated with
the simultaneous approximation by the Bernstein operator and by its iter-
ated Boolean sums. They enable us to relate the weighted supremum norm
of the values of these differential operators to the weighted supremum norms
of derivatives of the approximated function. They play a key role in the ap-
proach we adopt to investigating the rate of the simultaneous approximation
of the aforementioned operators. The results presented in this chapter were
published in [26, 27, 33].

In Chapter 3 we establish matching direct and two-term strong converse
estimates of the rate of the simultaneous approximation by the Bernstein op-
erator in the weighted essential supremum norm. We consider Jacobi weights
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Introduction

as the range of the exponents is the broadest natural one. The obtained char-
acterization of the rate of weighted simultaneous approximation by B, is
stated in terms of moduli of smoothness and K-functionals. Also, analogous
results concerning the generalized Kantorovich operators are derived. The
strong converse inequality is further improved to one that exactly matches
the direct inequality for lower order derivatives and under additional restric-
tions on the weight exponents. Here we also obtain as auxiliary inequalities,
but having merit of its own, Voronovskaya-, Bernstein-, and Zamansky-type
inequalities. The material presented in this chapter was published in [27, 28].

In Chapter 4 most of the estimates of the previous chapter are extended to
iterated Boolean sums of the Bernstein operator. They provide higher order
approximation than B,,. Here we also apply results obtained in the previous
chapter to derive a direct and a matching two-term converse inequality for the
approximation by the iterated Boolean sums of the Bernstein operator itself.
The results presented in this chapter were published in [25, 26, 27, 31, 32].

In Chapter 5 we deal with two modifications of the Bernstein polyno-
mials, which provide approximation by algebraic polynomials with integer
coefficients. We prove that they possess the property of simultaneous ap-
proximation as well and establish direct estimates of the error of that ap-
proximation in uniform norm by means of moduli of smoothness. These
estimates are established under certain peculiar assumptions, but we show
that they are also necessary. In addition, we prove a weak converse estimate
for that approximation process. It is stated in terms of moduli of smooth-
ness. In particular, it yields a big O-characterization of the rate of that
approximation. We also show that the approximation process is saturated
and identify its saturation rate and trivial class. The results presented in
this chapter were published in [29, 30].

In Chapter 6 we characterize the rate of the convergence in the Voronov-
skaya’s theorem (0.5). The characterization is given in terms of K-functionals
and moduli of smoothness. The results presented in this chapter were pub-
lished in [33], written jointly with I. Gadjev.

Acknowledgments. I am especially grateful to Professor Kamen Ivanov,
Professor Dany Leviatan, Kiril Delev and the anonymous Referees for com-
ments and corrections on the manuscripts. I am also indebted to Professor
Gancho Tachev for providing me with papers and discussions on problems
treated in the dissertation. I especially appreciate the support, encourage-
ment and advice, which I have been receiving from Professor Kamen Ivanov
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throughout my research. Also, the support I received from Professor Geno
Nikolov, Professor Nadejda Ribarska, Associate Professor Ivan Gadjev, As-
sociate Professor Parvan Parvanov and Associate Professor Rumen Uluchev
(in alphabetical order) has been very important for me.



Chapter 1

Basic K-functionals and moduli
of smoothness

In this chapter we will formulate the definition of the classical moduli of
smoothness and K-functionals that are extensively used in Approximation
Theory as well as their weighted analogues that are most popular. In later
chapters we will introduce other, K-functionals, which are more complicated,
but more naturally related to the approximation processes we will study. We
will characterize them by the former.

Generally, the K-functional between a normed space X with the norm
| o||x and a semi-normed space Y C X with the semi-norm | o |y is defined
for f € X and t > 0 by

K(£.6:X,Y) = {1 = gllx + ¢ lgly .

In Approximation Theory, the K-functionals are particularly useful to de-
scribe how well we can approximate elements in X by elements in Y.

The basic properties of the K-functional K(f,t) := K(f,t; X,Y) are the
following:

(a) As a function of ¢ > 0, K(f,t) is increasing, concave, continuous and
bounded;

(b) K(f,t) is sub-additive on t: K(f,t; +t2) < K(f,t1) + K(f,t2) and
K(f,t)géK(f,s) 0 <5<t

(¢) K(f+g.t) < K(f,1) + K(g,1).

10



Chapter 1. Basic K-functionals and moduli of smoothness

As we indicated in the beginning, we will make use of various K-functionals
to derive strong—exact or nearly exact, estimates of the weighted simulta-
neous approximation by the Bernstein operator and certain modifications of
it. We will consider weighted (and, in particular, unweighted) K-functionals
in weighted essential supremum (semi-)norms on the interval [0, 1].

Before we define them, let us introduce some notations. We denote by
|| £l the essential supremum norm of the function f on the interval [0, 1].
When the norm is taken on an interval J C R, we will write | f||;. As
usual, AC¥[a,b], k € Ny, stands for the set of all functions, which are k
times differentiable and along with their derivatives up to order k are abso-
lutely continuous on [a,b]; ACE (0,1) is the set of the functions, which are
in AC*[a,b] for all 0 < a < b < 1 (e.g. the monograph [76] contains the basic
properties of these and related spaces). By ¢ we will denote positive con-
stants, not necessarily the same at each occurrence, which are independent
of the functions involved in the inequalities but the weights.

The simplest K-functional we will use is the one between the spaces
X = Lo[0,1] and Y = W[0,1]. It is given by

Kn(f,t) = _inf {[If — gl +tllg"|l}.

gEW&[O,H
Here, as usual, W2[0, 1] is the Sobolev space
Wm0,1] == {g € AC™10,1] : g™ € Lo.[0,1]}.

If f € C[0,1], it is more natural to take the infimum on C™[0, 1] instead.
On the other hand, we are interested in function characteristics which are
more directly related to the approximated function f. They are called moduli
of smoothness. To define them, we first introduce the difference operator.
The forward difference of f : [0,1] — R with step h > 0 of order m € N,
is given by

(1.1) X;yf(a;): ;(_1)i(i)f(m+(m—i)h), z €[0,1—mhl,
0, v € (1—mh,1].

Similarly, the backward difference is given by

i(—ni(m)f(x —ih), € [mh1],

0, x € [0,mh).

Ay ) =

11



Chapter 1. Basic K-functionals and moduli of smoothness

We will also make use of the symmetric difference, which is defined on
[0,1] by

Ajf@) = ;(‘”Z(z)f (o (5-0)n) o |-
0 otherwise.

The classical unweighted fixed-step modulus of smoothness of order m of
f € Loo[0,1] is then defined for ¢ > 0 by

_>
(1.2) win(f,t) = sup [[A}Ff]|.
0<h<t

Similarly, we can use backward or symmetric differences.
Its basic properties are the following (see e.g. [18, Ch. 2,8§§ 7-8]):

(@) wnlf +9,1) < wnlf,t) +wn(g,1);

(b) winlcf,t) = lelwm(f.t), c€R;

(€) wn(fiAt) < (A4 1)wn(f,1), A >0

(A) walfot) <t f e W0, 1);

(e) It wn(f,t) = O(t™), then f € W20, 1];

(f) wm(f,t) = 0 for all tif f is equal a.e. with regard to the Lebesgue

measure to an algebraic polynomial of degree at most m —1; conversely,
if wy,(f,t) = o(t™), then f is equal a.e. to an algebraic polynomial of
degree at most m — 1;

(g) limy_own(f,t) = 0if and only if f is equal a.e. to a continuous function
on [0, 1].

Johnen [64] (see also [65]) showed that K,,(f,t™) and w,,(f,t) are equiv-
alent, that is, there exists ¢ > 0 such that for all f € L,[0,1] and t > 0

(1.3) clon(f,t) < Kn(f, t™) < cwn(f,1).

We will denote the above relation by K, (f,t™) ~ wp,(f,t). More generally,
we say that ®(f,t) and U(f,t) are equivalent and write ®(f,t) ~ U(f,t) if

12



Chapter 1. Basic K-functionals and moduli of smoothness

there exists a positive constant ¢ such that ¢ 1®(f,t) < U(f,t) < c®(f,1)
for all f and ¢ under consideration.

We will study approximation processes whose approximation rate is better
at the ends of the interval [0, 1]. Thus, in order to get, precise error estimates,
we will need K-functionals and moduli of smoothness, which take this into
account; moreover, we will be interested in approximation in weighted L..-
spaces of functions on [0, 1]. The weight is given by (2.2), that is,

w(x) :=w(y, ;7)== (1 —2)™, 70,7 > 0.

We will make use of the K-functionals:

(1.4) Ko(fit)w = inf  {[lw(f = g)[l +¢|wg™ |}
geACT 1 (0,1)
and
(15)  Kne(f.t)w:= inf  {Jw(f—g)ll +tlwe™g™]},
geEAC]) ™ Lo,1)
where p(z) := /z(1 — z). For the unweighted case w = 1 we set

Km,g&(fv t) = Km,cp(f7 t)l
Similarly to (1.3), we have
(1.6) Ko (£ 8™ ~ w0 (fo ) 0 << 1,

where the weighted modulus of smoothness w,,(f,t),, is defined by
_>m <_m
(1.7) Win ([ )w = sup [[wAY flloa/g + sup [|wAR fll/a-
0<h<t 0<h<t
If vy = 0, we can use the simpler form

_>m
Wm(fu t)w = OS<IItEt ||wAh fH7

and similarly in the case 9 = 0.
In the case w = 1 we will rather use w,,(f,t), that is, we set

Wi (f, )1 7= wm(f, ).

13



Chapter 1. Basic K-functionals and moduli of smoothness

One generalization of the classical moduli, which is equivalent to the K-
functional K, ,(f,t™), was introduced by Ditzian and Totik [23, (2.1.2)]. In
the unweighted case w = 1 it is given by

wi (f.1) = sup AT
0<h<t

Similarly, we can use forward or backward differences (see [23, Section 3.2]).
The generalization of that modulus of smoothness to the weighted case
is more complicated. For v, > 0 it is defined by (see [23, Appendix BJ)

m A m _>m
(18) W@ (f7 t)w = sup ||wAh¢f||[m2t2’1,m2t2] —+ sup HU)Ah f||[0,12m2t2]
0<h<t 0<h<m?2t2

<_
+ sup ||wAhmf”[1712m2t2,1]7
0<h<m?2t2

where 0 < t < 1/(m+/2).

When either 7y or v, are equal to 0, its definition is modified as in the
case of wy, (f,1)w-

We set

Wi (f, 0 = wi (f, 1).

The weighted Ditzian-Totik modulus of smoothness possesses similar prop-
erties like the classical one, which were often established for 0 < ¢t < ¢y with
to > 0 independent of f (see [23, Chapters 4 and 6] and [24]). In particular,
as it was shown in [23, Theorems 2.1.1 and 6.1.1], there exists t, such that

(1.9) Koo (f ™) ~ W2 (fo )y, 0 <t <ty

It was shown in [72, Theorem 2.7] that we can take to = 2/r. A smaller value
of tg was given in [18, Chapter 6, Theorem 6.2].

Earlier, weighted moduli of smoothness, which are equivalent to K-func-
tionals such as K, ,(f,t) with general weight ¢, were introduced by Ivanov
[56, 57, 58, 59, 60]. A modification of the Ditzian-Totik modulus of smooth-
ness was considered by Dzyadyk, Kopotun, Leviatan and Shevchuk [38, 71,
72, 73, 74, 75]. K-functionals such as K, ,(f, ), again with general ¢ were
characterized by the classical moduli of smoothness but taken on certain lin-
ear transform of the function in [34, 36, 37]. All aforementioned results were
established in L,y-spaces with 1 < p < oo and spaces of continuous functions.

14



Chapter 2

Embedding inequalities

We will extensively use embedding inequalities, that is, inequalities for the
norms of intermediate derivatives, in order to simplify estimates or show
that certain integrals are well-defined. Such inequalities are typical for that
setting; see e.g. [8, Lemmas 2, 3 and 4], [23, p. 135], [53, Lemma 2] and [54,
pp. 127-128].

First, we recall the well-known inequality (e.g. [18, Chapter 2, Theorem
5.6])

(2.1) 12N < e (Il + 17" Ns) s 5=0,.00im,

where J is an interval on the real line and f € WZ(J).

Next, we will establish a generalization of [23, p. 135, (a) and (b)] by
means of an argument similar to the one used there. We set

(22> ’ll)(l') = ’ll)(’)/o,’)/l;lC) = 'x’yo(l - l’)fh, Yo, M1 > 0.
Proposition 2.1. Let j,m € Ny as j < m. Let w, = w(7,0,7.1) be given

by (2.2) with v,0,v,1 >0 for p=1,2 and let v5, <y, +m—j forv=0,1.
Let also g € AC"7(0,1) be such that wyg™ € Ly[0,1]. Then

loc
lorg? | < ¢ (Ilgllnyas/a + [lwag™ 1)) -
The value of the constant c is independent of g.

15



Chapter 2. Embedding inequalities

Proof. Let x € [0,1/2]. By Taylor’s formula we have

W=y 107 (+-2)

, 2! 2
=0
+ ; /93 (z — u)™ 7 g™ (u) du.
(m—j—1)! 1/2
Consequently, for « € [0,1/2] we have

m—j—1

(23) x‘r1,0|g(j)(x)| < o Z

=0

m—j—1
gli+d) <%>‘ + Z Yr(x),

where we have set
1/2 A
Yp(x) = ghto / um IR g™ () du, k=0,...,m—j—1.

Clearly, by (2.1), we have

L1 . ,
(24) g(j) (—) ‘ <c (Hg||[1/4,1/2] + ||g( )H[1/4,1/2]) , J=0,....m—1

2

We set x(z) := z. We get for x € (0,1/2]

1/2 '
1/)k($) S $k+71,0/ u—’h,o—k—ldu |’Xm+71,0—Jg(m)||[071/2]
(2.5) R
< _HX’YQ’Og(m)”[O,l/Q]? k:Oa>m_j_ 1a
71,0

as for the second estimate above we have used that o9 < 710+ m — J.
Now, (2.3)-(2.5) imply the inequality

(2.6) X9 012 < e (I9llp/arsz + 11X o.1/2) -

By symmetry, we get

27 Q=" N0z < e (lgllnjzzm + 11— )¢ n/21) -

The last two estimates yield the assertion of the proposition.

16



Chapter 2. Embedding inequalities

For an easier reference, we collect in the next propositions a number of
particular corollaries of Proposition 2.1 and (2.1), which we will use later on.

Proposition 2.2. Letm € N, w := w(~9,71) be given by (2.2) with vo,v1 >
0, p(z) := y/x(1 — x) and g € C[0,1] be such that g € AC;"(0,1).

(a) If we*™g™ € Lo [0,1], then

lwe® gD < e (|Jwg|| + [[we*™g™])), j=0,....m

(b) If wp™g™ € L[0,1], then

lwe?gP|| < e (lwgll + lwe™g™ ), §=0,...,m.

(c) If wg™ € Lo [0,1], then
lwg Pl < e (Jwgll + lwg™ 1), 5=0,...,m.

The value of the constant c is independent of g.

Proof. We need to consider j =1,....m —1, m > 2.

Assertion (a) follows from Proposition 2.1 with w; = we* | wy = we*™

Likewise, to get (b) we apply Proposition 2.1 with w; = w¢’ and wy =
we'.

Assertion (c) with 7o, 1 > 0 follows from Proposition 2.1 with w; = wy =
w, whereas for 79 = 7; = 0 it reduces to (2.1). In order to treat the cases
when one of the weight exponents is positive and the other is 0, we just
need to estimate |27°g")(z)| on [0,1/2], and |(1 — z)" ¢ (z)| on [1/2,1] by
Proposition 2.1, or (2.1) depending on whether v; > 0 or 7; = 0. O

Proposition 2.3. Let r € N, p(z) := y/z(1 —z) and g € C[0,1] be such
that g € ACE71(0,1) and ¢* ¢*) € Lo [0,1].

loc
(a) If r > 2, then ©*¢" € Ly,[0,1] and
28) gl <c(le*d"ll + 19 g® ), i=3,....r+1.
(b) If r > 3, then
g™ < e (lle?g"l + e*g®71), i=2,...,r =1L

17



Chapter 2. Embedding inequalities

The value of the constant c is independent of g.

Proof. To prove (a), we first apply Proposition 2.2(b) with w =1, j = 2 and
m = 2r. Then we use Proposition 2.1 with ¢” in place of g, w; = ¢? and
wy =@, m=2r—2and j =1i— 2 to get (2.8).

Similarly, (b) follows from Proposition 2.1 with g” in place of g, w; = ¢*,
wy =" m=2r—2and j=i+7r—2. O

Proposition 2.4. Let p(z) := \/x(1 —x) and g € C[0,1] be such that g €

AC? (0,1) and ¢°g® € Lo[0,1]. Then ©*g™, ¢*g®) € Lo(9)[0,1] too, as
moreover

(2.9) l?g @1 < e (le'g™@1l + [l 1)

and

(2.10) le*g® N < e (le'g@Il + 1)) -

The value of the constant c is independent of g.

Proof. The assertion follows from Proposition 2.1 with ¢ in place of g,
wy = @20t wy =S m=2and j =0, 1. ]

We proceed to several embedding inequalities, which will enable us to

transfer estimates in terms of the semi-norms ||wp*g"| to such in terms

of the more complicated one ||w(D"g)®||, where Dg = ¢?¢" and ¢(z) :=

/(1 — ). Their proof is based on the following Taylor-type formulas.
Lemma 2.5. Let s € N, and g € AC*T[0,1].
(a) If s > 2, then

g(s)(x) = /01 Ks(x,u) (Dg)(s) (u)du, x€]0,1],

where
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Chapter 2. Embedding inequalities

(b) If s > 1, then

g(8+1)(x) = /0 L(x,u) (Dg)(s) (u)du, x€10,1],

where
us—l
— u<u,
,Cs(l'7 U) = (1 o u)s—l
——— rx<u
(1—a)s

Proof. Assertion (a) is verified by integration by parts. More precisely, we
expand (Dg)® (u) to get

(2.11) (Dg)®(u) = —s(s—1)g" () +5(1 —2u)g" "V (u) +u(1l —u)g"*+? (u).
Next, we evaluate the integral
1
/ Ks(z,u) [s(1—2u)g"* ™ (u) + u(l — u)g"** (u)] du.
0

We get by integration by parts

/OxUSI [s(1 = 2u)g“ ™ (u) + u(l — u)g“* ™ (u)] du

= 25(1 — )¢t (2) — (s — 1)/0 w® g (w) du
= 2°(1 — )¢t (z) — (s — 1)a*g"®(x) + s(s — 1) /Ox w9 (u) du
and

/ (T —w)*~ " [s(1 - 2u) gtV (u) + u(1 — u)gt+? (w)] du

= (1 - 2)'g D (@) + (s — 1) / (1 - u)'g" ™ (u) du

19



Chapter 2. Embedding inequalities

Consequently,
1
/ Ks(x,u) [s(l — 2u)g<s+1)(u) +u(l— u)g(s+2) (u)] du
0

= ¢¥(z) + s(s — 1)/O Ko(z,u) g (u) du,

which, in view of (2.11), completes the proof of (a).
Assertion (b) for s > 2 is directly verified by differentiating the formula
in (a). If s =1, we just have

1 [ , Dg(x "
L [ wgrean=P20 - g
r J, T
and
1 ! / Dg(x) "
1. ) (Dg)'(u) du = = — ., = ().
Hence (b) for s = 1 follows. O

Proposition 2.6. Let r,s € Ny and w = w(yo,71) be given by (2.2) as
0 < v,m <s. Setjs:=11fs=1, and j5 == 0 otherwise. Then for all
g € AC* 5710, 1] there hold

(2.12) [wg"* || < c|lw(D g)P|, j=js,....m,
and
(2.13) [we™ g || < cllw(D"g)P|.

The value of the constant c is independent of g.

Proof. We will establish the assertions by induction on r. In order to verify
them for r = 1 we apply Lemma 2.5 and estimate the integrals in the formulas
in there.

We set

Wy (2) = ! / " (Dg)® () du,
0

Uy(z) :=a"° /01 wH(Dg)® (u) du.
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Chapter 2. Embedding inequalities

and, to recall, x(z) := z. Clearly,
(2.14) [P | < [JwPs.
We will estimate the sup-norm of wW, separately on the intervals [0, 1/2] and

[1/2,1].
For the estimate on [0, 1/2] we use that s—~y > 0 to arrive for z € (0,1/2]

at
|27 Wy ()] < 27070 / w0 du [[x ™ (Dg) ™ 10,12
0
1
— X'Yo Dg (s) 7 .
—— (Do) Vlloe

Consequently,
(2.15) ||X70\I’2||[0,1/2] <c ||w(D9)(S)||[0,1/2}'

Let x € [1/2,1). Since 7 > 0, then (1 —u)™ < (1 —a) " for u € [0, x].
Therefore,

(1= 2) " Uy(a)] < (1 — ) / " w1 — ) dufw(Dg)®)|

< [ w (g
0
1
§— 7

lo(Dg)™.
Thus
(2.16) (1= )" Wl < ¢ X (Dg)|.
Inequalities (2.14)-(2.16) imply
[ < [wPs]| < cllw(Dg)|l.

By symmetry, we get the analogue of the last estimates for the terms

(1-— x)_S“Li/ (1 —u)*"YDg)®(u)du, i=0,1.
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Chapter 2. Embedding inequalities

Thus, we establish that

1
w [ Ko (Dg)u) du| < cu(Dg) ], 52
0

and

< cllw(Dg)?[l, s>1.

w/o Ly(0,u) (Dg)® (u) du

Now, we complete the proof of inequalities (2.12) for » = 1 by Lemma 2.5.

Then (2.13) follows from (2.11). The proposition is established for r = 1.
We proceed by induction on 7, so let us assume that (2.12)-(2.13) are

valid for some r. Then applying (2.12) with Dg in place of g, we arrive at

(2.17) lw(Dg) | < ¢ [w(D™*'g) O, 5= jos....r.

On the other hand, by what we have already shown in the case r = 1, we
have

(2.18) lwg" ) < e w(Dg)U |, j'=0,1.

Let us note that j;+s = 0 because j + s > 2 for j > j,.
Now, (2.17)-(2.18) yield

lwg" | < ellw(D™g) N, j = s+ L.

Thus (2.12) is verified for r + 1 in place of r.
To complete the proof of (2.13), we need to show that

||ws02r+2g(2r+s+2) H <c ”w(DH—lg)(s) ”

In view of (2.11) with 2r+s in place of s, that will follow from the inequalities

(2.19) lw® (Dg)* || < cllw(D™g)®]|
and
(2.20) [we™ gt )| < clw(D"g)||,  j=0,1.

Inequality (2.19) follows from (2.13) with Dg in place of g. To establish
(2.20) we first apply (2.12) with r = 1, we* in place of w, and 2r + s in
place of s and thus get

(2.21) lwp? g+ >+ || < cllwe™ (Dg) ||, j=0,1.
Inequalities (2.19) and (2.21) imply (2.20). O
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Chapter 2. Embedding inequalities

The last inequalities are due to Gonska and Zhou [53, (1), (2) and (4)].
We include them for an easier reference.

Proposition 2.7. For f € C?'[0,1] there hold:

(@) ID"fIL< e (IfIH+ e f201) 5
(b) ll* fEO| < c|lD" £

(c) |Dif|| <c|Dfll, j=1,...,r

The value of the constant c is independent of f.

Actually, Gonska and Zhou [53] stated the assertions above only for al-
gebraic polynomials since that was what they needed, but the same consid-
erations verify them for all functions in C?"[0, 1].

Remark 2.8. There is an elegant Taylor-type formula through which the
embedding inequalities in Proposition 2.7 can be verified.
Let f € ACL,(0,1) be such that

lig% f(z) = liﬁrq f(z)=0 and lim¢*(2)f'(x) = lim *(z)f'(z) = 0.

z—0 r—1

Then
(2.22) f(z) = /0 [zu — min{x, u}]f"(u) du, x € [0,1].

This formula is verified by integration by parts.
If f € ACL (0,1) is such that @*f” € L[0,1], then

f’<x>=f'(1)+ Cpwyd we (0,12

1/2

hence
2 f'(z)] <@

1
7(3)]+2elmal 127 2 € ©.0/2)

and we arrive at lim, o p?(z)f'(z) = 0.
By symmetry, we get lim,_.; ©*(z)f () = 0 as well.
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Chapter 2. Embedding inequalities

Thus, if f € C[0,1] is such that f(0) = f(1) =0, f € AC._(0,1) and
©*f" € Ly|0,1], then formula (2.22) is applicable and yields

) < [ EEEEEE s, o o)

Hence, taking into account that,

"min{x,u} — 2u
) _ _ _ B <
[ e = oga = (1) logl1 — ) Slog2. x € (0.),

we arrive at the inequality

If1l <log2[|Df]|

Iterating it, we get Proposition 2.7(c) for f € C?*~2[0,1] such that f("=2 ¢
ACL (0,1).

Formula (2.22) can be extended. Let r € Ny and f € C* 2|0, 1] be such
that f? =2 ¢ AC} (0,1) and f(0) = f(1) = 0. Then

loc

(2.23) f(x) :/0 K. (x,u)D" f(u)du, =z €[0,1],

where the kernel is defined by the recurrence relation

ru — min{x, u}

Ki(z,u) = ()

1
. K (z,u) ::/ K;(z,v)K;(v,u) dv.
0

This kernel possesses various properties. They include the symmetries
Ki(z,u) = K;(u,z), K;(z,u)=K;(1-2z,1—-u)

and the relation 2K

2 Jjt1
¢ () 52
However, its explicit form is quite complicated even for j = 2. So it is easier
to verify Proposition 2.7 (a) and (b) by the method used by H. Gonska and
X.-1. Zhou rather than by (2.23).

(z,u) = Kj(z,u).
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Chapter 3

Weighted simultaneous
approximation by the Bernstein
operator

3.1 Background

As it follows from a result due to Voronovskaya [99], the Bernstein operator
(0.1) cannot approximate a function with a rate faster than n~' unless it
preserves it. To recall, Voronovskaya’s classic result states (see e.g. [18,
Chapter 10, Theorems 3.1 and 5.1])

: ZL’(l — CL‘) " :
(3.1) nh_{](r)lon (Bnf(x) — f(x)) = Tf (z) uniformly on [0, 1]
for f € C?[0,1].

This is known as saturation of an approximation process (see [13, Defini-
tion 12.0.2], or [18, p. 336]). Thus the sequence of approximating operators
{B,}52, is saturated, as its saturation rate is n='.

Relation (3.1) shows that the differential operator which describes the rate
of approximation of B, (up to a constant multiple) is D f(x) := ¢*(z)f"(x)
with p(z) := \/z(1 — x). A quantitative description of this rate is given by
(see (0.3)-(0.4))

(3.2) |Bof — fIl ~ w2(f,n™%), n>mn,

with some ng € N, , which is independent of f € C0,1].
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operator

It is known that the derivatives of the Bernstein polynomial of a smooth
function approximate the corresponding derivatives of the function (see [18,
Chapter 10, Theorem 2.1]). Loépez-Moreno, Martinez-Moreno and Munoz-
Delgado [77] and Floater [40] extended (3.1), showing that for f € C**2[0, 1]
we have

(3.3) limn ((an(a:))(s) - f(s)(x)) ! (Df(x))®  uniformly on [0, 1].

n—o0 o 5
Hence the differential operator that describes the simultaneous approxima-
tion by By, is (d/dx)*D. Results about the rate of convergence in (3.3) were
established in [46, 47, 52].
The first quantitative result for the simultaneous approximation by means
of B,, was given by Popoviciu [87] (or see [12, p. 232]). It states

B s 3+ 24/s s 1 s(s —1 5
I8u) = 191 < 20 (10, == )+ g0, s

Numerous improvements of this estimate have been established since then
(see [6, 40, 44, 67, 69, 92] and [12, Section 4.6]). Approximation in Holder
norms was considered in [49, 50], and in the uniform and the Hausdorff
metrics in [88, 89].

To the best of my knowledge, all but one estimate established previously
(see Remark 3.6 below) use the classical fixed-step modulus of smoothness
of first and second order. The estimates we will prove use the Ditzian-Totik
modulus and take into account that the approximation is better near the
ends of the interval, besides we consider approximation generally in weighted
spaces. Moreover, we also establish matching converse inequalities, which
show that the direct estimates are sharp. A point-wise direct inequality,
which demonstrates that the approximation improves near the ends of the
interval was established by Jiang [61] (or see [12, p. 237]), who proved for
the first derivative that

/ ’ 13 , 2p(z) ;o1
(Buf(@) = £ < o (17228 ) il

We consider simultaneous approximation by B, with the Jacobi weights
(2.2):
w(r) = w(y,71;7) =21 —2)", z€l0,1],

where vg,71 > 0.
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3.2. One elementary result

To characterize the rate of the simultaneous approximation by B,, we
will use the K-functional

K2 (ft) = inf  {Jlw(f—g®)|+t|w(Dg)||}.

geCs+2[0,1]

However, we will not directly relate this K-functional to the norm of the
error ||w(B,f)® — ). It is much easier to establish estimates in terms of
the norms of the components into which (Dg)®) expands and then making
use of certain embedding inequalities we can get to estimates in terms of
|lw(Dg)®||. That will allow us not only to avoid some technical difficulties,
but also to derive characterizations of |w(B,f — f)®| both by the more
natural K-functional K”(f,t), and by the more useful ones K» ,(f,t), and

Ki(f,t)w.

3.2 One elementary result

We begin with one direct estimate of the sup-norm of the error of simultane-
ous approximation by B,,, which is quite straightforward to get. We include
it here because it is based on a neat representation of the derivatives of
the Bernstein polynomial. Its shortcoming, however, is an additional factor,
which appears with this derivative and depends on n.

In all our considerations, ¢ denotes a positive constant, not necessarily the
same at each occurrence, which is independent of the approximated function
and the order of the approximation operator.

Theorem 3.1. Let s € N.. Then there exists ng € Ny with ng > s such
that for f € C*[0,1] and n > ny there holds

n®(n — s)!

(B ) = f©

<c (wi(f(s), _1/2) + w (f( s) n_l)) )

n!
The value of the constant c is independent of f and n.

Proof. 1t is known (see [83] or [18, Chapter 10, (2.3)], [23, p. 125]) that for
n>s

(3.4) (Baf)(2) ,Z " ( )pn (o).
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operator

We set

n—s

n

ZAjS,nf( ) =n A1/nf(
Then by (3.4)

n®(n — s)!

x), x € [0,1].

(55) (B ) @) = BuaDan)@), € [0,1]
Hence
O (B ) — O = 1 Bucs(Daf) — 1)

<1Bu-s(Danf) = Bas(F) + | Baes (1) = £
< Donf = U+ 11Bans (1) = £
By virtue of (0.3), we have
(3.6) [Busol£) = FO < cal(F9,n712), 1> o,

where ng € N, is independent of f.
To estimate | D, f — f)| we use that the finite forward difference of
order s of f € AC* ![a,b] can be represented in the integral form

(3.7) s f(z / M(u/h)f(z +u)du, = € [a,b— sh],

where M; is the s-fold convolution of the characteristic function of [0, 1] with
itself (see e.g. [18, p. 45]). Consequently,

~ s/n _
Dg,f(z) = n/o M (nu) f©) (nn 5 x—}—u) du, z€[0,1],

and

Above we have used that

/08 M. (u) du =

Now, (3.6) and (3.8) imply the assertion of the theorem. O
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3.3. A characterization of the rate of the weighted simultaneous
approximation by the Bernstein operator

Remark 3.2. Based on Ditzian [20], Jiang and Xie [62] (or see [63, (16)])
gave a pointwise version of the estimate in Theorem 3.1.

3.3 A characterization of the rate
of the weighted simultaneous approxima-
tion by the Bernstein operator

We will establish the following direct estimate of the rate of simultaneous
approximation by the Bernstein operator.

Theorem 3.3. Let s € Ny and w := w(vy,7) be given by (2.2) as 0 <
Yo,71 < 8. Then for all f € C[0,1] such that f € AC:1(0,1) and wf® €
L[0,1], and all n € N, there holds

(3.9) lw(Baf = AP < K2 (£, 07
The value of the constant c is independent of f and n.

This estimate can be simplified. The K-functional KP(f,t), can be
characterized by the simpler Ki(f,t), and Ks,(f,t), given in (1.4) and
(1.5). We will show in Theorem 4.4 in the next chapter that if 0 < 79,71 < s,
then for all wf € Ly[0,1] and 0 < ¢ <1 there holds

D KQvW(fvt)w+K1(f>t)w’ s=1,
Koo(fitho +tlef], 522

The result in the case w = 1 is of a different form (Theorem 4.5):

D KQ,‘P(f?t)—i_Kl(fat)a 3217
(3.11) K (f ) ~
Kauo(f, 1) + Ka(f,t) + ]I fl, s=2

for all f € C[0,1] and 0 < ¢t < 1. The characterization of K”(f,t),, in the
case when one of the s is 0 and the other is positive is a “mixture” of (3.10)
and (3.11).

Remark 3.4. Let us note that the assertion in (3.10) in the case s = 1
actually holds for all 0 < 79,71 < 1, as it will be briefly shown in the proof
of Theorem 4.4 in Section 4.7.
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operator

Further, we can take into account that Ki(f,t), is equivalent to the
weighted modulus of smoothness wy (f,t),, and Ko ,(f, ), is equivalent to
the weighted Ditzian-Totik modulus of smoothness w?(f, %), (see (1.6) and
(1.9)) to get the following Jackson-type estimates.

Theorem 3.5. Let s € Ny and w := w(vy,71) be given by (2.2). Then for all
f € C[0,1] such that f € ACE 1(0,1) and wf® € Ly[0,1], and all n € N,
there holds

Jw(Baf — )@

(w?o(flvn_l/2>w +W1(f,,n_1)w, § = 17 0 S Y0, V1 < 17
— S —_ 1 S
<c w?a(f(S)an 1/2)+W1<f( ),TL 1)+El|f()“7 s2>2, ’70:71:07
1
(W (£ )+~ Ju fO, $22,0<70,7m <.

The value of the constant c is independent of f and n.

Note that the direct estimates are stated for all n € N, whereas the
equivalence between Ky ,(F, %) and w2 (F,t) was established for ¢ > 0 small
enough (see (1.9)). We will give brief details how we can get rid of this
limitation when we consider the generalization of the Bernstein operator
given by its iterated Boolean sum in Theorems 4.7 and 4.8.

Remark 3.6. Jiang and Xie [62] (or see [12, Theorem 4.57]) proved a point-
wise direct estimate, which implies the estimate in Theorem 3.5 in the case
5>2, 79 = = 0. It also follows from Theorem 3.1.

Remark 3.7. The range of 7y and ~; in Theorems 3.3 and 3.5 is the broadest
possible, which allows direct estimates under natural assumptions on the
functions (see Remark 3.15 below).

The direct estimates stated above are sharp—the following strong con-
verse estimate holds.

Theorem 3.8. Let s € Ny and w := w(y,71) be given by (2.2) as 0 <
Y0,71 < S. Then there exists R € Ny such that for all f € C[0,1] with
f e ACE 1 0,1) and wf®) € Ly[0,1], and all k,n € N, with k > Rn there
holds

KsD(f(S)unil)w S c

SIS

(lw(Buf = HN + lw(Brf = H]) .
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3.4. Auxiliary identities for the Bernstein operator

In particular,

KP2(f9,n ) < ¢ (lw(Buf = NN+ w(Baaf — P -
The value of the constant c is independent of f, n and k.

Remark 3.9. Let us note that the last estimate in Theorem 3.5 is, in general,
not true in the case s > 2, 79y = 0. To avoid certain technical details we
will show that for 79 = 71 = 0. Let f©)(2) = zlogz. Then f(), % f+2) ¢
Loo[0,1] but fG&+) & L [0,1]. If the last estimate in Theorem 3.5 was true
for s > 2, 79 = 71 = 0, then the last assertion of Theorem 3.8 and (3.11)
would imply K;(f®),n™') = O(n™'); hence fG+Y € L[0,1] (see Chapter
1 or [18, Chapter 2, Theorem 9.3 and Chapter 6, Theorem 2.4]), which is a
contradiction.

Remark 3.10. We have stated Theorems 3.3, 3.5 and 3.8 under mini-
mal assumptions on f. However, we have an approximation if and only
if lim,_.¢ wi(f(s), t)w = 0 and, in addition, lim,_,ow;(f*), %), = 0 in the cases
s=1,0<v 7 <lors>2 v = =0. In the case w = 1, we have
lim;_,owi(g,t) = 0 if and only if g € C[0,1]; similarly lim,_,ow?(g,t) = 0 if
and only if g € C[0, 1] (considering two functions which are equal a.e. with
regard to the Lebesgue measure as identical); see [23, p. 37]. If 79 > 0, then
we must have that g(z) is continuous on (0,1) and lim, o 2"g(x) = 0; if
v1 > 0, then we must have lim,_,;(1 — )" g(z) = 0 (see e.g. [35, p. 94]).

In the following two sections we will establish a number of auxiliary results
we need to prove the theorems stated above. Some of this results are of inde-
pendent importance since they describe the approximation rate for smooth
functions. They include Jackson- and Voronovskaya-type inequalities. The
proof of Theorems 3.3 and 3.8 are given in Section 3.6

3.4 Auxiliary identities for the Bernstein op-
erator

In this section we will present several technical results for the Bernstein
operator, which we will use.

Direct computation yields the following formulas for the derivatives of
the polynomials p,,x, k = 0,...,n (see e.g. [18, Chapter 10, (2.1)]):

(3.12) p;k@) = ”[Pn—l,k—1($) - Pn—l,k(ﬂf)]
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and

(3.13) Pri(@) = 072 (@)(k — na)pas(2),

where we have set for convenience p,, =0if £ <0 or k > n.
For a sequence {ag }rez we set Aay, := ar—ag_;. Now, if we put pg(n, x) =
Pnk(x), then iterating (3.12) we get

(s) n'

(3.14) Poy(w) = (=1)° F A’pr(n — s, ).

(n—s)!
Similarly, using (3.13), it is verified by induction that (cf. [23, (9.4.8)])

S

k(@) = o (@) pus(@) Y _(k—na) D au(@) (ne’(@))"

=0 0<i<(s—3)/2

where ¢ ;;(x) are polynomials, whose coefficients are independent of n. Re-
arranging the summands, we get

315) PO = o @ pusle) 3 (02@)' Y ugule) (k — nz).
0<i<s/2 =0

We will often use the quantities

n

The(x) = Z(k — nx)epn,k(:v).

k=0

It is known (see [18, Chapter 10, Theorem 1.1]) that

(3.16) Too(x)= > toy(x) (np’(@))”, €N,

1<p<e/2

where ¢, ,(x) are polynomials, whose coefficients are independent of n.
In particular (see e.g. [18, p. 304] and [79, p. 14]),

Tho(x) =1, T,i1(x)=0, T,ox)= n?(x),
(3.17) T3(7) = (1 — 22)np*(2),
Toa(x) = 3n°¢*(x) + n?(2)(1 - 6¢°(2)).
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Identity (3.16) implies (see also [23, Lemma 9.4.4]) that

2 2 <

(3.18) 0< Thom(z) <cd ¥ 556)’ - ”902(‘7”) =
(n*(@))™, ne*(z) >

Let a > 0. We fix m € N, such that 2m/a > 1. Then Hélder’s inequality,
(3.18) and the identity > ;_, pnx(z) = 1 imply

L,
1.

0< Y [k —nalpoi(z) < Toha™ (x)

n,2m
(3.19) h=0
_ ng*(z) <1,
C
T (02 (@), ng?(x) > 1.

We will need the analogue of T;, ;, associated with the differentiated Bern-
stein polynomial. We set

k=0
The following formula, similar to (3.16), holds.
Lemma 3.11. Let ¢,n,s € N,. Then

Tona(e) = Y Tyttt (@) (@),

1<p<(€—s)/2

where tgy,(x) and tyy,(z) are polynomials, whose coefficients are indepen-
dent of n.

Above we follow the usual convention that an empty sum is considered
to be equal to 0.

Proof of Lemma 3.11. Let £ > 2. We apply (3.15). Then we sum on k, use
(3.16) and finally reorder the summands to get

s—21
Tspo(z) =n’ Z (ngpQ(aj))%s Z 0s..i(2) T je(T)
0<i<s/2 =0

=t Y tale) (@) T

0<i<s/2 1<p<(s+£—2i)/2
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where we have set

s—21

toieo(®) = D qua(®) tisep(x).

j=max{0,2p—¢}

Let us note that ¢, ¢ ,(z) are polynomials, whose coefficients are independent
of n.
Consequently,

Tspni(z) =n° Z tsep(2) (np?(2))”

1—s<p<(€—s)/2

with some polynomials ¢, ,(z), whose coefficients are independent of n. To
get the assertion of the lemma for ¢ > 2, we need only take into account
that the left-hand side of the last identity is a polynomial in x; hence so is
©*(2)ts0,(x) for each negative p. Here we also use that 5, ,(x) are inde-
pendent of n.

Minor changes in the above argument establish the lemma for ¢ = 1
too. O

We proceed to several identities concerning the derivatives of the error
of the Bernstein operators. We will use them to establish Jackson- and
Voronovskaya-type estimates. We denote the set of the algebraic polynomials
of degree at most j by ;.

Lemma 3.12. Let s € Ny, f € C[0,1], f € AC1(0,1) and p*+2f(+2) ¢
L[0,1]. Then

(320) (Buf(@) = F@) = % Auuf @)+ Bunla) ()

1 n ®) k/n k s+1 (s12)
+ (s+1)! an,k(l")/ (g —U) [T (w) du, 2 € (0,1),
T k= x

where

and as, and by, (x) are respectively constants and linear functions, which are
independent of n.
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Above we again use the usual convention that an empty sum is zero. Note
that the order of the derivatives on the right of (3.20) is at least max{2, s}.

Proof of Lemma 3.12. Let us make two observations that will justify our
usage of Taylor’s expansions, integration by parts and induction on s below.
First, if f € ACZ(0,1) and ¢??+2f(e+2) ¢ L]0, 1] for some ¢ € N, then

loc
(3.21) ©? foD e Lo, 1].

That follows from Proposition 2.1 withp=1,¢9g=f, j=0c+1, m =0+ 2,
w; = ©*° and wy = P72,
Further, using the representation

W) = o 1 (5) o) [ e

1/2
—/ v () du,  we (0,1),

we deduce that lim, oo u’ £ (u) exists as a finite limit. Moreover, if we
assume that it is not 0, then we will get that u?|f+Y (u)| > C/u for u € (0,0)
with some positive constants C' and d, which contradicts % f*+1 € L]0, 1].
Consequently,

(3.22) ugloi}ro u T () = 0.

By symmetry, we get
(3.23) lim (1 —u)" e (u) = 0.

u—1—-0

Let us proceed to the proof of the lemma. We will establish it by means
of induction on s. To check it for s = 1 we note that by (3.21) with o = 1 we
have p? f” € L[0,1] and we can expand f(t) at x € (0,1) by Taylor’s formula
to get

F(t) = F() + (¢ —2)f'(z) + / (t—u)f"(u)du, t€[0,1]

Then we apply the operator B,, to both sides of the above identity, take into
account that it preserves the linear functions and arrive at

(3.24) By f(x) — f(x) = ipn,m) / . (E - u) £"(u) du.
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We differentiate (3.24), integrate by parts as we take into account (3.22)-
(3.23) with 0 = 1 and use (3.13) and (3.17) to derive

1 " e
(Bnf(x) = f(2)) = == Tha(x) f"(z) + i () ——u | f"(u)du
; Sora [ ()

Thus the lemma is verified for s = 1.

Next, let us assume that the assertion of the lemma is true for some s and
let f € C[0,1], f € AC:?(0,1) and @2+ f(+3) € L[0,1]. Then by (3.21)
with ¢ = s + 1 we have ©***2f(+2) ¢ []0,1]. Therefore, by the induction
hypothesis, formula (3.20) is valid for that s. We differentiate it and integrate

by parts using (3.22)-(3.23) with o = s+ 1. Thus we arrive at

(Baf (@) = f(2))*) = (As wt By (@) fo ()

+oB, n(x)f(5+2)(w)

(3.25) ) £ <_ - x) A

s+2
,Z o (Ee) e
n /n s+2
' Z s+1) / (% _ u) f(s+3) (u) du.

According to the induction hypothesis the expression Ay, = As, + Bg,n ()

is of the form Zf;g as41, "7 with some constants asi;,, which are inde-
pendent of n.

Let us denote by Bsyi,(7) the factor of 2 (x)/n in the expansion
(3.25). From the induction hypothesis and Lemma 3.11 with ¢ = s+ 1 it
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3.4. Auxiliary identities for the Bernstein operator

follows that it is of the form
(3.26) Byiin(z) =Y bepru(z)n™,
v=0

where bs11, () are polynomials, whose coefficients are independent of n. To
show that they are of degree 1, we set in (3.25) f(x) = x*T2. We get

Agiin(s+2)! s+ 2)!
(Buf(a) - fla)) i) = Aot BH D, o 12)

n n
Since B, f € ms12, we deduce that Byi1, € m; hence bsi1, € m because
their coefficients are independent of n.

This completes the proof of the lemma. O]

Lemma 3.13. Let s € Ny, f € C[0,1], f € ACfngQ(O, 1) and 8025+4f(s+3) c
L[0,1]. Then

Bs+1,n<x)'

(s) ~ .
(an(x) - f(LC) — i Df(;c)) _ 1 A&nf(s)(x) 4 % Bs,n<x)f(8+l)(x)

2n n2
+ LG @)+ — 3 ) / T e
n2 " (s +2)! & ok . n ’
z e (0,1),
where

_ s—3 _ s—2 B _ s—1
Asn = dsun_ya Bsn(-r) = bs V(m) n—u7 Cs n(x) = 6s 1/(33) n-"

v=0 v=0 v=0

and as,, bs,(x) and ¢, (x) are polynomials of degree respectively 0, 1 and 2,
whose coefficients are independent of n.

Let us note that the order of the derivatives on the right of the formula
in the lemma is at least max{3, s}.

Proof of Lemma 3.13. We verify the lemma just similarly to the previous
one.

To check it for s = 1 we apply (3.21) with o = 2 and get ¢*f” € L0, 1].
Then

F(6) = S@)+ (=) f @)+ (2P @)+ [ (P e (0,1
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We apply the operator B, to both sides of the above identity, take into
account that it preserves the linear functions and also that T, (z) = ny?(z)
(see (3.17)) and arrive at

k/n 2
(3.27) Buf ()~ f(2)—5- Df(x ank [ (E-u) owa
We set

(3.28) Vaf(@) = Buf(z) = f(z) = 5~ Df(x).

We differentiate (3.27), integrate by parts, taking into account (3.22)-(3.23)
with ¢ = 2, and apply (3.13). Thus we arrive at

n k/n 2
o) (@) = = @£+ 5 3 ple) [ (£ =) 9y a
k=0 z
_ L ((:0_2(35) Tn,4(l‘) . 3Tn,2<$)) f(3) <$>

n
I Kk ? @
gt [ () e

To complete the proof for s = 1 we apply (3.17), which yields

p*(x)

Ta(w) — 3Thao(z) =1 — 6¢%(2).

Next, let us assume that the lemma is valid for some s. Let f € C]0, 1],
fe ACS“(O 1) and **6 f+4) ¢ [0, 1]. Then by (3.21) with 0 = s + 2 we

loc

have >4 f(+3) ¢ L]0, 1]; hence the formula of the lemma is true for that
s. We differentiate it and integrate by parts as we use (3.22)-(3.23) with
0 = s+ 2. Thus we arrive at

V) = =5 (Aot By()) £440(0)
¥ 5 (Bunla) +C(a)) £72)
L (@,n(x) + ﬁsm(x)) FE ()

n2
1 n k/n s+3
i@ [ (5 ) e

+ -
| n,k
(s +3)! — n

(3.29)
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where we have set

Bunte) - 2 (ipf;m (5-=) )

k=0

The induction hypothesis implies that the factors of fG+V(z) and fG+2)(z)
are of the stated form. To establish that for the factor of f+3)(x), we use
Lemma 3.11 with ¢ = s + 3 to deduce that

Dyn(z) =Y dy(z)n™"
v=0

with some polynomials czs,l,, whose coefficients do not depend on n. Conse-
quently, if we set

Cs—i—l,n(x) = Cs7n($) + Ds n(x)a

)

then

Os—&-l,n(x) = 65-&-1711(95) n

with some polynomials ¢s;1,, whose coefficients do not depend on n. To
prove that they are of degree 2, we set f(x) := x°*3 in (3.29) and argue as
in the proof of Lemma 3.12. O]

3.5 Basic estimates for the simultaneous ap-
proximation by the Bernstein operator

In this section we will establish the basic inequalities which imply the char-
acterization of the error of the simultaneous approximation by means of B,.
We use techniques, which have already become standard for this set of prob-
lems (see e.g. [23, Chapters 9 and 10]). To establish the converse estimate
we apply the general method developed by Ditzian and Ivanov [22, Theorem
3.2]. These methods allow us to establish both, the direct and the converse
estimate, by means of several other basic estimates concerning the approxi-
mation properties of the operator.
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3.5.1 Boundedness

We begin with the following basic estimate concerning the boundedness of
the weighted Lo,-norm of (B, f)®

Proposition 3.14. Let s € N, and w = w(yo,71) be given by (2.2) as
0 < 9,m < s. Then for all f € C[0,1] such that f € ACE'(0,1) and
wf®) € Lo[0,1], and all n € N there holds

lw(Ba )N < elwf].
The value of the constant c is independent of f and n.

Proof. The inequality is trivial for n < s. For n > s we use (3.4), which
states
( nf)S) |Z 1/n < )pn sk(x)
and (3.7) in the form
/M N+ hu)du, x€[0,1— sh],

to get by Holder’s inequality the estimate

— k wn

where

(k+s)/n
(3.31) Wy g = n/
k/n

M(nu — k)

w(u)

du.

Relations (3.4) and (3.30) yield
(3:32)  |w(@)(Buf)(x)] < cul ankpn o (@) 10 e, (4-5) /-

We will show that the right-hand side of (3.32) is bounded above by ¢ |[w f®||.

Due to symmetry it is sufficient to consider only the summands for k£ =
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0,...,[(n—s)/2] on the right-hand side of (3.32). Indeed, for w(z) = w(l—x),
f(z) = f(1 —z), and Wy, defined by (3.31) with w in place of w, we have

RS A e I [

(3.33) ; L
[w sy /mm—ry /) = N0y (h5) ]

as for the first relation above we have taken into account that M(s — u) =
M;(u). Consequently, with y = 1 — x we have

(3.34) Yo Wk Pams(@) [0 s m
(n—s)/2<k<n-—s

= Y @k Pk W) 10T )l
0<k<(n-9)/2

Thus it is sufficient to consider only the summands for £ =0,...,[(n —s)/2]
on the right-hand side of (3.32).
It is known that

0< My(u) <clu(s—u)]*™", 0<u<s.

Hence the assertion follows for n = s.
Let n > s. We have

M (nu) <en™ (nu)* 7t we (0,s/n),
w(u)
and
MS(Z/ELU)— k) <en®k7 welk/n,(k+s)/n], 1<k<(n-—s)/2;

hence, under the assumptions on vy, we get

Yo
(3.35) w"”“gc(k;L) . 0<k<(n—s)/2.

Inequality (3.35) and Hoélder’s inequality imply
[(n—s)/2]

n—-s n 70
n n—s < n—s
; W, Pr—s () c; (k;+ 1) Prn—s.i(T)

<c <:2:§ (k: i 1)spn—s,k($)>

(3.36)

Yo/s
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There holds (see [23, (10.2.4)])

(3.37) i (k n 1)spn,k(:c) <ca, ze(01]

k=0 T
Consequently,
(n—s)/2]
(3.38) Z Wk Psi(z) < ¢, z€[0,1].

Now, (3.32), (3.34) and (3.38) imply the assertion of the proposition for and
n>s. []

Certain particular cases of the proposition have been established before—
e.g. [23, (9.3.7)] contains it with w = p** and s = 2/.

Remark 3.15. The range of vy and v, in the proposition above cannot be
generally expanded even for a fixed n unless we impose additional assump-
tions on f. This means that the range of the s cannot be expanded in
Theorems 3.3 and 3.5 either because each one of them implies the inequality
in Proposition 3.14.

We will consider only the case s = 1. Analogous arguments can be used
for s > 2.

If 49 < 0, then since (B, f)'(0) = n(f(1/n)—f(0)) (see (3.4)), the function
f has to satisfy quite restrictive and specific assumptions in a neighbourhood
of 0.

Let 7o > 1. We consider the functions f,,(z) := In(x + 1/m), x € [0, 1],
m € N,. We have f,, € C'[0,1] and 0 < 270 f! (z) < 1, for all z € [0,1] and
all m. On the other hand, since f,,(z) is increasing, (3.4) yields for

o (1) o5t (3 a 1)
>n2!™" {fm (%) — fm(O)]

= n2'""1n (T + 1> — 400 as m — 400,
n

for any fixed n. Therefore, the assertion of Proposition 3.14 is not valid for
Yo = s=1
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3.5.2 Jackson-type estimates

Now, we will establish Jackson-type estimates for the operators (B, f)®. We
will use the following technical result.

Lemma 3.16. Let o, 5,9 € R be such that 0 < o, 5 < §. Set~ := min{a, 8}.
Then for x,t € (0,1) and u between x and t there holds

Proof. For u between t and z such that z,t € (0,1) we have the inequalities:

(3.39) |t—u|<|t—x|7 |t—u|<|t—a:|

u Tz l—u — 1—2z2

The first one is checked directly and the second one follows from it by sym-
metry.
Next, we will show that under the same conditions on z, t and u we have

|t — ul* lu—1] |t — x| 0> 0.

40 L—wp =5 G- 7

To establish that we raise each of the inequalities in (3.39) to the power of u
and sum them up. Thus we arrive at
LT+ (1-— x)“.
[z (1 — )]
To get (3.40), it remains to observe that min{1,2'"#} < z# + (1 — 2)* <

max{1,27*} for z € [0, 1].
Further, we set 4 := max{«, f} and

o) = {”7 .

1—z, [B>a.

12 _ 12

T

Now, to prove the lemma we need only multiply the inequalities:

|t —u|” ly—1] |t — |
[u(l —w)]” — [2(1 =)’

(3.42) <|t¢zu;b|)‘/—v . (%)&_7

(3.41)
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and
(3.43) It — w7 < |t — 27,

Inequality (3.41) is (3.40) with g = v > 0, (3.42) follows from (3.39) and
v <4, and (3.43) from 4 < 4. O

Proposition 3.17. Let s € N, and w = w(7yo,71) be given by (2.2). Set
s = max{2,s}. If 0 < y9,71 < s, then for all f € C[0,1] such that f €
ACETH0,1) and w ) wp? f6+2) € L [0,1], and all n € Ny there holds

loc

B44)  JwBaf = HO < = (lof ) + w42 )

If voy1 = 0 and still 0 < o, 71 < s, then
(345)  Jw(Buf = HON < = (Jwf Ol + fwf D + fuwgf2))

provided that wfC+Y € L[0,1] too.
The value of the constant c is independent of f and n.

Proof. First, let us note that if 79,71 > 0, the assumption wg?f¢+2 €
L.[0,1] implies w f(s € Ly[0,1]. This follows from Proposition 2.1 with
Wy = w, wy = w?, j =5 and m = s+ 2.
The proof of the proposition is based on Lemma 3.12. Since wp?f(+2) ¢
Loo[0, 1], then ?+2f(+2) ¢ [_[0,1]; and hence the lemma is applicable.
We will prove that if 0 < 79,71 < s, then for all f € C[0,1] such that
f e ACETH0,1) and wf) wfEHD we? f5+2) € L [0,1], and all n € N,

loc

there holds

(346)  llw(Baf = NN < = (I f + s )| + g +2]))

:In

That contains, in particular, (3.45), and estimate (3.44) follows from (3.46)
and the inequality

lwof D) < e (o f S + g 2]))

which is established by means of Proposition 2.1 with g = f©), j = s—s'+1,
m=s—s +2, w; =w and wy = we>.
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Let us set

Ry nf(x) o Z / (S - u) - FED(y) du.

We will show that
(3.47) |wRsnfl < — (wa CHUN + lwe? )

which verifies (3.46) in view of Lemma 3.12.

In order to simplify our argument, we will consider two cases for the
domain of x.

Case 1. Let np?(x) > 1. We make use of (3.15) and Lemma 3.16 with
d=s+1,a=7+1and § =7 + 1 to get

(3.48) |w(z) Renf ()]

s—21 n
& 1 :
< E Z (ncp z s— Zzpnk n$|5+]+2”w802f(5+2)u-
0<i<s/2 §=0 k=0

Further, we apply estimate (3.19) and get

=21 n
(3.49) Z (ne®(x Z - IZank — |2
0<i<s/2 =0 k=0
s—21
<e 303 (ng?) T <,
0<i<s/2 j=0

as at the last inequality we have taken into account that n¢?(z) > 1 and
2i+7—5<0.
Now, (3.48)-(3.49) imply

c
(3.50) lwRsnflir, <~ lw? FE+2,
where [,, == {x € [0,1] : n*(z) > 1}.

Case 2. Let np*(z) < 1. Due to symmetry, we may also assume that

x < 1/2. Therefore, x < 2/n. By means of (3.14) and Abel’s transform we
derive for n > s the relation (cf. (3.4))

1 nl e=— k
_ A EY po
Rs,nf(ff) (S T 1)| (n — S)' kz:% l/n""s,w (n> Pn s,k(l')a
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where we have set

Consequently,
(3.51) |lw(z)Rsnf(x)| < cn® max S w(z)r bt Pr—sk(T).
. = =005 £ "\ n e

Just as in Case 1 we estimate r;,(t) by means of Lemma 3.16 and get

weyres ()] < e

Next, we observe that for kK > 1and¢=0,...,s wehave k+1+1> 2 > nx.
Therefore for n > s there holds

k+i ot

2
(3.52) lwe® 2.

— X

n—s k —|—Z s+2 x n—s—1
: 5+2
Z — Pr—s k() < - Z k4+i+1—nz|*“pp_s_1x(x)
k=1 k=0
cx n—s—1
= Nt (1 + Z (k+i+1-— na:)5+2pn_s_1,k(as)>
k=1

n—s—1
cCT s
< (1 + Y (k+s+1—nz) +2pn_5_17k(:p)> ,

k=1
Further, we use the binomial formula to represent (k + s+ 1 —nx)*™2 in the
form
(k+s+1—ne)*? = (k—(n—s— 1]+ (s + 1)(1 —2)])""
s+2

=3 (5 - s = Dl + 1 - o

Consequently,

”2_:8 k:z‘_x

k=1

s+2
pn—s,k(x>

s+2 n—s—1

<—5 (1 D ks 1>x|ﬂ'pn_s_1,k<x>>

§=0 k=1

CcXx
— n5+1’
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where at the last estimate, we applied (3.19). Consequently, by (3.52) we get

n—s

2.

k=1

k+1

w@wkz(

c .
)| prcal) < g, =0,
hence we arrive at
-— k+i
Z WTso Pn—sk
n
k=1

where I! := {z € [0,1/2] : np?(z) < 1}.
It remains to estimate the terms for k£ = 0 in (3.51). First, we observe
that by (3.52) with & =i = 0 we have

C
<
— ns-i—l

(3.53) lwe? FEH2,i=0,...,s,

17,

[w(@)rse(0)] < ca™ (@) (2) ) (2)] <

< 2w

hence

(354) ||w 7”370(0)”[/ <

e |

To estimate w(z)r,.(i/n) for i = 1,...,s, we expand (i/n — u)*™ by the
binomial formula and get
s+1

o [otars (1)) < 22232

j=0

/ (nu)? &2 (u) dul .

Further, taking into account that in the case under consideration we have
nr <2, we get fort =2,...,s and n > s but not ¢ = n = s the inequality

0 c o/(e+D) (s+2)
e (1) < o [0 1l

Consequently, if vy > 0, then

(3.56) ers,o (%)

fori=2,...,sand n > s but not : =n = s.

¢ 2 p(s42)
< O gt

I,
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For 79 > 0,7 = 1, n > s but not n = s = 1 we split the interval I},
into two intervals. On [0, 1/n] (note that n > 2), the same considerations as
above yield

(3.57) ers,o (%)

Let us denote the right end of the interval I], by z,. We have z,, < 2/n.
Then for z € [1/n, x,] there hold

C
- ns—i—l

lwe? FE2.

(0,1/n]

/ |42 ()] du < C"WH/ [w(w)e? () f2 ()| du < ca™ g fEH2).
1

/n 1/n

Consequently, we have for z € [1/n, ;)]

o [ 15 ) du < g ),
1

Thus, in view of (3.55), we have established

C

1
(3.58) Hw Ts,0 (—) < — |wp? e
n [1/n,xn] nstl
Combining (3.57) and (3.58), we get
1 ¢ 2 £(s+2)
(3.59) wrse (5 )| S e [[we™ fT|

for v9 > 0.
For vy =0,7i=1,...,s and n > s but not i = n = s we apply (3.55) to

derive
7
()
s+1

C s C . R
(3.60) <5 / FE uydul + =5 / (na)? | F) (u)| du

J=1

[ s ) du

IA

C C
(s+2) -~
nsti /a: f <u) du| + ns
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For the first term on the right above we have

(/an“+”@odu s|f“Han+Wf““)(i>‘

n

(3.61)

< 2|7 sy ey < cllwf VY.
We estimate the second term on the right of (3.60) in the following way:

C

C S S
< - IXFE 0,571y < - [wp? fET2).

(3.62) / | £+ ()| du

Combining (3.60)-(3.62) we deduce that

(3.63) ers,o (%)

foro=0,i=1,...,sand n > s except t =n = s.

It remains to estimate the sup-norm of w(z)rs,(i/n) on I) for i = n = s.
It is enough to do so for the function z%7,,(1) on [0,1/2]. To this end,
we split the integral in ry,(1) by means of the intermediate point 1/2 and
consider the two quantities separately. For the first one we get for x € [0,1/2]
and vy > 0

(Il f 01 + g 7))

- s+1
J

1/2
270 / (1 _ u)s+1f(s+2)(u) du

(3.64) 1/2
< g / w7 Ly ||X’Yo+1f(5+2) ||[071/2}

< c|lw? fEH.

In the case vy = 0 we apply the same considerations, by which we established
(3.63), to arrive at

(3.65) / e ()

< e(lwfCI) + lw fC2N), x e 0,1/2).
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For the other one we simply have for x € [0,1/2] and any vy > 0

1
xfyo/ (1 _ u)s+1f(s+2) (u) du
/2
(3.66) !
<c

< cllwg? FEH2].

x":[LUKUMFQDf@*”@Odu

Relations (3.64)-(3.66) show that
(3.67) lwrso(Wllo/2) < € (koSN + flwp® FEF2])

To summarize, (3.54), (3.56), (3.59), (3.63) and (3.67) yield

(3.68) ers,o (%)

fort=0,...,s, n > sand a weight w satisfying the assumptions in assertion
(3.46). Let us explicitly note that (3.63) and (3.65) are used only if vy = 0.
So the term |Jwf*+Y| in (3.68) is redundant except when vy = 0.

Now, (3.51), (3.53) and (3.68) imply

C
— ns+1

(o f11+ g2

17,

C
(3.69) [wRon fll, < = (Jwf SN+ wg? F2]))

Finally, estimates (3.50) and (3.69) yield (3.47). Thus (3.46) is verified.
[l

The upper estimate can be stated in a more concise form in terms of
the differential operator (d/dxz)*D. This result follows directly from Propo-
sition 2.6 and Proposition 3.17.

Corollary 3.18. Let s € N, and w := w(y9,71) be given by (2.2) as 0 <
Y0, 71 < 8. Then for all f € AC*t10,1] such that we? f&2) € Lo.[0,1], and
all n € Ny there holds

lw(B.f = O < = w(DF))

The value of the constant c is independent of f and n.

A very neat though generally less practical Jackson-type estimate of the
error of simultaneous approximation by the Bernstein operator can be stated
in terms of the differential operator D.
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by the Bernstein operator

Proposition 3.19. Let s € N,. Then for all f € C**72[0,1] and n € N,
there holds

S c S
I1D*(Bof = Nl < — 1D £
The value of the constant c is independent of f and n.

Proof. The estimate is a direct corollary of (3.44) and Proposition 2.7. In-
deed, applying consecutively Proposition 2.7(a), (3.44) with w = ¢**, (4.6),
and Proposition 2.7, (b) and (c), we get

1D*(Buf — DIl < e (|Buf = fIl + [€*(Buf — H®|)
< S (IDA+ I £ + 250

C
< S|y,

Thus the assertion of the proposition is verified. [

3.5.3 Voronovskaya-type estimates

We proceed to Voronovskaya-type estimates.

Proposition 3.20. Let s € Ny and w := w(yo,71) be given by (2.2). Set
s = max{3,s}. If0 < v,1 < s+ 1, then for all f € C|0,1] such that
f e ACE3(0,1) and wf®) wet F+Y € Lo[0,1], and alln € Ny there holds

loc

(s)
1 C s s
w(Buf = 1= 5. 08) | < 5 (sl + Jugt 7o)

If voy1 =0 and still 0 < v, 71 < s+ 1, then

1 (s)
w(Buf = 1 -5, D)

C s s s
< 5 (Hof @O+ o f =) + gt 49

n2

provided that wf®+? € L,[0,1] too.
The value of the constant c is independent of f and n.
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Proof. First, let us note that if 79,7, > 0, the assumption wy*f&4 €
Lso[0,1] implies wf®") € L,[0,1]. This follows from Proposition 2.1 with
wy; = w, wy = wet, j =" and m = s+ 4.

The proof of the proposition is based on Lemma 3.13 and is similar to
that of the previous proposition.

Using ||we* f&T9]|| < 0o, we get by Proposition 2.1 with g = f, j = s+3,
m = s+4, w; = > and wy = we? that @?+ f+3) ¢ [_[0,1] and we can
apply Lemma 3.13.

We will prove that if 0 < 79,71 < s+ 1, then for all f € C]0, 1] such that
f € AC:3(0,1) and wfE) wfE+D) wet fE+H) € L [0,1], and all n € N,

loc

there holds

1 (s)
w(Buf = 1 -5 0f)

& s s s
< 5 (I f U+ o 2] + gt 49 )

(3.70)

That establishes the second assertion of the proposition; the first one follows
from (3.70) and

s < e (s + gt £+
which is established by Proposition 2.1 with ¢ = f¢"), j = s — ¢’ 4+ 2,

m=s—s"+4, w; =w and wy, = we.
Let us set

Ry f(2) 7 Z / : (g - u) e (u) du.

We will show that

~ C
(3.71) lwBen Il < — (w2 + [lwg FE2 + wgt F2]))

Then Lemma 3.13 implies

s+2
(3.72)  Juw(Vaf)® (Z [ f P+ wp® FEE + [lwp! o+ ||>

k Sl/
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by the Bernstein operator

where V,, f(z) is defined in (3.28). By Proposition 2.2(c) with g = f®), j =1
and m = 2 we have for s > 3

(3.73) w0 < e (s + s e+21)

and by Proposition 2.2(a) with g = 2, j = 1 and m = 2 we have
(3.74) lwe? FEHIN < e ([lwf 2| + [lwe! FEH)

Now, estimate (3.70) follows from (3.72)-(3.74).
It remains to prove (3.71). We consider two cases for the domain of x.
Case 1. Let np?(z) > 1. Since we* fG+) € L [0, 1], then @?+6 fls+4) ¢
L]0, 1]; hence (3.22)-(3.23) are valid for 0 = s + 2. Using them we integrate
by parts in Es,n f and represent it in the form

Rynf(2) = Sonf(x) + R, f(2),

where

n

3 1 Do ()T e
Snf )= (g o) (=) )

and

_ k/n s+3
R, f(z):= L ; pr%(ac)/ (E - u) 9 () du.
" k=0 z

We will show that

LA k s+ c
(3.75) > () (E — :):) < O*(x), xe€l,,
k=0
and
~ C s
(3.76) lwRnflln, < — lwe* FEHV],

where I,, == {x € [0,1] : np*(z) > 1}. Then it will follow that
~ c
(3.77) lwBsn fllr, < —5 (lwe 2 + flwg F21)
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Estimate (3.75) follows directly from Lemma 3.11 with £ = s+ 3 and from
n~t < ¢*(z).

We make use of (3.15) and Lemma 3.16 with 6 = s+ 3, & = 79 + 2 and
B =+ 2 to get

(3.78) |w(x) R, . f(x)l

s—2t n
& i—5—2 sdi s
<5 2 (@) T D pas(@)lk = nal T gt FE.
0<i<s/2 =0 k=0

Further, we apply estimate (3.19) and get

s—21 n

(379) Z (nsp2(x)>1'7572 Z an,k(xﬂk _ nx|s+j+4
0<i<s/2 j=0 k=0
s—21
<o 5 5 ) <
0<i<s/2 j=0

Now, (3.78) and (3.79) imply (3.76).

Case 2. Let ng*(z) < 1 and, because of the symmetry, we may also
assume that « < 1/2. Just as in the proof of Proposition 3.17, case 2, we
represent f{sm f in the form

~ 1 n! =, k
Rs,nf(l‘) - (S + 2)| (TL — S)' kz:% Al/nrs—‘rl,x (E) pn—s,k(m)

and derive (cf. (3.51))

n—s

(3.80)  |w(z)Rsnf(x)] <cn’ Z»E%axsz

=U,...,

W(T) ot (k Z Z) ' Pr—s.k(T).

Just similarly to (3.53) and (3.68) we establish the following estimates

- k4 .
Zwmm( - )pk < 5 llwg? F)
k=1 I,
and
7 c s s
]w (—) < =S (Jwfe | + g fH9))
n I;z n
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for i = 0,...,s and n > s. Actually the second estimate follows directly
from (3.68).
Consequently,
~ c
(3.81) lwRsnflln, < — (o fEH2 )+ [lw® FEH2]))
Estimates (3.77) and (3.81) yield (3.71). Thus (3.70) is verified. O

Remark 3.21. In Proposition 3.20 we have assumed higher degree of smooth-
ness than usual—wep? f&+4) € L [0,1] rather than the weaker wg®f5+3) €
Loo[0,1]. However, the latter assumption yields an order of n=3/2 on the
right in the corresponding Voronovskaya-type estimate. It still can be used
to prove the converse inequality about simultaneous approximation by B5,,
but the order of n=2 as in Proposition 3.20 seems more natural in this setting
and is easier to work with (see [54, Lemma 2.1}).

Similarly to Corollary 3.18 we get by Proposition 2.6 and Proposition 3.20
the following Voronovskaya-type estimate.

Corollary 3.22. Let s € Ny and w = w(y0,71) be given by (2.2) as 0 <
Yo, 71 < 8. Then for all f € AC**3[0,1] such that wp' f*9 € L.[0,1], and
all n € Ny there holds

L)l < e 2 £y(9)
w(Bus =15 08) | < Sl

The value of the constant c is independent of f and n.

3.5.4 Bernstein-type inequalities

The last several estimates, we will need, are traditionally regarded to as
Bernstein-type inequalities.

Proposition 3.23. Let ¢,s € N and w := w(yy,71) be given by (2.2) as
0 < 7,7 < s. Then for all f € C[0,1] such that f € AC; '(0,1) and
wf®) € Ly[0,1], and all n € N there hold:

(a) [lwe® (B f)H| < enfllwfO];

(b) lw(Ba )+ < enfllwf].
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The value of the constant c is independent of f and n.

Proof. Again we will consider two cases for the domain of x.
Case 1. Let (n — s)p?(x) > 1. Differentiating (3.4) we get

' n—s
352 BN = o Y R (5) i)
T k=0

%
Next, we express pfff)s,k(x) by means of (3.15) and estimate )Ai/nf(k/n)) by
(3.30). Thus we arrive at

¢ 2(0—i)

(@) (@) (B f)# ()| < en Y 3 (np?(a)™

i=0 5=0

X w() Y P (@) Wt [0, (ks) ) [ = (0= 8)a]
(3.83) h=0

2
<cnt Z (ngpQ(x))_J/2
=0
X () Pos (@) Wy 0 F | m r)mi [k = (0 = 8)zf,
k=0

where at the last step we have used that np?(x) > 1 and i — £ < —j/2.

We have to estimate the weighted sup-norm of the right-hand side of
the last inequality. Moreover, due to symmetry, we can restrict the range
of summation on k to {0,...,[(n — s)/2]} (see (3.33)-(3.34) and note that
lk—(n—s)x|=n—s—k—(n—s)y| withy=1-—1x).

We apply Cauchy’s inequality to derive

[(n=s)/2]
(384) w(z) Y Pu-s(@) Wag [0 fNpesnirs)mk — (0= s)zp
k=0

[(n—s)/2 1/2

]
< | wi@) D wh k(@) | (Tamszi (@)l ).
k=0
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Further, just as in (3.38) we see that

(n—s)/2]
(3.85) Z wy Poosi(z) < ¢, w€[0,1].
Also, (3.18) yields
(3.86) (@) (Tumsmy (@) <, (n—s)p*(x) > 1.
Relations (3.83)-(3.86) imply
(3.87) lwe (Buf) 241, < enflwfC,

where, to recall, I,, := {z € [0,1] : np?(x) > 1}.
Case 2. Let (n — s)p?(x) < 1 and n > 2¢ + s. Differentiating ¢ times
(3.4) with ¢ + s in place of s, we get

n—~_{— s
S 3 Y4
(B0 = o > Br ()l uto)

Consequently,
(3.88) |(Baf)®+)(2)]

n—~_0—s

< en' max n—' g
- v=0,..t (n — s)!
k=0

-

Just as in Case 1 we estimate ‘Al/nf((k; + V)/n)‘ by means of (3.30) and
express pszZ—s,lJ ) by means of (3.15). Thus for each v =0, ..., ¢ we have

n! 2 "= s k+v
(n—s)!w(x)(’p ‘@ ; 1/nf( )‘| Po-t—s k()]
=2 . n—~f—s
se > (@) w(@) D pa-e-si(2)
0<i<e/2 j=0 =0

(3.89) o |
X Wr v |0 | 1k40) (b)) |B — (00— €= 8) )’

n—~_0—s

<c Zw(m) Z Pr—t—sk(7)

X Wy, k+v ||wf(8)”[(k—&-u)/n,(k—i—u—f—s)/n}|k - (n — (- S)x|j7
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where at the last estimate we have taken into account that nyg?(z) < c.

We proceed as in Case 1. Again due to symmetry it is sufficient to restrict
the range of summation on k to {0,...,[(n—¢—s)/2]}, as now we have with
k=n—{—s—kand v ={—v (cf. (3.33)-(3.34)) the relations
(3.00) Uk = ek o
10 i) mairvts)m) = NOF O 45) /et 545 -

Let us note that we still have

n Y0
3.91 ket < , 0<k<(n—-(t-s)/2,
390w <e(i ) (n—t5)f
for v =0,...,¢. Consequently, there holds
[(n—t—s)/2]
w? () Z Wi ey Prt—sye(x) < ¢,z €[0,1].
k=0

Also, (3.18) implies
To—spj(z) < e, (n— 5)902(35) <L

Now, just similarly to Case 1, we derive from (3.88), (3.89), the symmetry
on k, and the last two estimates above the inequality

(3.92) [we (B f) 4|

n—s

< en'luf,

where I! := {z € [0,1] : np*(z) < 1}.
Estimates (3.87) and (3.92) yield

lwe (B )| < enfllwf].
To establish (b) we apply (3.4) with £+ s in place of s and (3.30). Thus

we get
s [ F
Sy (5>

— k+v
n—~_L—s

<cn max ; W ket v Prt—sie(2) [ ).

n—~—f—s
|(Buf) ()] <

- (n—é.— s)! ;

pn—Z—s,k(x)

pnféfs,k:(x)
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by the Bernstein operator

To complete the proof we need only recall (3.91), (3.36)-(3.37) and use the
symmetry on k, see (3.90). O

Further, we will state two analogues of the above Bernstein-type inequal-
ities in terms of the differential operator D.

Corollary 3.24. Let r,s € Ny and w := w(y,71) be given by (2.2) as
0 < 7,7 < s. Then for all f € C[0,1] such that f € ACS'(0,1) and
wf® € L[0,1], and all n € N there holds

lw(DB,.f)|| < enllwf®].

The value of the constant c is independent of f and n.

Proof. We have

(Dg())") = @*(2)g" ) (2) + (1 — 22)g"" (@) — s(s — 1)g" ().
Hence
(3.93) lw(Dg)?|| < e(|lwg™ || + [lwg® V] + [lwp?g"*+2]),

where s’ := max{2, s}.
Now, the assertion of the corollary follows from (3.93) with ¢ = B,,f and
Propositions 3.14 and 3.23, (a) and (b), with ¢ = 1. O

Corollary 3.25. Let s € Ny and w = w(vy,7) be given by (2.2) as
0 < 7,7 < s. Then for all f € C[0,1] such that f € AC*T0,1] and
we? f52) € L,,]0,1], and all n € N, there holds

lw(D?Bo f)]| < enllw(Df)].
The value of the constant c is independent of f and n.
Proof. We iterate (3.93) to arrive with at
lw(D?g) || < e(lw(Dg)*"|| + [[w(Dg) V| + [we?(Dg)**+|))
< c(|lwg" | + wg® V| + [[wp®g )
+c(wg®™ N + wg®H? | + [[weg )
+e(lwpg "t | + wp? | + [lwp' g )
< e(|lwg | + |wg® VN + lwg™ || + w2 + [lwp'g o)),
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We apply this estimate with g = B, f.
Proposition 3.14 implies

lwg™|l < ¢ fluwf]
and
lwg™ || < e flwfEH;
Proposition 3.23(b) with ¢ = 1 implies
lwg™ 2| < enfuwf];
Proposition 3.23(a) with £ =1 but s+ 1 in place of s implies
lwp?g ™ < enllwfCV;

Proposition 3.23(a) with £ = 1 but w¢? in place of w and s+ 2 in place of s
implies
lwp' g < enflwg? 2.
We combine all the above estimates to get
lw(D*Bof) < c(lwf O + nlwfCD) + nllwp? fC2]).

Now, the assertion of the corollary follows from Proposition 2.6 with
r=1. O

3.6 Proof of the characterization of the rate
of the simultaneous approximation

We are now able to give the proofs of the direct and converse estimates stated
in Section 3.3.

Proof of Theorem 3.3. The estimate follows from Proposition 3.14 and Corol-
lary 3.18 via a standard argument (see e.g. [22, Theorem 3.4]). Namely, for
any g € C**2[0, 1] we have

lw(Bof = HN < lw(f = g + lw(Brg — )|
+ lw(Ba(f = 9))*l

S S 1 T S
< (Il = gl + LIl 1).
Taking an infimum on g € C**2[0, 1], we arrive at (3.9). O
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3.7. An improved converse estimate

To prove the converse inequality in Theorem 3.8 we will apply the general
method to prove such converse estimates given in [22].

Proof of Theorem 3.8. To establish the converse estimate we apply [22, The-
orem 3.2| with the operator @), = B,, on the space
X ={feCo,1]:feAC:10,1),wf® € Ly[0,1]}

with a semi-norm || f||x := |[wf®]|. Let us note that [22, Theorem 3.2]
continues to hold for a semi-norm || o ||x since in its proof the property that
distinguishes a norm from a semi-norm is not used. Let also Y = C*72[0, 1]
and Z = C*T[0, 1].

Proposition 3.14 implies that @,, is a bounded operator on X, so that [22,
(3.3)] holds.

By virtue of Corollary 3.22, we have for ®(f) = ||w(D?f)®)|| and f € Z

1 ) c
w(Quf = 5.01) | < S0

which shows that [22, (3.4)] is valid with A(n) = (2n)~! and \j(n) = cn™2,
where the constant ¢ is the one from Corollary 3.22.
Further, we set g := B, f for f € X and apply Corollary 3.25 to obtain
O(Qf) = ©(Bag) < cn|lw(Dg)®|| = en |w(DB,.f)®].

Hence [22, (3.5)] is established with m =2 and ¢ = 1.
Finally, Corollary 3.24 yields for f € X

lw(DQP| < enllwf],
which is [22, (3.6)].
Now, [22, Theorem 3.2] implies the assertion of the theorem. ]
3.7 An improved converse estimate

We are able to prove a stronger converse estimate that the one given in
Theorem 3.8 for small order derivatives and a narrower range of the weight
exponents, but still including the unweighted case w = 1.
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Theorem 3.26. Let s € N, as s < 6, and let w = w(yy,71) be given
by (2.2) with 79,71 € [0,8/2]. Then there exists ng € Ny such that for all
f € Cl0,1] with f € ACE1(0,1) and wf® € Lo[0,1], and all n € Ny with
n > ng there holds

K2 (f%. 07w < cllw(Buf = I
The value of the constant c is independent of f and n.

Remark 3.27. Using earlier results, it can be easily shown that, in the un-
weighted case, the converse inequality above holds for all n. We will demon-
strate that after proving the theorem.

Remark 3.28. The proof of the theorem is based on a number of very
technical results. In establishing just a small fragment of them (namely
(3.140) for j = 0) we imposed an upper bound on s—all the other ones are
verified for all positive integers s. Refinements of the calculations can yield
the validity of the theorem for s larger than 6. However, it seems that settling
the general case requires much effort or another approach.

Remark 3.29. The assumption 7,7 € [0,s/2] in Theorem 3.26 is due to
the method of proof we use. It is quite plausible that Theorem 3.26 remains
valid for all 79, v1 € [0, s).

Theorem 3.26 holds for s = 0 (see [70, 93]). Its assertion for s = 1 and
w = 1 has already been established in [54].

Combining Theorems 3.3 and 3.26, we verify that the error of the weighted
simultaneous approximation by the Bernstein operator is equivalent to the
K-functional KP(f®) n=1),. Thus the following characterization of the rate
of the weighted simultaneous approximation by the Bernstein operator holds
true.

Theorem 3.30. Let s € Ny as s < 6, and let w := w(v,71) be given
by (2.2) with 0,71 € [0,s/2]. Then there exists ng € Ny such that for all
f € C0,1] with f € AC1(0,1) and wf'® € Lo,[0,1], and all n € Ny with
n > ng there holds

lw(Buf = £ ~ K2 (07w
Similarly, Theorems 3.5 and 3.26 along with (3.10)-(3.11) yield
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Theorem 3.31. Let s € Ny, as s <6, and w = w(vy,71) be given by (2.2).
Then there exists ng € Ny such that for all f € C[0,1] with f € ACE1(0,1)
and wf® € Lo,[0,1], and all n € Ny with n > ng there hold:

Hw(an - f)/H ~ wi(fcnil/Q)w +w1(f/7n71)w7 s = 17 0 S Yo, M S 1/27

I(Buf = 1O ~ 2077 (9, 070) 7).

lw(Buf = O ~ w2 (f,n72) + 07w O,
2 <s<6, O<"}/0,"}/1§8/2.

To compare, the characterization in the case s = 0 is of the form (see

(3.2))
IBuf = fll ~ wl(f,n '),

3.7.1 Strengthened Bernstein-type inequalities

To prove the converse inequality of Theorem 3.26, we again apply the method
developed by Ditzian and Ivanov [22]. As we saw earlier in this chapter, it
allows us to establish such converse estimates by means of several other basic
estimates concerning the approximation properties of the operator. All but
one of them were established in Section 3.5. What remains to be shown is
that the more iterates of B, we apply, the smaller constant we can take on
the right-hand side of the Bernstein-type inequalities in Proposition 3.23 and
Corollary 3.25.
As we established in Proposition 3.14, if 0 < 79,71 < s, then

(3.94) lw(Baf)] < eflwf@]
for all f € C[0,1] such that f € AC:1(0,1) and wf® € L[0,1]. We will

loc
need a stronger form of this estimate that gives an upper bound of the order
by which the constant ¢ can increase when we take iterates of the Bernstein

operator.

Proposition 3.32. Let m,s € Ny as m > 2, and let w = w(yy,71) be
given by (2.2) with v9,71 € [0,s). Then for all f € C[0,1] such that f €
ACE0,1) and wf® € Lo[0,1], and all n € N, such that n > m + s there

holds
lw(B )P < e logm |lwf™].
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The value of the constant c is independent of f, n and m.

Proof. 1t is known that
_>
(395) Apf(x)
h h
:/ / FO(@ +ug 4+ ug)dug ---dug, x€[0,1— sh].
0 0

Note that, under the assumptions of the proposition, f)(z +uy+---+uy) is

a summable function of the variables (u1, ..., us) on the cube [0, h]* for each
z € (0,1 — sh].
Identities (3.4) and (3.95) yield the representation
n!
B
(o) o) =

XZ/ / ( +up + - us) duy - - dug pr_s (), © € [0, 1].

Iterating it, we arrive at the formula

n!

—3s)!
1/n 1/n
X Z/ / < +up A A s) dU1 e dus Pn,s,l_g Prn—skm (SL’),

(3.96) (B V(@) =1

where the summation is carried over k; =0,...,n—s,j=1,...,m, and we
have set k := (k1,..., kn),
(3.97)

- J+1
s,k - ];[ n,s,k; ( n ) )
n! 1/n
L - o o) duy - - - dug.
Pnik() (n—z)!/o /0 Pr—ik(® +us + -+ w;) duy u
Taking into account (3.95), we can write (3.96) in the form
(3.98) (B f) ()
= n _ S Z A1/n ( ) pn,s,l_cpnfs,km(x)ﬂ YIS [07 1}
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As it follows from (3.30) and (3.35) and symmetry, there holds

k by +1\ 7"
99 |Rpur ()] < S (M) sl k=0

n ns n

We will establish in (3.116) of Lemma 3.35 that

b+ 1\
U)(LC) Z w Pn,s,k Pr—skm (3’)) <c lOg m, €& [07 1]7

n

k

for m > 2 and n > m + s with a constant ¢ independent of m and n. Now,
(3.98), (3.99) and the last estimate imply the assertion of the proposition. [J

Next, we proceed to the Bernstein-type inequalities for the iterated Bern-
stein operator.

Proposition 3.33. Let m,s € Ny as m > 2, and let w = w(v,71) be
given by (2.2) with vo,71 € [0,s/2]. Then for all f € CI0,1] such that
f e AC:H0,1) and wf® € L[0,1], and all n € N such that n > m + s

loc

there hold:
(a) |wp(BIf)ED|| < ey /B2 /nflwf@, 2<s<9;

(0) [lwg® (B )+ < c ¥ nflwfO]l, 2<s <8,

(¢) lw(Bp || <ey/emnllwf@l, 2<s<9.
The value of the constant c is independent of f, n and m.

Proof. To prove assertion (a), we follow the argument in [70, pp. 318-320].
We differentiate (3.98) in = and apply the formula (see e.g. [18, Chapter 10,

(2.1)])
(3.100) p;k(x) = n[pn-1k-1(2) = pa_1k(2)],

where we have set for convenience p,,, = 0if £ < 0 or £ > n. Then we use
the Abel transform to derive m — 1 different representations of (B™ f)(+1),
This is the key step in the considerations of Knoop and Zhou in [70, pp.
318-320).
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Thus we arrive at the formula
(3.101) (B ) (a >
— 1 TL — S | Z A1/n ( ) Pn,s,chn,s,fcpn—s—l,km(m)7

where the summation is carried over k; = 0,...,n —sand 7 = 1,...,m,
P, . is given in (3.97), and we have set

m—1 k’
e § _ * m
Qn,s,k T Qn,s,j,k? Qn,s,m—l,k’ Enskm 1 (7) )
7j=1

Qn,s,j,k En 18,k (]T) gn,s,kj_;,_l <]T te gn,s,km,l 7 yJ = ]-7 cee, M= 27

n—s fo/np/nsk: $+U)d pn,s—l—l,k(x)

g* s n,s,k\T = .
pn,s,k:(x) ’ ( ) pn,s,k(m)

nsk’( )Z

Further, we apply Cauchy’s inequality and (3.99) to derive from (3.101)
the estimate

(3.102)

1/2
w(@)p(@) (B ) )] < %( > ns,g@i,s,kpnsl,km@))

k

1/2
. (ki1
< ) <w2<x> Sut () P <m>) .
We will show in (3.127) of Lemma 3.36 below that

2 $) ZPn,s,fc Qi@]gpn—s—l,kzm ($) <cmn, TE€ [07 1]>
k

for 2<s<9 m>2 andn>m+s. Also, (3.117) of Lemma 3.35 with w?
in place of w yields

k 1
@ S0 () B o) < clogim, € 0.1]

k
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for m > 2, and n > m + s. In view of these two inequalities, (3.102) implies
assertion (a).

To prove (b) for even m > 4 we just apply (a) twice with m/2 in place
of m, as the first time we take wy in place of w, and s + 1 in place of s.

We reduce the case of odd m > 5 to the case of even m’s greater than
or equal to 4 by applying (3.94) with B™~!f in place of f, s + 2 in place of
s, and wp? in place of w. Assertion (b) for m = 2,3 follows directly from
(3.94) and Proposition 3.23(a) with ¢ = 1.

Assertion (c) is verified similarly to (a) as instead of (3.127) we use
(3.128). O

Corollary 3.34. Let m,s € Ny as s <6 and m > 2, and let w := w(yy,71)
be given by (2.2) with vo,71 € [0,5/2]. Then for all f € C**?[0,1] and
n € Ny such that n > m + s+ 2 there holds

m (s logm s
IIw(Danf)”IISC’\/ - nllw(Df)]].

The value of the constant ¢ is independent of f, n and m.

Proof. As we have shown in the beginning of the proof of Corollary 3.25,

(3.103) [w(D*g)®|
< c(lwg™ + wg® VN + wg 2| + [[weg | + wp'g = ])).
We will apply this estimate with ¢ = B)"f and show that each of the

terms on the right above is estimated from above by ¢4/ 2™ n|jw(Df)®],
where the constant c is independent of m, n and f.
By Proposition 2.6 with » = 1 we have

(3.104) lwfE) < cllw(Df),
(3.105) lwfEV| < cflw(Df)@]
and

(3.106) lw? FD| < e lw(Df)).

Proposition 3.32 with s’ in place of s and inequality (3.104) imply the
estimates

lw(By ) < ¢ logmllwf®] < ¢ logmllw(Df)®]|

3.107
(2107 < o/ B2 (D).
m
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Similarly, Proposition 3.32 with s 4+ 1 in place of s and (3.105) yield

(3108 (B ) < ey B (D))

Next, Proposition 3.33(c) with s + 1 in place of s and (3.105) imply

(s log m s log m s
(3109) [[uw(By e < e/ == nllwfC | < e/ == nllw(DH)].

Further, by Proposition 3.33(b) with s+ 1 in place of s, and (3.105), we
get

m (s logm
lwg® (B )| < e === n ||we?f

(3.110) o
<[22 |lw(DF)P).
m

Finally, again by means of Proposition 3.33(b) but with s+ 2 in place of
s and wy? in place of w, and (3.106) we arrive at

|

logm

gt (B £ < e 2B g g

logm s
<cyf nllw(Df)*].
m

Estimates (3.103) and (3.107)-(3.111) imply the assertion of the corollary. [

5+2) H

(3.111)

3.7.2 Proof of the improved converse estimate
Below we will prove Theorem 3.26 and the assertion of Remark 3.27.

Proof of Theorem 3.26. We apply [22, Theorem 4.1] with the operator Q,, =
B,, on the space

X={feC0,1]: fec AC:*0,1),wf® € Ly[0,1]}

loc

with the semi-norm ||f||x = ||wf®|. Let also Y = C**2[0,1] and Z =
C*0, 1.

Inequality (3.94) shows that B, is a bounded operator on X, so that [22,
(3.3)] holds.
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Next, by virtue of Corollary 3.22 yields

/!

G .
w(an—f—%Df> < SN, fez

where ¢’ is a positive constant, which is independent of f and n. Thus [22,
(3.4)] with ®(f) := ||w(D*£)®||, A(n) :=1/(2n) and A\;(n) := ¢’ /n? is valid.
Further, we apply Corollary 3.34 with B,, f in place of f to obtain

1
lw(D*Br ) < ¢\ 2 E (DB, f € X.

Hence [22, (3.5)] is established with m + 1 in place of m, ¢ = 1, and

A= 20’0"\/ lmﬂ.
m

We fix m > 2 so large that A < 1.
Finally, by Corollary 3.24 we have

lw(DB. )P < enfwf,  feX,

which is [22, (3.6)] with ¢ = 1.
Now, [22, Theorem 4.1] implies the converse estimate for n > m+s+2. O

Proof of Remark 3.27. To show that the converse estimate in Theorem 3.26
for w =1 holds also for small n, we follow the considerations in [70, p. 317].

Let n < m + s 4+ 2, where m is the positive integer fixed in the proof of
Theorem 3.26. By Proposition 3.23(b) we have the estimates

(3‘112) ||(an)(s+e)’| <c Hf(S)H’ t=1,2,

for f € C*[0,1].
We readily deduce from (3.4) and (3.95) that for f € C*[0,1] and s > 2

there holds
n—1

1(Bu )| < (PRt

n
hence

(3.113) 1B < ("‘ 1) £

n
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Further, as is known [68, Theorem 1],
(3.114) lim B! f(z) = Bif(x), x€]0,1].
11— 00
We apply (3.94) and (3.112)-(3.114) to get for j = 0,1,2 and s+ j > 2

1B < || (Bols = Buf)™™

(3.115) < f: (" - 1)H |Batr = B

n
<c||(f = Bu).

By (3.93) with w = 1 we have

1B AN < e (1B + 1(Baf) 0+ 1B f) )

where s := max{s, 2}.
Now, (3.115) imply

(DB < ell(f = Ba)l
Consequently,
K2 (f9n 1 < I(f = BN + (DB )| < ell(f = Baf)||

for n < m+ s+ 2 as well. O

3.7.3 Auxiliary lemmas

Here we will provide proofs of the technical lemmas we used to verify Propo-
sitions 3.32 and 3.33.

Lemma 3.35. Let m,n,s € N\, n>m+s, m > 2 and w := w(y,71) be
given by (2.2) with 0 < v9, v < s. Then

kp+1\ "
3110) w0 X w (") P i) <clogm, e 01]

70



3.7. An improved converse estimate

and

kp+ 1\ °
(3.117) w<x>2w( Lt ) P,y Prs—to (x) < clogm, € [0,1],

- n
k

where the summation is carried over k; =0,...,n—s and j =1,...,m. The
value of the constant c is independent of m, n and x.

Proof. We follow the considerations of Knoop and Zhou [70] (see the proof
of Lemma 3.1 there). Throughout ¢ denotes a constant whose value is inde-
pendent of m,n and z in the specified ranges.

By means of the inequalities:

% (z7+(Q—2)") <w@) <2 @+ (1-2)), 2€(0,1),

Holder’s inequality and the relations

n! m—l
an:&’?pn—s—r,km (z) = (m) <1, r=0,1,
I;,' .

we reduce the assertion of the lemma to the estimates

D (ki + 1) Py Prsrk(x) < ¢ logm (na) ™,z € (0,1),
k

and

Z(TL - kl)ispn,s,l_cpnfsfr,km (.I') <c logm (n<1 - x>>787 S (O7 1)7
k
where r = 0, 1.
We set for 7 € [0, 1]

Foo(r)=1—7, F,(r)i=1—¢ = 5129 .

Just as in [70, pp. 322-324] we show that

Z(kl + ]-)_Spn,s,lfc Prn—s—rkm (ZL‘)

s(m—1) 1 s
< n / / an 1 )6—(n s—7)Fpn m—1(T1Ts xd,rl dTS
S \n—s nO 7_1 )

71
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and

Z(n_kl)_s 1,8,k Pn—s—rkm, ( )

s(m—1)
< ( ) / / n m— 1 . 7'5) e_("_S_T)F"’m_l(TIMTS)(l_x)dTl o
n—s o TS)

Since

(3.118) ( n ) <e’, n>m+s,
n—s

to complete the proof of the lemma it is sufficient to show

1 s
3 119 / / Fn m— 1 T ) ei(nfsfl)FTL,mfl(Tl"’TS)szl e Ts

nOTl )

< ¢ logm (nx)

forallm >m+s, m>2and z € (0,1].
Using that y®e™¥ < ¢, y > 0, we get

(3.120) F®

n,m—1

( )6—(n—8—1)Fn,m71(7—)1‘ S C(?’LJ,’)_S, x € (0; 1]7 TE [O’ ]']

dr.

—S8

Also, we clearly have F, (1) > 1/2 for 7 € [0,1/2]. Therefore, if D C [0, 1]°

is a parallelepiped with at least one side of the form [0,1/2], then

E? Ty Ts
(3.121) / nm1 (71 >e_("_5_1)F””" W) gy o dry < e(na)”
D

Foo(m---s)

for all n > m+ s, m > 2 and z € (0,1].
In order to estimate the integral on the cube [1/2,1]%, we set

FS

n,m—1 (T) e—(n—s—l)Fn,mfl (1)

Fn,m—1<7—7 I‘) = s (7_> )
n,0

make the change of the variables, defined by the formulae o; = 7 ---
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j=1,...,s, and arrange the order of integration from o; to os to get

1 1
/ n,m— 1(7'1"‘7'3,1’)dT1"'dTS
1

1/2 /2

s (L (8 ) ) Yoo
sof e [ (- ([ ([ ) ) Y]
<

< c/ Frmi1(o,2)(1 — o) do.
2—s

We make the change of the variable 0 = 1 — ¢ and set G, (t) := F,, ;(1 —t).
Thus we arrive at

. TS
3 ]_22 / / n m= 1 ) e_(n_S_I)Fn,mfl(Tl"'TS)x dTl [ dTS
1/2 1/2 Fio (1 Ts)

1
< C/ 1GfLm 1( )6—(n—s—1)Gn7m,1(t)m dt.
0

By means of induction on m we show that (cf. [70, (4.7)])

(3.123) (n - S>m (t - %ﬂ) < Gumoi(t) <t, telo,1).

n

We split the integral on the right-hand side of (3.122) by means of the inter-
mediate point 1/m. For the one between 0 and 1/m we apply (3.118) and
(3.123) to get

1/m
(3124) / 1Gfl — 1( ) ef(nfsfl)Gn,m—l(t)x dt
0

1
S/ ts—le—cnzt dt S C(TLI’)_S,
0

as the last estimate is verified by integration by parts.
For the other integral we again use (3.120) to derive

1
(3125) / 1G;m 1( )e—(n—s—l)Gn,mfl(t)Z dt
1/m
bodt
< c(n:c)s/ - =c logm (nx)~°.

1/m
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Estimates (3.122), (3.124) and (3.125) yield

3 126 / / n Jm— 1 (n—s—l)Fn,m,l(T)m dT1 L. de
1/2 12 ol

< ¢ logm (nx)

—S

for all n > m+s, m > 2 and z € (0,1].
Now, (3.121) and (3.126) imply (3.119). O

Lemma 3.36. Let m,n,s e Ny as2<s<9, m>2, andn>m+s. Then

(3.127) ZPnSanskpn o1 () < emn,  z€[0,1],
and
(3.128) > Pk Qi Pnms—ikn () S cmn®, x € [0,1],
k
where the summation is carried over k; =0,...,n—s andj =1,...,m. The

value of the constant ¢ is independent of m, n and x.

Remark 3.37. The proof of the lemma is reduced to several simpler inequal-
ities. All but one of them is verified for all s > 2 (see Remark 3.40).

Proof of Lemma 3.36. Both estimates are verified just like [70, Lemma 3.2],
where the case s = 2 was considered. We will indicate the modifications we

need to make. Often that amounts only to replacing n — 2 with n — s.
To establish (3.127) it is enough to verify (see [70, p. 328]) that

Z P, ok Qi757j7]}pn—s—l,km () <enp?(z), z€(0,1), j=1,...,m—1.
k
It follows from the estimates:

(3.129) ansk( > nk(i)Q

< eny? J+1 _ cn(n —s+1)?
B n—s+1) (G+Dmn—s-7)
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and

n—s—1

14 ¢
G+Dn—s=17)

pi,s—i—l,k (%)

(3.130) Z (]C + 1)(71 — 8§ — ]{?)pn,s,k (%)

<

k=0
for j=0,...,n—s—1, and also
n—s—1
(3.131) }:(kf%%ffikygéwﬁwy z e (0,1).

k=0

Inequalities (3.129) and (3.130) are established in Lemmas 3.38 and 3.39
below, and (3.131) directly follows from [70, (4.21)] with n — 2 replaced with
n—s.
Similarly, (3.128) follows from (3.129) and (3.130) and the trivial inequal-
ity
n—s—1

Pn—s—11() c
2 FiDmos—p S "0

k=0

Lemma 3.38. Letn,s € Ny, asn > s+ 2. Then

n—s . N 2 .
I\ g J of J+1
3.132 E n.s =17 = < _
o k:op”’“<n) ’“(n) =0 (n—s+1)

forj=0,...,n—s—1. The value of the constant c is independent of n.

Proof. We estimate each of the summands on the left-hand side as we con-
sider two cases: j =0,n—s—land1<j53<n—s—2.
For j = 0 we apply (3.100) to derive

1/n 1/n
(3.133) n*t! / / 1Pty - ttgg)] i - g
0 0

n—s—1 s+ 1\ n—s—1 s+1\"
< —
<o-a | () ) () ()
for k =0,...,n — s, as we set for convenience (_“1):0.
Using that

(ug + -+ ug)® > uf
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and

(I—uy = —ug)""F > (1—£> > ¢,
n

we estimate the denominators of the terms on the left-hand side of (3.132)

by

1/n 1/n c n—s\ 1
3.134) n® s cotrug) duy - - dug > -
( )”/0 /0 Pr—sk (U1t Fug) dug u k+1( 2 >nk

Estimates (3.133) and (3.134) yield (cf. [70, p. 326])

me( )6 ( { el 1>2 =
+"* = 1>(" ) [<s+1>2]’“}_

k=0 (nk s)

To complete the proof of the lemma for j = 0, it remains to show that the
two sums on the right above are bounded on n. For the first one we have

2

- k+1)("51)

")

[(s + 1)1 ko

IIM

The other sum is treated in a similar way.

Next, we reduce the case j = n—s—1to j = 0. More precisely, we make
the change of the variables v; = 1/n—w;, i =1,...,s+ 1, and apply (3.135)
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to arrive at

1/n 1/n n—s—1
/ p;,s’k (T+U1+"'+US+1) dul--~dus+1
0

1/n 1/n
:/ / p;l_&k(l_vl_"'_Us—i-l)dvl"'dvs—i-l
0 0

1/n 1/n
— —/ .../ prln/—&n—s—k‘(vl_'—...+/Us+1)dvl‘..d/05+l;
0 0

similarly, using the same change of the variables and the inequality

1wy — e —py— 1\ F n—s
(Pt ()
l—v —- =, n—s
we deduce

n—s—1
Pnsk\ —————
1
= / / Pn— snsk(v1+ -+ U+ _> dvl"'dvs
n—S n

>Cpnsn s— k

Consequently,

n—s—1Y\ , n—s—1\> . 9
Pn,s,k T gn,s,k - < Cpn,S,n—S—k(O) n,s,nfsfk(o) .

n

It only remains to observe that

9 n—s o 1
7 n—s+1/) 7 n—s+1
to derive the assertion of the lemma for j = n —s—1 from the one for 57 = 0.

Let 1<j<n—s—2 SetU:=j/n+u + -+ us.
As we have already noted (see e.g. [18, Chapter 10, (2.1)]),

(3.135) Pri(@) = 07 (@) (k — nx)pa(z).

77



Chapter 3. Weighted simultaneous approximation by the Bernstein
operator

By means of that identity and Cauchy’s inequality, we get

. .\ 2 1/n 1/n
I
n Y n 0 0

X ( : _U>2pis’k<%+“1+'”+us+1)
n—s pnfs,k(%+ul+"'+us>

du1 cee dUS_H.

Further, we set

1 2 1_1_ . o 2
(3136) A tutotus) g (g - Us1)
Ly 4 =L —uy — e —u,
There hold
+ 1 c
3.137 2> e (L - ) > &
(3.137) P*(U) 2 cop <n_s+1>_n,
2
(3.138) A+B=1+ U §1+£
P2 (2w + - ) n
and

for 0 <w; <1/n,i=1,...,s+1.
Consequently, if we denote the sum at the left-hand side of (3.132) by S,
we get

Cns+3
n— s+1

[/ ( (n_s—A)Q(";S>Ak3n—5_k

(A+B) ) du1~--du3+1].

T
Using (3.137) and (3.138), we readily get

cn s Jj+1
W/ / A + B) du1 dus—l—l < cngp (n_—m> .

n s+1
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So, to complete the proof of (3.132) for 1 < j < n — s — 2, it remains to
estimate the first multiple integral on the right of (3.139). To this end, we
apply the identity (cf. [70, (4.18)])

— k ? n—s k pn—s—k
> —A AFB
n—s k

k=0

— sy (o2 22,

n—s

inequality (3.138) and the estimate (cf. [70, (4.19)])

A+ B -1+ 2B (L>
n—s n n—s+1

The latter follows from the inequalities
Jj+1

A<ec , B<
n n

(3.137) and (3.138). 0

Lemma 3.39. Letn,s e N, as2<s<9andn > s+ 2. Then

g Pasiin (2) 1+5

3.140 —~ < — .

B0 T s R () S GF D05 —3)
for j=0,...,n—s—1. The value of the constant c is independent of n.
Remark 3.40. The assertion of the lemma for j = 1,...,n—s—1 is verified

for any positive integer s > 2 in the proof below.

Proof of Lemma 3.39. The assertion of the lemma was verified for s = 2 in
[70, (4.20)]. So, we can assume that s > 3.

First, let 5 = 0. In order to estimate the denominators of the terms on
the left-hand side of (3.140), we expand (u; + -+ + us)* by the binomial
formula to get

k
k .
(g 4 Fu)* =) (Z) (ur + -+ usm) 'l

=0
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apply the trivial estimate

n—s—k
1
(I—ug = —ug)""F > (1—u1—~~~—u51——)
n

for u, € [0,1/n] and integrate on ug € [0,1/n]. Thus we get

es)2 ey [ [ ()

X g (i)(ul g ) (%)Z

1 n—s—k
X<1—U1—"'—Us_1——) dul...dus_l.

n

We apply the binomial formula once again and arrive at

pn,s,kz(o)
(n—1)!
Z(k—l—l)n—s pn sk | U+ -+ us- 1+ duy - - dus_;.

Further, we use Cauchy’s inequality to get the estimate

2
0

(3 141) pns+1k()

(k+1)(n—s—Fk)pnsi(0)

1/n 1/n uy + - +us

< s+1/ / pn s— lk( 1 +1) —duy - dugys.
n—s— )pn—s,k(u1+ "+u5—1+5)
We set
.- (ur + -+ ugpr)? 5. (I—up = —ugy)?
' U1+"'+Us—1+%’ ' 1—U1—"'—Us—1—%'

Then (3.141) yields

p?z,s—l—l,k(o)
(k+1)(n—s—Fk)pnsk(0)

s+2 1/7’L 1/TL . . 1 —
S ()R
n—s 0 0
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and, consequently, for n > s + 3 we have
—s—1
S p721,s+1,k(0) ns+2

(3.142) g (k+ 1)(n — 5 — k) pnsi(0) < (n—s)?

1/n /n . e
x/ ~~/)[M+BY$1—8"51—m—s—DAﬂlsﬂm“~d%H.
0 0

By means of the inequality 1 + x < e*, we get

A+B=1+

(Us+us+1 — %)2
(u1+---+us_1—l—%) (1—u1—---—us_1—%)
(us+us+1 — %)2
(b T+ ) (- 3)

(nus+nu5+1—1)2
< e(n—s)(nu1+---+nu571+1) .

<14

Therefore

(nus+nus+1—l)2

(3.143) (A4 B)"*~! < gnunttmus it

Similarly, by means of the inequality 1+ z > (1 — 2?)e®, z € [—1,1], we
establish

~ 1
B>1+——wu; — -+ — g1 — 2ug — 2Ueqq
n

2
> (1 — (S + 2) > e%—u1—~--—us_1—2us—2us+1;
n

hence, using Bernoulli’s inequality (1 + )" > 1 4 nx for x > —1, and
e* > 1+ x, we derive

(3144) En—s—j Z <1 o £> el—nul—~~~—nu571—2nus—2nus+1’ ] — 1’ 2
n

We apply estimates (3.142)-(3.144), make the change of the variables ¢; =
nu;, ©=1,...,s+ 1, and use the representation

(ty+ -+ tgr1)? (ts +tsp1 — 1)2
= 1ty 4ty + 2+ 2y +
tit b+ 1 ' ' Tt 1
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to obtain

(3.145)

where we have set

(ts+ter1—1)%
/ / R 1+1dt1 Fdlgq,

];’ = / .. / (tl doofteq + 2t + QtS_H)61—t1—~~~—ts—1—2ts—2ts+1dtl. cedtgiq.

We estimate the first integral by means of the inequality

2
€x§1+x+%, x € [0,1],

and direct computations. Thus we get

I, < 111327, I, <1.08629, I, <1.06929, I < 1.05773,

(3.146) I7 < 1.0494 IL <1.04314, I < 1.03827
7> . 5 8 = . 9 9 . .

We evaluate I and get

(3.147)

/=2 (=) (1) [(s = DL =271+ e +2(1 = 3e72)]
hence
(3.148) I{ > 0.44866; I > 0.33725; I} >0.24709; I > 0.17762,

IV >0.12583, I/ >0.0881, I/ >0.0611.

We will now estimate the first two terms in the sum in (3.140). We use
the inequalities (1 — 2%)e® < 142 < ¢®, x € [—1,1], to derive

pi,s—o—l,o(o)
(n - S)pn,s,0<0)
1/n 1/n ne—s—1 2
(R Ry e du)
= (n — 8§ — 1)' fol/n e fol/n(l —Up — o — us)n—s dul . dus
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2
fl/n o fol/n 6_(n—5—1)(u1+~.-+us+1) duy - -+ dus+1)

J“Ol/” . fol/n e—(n—s)(u1+-+us) duq -+ - dug
fol/n L fol/n e_n(u1+...+u5+1) dul R dus+1>2
fol/n e fﬂl/n efn(u1++us) dul . e dus

(fl e fl e~ (it ttsn) g .. dt >2
0 0 1 s+1

N
s
/N
—_
+
o
N——
/N

1
= <1 + E) 1 Lo t
n—=s n fo "'fo e—(tittts) iy -« dt,
Consequently,
2 0 1 R
(3.149) pn,s+1,o( ) < (1 i E) (1 _ 6_1) +2
(n— $)pnso(0) — n—s n

Similarly, we derive
Pi,s+1,1(0>
2(” -5 1)pn,s,1(0)
2
. 1 < c> 1 (fol e f01<t1 + ot tsi) e~ (bt ttata) gg, o -dtsH)
“n-—s n/ 2 f()l . f01<t1 + e ty) ettt dty Lt .

(3.150)

We have

1 1
/ = / (ty+ -+ t) e BTt g oodt, = s(1 — e )11 — 2e7Y).
0 0

Consequently,
(3.151)
2 0 ] e
Pst11(0) < <1 n E) (s+1) (1= )1 — 20,
2(n =5 —=1)pps1(0) ~n—s n %25
For .
Js = (1 — e—l)s+2 + (5;_ ) (1 o e—l)s—i—l(l _ 26_1)
s

we have
(3.152) J3 <0.21343, Jy <0.14714, J5 <0.10102, Js < 0.06901,

J7 <0.04691, Jg <0.03175, Jy < 0.0214.
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By (3.145), (3.149) and (3.150) we have

n—s—1

2

k=0 (k: + 1)(” — 5= k)pms,k (%) S n—s

Inequalities (3.146), (3.148) and (3.152) imply

2 J
L 1
P s41,k (n) < <1 + E) (Js + [; — [;/)

n

Jo+ I -1 <1, s=3,4,...,9.
Thus the lemma is established for 7 = 0.
Let s > 2. For 1 < j <n—s—1 we get by means of Cauchy’s inequality
pi,s—‘rl,k (%)

pn,s,k(l)
< ot / /””pnslk Lbu 4ot )

Pook (L + 0+ o)

duy -+ dugyq.

Therefore,

pi s+1k (l)
%+¢Xn—8—kpmk L)

1/n 1/n (Z+f)Ak+an s—k—1
~(n—1s) / 0 A(

1—E—u1—---—u5)

duy -+ - dusiq

with A and B defined in (3.136). We sum up these inequalities for & =

0,...,n— s —1 and apply the binomial formula. Thus we get the estimate
(3.153)

(A+ B)"*
S / / + ) duy - - - dugyq,
(n—s) 1———u1

— Us)
where S denotes the sum on the left of estimate (3.140)
Further, we again use (3.138) and the inequality 1 + z < e* to deduce

2
nugq

(A + B)'™* < PGt 7o

and hence
7L2u8+1
€ 1< i< (n—-2:s)/2
A+ By < (1+5)8 e Sjs(n=9)/2
n s+1

e nt (n—S)/QSJSTL—S—l,
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3.7. An improved converse estimate

where £ = j+nuj+- - -+nu,. We apply that estimate in (3.153) and make the
change of the variables t; = nu;, i = 1,...,s+1. Thus, for 1 <j < (n—s)/2,
we arrive at

(3.154) Sg(1 C);

n—s—7j

" ts %71
/ / Jtti+-+ 2 eﬂ'+t1+f"+fs dly - - dtsyr.
] + tl + -4 ts+1)

Using that the function T(T + t)~2¢*"/T is decreasing on T in [1, c0) for any
fixed ¢ € [0, 1], we deduce that
GAt A+t tp1 JHt+ 1y tip1

eIttt Tts < eittitis
G+ttt tep)? T Uttt te)?
forall t; € [0,1],i=1,...,s+ 1.

Combining (3.154), (3.155) and [70, (4.10)], we verify (3.140) for 1 < j <
(n—s)/2 and s > 2.

Similarly, for (n —s)/2 < j <n—s—1 we have

(3.155)

(3.156) S<( C)j%

1 2
X/ / - enfj*hfmftsdtl...dts_i_l'
0 0 n_]_tl__ts

Above we used that the function T'/(T + t)? is decreasing on T in [1,00) for
any fixed ¢t € [0, 1] to derive

Jttttts J < 1! (1 E)
(JHti+-Ftep1)? = (+tesr)? = j+1 n/’
Next, we make the change of the variables v; = 1 —1t¢;, ¢ = 1,...,s, in the

integral in (3.156). Thus we arrive at
s<(149) ==
J+1

1 e
X/ ..‘/ - en—s—j+v1+m+vsdvl...dusdts_i_l.
0 o N—8—)+v1+ -+

Now, (3.140) for (n —s)/2 < j <n—s—1and s > 2 follows from the fact
that the function T-'e’”/7 is decreasing on T in [1, 00) for any fixed ¢ € [0, 1]
and [70, (4.11)]. O
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3.8 Simultaneous approximation by the Kan-
torovich operator in weighted L.,-spaces

Results about the simultaneous approximation by the Bernstein operator can
be easily transferred to the Kantorovich operator. The Kantorovich operators
or polynomials are defined for f € L[0,1] and = € [0, 1] by

n (k+1)/(n+1)

K. f(z) = Z(n+1)/

n
f(t) dtpni(z), por(x) = (k) o*(1—z)"
They are related to the Bernstein polynomials as follows
(3.157) Kof(x) = (Bp F(z)), F(x):= / f(t)dt.
0

More generally, we set for f € L[0, 1] and m € N, (see [89])

K™ [(2) = (B P ()™

n

where ) N
F(r) = —— — )" f(t) dt.
(@) = gy | =m0

The operator Kflm> is referred to as the generalized Kantorovich operator
of order m. That generalization of the Kantorovich polynomials or similar
modifications of related operators were studied in [14, 15, 46, 47, 52, 55].

Using that B, is degree reducing w.r.t. the algebraic polynomials (see e.g.
[18, p. 306]), it can be verified by induction on j that

n

(3.158) (K™Y f = (B2 )™

All that enables us to transfer all the above results about simultaneous
approximation by B, to Kém>. Theorems 3.3 and 3.8 with s+m in place of s,
F,, in place of f, and n+m in place of n yield the following characterization
of the rate of the simultaneous approximation by Krﬁm :

Theorem 3.41. Let m € N, s € Ny and w 1= w(vyy,71) be given by (2.2)
as 0 < 40,71 < s +m. Then for all f € Ly[0,1] such that f € ACS*(0,1)
and wf®) € Ly[0,1], and all n € N, there holds

lw(By™f = HON < e K2, (£ 0.
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3.8. Simultaneous approximation by the Kantorovich operator in weighted
L.-spaces

Conversely, there exists R € Ny such that for all f € Lo[0,1] with f €
ACE10,1) and wf® € Lo[0,1], and all £,n € N, with £ > Rn there holds

loc

AW m
KO < (5) (llk s = N+ k™ - ).

In particular,
K270 ) < e (L T = DO+ (&G f — HO)
The value of the constant c is independent of f, n and £.

In the statement of the last theorem the condition f € AC;_'(0,1) is to
be ignored for s = 0.

Remark 3.42. As it is clear from the last theorem, the higher the order of
the generalized Kantorovich operator is, the broader the space of functions
it approximates is. More precisely, let us denote by W;, the set of functions,
for which Theorem 3.41 is established, i.e. W2, is the set of all f € L,[0,1]
such that f € AC{ 1(0,1) and wf® € Lu[0,1] for some Jacobi weight
w = w(yo,) with 0 < 7,7 < s +m. Then we have Wy, € Wy, ;. Or,
to put it otherwise, given an s € Ny and a function f € AC}'(0,1) such
that wf® € Ly[0,1] for some Jacobi weight w := w(vo, 1), then (Krﬁmf)(s)
approximates f) in L., with a weight w, provided that we take m large

enough, namely, m > max{7yg, 71} — s.

Remark 3.43. We can enlarge the domain of K™ if we replace F, in its
definition by
1 xT
fule)i= o [ @ @
(m—1)! 1/2
If wf € Lyl0,1], where w := w(0,71) with 49,7 < m, then f,, € C[0,1]
(as we established in the proof of Lemma 4.24). Theorem 3.41 holds for

this modification of K™ as the condition f € Lo[0,1] is replaced with
wf € LOO[Oa 1]7 5/075/1 <m.

Theorem 3.30 with s = 1, F' in place of f, and n + 1 in place of n
implies the following characterization of the error of approximation of the
Kantorovich operator (i.e. m = 1) in weighted L..-spaces.
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Theorem 3.44. Let w = w(yg,71) be given by (2.2) with vo,71 € [0,1/2].
Then there exists ng € Ny such that for all f € L[0,1] with wf € Ly[0,1],
and all n € Ny with n > ng there holds

lw(Knf = Ol ~ KL (f,07)w.

The direct estimate for the Kantorovich operator in the case w = 1 and
s = 0 is due to Berens and Xu [8, Theorem 6]. There a weak converse in-
equality was established as well. The corresponding one-term strong converse
inequality and the characterization of the K-functional by the Ditzian-Totik
modulus were proved by Gonska and Zhou [54]. Mache [81] established the
direct estimate for the Kantorovich operator and a weak converse one in the
case w = ¢** and s = 2¢, ¢ € N,. All those results were obtained in the
L,-norm, 1 < p < oo.
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Chapter 4

Weighted simultaneous
approximation by iterated
Boolean sums of Bernstein
operators B, ;

4.1 Background

One way to increase the approximation rate of the Bernstein operator B,,
defined in (0.1), is to form the following linear combination of its iterates

B.,=1-(-B,),

where [ stands for the identity and r € N,. Clearly, B,,, : C[0,1] — C]0, 1]
is a bounded linear operator.
If P and () are operators on a linear space X, then their Boolean sum
P & Q@ is defined by
PaQ@Q:=P+Q—-PQ.

Then we have (see [53])
——_————
T times

hence we can refer to B, ,, as iterated Boolean sums of B,,.
In [84] it was shown that the saturation order of B, ,, is n™".
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An important and nice characterization of the error of B, ,, was given by
Gonska ans Zhou [53]. They established the following upper estimate

(11) [Brf = I < ¢ (W2 () 4 A1), £ €L nEN,,

A Stechkin-type converse inequality was also proved. That enabled them to
deduce the trivial class of the operator and a big O equivalence characteri-
zation of the error.

Since B,, preserve the algebraic polynomials of degree at most 1, replac-
ing in (4.1) f with f — p;, where p; is the polynomial of degree 1 of best
approximation of f in the uniform norm on [0, 1], we immediately arrive at

(42) 1Bnf = Al < e (U™ 4 LED), feCh neN,

where F;(f) denotes the best approximation of f by algebraic polynomials
of degree 1 in the uniform norm on [0, 1].

Later on Ding and Cao [19] characterized the error of the multivariate
generalization of B, , on the simplex. In the univariate case, the direct in-
equality they proved is of the form

(4.3) 1Brnf = fIl < cKpp(f,n™),  f€C[0,1], ne Ny,

where

Ko(f.0) = inf {[lf — gl +t[lD"gl]}

geC?r(0,1]

with, to recall, Dg := ©?¢" and ¢(z) := \/2(1 — ).
They also proved a strong converse inequality of type D (in the terminol-
ogy introduced in [22]), that is

(44)  KR(fin™) < cmax|[Byf — fl, fe€C0.1], neN..
However, as we will show in Theorem 4.23 below,

KDy (f,t) ~ Kop(fot) +tEL(f), 0<t<1.

Therefore, taking also into account (1.9), we see that the function character-
istics on the right side of (4.2) and (4.3) are equivalent.
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4.2. A characterization of the rate of approximation by B, ,

In addition, we will establish in this theorem that
Kgo(f7t> NK?T,SD(f?t)—i_KQ,SD(fvt)? 0<t< L

Then, taking into account (1.9) (along with [72, Theorem 2.7]), we arrive at
the following relation between KEO( f,t) and Ditzian-Totik moduli:

KR (fn™) ~ 2 (f,n )+ 2(f,n77?), feC01], n>r
When we apply it in (4.3), we get the direct estimate
1Brnf = [l < c (Wi (f,n )+ w2 (f,in?), feC01], n>r?

Quite recently, Cheng and Zhou [16] derived another converse inequality
from the Stechkin-type converse inequality in [53]. It is similar to (4.4),
though weaker than it.

A historical overview of the study of B, , and the motivation to regard
them as iterated Boolean sums can be found in [53].

4.2 A characterization of the rate of approx-
imation by B, ,

We will first demonstrate that the result of Gonska and Zhou (4.1) can be
derived from the direct estimates on simultaneous approximation by B,,
presented in the previous chapter. In my opinion, such an approach is more
elementary and more straightforward (though not shorter) than the one used
by H. Gonska and X.-1. Zhou. It is more elementary because essentially it
uses only Taylor’s formula and simple integral estimates, whereas highly non-
trivial results on best approximation by algebraic polynomials were applied
in [53]. Besides that it is more straightforward because it is independent of
the close relation between best algebraic approximation and approximation
by the Bernstein polynomials, as in both cases the weight ¢(z) plays an
important role. However, it should be noted, the method used by H. Gonska
and X.-1. Zhou enabled them to prove also an important converse inequality.
The approach of Ding and Cao [19] was similar to that of H. Gonska and
X-1. Zhou.
Clearly, since || B, f|| < ||f]| for all f € C[0,1] and n € N, then

(4.5) 1Brnfll < cllfll. f€C[0,1], n€N,.
The following Jackson-type estimate holds.

91



Chapter 4. Weighted simultaneous approximation by iterated Boolean
sums of Bernstein operators B, ,,

Theorem 4.1. Let r € N,. Then for all f € C[0,1] such that [ €
AC?10,1) and ¢*" f®7) € L,.[0,1], and all n € N, there holds

loc

C T T
1Benf = Sl < — (171 + ¢’ 701 -
The value of the constant c is independent of f and n.

Proof. Let us set F, := (B, f — f)*. As is known
c
(4.6) 1Brg = gll < ~ll¢°d"l

for any g € AC} (0,1) and n € N,..
Therefore,

C
IF] < S FLyll

Next, if » > 2, we estimate the norm on the right above by (3.44) with
w = ¢? and s = 2 and thus arrive at

170 < = (I 250 + I F20 ).
If r > 3, we proceed in a similar fashion, i.e. we estimate above each of the
two terms on the right by means of (3.44). Note that at each such step:
(i) The power of n increases by one,
(ii) The number of iterates of B, — I decreases by one,

(iii) The range of the index ¢ of the terms ||p*F, ,§%) || increases by one.

The inequality between the power of ¢? and the order of the derivative in
(3.44) is always satisfied.
Thus we arrive at the upper estimate

c T
(4.7) 1Brnf = fll = — Dl R
k=1

To complete the proof, we need only apply Proposition 2.2(b) with w = 1
and m = 2r. O
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4.3. A characterization of the rate of the weighted simultaneous
approximation by B,

By the standard argument used in the proof of Theorem 3.3, we derive
from (4.5) and Theorem 4.1 the estimate

(48) [Brnf = 11 < (Kenglfon)+ A1) £ 0] neN..

Relations (4.8) and (1.9) imply (4.1) for n > ny with some fixed ng € N
For n < ny it trivially follows from (4.5).

Estimates we will further establish concerning the simultaneous approx-
imation by B, , can be used to verify a two-term strong converse inequality
that matches the direct one in (4.3) and improves the aforementioned earlier
converse inequalities.

Theorem 4.2. Let r € N,. Then there exists R € N, such that for all
f € Cl0,1] and k,n € N, with k > Rn there holds

Ly E\"
KA < ¢ () Bt = 71+ 1Bvaf = 11).
In particular,

EKo(fon™) < e (IBrnf = Il + 1Brraf = £1) -

The value of the constant c is independent of f, n and k.

4.3 A characterization of the rate
of the weighted simultaneous approxima-
tion by B, ,
Taking into consideration relation (3.3), we arrive at the hypothesis that the
differential operator related to the rate of the simultaneous approximation

by B, is (d/dx)*D" and the saturation order is n=". Thus, to characterize
this rate, we will use the K-functional

KP(ft)w=_inf {Jw(f— g9 +t|w(D g)|}.

geC2r+3[0,1]

We will establish the following direct estimate of the error of the simul-
taneous approximation by B, ,,.
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Theorem 4.3. Let r;s € Ny and w = w(7yo,71) be given by (2.2) as 0 <
Yo,71 < s. Then for all f € C[0,1] such that f € AC:1(0,1) and wf® €
L[0,1], and all n € N, there holds

[w(Brnf — PN < K2 (f9), 077,
The value of the constant c is independent of f and n.

The estimate in Theorem 4.3 can be simplified. The involved K-functional
Kfs(f, t)w can be characterized by the simpler ones Ky, ,(f, ), and Ky, (f, ).
In the last section of this chapter, we will show that the following character-
ization of K, s(f,t), holds.

Theorem 4.4. Let r;s € N, and w = w(vyy,71) be given by (2.2) with
0<v,71 <8. Then for allwf € Ly[0,1] and 0 <t <1 there holds

KQT,Lp<f,t>w+K1(f,t)w’ s = 1’
K£s<f7 t)w ~
Korp(f,)w +twfl,  s=2.

The result in the case w = 1 is of a different form.

Theorem 4.5. Let r,s € Ny. Then for all f € C[0,1] and 0 < t < 1 there
holds
KQ?W’(f? t) + Kr(fv t) + Kl(fa t)a s = 17
Kr?s(f> t)l ~
K2r,90(fat)+Kr(f7t)+t||f”7 522

Remark 4.6. The middle term on the right-hand side in the characteriza-
tion in Theorem 4.5 cannot be omitted. Indeed, if f(z) = 2" logx, then
f07f@) € Lo[0,1] and f' € Ly[0,1] (the latter in the case r > 2), but
f ¢ Lo[0.1].

Further, we can take into account that K,.(f,t"), ~ w,(f,t)w (see (1.3)
and (1.6)) and Koo (f, 1% )0 ~ w2 (f,t)w (see (1.9)) and deduce from Theo-
rems 4.3-4.5 the following Jackson-type estimates.

Theorem 4.7. Let r,s € N and w = w(7yo,71) be given by (2.2) as 0 <
Yo,m1 < s. Then for all f € C[0,1] such that f € AC: 1(0,1) and wf® €
L..[0,1], and all n € Ny there holds

W (f )y wn(fon e s =1,
Jw(Bnf — )P < c

res) - 1 .
W (O Dt f O, s 22,
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4.3. A characterization of the rate of the weighted simultaneous
approximation by B,

The value of the constant c is independent of f and n.

Theorem 4.8. Let r,s € N,. Then for all f € C®[0,1] and n € N there
holds

I - A A BT
“(Br,nf - f) 3 ” S Cc

T S — S — 1 S
GO 4w (fO ) + O s 22

The value of the constant c is independent of f and n.

Similar estimates can be stated in terms of the differential operator D.
They are given in the next theorem. We state this direct estimate only for
the unweighted case. We set

A~

Kps(Fit) = inf  {F = D%g|[ + ¢ D"g]}.
gECQ(T""S)[O,l]

Theorem 4.9. Let r,s € N. Then for all f € C**[0,1] and n € N there
holds

| D*(Bnf — Il < CI/(\'T,S(DSf, n").

The value of the constant c is independent of f and n.

The direct estimates above are sharp. We will verify a strong converse
inequality that matches the direct one in Theorem 4.3.

Theorem 4.10. Let r,s € N, and w = w(y,71) be given by (2.2) as
0 <v,71 <S. Then there exists R € Ny such that for all f € C|0, 1] with

f e AC:10,1) and wf® € Ly[0,1], and all k,n € Ny with k > Rn there
holds

k T
Kno(F 077w < e (ﬁ) (lwBenf = NN+ TwBerf = HI)-

In particular,

Kr,s(f(s)an_r)w S C (Hw(Br,nf - f)(S)H + Hw(BT,Rnf - f)(S)H) .

The value of the constant c is independent of f, n and k.
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To establish the results stated above, we adopt the same approach as
in treating the simultaneous approximation by B,. Since the differential
operator associated with the simultaneous approximation by B, ,, that is
(d/dx)*D", is rather involved, we do not directly aim at establishing esti-
mates by it. It is much easier to prove estimates in terms of the norms of
the components into which (D"g)®®) expands. They are of the form gqp? g™,
where ¢ is an algebraic polynomial, which can be ignored, and i, 7 € Ny. Due
to the validity of certain embedding inequalities their number can be reduced
to two or three and the sum of their weighted L.,-norms is equivalent to the
norm of (D"g)®. That allows us not only to get round the technical difficul-
ties of dealing with (d/dx)* D", but also to derive almost simultaneously both
characterizations of [|w(B,,f — f)®|: the more natural one by K (f, ).
and the more useful one by Ky, ,(f,t), and Ky, (f,t)e-

In the next section we will extend the basic inequalities for B, in the
previous chapter to B, ,. They will enable us to prove the converse estimate
for the approximation rate of B, and the direct and converse estimates for
the simultaneous approximation by it. The proofs are then given in Sections
4.5 and 4.6. The proof of Theorems 4.4 and 4.5 are given in Section 4.7.

4.4 Basic estimates for the simultaneous ap-
proximation by B, ,

We will extend the estimates obtained in Section 3.5 for the Bernstein oper-
ator to its iterated Boolean sum.
We begin with the following basic estimates concerning the boundedness

of the weighted L..-norm of (B,,,f)®).
Proposition 4.11. Let r,s € N, and w := w(vy,71) be given by (2.2) as
0 < 9,m < s. Then for all f € C[0,1] such that f € ACE'(0,1) and
wf®) € Lo[0,1], and all n € N there holds

[w (B /)P < e flwf.
The value of the constant c is independent of f and n.

Proof. The assertion follows from Proposition 3.14 by iteration. [
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4.4.1 A Jackson-type estimate

The following Jackson-type estimate of the error of B,, holds for smooth
functions.

Proposition 4.12. Let r,s € N and w = w(y, 1) be given by (2.2).
Set s’ := max{2,s}. If 0 < v, < s, then for all f € C[0,1] such that
f € ACET710,1) and wf) wp? f@+9) € L [0,1], and all n € Ny there
holds .

lw(Brnf = YO < = (Jwf < + g FE+ ).

If voy1 =0 and still 0 < vg,v1 < s, then

C ’
J(Brnt = DO < S (Jaof ) + o f 9 + g 12

n'f’
provided that wf+*) € L [0,1] too.
The value of the constant ¢ is independent of f and n.

Proof. Actually, if 75, v, > 0, the assumption wp? f+%) ¢ L [0,1] implies
wf®) € L[0,1]. This follows from Proposition 2.1 with w; = w, wy = we?*",
j=sand m = 2r + s.

We will prove that if 0 < 45,71 < s, then for all f € C]0,1] such that
f € ACTT710,1) and wfC) w0+ we? f@+s) ¢ L [0,1], and all n €

loc

N, there holds

C /
(49)  NwBonf = NN < = (I f + o+ g fEr+))

nr

That already contains the second assertion of the corollary; to get the first
one we apply

(4.10) fwf e+ < e (Jof @) + g £+,

which follows from Proposition 2.1 with g = f), j = r4s—¢', m = 2r4+s—s',
w; = w and wy = wp?*".

To establish (4.9) for s > 2 we use Proposition 3.17 to derive by induction
on r the estimate

rooi+tr

(4.11) Jwl(Bn = 17 A1 < 2303 g™ 97

i=0 j=2i
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In order to estimate above the terms with ¢ = 0 on the right side of the last
relation, we apply Proposition 2.2(c) with ¢ = £ and m = r to get for
3=0,...,7

(4.12) lwof T < e (JwfO N+ wf )

whereas to estimate above the terms with ¢ > 0, we apply Proposition 2.1
with g = £, m = 2r, w; = we* and wy = we* to get for j = 24,...i+7r

(4.13) lwe® I < e (Jwf N + lhog® fE+)) .

Now, (4.9) for s > 2 follows from (4.11)-(4.13).
To prove (4.9) for s = 1 we first observe that Proposition 3.17 and what
we have already established yield

lw(Brnf — f)ll < % (lw(Brrnf = )l + lwe(Br—1nf — £)"I)

< (wa”ll + wf O+ w2 )

c
n?"

+ [lwg® | + wg? F2 + ||w902’“f‘2r“)||)'
Next, to complete the proof in this case, we use that

lwe? FEHTD| < e (JlwfTD) + Jwp® fEII) G =1 -1,

and

lwe® f[| < e (lwf”| + [hog® FE*]))
which follow from Proposition 2.1 respectively with ¢ = fO+), m = r,
w; = we¥, wy = wp? (or see Proposition 2.2(a)) and ¢ = f”, j = 1,
m=2r —1, w; = w2, wy = wp*. O

The upper estimate can be stated in a more concise form in terms of the
differential operator (d/dx)*D". This result follows directly from Proposi-
tion 2.6 and Proposition 4.12.

Corollary 4.13. Let r,s € Ny and w := w(v9,71) be given by (2.2) as 0 <

Y0, 71 < 5. Then for all f € AC?*5710,1] such that we® f@+9) € L[0,1],
and all n € Ny there holds

(B f = YN < = (D))

The value of the constant c is independent of f and n.
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4.4.2 Voronovskaya-type estimates

Now, we will extend the Voronovskaya-type estimates for the simultaneous
approximation by B, to B, .

Proposition 4.14. Let r;s € Ny and w := w(v,71) be given by (2.2). Set
" == max{3,s}. If 0 < vo,71 < s+ 1, then for all f € C|[0,1] such that
f e ACPFH10,1) and wf") w2 fPr+s+2) ¢ [_10,1], and all n € N4

loc

there holds

_1\r—1 (s)
w (Br,nf _j- (@17)) D’"f)

C ”
(s") 2r+2 p(2r+s+2)
< — 5 (sl + g s2ere=2y)

If voy1 =0 and still 0 < v, 71 < s+ 1, then

_1\r—1 (s)
w <Br,nf —f= ((212)7" Drf)

C 1!
< (s

— nr+l

[ g O g2 )

provided that wf+s+1) € L_[0,1] too.
The value of the constant c is independent of f and n.

Proof. Actually, if 79,71 > 0, the assumption wp?+2f@+s+2) ¢ [_0,1]
implies wf®") € L,[0,1]. This follows from Proposition 2.1 with w; = w,
wy = we? 2 j=5"and m = 2r + s + 2.

We will establish that if 0 < 79,71 < s+ 1, then for all f € C[0,1] such
that f € ACZT5T1(0,1) and wfG"), wflsth) 2 fCr+s+2) ¢ 110, 1],

loc

and all n € N there holds

_1\r—1 ()
w (Br,nf - /- ((2172)T Drf)

(4.14)

c
<

< = (o @+ o)+ g2 perees )

That verifies the second estimate in the corollary; to get the first one we also
use the inequality

”wf(rJrerl)H <ec (wa(S//)H 1 Hw902r+2f(2r+8+2)H) ’
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which follows from Proposition 2.1 with ¢ = ¢, j = r + s — 5" + 1,
m=2r+s—s"+2 w =w and wy = wp* 2,
So, let us proceed to the proof of (4.14). We set

(-1

V;"n = Brn - J — D"f.
nf = Buf ~ =S D'f
For s > 3 we establish by induction on r that

o i o
(4.15) le@en PN < 55 D D w2l

i=0 =2
To this end, we use the relation
1

(@16) 0o nf) O € (Vi Fe) O+ - DV )]

where F,,, := (B, —I)"f, as we estimate ||w(V},,F}.,)® || by means of Propo-
sition 3.20 and (4.11), and the term ||w(DV,,.f)®| by (see (2.11))
(4.17) Jw(DVeu )|

< e (lw(Ven )N+ (Ve /)N + lwg? (Vin /)2
and the induction hypothesis.

Next, we estimate above the terms of (4.15) with ¢ = 0 by means of
Proposition 2.2(c) with g = f) and m =r + 1 to get for j =0,...,7+ 1

(4.18) o f9H) < e (JwfO + wfH=D]) .

For the terms with ¢ > 0, we apply Proposition 2.1 with ¢ = f®), m = 2r+2,
w; = we? and wy = wp? 2 to get for j =2i,...,i+r+1

(4.19) lwp® fIH < e (Jwf O] + w2 fEr=2)]).

Now, estimate (4.14) for s > 3 follows from (4.15)-(4.19).
The proof in the case s = 2 is similar. We verify by induction on r that

r+1 i+r+1

C i (i
[oVanf I < 5530 S w2

=0 j=max{1,2¢}

100



4.4. Basic estimates for the simultaneous approximation by B, ,,

as besides (4.16), (4.17), Proposition 3.20 and (4.11) we also use (4.15). Then
we complete the proof by means of Proposition 2.1 just similarly as in the
case s > 3.

Finally, in the case s = 1, we apply (4.16) with s = 1 and r — 1 in place
of r, Propositions 3.20 and 4.12, the trivial estimate

[w(DVianf)' || < ¢ (lw(Vicrn )"l + lwe® (Vicin )" 1)

and what we have already established to deduce

lw(Ven )l <

C T T
5 (IOl + o 2 + gt FO + wg? )

X Hw802r72f(2r+1)H 1 ngp2rf(2r+2)H 4 ngo27“+2f(2r+3)H>'

To complete the proof of (4.14) for s = 1 we need only take into account the
inequalities

g™ £ < e (lof T+ g )= L= L
and
lwe* FON < e ([[wfP + w2 FE )

which follow from Proposition 2.1 respectively with ¢ = f*2), m = r + 1,
wy = wp, wy = w<,02”+2 and g = f(3), ] =2,m =2r, w = wcp4, Wy =
ww2r+2' D

Similarly to Corollary 3.18 we get by Propositions 2.6 and 4.14 the fol-
lowing Voronovskaya-type estimate.

Corollary 4.15. Let r,s € Ny and w := w(y,71) be given by (2.2) as
0<v,v <s. Then for all f € AC*+5+10,1] such that wp? 2 fCr+s+2) ¢
Lo.[0,1], and all n € N there holds

_1\r—1 (s)
w (Bmf . (2172)T fo)

C
- nr—i—l

lo(D™ ).

The value of the constant c is independent of f and n.

101



Chapter 4. Weighted simultaneous approximation by iterated Boolean
sums of Bernstein operators B, ,,

4.4.3 Bernstein-type inequalities

The last several estimates, we will need, are several Bernstein-type inequali-
ties.

Proposition 4.16. Let (,r,s € Ny and w := w(y,71) be given by (2.2)
as 0 < vo,71 < s. Then for all f € C[0,1] such that f € AC;*(0,1) and
wf® € Lo[0,1], and all n € N, there hold:

(a) wp* (Brnf)? | < enfflwfO);
(0) [w(Brn ) < enflwf@;
(¢) lwe™ (Brn )P < en' Kago (), 07w
The value of the constant c is independent of f and n.

Proof. Assertion (a) and (b) follow from Propositions 3.23 and 3.14 since
B, is a linear combination of iterates of B,,.

Finally, to prove (c¢) we apply (a) and Proposition 3.14 to derive for any
g € AC?*F71(0,1) the estimate

loc
lwe™ (Brn f)EF | < en (Ju(f = g+~ lwpg®+])) .
Taking an infimum on g we get (c). O

Similarly to the Bernstein operator, B,.,, satisfies analogues of the above
Bernstein-type inequalities in terms of the differential operator (D"g)®. They
directly follow from them and the embedding inequalities in Chapter 2.

Corollary 4.17. Let r;s € Ny and w = w(y,71) be given by (2.2) as
0 < 9,m < s. Then for all f € C[0,1] such that f € ACE'(0,1) and
wf® € Ly]0,1], and all n € Ny there holds

lw(D" By )V < en[lwf].
The value of the constant ¢ is independent of f and n.

Proof. 1t can be established by induction on r that (cf. [53, p. 24])

r+1 r
Drg _ ()02 Z (i g(z) + Z SOZZ (jr,r—i g(l-i-r)’
=2 =2
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where ¢, ;,¢,; € ;. Hence we derive that

r+s
(420) Z QT EX) g + Z 2 QT s r+s+l (Z+T+S)

where s := max{2, s} and ¢, ; are polynomials. Hence

r+s

lw(D"g)|| < CZ lwg ™| + Z [wp? g+
The embedding inequality Proposition 2.2(c) yields for i = §',...,r + s
lwg®ll < ¢ (g + wg™]))
¢ (lwg® |+ lwg" ).
Similarly, by means of Proposition 2.2(a) we get fori =1,...,r

Hw(pZz‘g(iJrrJrs)H <ec (ng(r+s ” + ng&w (2r+s) ||)

Consequently,
@21) (D) < e (gl + g™+ + g g+
(4.22) < ¢ (Jwg® | + llwg? | + e g+

and the middle term can be omitted except when vyy; = 0.
Now, the assertion of the corollary follows from (4.22) with g = B,.,,f and
Propositions 4.11, 4.16, (a) and (b), with ¢ = r. O

Corollary 4.18. Let r,s € Ny and w := w(y,71) be given by (2.2) as
0 < 7,7 < s. Then for all f € C[0,1] such that f € AC**71[0,1] and
we? fPr+9) ¢ L_[0,1], and all n € N there holds

lw(D™1 B, /)] < enllw(D" ).
The value of the constant c is independent of f and n.

Proof. Just as in the previous proof, we apply (4.21) with r + 1 in place of
r and g = B,.,f, Proposition 4.11, Proposition 4.16(a) with £ = 1, wp*" in
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place of w, and 2r + s in place of s, and Proposition 4.16(b) with ¢ =1 and
r 4+ s in place of s to derive the estimate

Jeo(D™ By )N < € (I f 4+l fOH) 4 g™ f9))

In fact, the term |Jw (B, f)" V|| and hence n ||w f"**)|| appear only in the
case Yp71 = 0.
Now, the assertion of the corollary follows from Proposition 2.6. m

4.5 Proof of the converse estimate for the ap-
proximation by B, ,

We establish Theorem 4.2 again by means of the method introduced by

Ditzian and Ivanov [22]. To this end, we need a Voronovskaya-type inequal-

ity and several Bernstein-type inequalities, which relate the approximation

operator B, , to the differential operator D".
We begin with two Voronovskaya-type estimates (cf. [53, Lemma 4]).

Proposition 4.19. Let r € N.. Then for all g € C[0,1] such that g €
AC?(0,1) and @*+2g#+2) € [[0,1], and all n € N, there holds

loc
’ <_1)T_l r

Bing—9g———~—D
The value of the constant c is independent of f and n.

c T T
’ < 7 (19PN + ™29 2])

Proof. We note that by virtue of Proposition 2.3(a) we have @?¢", p?¢®) ¢
L.[0,1] too.

First, we establish the assertion for » = 1. Applying Taylor’s formula, we
have for z € (0,1)

g (%) = g(z) + (% 3— :B> g'(z) + % (% - x)Qg';(fB)
5 (h-o) Pwrg [ . (E-0) s
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Multiplying both sides by p, x(x), summing with respect to k& and using the
identities (3.17) we obtain

Bug(w) — gla) — 5 #(2)g"(2)
—or) 2 (x n k/n 3
- %g@”(aswé%pm(w) [ (=) s

_62!\909 ||+ Isog“)ll

We will show that

S pus() / v (% - U)g o4 (0) dv

k=0 z

R, (z) =

Obviously, it is enough to prove it for 0 < z < 1/2. We consider two cases.
Case 1. I/n<x <1/2.

Then ¢*(x) > 1/2n and by using (for v between z and k/n) the inequality

23, p. 141]

£=ol 2 -q]

prd i)
_¥ Z($) ;pn,k(i) (ﬁ — x)4
_ e ngw NIEL L) P

Case 2. 0 <z < 1/n.
Analogously to [22, Lemma 8.3], we will estimate the terms in the sum of
R, (x) separately for k = 0,1 and k£ > 2. We have for k =0

v3dv

Pno(T) /Ow vt (v)dv = (1 —z)" /Ox m
< (1—x)”_2/0mvdv:M <=

2 n?’

105



Chapter 4. Weighted simultaneous approximation by iterated Boolean
sums of Bernstein operators B, ,,

For £k =1 and n > 2 we have

porle) /zl/n (- “)3s04<v> v =na(i=ay ! | VG )y

n
—92 1/n (1 Sd

Trivially, for n = k = 1 we have

I
e~
>
—~
—
|
S
S~—
w
oW
4
A
&
>,
|Q.
4
A
—_

pa(z) / (1 — )’ (v) dv

For k > 2 and n > 3 we have

z) /k/n (g - v)3 o4 (v) dv

B\ ), Pl _ o
<Can2k o) ¢ $+m Sﬁ»

where at the last but one estimate we have taken into account (3.17). The
case n = k = 2 is again trivial. The proof is complete.
Let r > 2. We set J,,g := (I — B,)"g and

(-1t
Ving = Brn - 49— Dg.
ng ng — 9 2n)" g
We use the relation
1
‘/r,ng - ‘/l,nJr—l,ng - Q_D‘/r—l,ng'
n
It implies
(4.23) 1Vingll < IVindr—1a9l +—H<p( r—1n9)" |-
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By virtue of Proposition 4.19 with » =1,

C
(42)  Vindr1al £ 5 (102 r109) Ol 4+ 16* (r-109) D).

Further, we estimate the first term on the right above by means of Proposi-
tion 4.12 with » — 1 in place of r, s = 3 and w = ¢*. Thus we get

& T T
—— (£l + 1le™ g 1) -

Similarly, again by Proposition 4.12 with and » — 1 in place of r, but s = 4
and w = ¢* we have for the other term

(le'g @l + [l 2= +2])) .
4

Next, by virtue of Proposition 2.1 with 7 = 1, m = 2r — 1, w; = ¢,
wy = * 2 and ¢ in place of g, we get

(4.27) le'g @1 < (IePg@ I + [l +2g 22

(425) |‘902(Jr—1,ng)(3)” S

(426) ||()04<Jr—1,ng)(4)|| S

C
nr—l

Likewise, by means of the same proposition with m = 2r — 1, wy = ©?+2

and ¢® in place of g, but with j = 2r — 2 and w; = ", we get
(4.28) I gV < e (109D + 9 2% +2])) .

Combining, (4.24)-(4.28), we get

C T T
(429)  Vandsagl < = (Il @1 + 6> 262 +2)).

nr-i—l

It remains to estimate the second term on the right side of (4.23). To this
end, we apply Proposition 4.14 with » — 1 in place of r, s = 2, and w = ©?
and get

c T T
(4.30) l*(Veeing) " < — (I*9 1 + [l g™ *2]))

Now, (4.23), (4.29) and (4.30) imply the assertion for r > 2. O

Corollary 4.20. Let r € Ny. Then for all g € C?"™2[0,1] and all n € N,
there holds -
(_ ) D"

(2n)

The value of the constant c is independent of f and n.

Dr+1

ql|-

'Br,ng_g_ _WH
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Proof. The estimate follows from the previous proposition and several em-
bedding inequalities.
We apply Proposition 2.7(b) with r 4+ 1 in place of r to get

(4.31) lp**2g@ 2| < c[|D™ g

Also, by virtue of Proposition 2.3(a) with ¢ = 3 and r + 1 in place of r, we
have

1299 < c (" + lp* T2g® ) .

Taking into account (4.31) and Proposition 2.7(c) with j = 1 and r + 1 in
place of r, we arrive at

(4.32) 12gP|| < c|| D" g]].

Now, Proposition 4.20 follows from Proposition 4.19, (4.31) and (4.32).
[l

Next we will establish several Bernstein-type inequalities.

Proposition 4.21. Let r € N. Then for all f € C[0,1] and n € N, there
holds
[1D" By fIl < cn”[|f]

The value of the constant c is independent of f and n.

Proof. Let g € C*'[0,1]. Tt is established by induction on r that (cf. [53, p.

24))
r—+1 r

D'g=¢"Y qriag™ +> 0" Grri gt
=2 =2

where ¢, ; and ¢, ; are algebraic polynomials of degree at most j.
Therefore

r+1

(4.33) ID"gll < ¢ (Z [ H<p2"g(”"’|!> :
=2 =2
Let r > 2. By virtue of Proposition 2.3(a), we have

(4.34) 10299 < c(l€*g@ | + le*g®7|), i=3,...,r+1.

Also, this trivially holds for i =2, r = 1.
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Let r > 3. By virtue of Proposition 2.3(b), we have
(4.35) e g™ < el + ™ g® ), i=2,....r 1.

The above estimate trivially holds for i = r, r > 2, as well.
Inequalities (4.33)-(4.35) yield

(4.36) ID7g|l < c (%@ + 9*g®”|), reN,.
With g = B, ,.f we get
(4.37) ID"Brnfll < ¢ (162 Brnf) PN + l9* (Brn /))) -

Then we take into account that the operator B, is a linear combination of
iterates of B,, and also that (see Proposition 3.14 with w = ¢* and s = 2/)

(4.38) l9*(Bag) |l < clle®g®?Il, g € C*[0,1],
to derive from (4.37) the estimate
1D B f 1| < e (16*(Ba)P N + 107 (Buf) 7)) -
Now, the assertion of the proposition follows from
1o (Buf)®Nl < enfllfll, € €Ny,
which was established in [23, Theorem 9.4.1]. O

Proposition 4.22. Letr € N,. Then for all g € C*"[0,1] and n € N, there
holds
ID™ B, gl < enl|Dg.

The value of the constant c is independent of f and n.

Proof. We make use of (4.36) with r + 1 in place of r and B, ,g in place of
g, then apply (4.38), Proposition 3.23(a) with w = ¢*", £ = 1, s = 2r, and,
finally, Proposition 2.7(c) with j = 1, to arrive at
HDTJrlBr,nQH <c ("902(Br,ng)(2)” + ‘|¢2r+2(8r,ng)(2T+2)‘|)
< c(le%g@ N + 1972 (Bag)® )
< c(lle’g® |+ nlle?*g®7|)
< cnl|Dg|.

Thus the proposition is verified. O
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Equipped with the estimates established in the previous section, we are
now ready to verify Theorem 4.2.

Proof of Theorem 4.2. We apply [22, Theorem 3.2] with the operator @Q,, =
B, and the spaces X = (0,1] (with the uniform norm on [0,1}), YV
C?(0,1] and Z = C**20,1].

As is known,

1BofIl < |11l
Therefore, since B, ,, is linear combination of iterates of B,,, we have
1Brnfll < cllfll,  f€C0,1], n€N,.

Thus [22, (3.3)] is satisfied.

By virtue of the Voronovskaya-type inequality Proposition 4.20, we have
22, (3.4)] with (—1)""'D" in place of D, ®(f) = || D" f||, A(n) = (2n)™"
and A\;(«) = ¢cn™""!) where the constant c is the one in Proposition 4.20.

Next, Proposition 4.22 with g = B,,,f implies [22, (3.5)] with £ = 1 and
m = 2.

Finally, Proposition 4.21 yields [22, (3.6)]. O

Let us note that [22, Theorems 10.4 and 10.5] are not applicable because
condition (c) there is not satisfied.

4.6 Proof of the characterization of the rate
of the simultaneous approximation by B, ,,

We are ready now to verify the theorems in Section 4.3.

Proof of Theorem /.3. The estimate follows from Proposition 4.11 and Corol-
lary 4.13 via a standard argument (see e.g. [22, Theorem 3.4]). For any
g € C*+5]0,1] we have

lwBrnf = HIN < w(f = g + [[w(Brng — 9)¥|
+ Hw(Br,n(f - g))(S)H

S S 1 T S
< (ot =gl + () 1).

Taking an infimum on g € C**5[0, 1], we arrive at the estimate stated in the
theorem. ]
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approximation by B,

Proof of Theorems 4.7 and 4.8. By virtue of (1.6) and (1.9), the assertions
of the corollaries follow for n > ng with some ny € N from Theorems 4.3-4.5.
For n < ny we apply Proposition 4.11 to get

(4.39) [w(Brnf = HN < — wf O

which completes the proof for s > 2. For s = 1 we use that B, , f preserves
the linear functions to deduce from (4.39) the estimate

[w(Bynf = )1l < = Eo(F)us 1< no.

Then we apply (4.54) below with f’ in place of f and the relation Ki(f’,t),, <
cwi(f'it)w, 0 <t < 1. ]

Proof of Theorem 4.9. We proceed as in the proof of Theorem 4.3. We need
to show that

(4.40) ID*B..fll < c|D*fll, n €N,

To this end, we apply consecutively Propositions 2.7(a), 4.11 with w = ©**
and Proposition 2.7(b) to derive

1D°Braf Il < e (I1Brnf Il + 16 (Brnf ) )

< c(lFIl+ o> £
< (I + 1D £I;

hence

|1D*Br fI| < c(EL(f) + [[D°F])-
To complete the proof of (4.40), we need only to take into account (see (4.6))
Ei(9) < |Big — gl < cll¥’d"ll, g€ AC(0.1),
and apply Proposition 2.7(c). O
We proceed to the proof of the converse inequality.

Proof of Theorem 4.10. Just as in the proof of Theorem 3.8, we apply [22,
Theorem 3.2] with the operator @, = B,.,, on the space

X ={feC0,1]: fe AC(0,1),wf® € L,[0,1]}

loc
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with a semi-norm [|f||x = |[wf®]|. Let also Y = C**+%[0,1] and Z =
C2rs+20, 1],

Proposition 4.11 implies that @, is a bounded operator on X, so that [22,
(3.3)] holds.

By virtue of Corollary 4.15, we have for ®(f) := ||w(D™*f)®)| and f € Z

w(Qur -7 -2 o) :

which shows that [22, (3.4)] is valid with (—1)""'D" in place of D, A(n) :=
(2n)™" and A\ (n) := c¢n™""!, where the constant ¢ is the one from Corol-
lary 4.15.
Further, we set g := B,.,,f for f € X and apply Corollary 4.18 to obtain
O(Qnf) = ©(Byng) < en [w(D"g) || = en [lw(D"Byy f)].
Hence [22, (3.5)] is established with m =2 and ¢ = 1.
Finally, Corollary 4.17 yields for f € X

lw(D" Q)P < enllwfP],

c

which is [22, (3.6)].
Now, [22, Theorem 3.2] implies the converse estimate in Theorem 4.3. [
Let us explicitly note that the characterization of the weighted simulta-
neous approximation by B, in terms of the K-functionals Ky, ,(f,t), and

K;(f,t), can be directly derived from Propositions 4.11, 4.12, 4.14, 4.16, (a)
and (b), by means of [22, Theorems 3.2 and 3.4].

4.7 Relations between K-functionals

In this section, first we will show that the direct estimates (4.2) and (4.3)
are equivalent. More precisely, we will establish that the quantities on the
right hand-side of (4.3) and (4.8) with || f|| replaced by FE;(f) are equiva-
lent. In addition, we will verify a characterization of K (f,t) by means
K-functionals of the form K, ,(f,t).

Theorem 4.23. Let r € Ny. For all f € C[0,1] and 0 <t <1 we have

(4.41) KR (f.t) ~ Koy (f,1) + t By (f)
(442) ~ K2r,<p(f7 t) + KQ,QO(f? t)
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Proof. The first assertion will follow from the inequalities:

KQT‘,QD(f? t) < CK??O(fa t):
tE(f) < cKpp(f:1)

and

K o(f.1) < e (Ko (f,1) +t Er(f)).

The first one follows directly from Proposition 2.7(b). The second one follows
from the estimate

tE(f) < Ei(f —g9) +tEig) < c(|f = gll + t][Dgl])
<c(If =gl +tlIDgl), geC¥0,1], 0<t<1,

where at the second step we have taken into account the estimate
Er(g) < 1Big —gll < clle®g"ll, g € AC(0,1),

and at the third Proposition 2.7(c).
In order to verify the third inequality, we apply Proposition 2.7(a) to get
for any g € C*'[0,1] and ¢t < 1 that

t|D7gll < ct (l¢* g || + Ei(g))
<c(|If =gl + g +tEL(f)).

Consequently,

Kh(f.t) <c ( inf {[If =gl +tle* g} + tEl(f)) :

geC?(0,1]

It remains to observe that

(4.43) inf | {1 = gll +tlle* g®||} < e Koyl f,1).

geC?7(0,1

To justify the latter, we recall that the Steklov-type function used in [23,
Chapter 2] to establish the inequality

KQT,@(f» t) S Cw?or(fa t)
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belongs to C?7[0,1] (or see [18, Chapter 6, §6], where a spline was used).

Therefore the K-functional on the left hand-side of (4.43) is estimated above

by wfo’"(f, t) (at least for ¢ < t,); and hence, in view of (1.9), by K. ,(f,1).
We proceed to the proof of the second assertion of the theorem:

(4.44) Koo (f,t) + tEL(f) ~ Koroo(f,t) + Ko u(f,t), 0<t<1.

Trivially, for any g € C]0,1] such that ¢ € AC}

L.(0,1) and ¢*¢" €
L+[0,1], and any ¢ € (0, 1] we have the estimates

tEL(f) < If — gl +tllg — Bagll < |If — gl + ctllo®d"|);

hence
tEl(f) < CK27<p(f, t), 0<t<1.

Above we used the inequality
lg = Bigll < ll¢g"ll;

which is directly established by Taylor’s formula (see e.g. [22, p. 87]).
To complete the proof of (4.44), it remains to show that

(445) KQW(f, t) < C(KQT,go(fa t) + tEl(f)) , 0<t<I1.

Let g € C[0,1] be such that g € ACZ~'(0,1) and ¢*"¢®") € L,[0,1].

loc

Then, by e.g. Proposition 2.2 (b) with w =1, 7 = 1 and m = 2r, we deduce
that ¢%g” € Luo[0, 1] too, as, moreover,

%" (1 < e (llgll + 9> g711) -
Consequently, we have for ¢ € (0, 1]

Koo(fit) < || f — gl + tlle®d"|]
<c(If =gl +tle*g®|) + ct| £

Taking the infimum on ¢, we arrive at

K2,go(fa t) S C(K2r7go(fv t) + t”f”) .

Finally, we replace f with f — p;, where p; is the algebraic polynomial of
degree 1 of best approximation in C[0,1] to f, to get (4.45). O
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Next, we will verify the assertions of Theorems 4.4 and 4.5 as well as of
Remark 3.4. First, we will present a couple of auxiliary inequalities between
K-functionals.

It is known that in the case w = 1 in the definition of K, ,(f,t) the
infimum can be equivalently taken on C™[0,1]. That is evident from the
proof of [23, Theorem 2.1.1] (see also [21, p. 110]). That equivalence probably
holds for any Jacobi weight w. For our purposes weaker relations will suffice.
They are given in the lemma below. Using them one can derive the above
mentioned equivalence under the conditions of the lemma, but we will not
establish that here.

Lemma 4.24. Let r,s € Ny, and w = w(yo,71) be given by (2.2) with
0 <50, <s. Then for allwf € Ly[0,1] and 0 <t <1 there holds

(4.46) inf {Hw(f—g(s))H _’_t||w¢2rg(2r+s)”}

geC2r+s[0,1]

< c(Korp(fit)w +tllwfl)), s=2,
and
44 . f _ / t 2r (2T+1)
@ nt s - o)+ e fug? g )
<c <K2r,<p<f7 t)w + Kl(f; t)w) .
The value of the constant c is independent of f.

Proof. For a given function f such that wf € L.[0,1] with 79,71 < s,
s € Ny, we set

fs(z) == G _1 i /lx (x —w)* ' f(u)du, z€][0,1].

Clearly, p**=2f € L[0,1]. Hence f,(z) is well-defined and finite at z = 0
and z = 1; moreover, fs € C[0,1]. The continuity of fs(z) at every interior
point for any s as well as at x = 0,1 for s = 1 is clear. To see that fy(z)
is continuous at x = 0,1 for s > 2 we can apply Lebesgue’s dominated
convergence theorem.

Now, we are ready to verify the inequalities in the lemma. We set n 1=
[t~V 4+ 1 and g; == B, fs. In view of the above remarks, g; is well defined
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and clearly g; € C*"*[0,1]. To verify (4.46) and (4.47) it is enough to show
that

(4.48) lw(f — g < e (Korp(f.t)w +twf]), s>2,
(4.49) lw(f = gDl < ¢ (Karp(f,t)w + EKi(ft))

and

(4.50) twe? g < ¢ Korp(fi 1), s> 1.

Let G € ACZ71(0,1) with wG, we> G®) € L,[0,1] be arbitrarily fixed.

loc

Then G, € C[0,1]. Let s > 2. Applying Propositions 4.11 and 4.12 and the
trivial estimate
(4.51) [wG|| < [lw(f = G)[| + lwfl],

we get

lw(f = g < lw(f = Ol + [w(BnG = G|
+ llwo(Bra(fo = G|
< cllw(f = ) + = (WG| + wp G
< e (fuw(f = )l + ¢t g Gl + ¢ |wfl]).

We take an infimum on G and arrive at (4.48).
For s = 1 by means of a similar argument we arrive at

(4.52) lw(f = gDl < e (lw(f = G+t we™ GE7|| + tlwd])) .

Next, we estimate the last term on the right above by means of Proposi-
tion 2.1 with j = 1, m = 2r, w; = w and wy = wy?". Thus we get

lwG'|| < e (JwG| + [we* GEVY)) .
Consequently, for an arbitrary real o we have
lwG|| < e (Jw(G = a)|| + we* GE7Y)) .
Setting Fo(f)w = infaer ||w(f — )|, we arrive at the estimate

(4.53) twG'| < e (lw(f = G|+t we™ GEV) + et Bo(f ).
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For wf € L]0, 1], where 79,71 > 0, and 0 < t < 1 we have
(4.54) tEo(f)w < cKi(f,t)w-

That easily follows from the estimate

[e)

Eo(0)up < g — g(1/2)]] = Hw /

R dt” < clluwg|
2

where g € AC),.(0,1).
Combining (4.52)-(4.54) we arrive at (4.49).
Finally, to verify (4.50) we apply Proposition 4.16(c) with ¢ = r to get

tlwp g™ || < etn Kono(£,07" ) < ¢ Koy (f,

s

Let us proceed now to the proof of Theorems 4.4 and 4.5.

Proof of Theorems 4.4 and 4.5. Let 0 < ~5,71 < s and g € C**5[0,1].
Proposition 2.6 yields

(4.55) lwfll < [lw(f =g+ cllw(Dg), s>2,
(4.56) lwgV ™| < cllw(D"g), j=1,r, s>1,
and

(57 g < (D), s> 1.

Taking an infimum on g € C?"™[0,1] in (4.55) we get for 0 < ¢ <1
twfll < cKps(fit)w, 522
Next, since ¢¢*) € ACY(0,1) for j = 1,7, we derive from (4.56) that
Ej(f,0)w < c(Jo(f =gl +tw(D"g)]), s> 1.
Taking an infimum on g € C?" [0, 1] we arrive at

Ki(f,t)w <cKps(fit)w, j=1r1 s>1.
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Just similarly, using that ¢® € AC?"71(0,1) and (4.57), we establish that

K2r,<p(f; t)w S CKT‘,S(f? t)w, S Z 1

Thus we have shown that K,  (f,t), estimates above the quantities on the
right-hand side of the relations in Theorems 4.4 and 4.5.

Let us proceed to the reverse inequalities. Let 0 < 79,71 < s. Let
g € C?"4[0,1]. By (4.21) (see also (4.10)), we have

(4.58) (D7) < e (g™ + g g}

where s’ := max{2,s}. Hence, using (4.51) with ¢/* in place of G, we get
for s > 2 the estimate

lw(D"g)| < e (Jw(f = gD + llwe® g || + [lwf]]) -

Consequently, for s > 2 we have

Kps(ft)w < c ( inf  {llw(f = g+t Jwp™g® |} +t waH)

geC?r+30,1]
< ¢ (Korp(fit)w +t]wf])

Here we have taken into account (4.46).
Similarly, relations (4.58) with s = 1, (4.53) with ¢’ in place of G, (4.54)
and (4.47) yield

Khl(fv t)w < C(KQT,SD(fv t)w + K1<f7 t)w) :

This completes the proof of Theorem 4.4.

To establish the upper estimate of K, s(f,t); in Theorem 4.5 we use the
quasi-interpolant Q(f) := Qr(f) constructed in the proof of [18, Chapter 6,
Theorem 6.2] but with 27 in place of r and for the interval [0, 1] instead of
[—1,1]. It has the properties (see [18, p. 191]):

If = QNI < cw (1)

and

0 QU < cw (£,1),
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where t = 1/m, m € N, and m > mg with some fixed mo € N, . Likewise,
by means of [18, Chapter 5, Proposition 4.6 and Chapter 6, Theorem 4.2] we
get ' '
RNV < et Puy(£,89), j =1,

for t = 1/m, m € Ny and m > my. Hence, taking into account the inequali-
ties w;(f, 1) < cK;(f, ) and w2 (f,t) < ¢ Koy (f, %), we arrive at

1f = QUHII < e Kar(f,17),
(4.59) o™ QU < € Kar(£,17),

NQUHVI < e K;(f.£7), j =1,

for t =1/m, m € Ny and m > my.

Now, the upper estimate of K, s(f,t); for all t € (0, 1] follows from (4.21)
with w = 1 and ¢® = Q(f), (4.51) with Q(f) in place of G, or [18, Chapter
5, Theorem 4.4] (if s > 2), and the basic property of the K-functionals

(4.60) K(f,t) < max {1, j—} K/, 1)

where K (f,t) stands for any of the considered here K-functionals.
Let us briefly show the validity of Remark 3.4. In view of what already
has been established, it is enough to demonstrate that

Kl,l(f> t)w S C(KQ,so(f> t)w + Kl(fa t)w)

for vp > 0 and 73 = 0. To this end we will apply a well-known patching
technique (see e.g. [18, p. 176]). By (2.6), 3/4 instead of 1/2, ¢’ in place of
g, 71,0 =Y0,720 =% + 1, j =1 and m = 2, we get

IX9" lo,3740 < ¢ (IX°9 03741 + X" 9" 10,3741 -
Then, just as above, we derive that
t1Ix 9" ll10.3/4
< (I = s + I 9" Nos/a) + ¢ Ki(f, -

Using the last inequality and (4.47) with » = 1, we deduce that there exists
g: € C?]0,3/4] such that

(4.61) IX(f — d) o372 + 21X, Nlj0.3/4 + E1IX T3 10,3/
< e (Kay(f. )0 + K (f.1%)0) -
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Further, let CNQ( f) = @T( f) be the quasi-interpolant considered above for

r = 1 and modified for the interval [1/5,1]. Weset ¢(z) := /(z — 1/5)(1 — z)
and denote by K(f,t), the modification of the K-functional K(f,t), in which
the sup-norm is taken on the interval J instead of [0, 1]. Then (cf. (4.59)) we
have

1f = QA ljany < If = QA sy
< cKys(f, t2)[1/5,1} < Koy (fi 1),

2l QU) Nyay < 1P Q) s

(4.62) i ;
S cKoo(f,17)nysa) < cKoo(fi 1) w,

QU Iy < ENQU) NIz
< CKl(fa t2)[1/5,1] < CKl(f7 t2)w
for t =1/m, m € N and m > my with some fixed my € N,.
Let the function g; € C3[0,1] be such that g, = (1 —1)g; +¥Q(f), where

P e C®(R), ¥(x) =0 for x < 1/4 and ¢(x) = 1 for x > 3/4. It can be
shown by (4.21) with r = s =1, (4.61) and (4.62) that (see [18, p. 176])

lo(f = gDl + llw(Dge)'l| < ¢ (Ko (f, 1) + Ki(f,1)w)

fort =1/m, m € Ny and m > mg. In view of property (4.60) that completes
the proof of Remark 3.4. O

4.8 Simultaneous approximation by the iter-
ated Boolean sums of the Kantorovich
operator in weighted L..-spaces

As in the last section of the previous chapter, the results about the simulta-
neous approximation by the iterated Boolean sums of the Bernstein operator
can be easily transferred to their analogue with the Kantorovich operator.
To recall, the Kantorovich polynomials are defined for f € L[0,1] and
z € [0, 1] by
n (k+1)/(n+1) n
K,f(x) = Z(n+1)/ f(@t) dt ppi(z), pni(z) = (k) a*(1—z)"

o k/(n+1)
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More generally, we will consider again the generalized Kantorovich operator
of order m € N, which is defined for f € L[0, 1] by

K £(2) = (B Fo ()™,

where

Further, we set

Relation (3.158) yields
IC7<:Z>JC = (Br,n-i-mFm)(m) :

This enables us to transfer all the above results about simultaneous approx-
imation by B, , to K,,. In particular, we get the following characterization

of the rate of the simultaneous approximation by IC,%).

Theorem 4.25. Let m,r € N, s € Ny and w := w(y9,71) be given by (2.2)
as 0 < 49,71 < s+ m. Then for all f € Ly[0,1] such that f € AC;'(0,1)
and wf®) € Ly,[0,1], and all n € N, there holds

w0 f = HO) < e KD (fO ).

Conversely, there exists R € Ny such that for all f € L[0,1] with f €
ACH0,1) and wf® € Lyo[0,1], and all £,n € N, with { > Rn there holds

loc

k T
fﬁgaﬂ%WﬂwsCQJ (ot f = HON+ lwk f = H)

In particular,
K107 < e (I f = N+ (iR, g = N@)
The value of the constant c is independent of f, n and £.

In the statement of the last theorem the condition f € AC; '(0,1) is to
be ignored for s = 0.
The observations made in Remarks 3.42 and 3.43 hold for Kf«@ as well.

121



Chapter 5

Simultaneous approximation by
Bernstein polynomials with
integer coefficients

5.1 Background

There is an extensive literature on the approximation of functions by poly-
nomials with integer coefficients. A quite helpful introduction to the subject
is the monograph [39] and also [80, Chapter 2, §4|. In particular, the ex-
tension of the classical results on simultaneous approximation by algebraic
polynomials with real coefficients to the integer case is due to Gelfond [43]
and Trigub [94, 95, 96, 97, 98].

Bernstein [10] posed the problem of determining to what extent the re-
quirement on the coefficients of the algebraic polynomials to be integers af-
fects the order of the best algebraic approximation in the uniform norm. To
solve this problem Kantorovich [66] (or e.g. [39, pp. 3-4], or [80, Chapter 2,
Theorem 4.1]) introduced an integer modification of B,,. It is given by

=31 (%) (})]#a -0

k=0

Above [a] denotes the largest integer that is less than or equal to the real a.
L. Kantorovich showed that if f € C[0, 1] is such that f(0), f(1) € Z, then

lim || Ba(f) = fIl = 0.
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Clearly, the conditions f(0), f(1) € Z are also necessary in order to have
limy o0 By (£)(0) = £(0) and lim, s Bn(f)(1) = f(1), respectively.

Following L. Kantorovich and applying (0.3), we get a direct estimate of
the error of B, for f € C[0,1] with f(0), f(1) € Z. For z € [0,1] and n € N,
we have

| Bn(f)(z) = f(z)] < [Bnf(z) — f(2)

SUOIIRIOI0) e

(5.1) <||Bnf = fll + Za:k(l —a)" "
k=1

1 n—1

< o2 —1/2y 4+
Cw (fvn >+nzpn,k(x)

k=1
1
< cwl(fn )+

We will show that the simultaneous approximation by B, (f) satisfies a
similar estimate. Before stating that result, let us note that another integer
modification of B, f possesses actually better properties regarding simulta-
neous approximation. In it, instead of the integer part [a] we use the nearest
integer (o) to the real a. More precisely, if @ € R is not the arithmetic
mean of two consecutive integers, we set () to be the integer at which the
minimum min,,ez |« —m/| is attained. When « is right in the middle between
two consecutive integers, we can define (o) to be either of them even without
following a given rule. The results we will prove are valid regardless of our
choice in this case.

__ We will denote that integer modification of the Bernstein polynomial by
B, (f), that is, we set

B0 =3 (s (5) (3))a+a -0

k=0
for f € C[0,1] and x € [0, 1].

An argument similar to (5.1) yields

1

(5.2) 1Ba(f) = fIl < cwl(£n™%) + o
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for all f € C[0,1] with f(0), f(1) € Z and all n € N,.
Combining (5.1) and (5.2) with (3.2), we arrive at the characterization

(WA 1) < 1B - A1+

(5.3) 1
<c <w<2p(f7 n~t?) + 5)
and
— — 1 n 1
(W2 2 ) < IB - S+
(5.4) " !

n

<c (wi(f, n1) 4 1)

valid for all f € C]0,1] with f(0), f(1) € Z and all n > ny with some ny,
which is independent of f.
Consequently, if 0 < a < 1, then

(5.5) IBu(f) = [l =0(n™) <= wi(f,h) = O(h*)
and
(5.6) IBu(f) — [l =0(n™) <= wi(f,h)=O(h>),

provided that f(0), f(1) € Z; we assume f € C[0, 1].

In addition, we will prove in the last section of the chapter that the
approximation generated by B, and B, in the uniform norm on [0, 1] is
saturated with the saturation rate of 1/n and if || B.(f) — f| = o(1/n) or
||§ (f) = fll = o(1/n), then, similarly to the Bernstein operator, we have
that B, (f) = Bn(f) f and f is a polynomial of the type px + ¢, where
p,q € 7. B

Let us explicitly note that for any fixed n > 2 the operator B,, : C[0, 1] —
C10,1] is not bounded in the sense that there does not exist a constant M
such that _

IBofll < MIfI Y fe o).
Therefore we cannot drop the quantity 1/n on the right-hand side of the
estimate (5.1), or replace it with ¢ || f||n~'. That operator is not continuous
either. On the other hand, B is bounded but not continuous. Both operators
are not linear. To emphasize the latter we write B, (f) and By(f), not By, f
and Bn f.
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5.2 A characterization of the rate of the si-
multaneous approximation by Bernstein
polynomials with integer coefficients

We established in Theorem 3.5, that for all f € C*[0,1] and n € N, there
holds

(5.7) (Ba)® =

w?p(f’,n_lﬂ) +wi(f,nh), s=1,
<c

S - S - 1 S
RO (£ n ) + S ), 522,

as, moreover, these estimates cannot be improved since a matching strong
converse inequality is also valid (see Theorem 3.8 and (3.11)).

_ We will verify that the integer forms of the Bernstein polynomials B, and
B,, satisfy similar direct inequalities. They are stated in the following two
theorems.

Theorem 5.1. Let s € Ny. Let f € C®[0,1] be such that
£(0), f(1), £(0), f/(1) € Z and fP(0) = fP(1) =0, i =2,...,s.

Let also there exist ng € Ny, ng > s, such that

k k
(58> f<ﬁ)2f(0)+gf/(o>7 k:17"'757n2n0a
k AN
(59 fl=)=>2f1)—=(1=-=)f(Q), k=n—s,...,n—1, n>ng.
n n
Then for n > ng there holds
I(Ba(£)) = f9]
1
wfg(f’,n_l/z)—l—wl(f/,n_l)+—, s=1,
<c n
- 1 1
wi(f(s),n_l/z) +w1(f(5),n_l) + E Hf(s)“ + ﬁ’ s> 2.

The value of the constant c is independent of f and n.
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Remark 5.2. Certainly, it suffices to assume instead of the cumbersome
(5.8)-(5.9) that there exists § € (0,1) such that

f(@) = f(0) + = f/(0), =€l0,0],

f@) 2 f1) =1 -=2)f(1), ze[l-61]
However, it turns out that the conditions (5.8)-(5.9) are also necessary unlike
the ones above (see Theorem 5.12).

Remark 5.3. An analogous result holds for the integer form of the Bernstein
operator defined by means of the ceiling function instead of the integer part.
Then we assume that the reverse inequalities for f(k/n) hold, that is,

f(%) Sf(O)—I—%f’(O), k=1,...,s n>ng,
f(ﬁ) §f(1)—<1—ﬁ>f’(1), k=n—s,...,n—1, n>ng.
n n

The proof is quite similar and we will omit it.
The estimates of the rate of convergence for B, are valid under weaker

assumptions.

Theorem 5.4. Let s € N,. Let f € C*|0, 1] be such that

£00), £(1), £1(0), /(1) € Z and fP(0) = fD(1) =0, i =2,...,s.
Then

(BN = 9

1
wi(f’,n_lﬂ)—l—wl(f’,n_l)—f——, s=1,
<c n

1

- s - 1 s
wi(f(s),n 1/2)—|—w1(f(),n 1)+ﬁ”f()”+ﬁ’ s> 2.

The value of the constant c is independent of f and n.

We will show that the assumptions made in Theorems 5.1 and 5.4 are
necessary in order to have uniform simultaneous approximation. Concerning
the difference between the set of conditions on the derivatives for s = 1 and
s > 2, let us note that B, and B, preserve the polynomials of the form
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px + q, where p,q € Z (that is verified just as for the Bernstein operator).
Therefore it is not surprising that there are not any restrictions on the values
of the function and its first derivative at the endpoints except that they must
be integers. However, the requirement that the derivatives of order 2 and
higher must be equal to 0 at the endpoints is quite unexpected. Technically,
it is related to the fact that (%)s (Z) €Zforallkand niff s=0o0r s=1.

I am aware of only one result concerning approximation of the derivatives
of smooth functions by means of integer forms of the Bernstein polynomi-
als. Martinez [82] considered this problem but the coefficients are replaced
by their integer part after differentiating the Bernstein polynomial of the
function.

Another result in this chapter is an analogue of the equivalence relations
(5.5)-(5.6) for the simultaneous approximation by the operators B,, and B,,.
We will establish the following weak converse relations that complement the
direct estimates in Theorems 5.1 and 5.4.

Theorem 5.5. Let s € N, and 0 < a < 1. Let f € C*[0,1], f(0), f(1) € Z,
and

I(Bu(f)® = fFO = 0n™®) or |[(Ba(f))) = f2 = O(n™).
Then
Wi(f,h) =Oh*) and wi(f,h) =O(h).

Combining this theorem with Theorems 5.1 and 5.4, we get the following
two big O equivalence relations.

Corollary 5.6. Let s € Ny and 0 < v < 1. Let f € C*[0,1] be such that
£(0), £(1), £(0), f'(1) € Z and fD(0) = fD(1) =0, i =2,...,5. Let also
there exist ng € Ny, ng > s, such that

F(5) 250+ £7©, k=t 0z m,
f(%) 2f(1)—(1—%>f’(1), k=n—s,...,n—1, n>no.

Then

I(Ba(£))*) = f2 = O(n™)
= wi(fO.h) =0(*) and wi(fO,h)=0(h).
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Corollary 5.7. Let s € Ny and 0 < v < 1. Let f € C*[0,1] be such that
70), £(1), £/(0), /(1) € Z and fO(0) = fO(1) =0, i =2,...5. Then

I(Bu(£)® = £ = O(n)
= W(fn) =0 and wi(f,h)=O(h).

In the next section, we will establish the direct estimates stated in Theo-
rems 5.1 and 5.4. Then we will show in Section 5.4 that the assumptions on
the approximated function near the ends of the interval and its derivatives
are also necessary in order to have simultaneous approximation. In Section
5.5 we will prove the converse relations in Theorem 5.5. In Section 5.6, we
consider the saturation of the approximation by B, and B,. In the last
section we present a Kantorovich-type integral modification of B,.

5.3 Proof of the direct estimates

The integer modifications of the Bernstein polynomials En and §n are not
linear. That is why the simplest way to estimate their rate of approximation
is to consider their deviation from the linear operator B,, (see (5.1)). We will
apply the same approach to estimate their rate of simultaneous approxima-
tion.

Forn € N, and £ =0,...,n, we set

== [ 2 (0] €)
s -G (3) () ()

Then the operators En and En can be written respectively in the form

and

and
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%
We will use the forward finite differenge operator Aj, with step h. If
h =1, we will omit the subscript, writing A := A;. Thus
——— u (5 -
5.10 A®b, (k) = —1) b (k —1), k=0,...,n—s;
(5.10) 0 =0 ()it 5= nes

=0

and analogously for b,.
Similarly to (3.4), for n > s we have

610 B0 = s S K pale), € 0.1
and
612 Bl = o S Kb (Bpae). w01

We proceed to the results that relate En and B\n to B,,.
Theorem 5.8. Let s € N,. Let f € C®0,1] be such that

£(0), f(1), £(0), f'(1) € Z and fP(0) = fO(1) =0, i =2,...,s.

Let also there exist ng € N, ng > s, such that

f(%) Zf(O)—l-%f'(O), k=1,...,s n>ng,
f(k) 2f(1)—(1—§>f’(1), k=n-—s,...,n—1, n>ny.

n n
Then
~ 1
I5.0) = Bul )] < ¢ (sn(rOn )+ ) 0o
The value of the constant c is independent of f and n.

Theorem 5.9. Let s € N,. Let f € C®0,1] be such that

£(0), £(1), f1(0), f'(1) € Z and fP0) = fP(1)=0, i=2,...,s.

Then

1(Bof)®) — (Bul )] < (wl(f(s),nl) N %) |

The value of the constant c is independent of f and n.
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Now, Theorems 5.1 and 5.4 follow directly from (5.7) and Theorems 5.8
and 5.9, respectively.
Let us establish Theorems 5.8 and 5.9.

Proof of Theorem 5.8. Let n > ny. We make use of (3.4), (5.11), and the
identities 7 (j) =2%and ), pa—sk(z) =1 to get

(5.13) |(B)(@) = (Ba()) (@)
< 2°n’ Jnax (f (%) - l;n(k)) .z el0,1].

Note that f(k/n) — b, (k) > 0, k=0,...,n, because [a] < a.
We will estimate f(k/n)—b,(k) separately for k < s, s+1 < k <n—s—1,
and k > n — s. For the middle part, we simply use that if n > 2s + 2, then

o 10 HQOTOODE)

Next, we will show that

(5.15) f (E> — ba(k) < %wl(f(s),n’l), k=0,...,s.

n

We apply Taylor’s formula, as we take into consideration that f®(0) = 0 for
1=2,...,8, to arrive at

<aw>f(§)=fm»+§fm>

That implies
o () (ko) <5 () ()
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5.3. Proof of the direct estimates

At the second estimate, we have taken into account the well-known property
of the modulus of continuity

WI(F7 Tt) S Twl(Fv t)7

where r € N,
On the other hand, (5.8) and

(5.18) £(0) (Z) ot (Z) €z,
imply
(E ()] zro() rroi (). k=o.s
Consequently,
(5.19) ba(k) > £(0) + g ), k=0,...,s.

Estimates (5.17) and (5.19) imply (5.15).
Finally, we observe that, by symmetry, (5.15) yields

(5.20) f (5> —bu(k) < —w(fO 0, k=n—s,....n.

n n

More precisely, with f(z) := f(1 — 2) and

we have

(5.21) ha(n— )

wi(f9, 1) = wi (f©
(

~
~+
~—

Note also that f € CS[O 1], £(0), f(0) € Z, fD(0) =0,i=2,...,s, and for
n>ngand k=1,...,s we have by (5.9)
F(5) = (5) 2 0= 2rw = o+ 7o
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So, f satisfies the condition (5.8) and, by virtue of (5.15), we have

f(ﬁ) _Zn(k) < %wl(]?(s),nfl), k=0,...,s.

n

As we take into account (5.21), we get (5.20).
Inequalities (5.13)-(5.15) and (5.20) imply the assertion of the theorem.
O

We will use the following elementary lemma in the proof the theorem
about B,,.

Lemma 5.10. Letm € Z and a,w € R. If |[a—m| < w, then | (o) —m| < 2w.

Proof. If w < 1/2, then () = m. If, on the other hand, w > 1/2, then
1
| (@) —m| < |[{a) —a| + |a—m]| §§—|—w§2w.

]

Proof of Theorem 5.9. We proceed similarly to the proof of the previous the-
orem. Since the assertion is trivial for n < s, we assume that n > s. We
make use of (3.4) and (5.12) to get

(5:22) |(Bu) (@) = (BalF) (@)

< 2°n® max
0<k<n

f (5> —Bn(k)', z € [0,1].

n

Again we estimate separately the terms | f(k/n)—by (k)| for k < s, s4+1 <

k<n-—s—1,and k > n — s. For the middle part, we have similarly to
(5.14)

(5.23) ‘f(%)—i)n(kz)lgﬁ, k=s+1,....n—s—1, n>2s+2.

Next, we will show that

(5.24) ‘f (S) — I;n(k)' < %wl(f(s),nfl), k=0,...,s.

n
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By virtue of (5.16), we have
52 |(5)- (105 r0)| <

That implies
(5.26) 'f (%) (Z) - (f(o) <Z) IO (Z))‘

We apply Lemma 5.10 with

=1 (5 ()

W=~ (Z)wl(f(s),n_l),

Slo

ns

where the constant ¢ is the one on the right-hand side of (5.26).
Thus we arrive at

G @) (o) o ()

and, consequently,

(5.27)

bn(k) — (f(O) + %f’(O))‘ < Sw(fnT), k=0

Estimates (5.25) and (5.27) yield (5.24).
Finally, we derive

(5.28) ‘f (%) - Bn(k)’ < %M(f@,n*l), k=n—s,....n.
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from (5.24) by symmetry just as in the proof of (5.20) with l:)n(k’) replaced

T O

Inequalities (5.22)-(5.24) and (5.28) imply the assertion of the theorem.
[

5.4 Optimality of the assumptions

We will establish the necessity of the assumptions made in Theorems 5.1 and
5.4. We begin with the operator B, since stronger results are valid for it.
First of all, let us note that if

(529)  lim [|By(f) = fIl=0 and  lim |[(B.(f)® — /9| =0,

then f@(0), f@(1) € Z for i = 0,...,s. Indeed, as is known, for any g €
C*]0, 1] we have (see (2.1))

l9”1 < e(lgll +llgll), i=100is =1
Therefore (5.29) implies

(5.30) lim ||[(Bo(f)? = f@)| =0, i=0,...,s;

n—o0
hence f®(0), fP(1) € Z for i = 0,...,s. A similar result holds for B,.

Theorem 5.11. Let s € Ny, s > 2, and f € C*[0,1]. If
(5:31)  lm [Bu(f) = fll=0 and lim |[(B.(f)® — /9] =0,
n—o0 n—o0

then fO0) = fO(1)=0,i=2,...,s.

Proof. 1t is sufficient to establish the theorem at the point x = 0; for x = 1
it follows by symmetry. We use induction on s.
Let s = 2. Relation (5.30), in particular, yields

lim (B,,(f))(0) = f(0),

n—o0
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that is (see (5.12) with s = 1),

(5.32) lim n &b, (0) = f(0).

n—oo
. 3 . .
Since nAb,(0) € Z for all n, (5.32) implies
nAb,(0) = f'(0) for n large enough;

hence

(53) bn(1) = ba(0) + - £1(0) = £(0) + - f(0)

Similarly, from lim, (B, (f))"(0) = f”(0) we derive
(5.34) n(n — 1)22(3”(0) = f"(0) for n large enough.

By Taylor’s formula, we have

6539 £(2) =10+ 2 1o 2 0+ [ " (2-¢) uro-rop

n

Next, we proceed similarly to the proof of Theorem 5.9. We multiply both
sides of the above identity by (Z) and rearrange the terms to get

530 1(2) (5) - (r0(3) + 0= nro+ o)

1 " n 2/n 2 " "
——ro+(5) [ (-1 wo- oy
Consequently,

1(2)(5) - (ro(3) + e -nro+ o)
<Ll (£12)),

which shows that for large n we have

((2)(5))=r0(3) + 0= 170+ 70,
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Therefore
2

(5.37)  ba(2) = f(0) + % f(0) + T p—

f"(0) for n large enough.

Now, fixing some n large enough, we deduce from (5.33)-(5.37) that
F"(0) = n(n = 1)(b(2) — 2b4(1) + b, (0))

2, 2
== D100+ 2704 2
— 2f//(0);

hence f”(0) = 0.
Let the assertion of the theorem hold for some s—1, s > 3. We will prove
that then it holds for s too.
As we noted in the beginning of the section, (5.31) implies
lim [|(Ba(f))*™ = f¢V = 0.

n—oo

o -2(10+ 5 10) + 0)

Hence, by virtue of the induction hypothesis, we have f®(0) = 0 for i =
2,...,5s—1.
By Taylor’s formula we have

(5.38) f (%) — £(0) +§f/(0) N (@) f(s;!(O)

n

+G§31[W(E—Q%Tﬂww—ﬂ%th

n

We multiply both sides by (Z) For 1 < k < s we derive the inequality

)0 () roi()
()3 (more-(2)

C

< - (1F0)] + wi (f*),n 1))

IN

Consequently, for large n we have

() @)-ro(e) rok )
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hence
(5.39) by (k) = f(0) + g f'(0) for 0 <k < s and large n.

In order to calculate b, (s), we observe that

. n S\ s
lim ( ) (—) = —.
n—oo S n S!

We proceed just as in this case s = 2: we multiple both sides of (5.38) by
(:) and rearrange the terms to arrive at

() () (o) +ror(0) + gproo))|
<(5-() 6 ) arro5() @) w(2)

< Z1fO0)] + cwn(f9,n ).

3

Consequently, for large n

() 0() 03+ (0] e

where 7, € {—1,0,1}. Consequently,

(540)  bu(s) = f(0) + % £1(0) + (< (;;2 f<8>(0)> + r) (Z) -

Relations (5.39) and (5.40) yield

(5.41) Kb, (0) = << (5)2 f<5>(0)> +rs,n) C‘)_l.

On the other hand, since lim,, ||(§n(f))(s) — f@| =0, and, in partic-
ular, lim,, . (B,(f))®(0) = £)(0), we have that

i n!
oo (n—s)!

K#b,(0) = ().
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Taking into account that

n!
(n—s)!

Kob,(0) €Z Vi,

we deduce that for large n there holds

n!
(n—s)!

That, in combination with (5.41), yields

Kob,(0) = f©)(0).

(5.42) s! << (5!32 f(s)(0)> + Tsm) —= f©(0) for n large enough.

First of all, this relation implies that the integer f(*)(0) is divisible by s!,
ie. f(s)(O) = s!'m, with some my € Z. Secondly, it implies that r,, has one
and the same value for large n; denote it by rg. Thus (5.42) can be reduced

to
SS
<—ms> + Ty = M.
s!
s° 3
dl—=—1) <=
|m|(s! )_2

It remains to take into account that s°/s! increases on s; hence s°/s! > 9/2
for s > 3, and then |ms| < 3/7, which is possible only if m, = 0. Thus
f®(0) = 0. O

Consequently,

Necessary conditions for the simultaneous approximation by means of B,
are given in the following theorem.

Theorem 5.12. Let s € Ny and f € C*[0,1]. If
(543)  lim |Bu(f) = £l =0 and lim [|(B.(f)* = f9] =0,

then f@(0) = fO(1) =0, i = 2,...,s, and there exists ng € N, ng > s,
such that

(5.44) f
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Proof. 1t is sufficient to establish the theorem at the point x = 0; for x =1
it follows by symmetry.

We argue as in the proof of the preceding theorem. However, here more
efforts are required.

Using induction on s, we will prove that f®(0) =0,i=2,...,s and

(5.45) b (k) = f(0) + % f(0), k=1,...,s n>nyg.

with some ng. The latter implies directly the inequalities (5.44) because

f<§> > [f <§) (Z)} (Z)_lzf(0)+§f'(0), k=1,...,5 n>n.

As in the proof of Theorem 5.11, we deduce from

lim [|(B.(f)® = f@ =0

n—oo

that there exists ng € Ny, ng > s, such that

| - .
(5.46) Kb, (0) = fO(0), i=1,....s, n>no.

(n—1)!

That directly yields (5.45) for s = 1 and the assertion of the theorem is
verified for s = 1.

In order to complete the proof for larger s, we use that if f € C*[0, 1] and
limy, o0 H(En(f))(s) — [P =0, then

lim [[(Bof) — (Ba ()] = 0

n—oo

hence

(5.47) lim ((an)<8> (%) —(B.(f)® (9» —0, yelo1].

n—oo n

By (3.4) and (5.11), after reordering the terms, we arrive at the identity




Chapter 5. Simultaneous approximation by Bernstein polynomials with
integer coefficients

We observe that, by virtue of (5.14), for n > 3s + 2 and x € [0, 1] there
holds (cf. (5.13))

n—2s—1 k+s .
4 s+] k S J\ b (i B < c
49 kzs;rl ]z; ( k) (f (” n(d) | Po—si(@)) < nstl
and
s k+s s ] .
S+_] k JN 7o <
5 50 ;];—H <] . ]{3) (f <n) bn(])) pn—s,k(JJ) S

Next, we observe that if n > 4s + 1, then p,_x(y/n) < cn™*~! for all
y €10,1] and k = n — 2s,...,n — s. Indeed, since in this case (n — s)/2 <
n — 2s, then for k =n — 2s,...,n — s there holds

n-—s n-—s n-—s
< = <cn®.
()= () =)=
Next, we take into account that for n > 4s + 1 and k£ > n — 2s we have
k > 2s 4+ 1; hence
k
Y 1
F < s Y€ [0, 1].
These two relations along with the trivial estimate (1 —y/n)"~*=% < 1 imply
that p,_sx(y/n) < cn™! for all y € [0,1] and k = n — 2s,...,n — s,
n > 4s+ 1.
Further, taking also into account that 0 < f(j/n)—0,(j) < 1 and arguing
as in (5.14), we arrive at

= S0t (,0) (1(2) 00 e (9)

(5.51)

k=n—2s j=k

We subtract (5.49) and (5.50) with = y/n, and (5.51) from (5.48) with
x = y/n, reorder the terms and take into account (5.47) and b,(0) = f(0).
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Thus, for y € [0, 1], we deduce that

(5.52) lim

I 2;(—1)8-3' (7(2)-50)
><g;(_nk<fjk)p”**<%)::“

We will evaluate that limit in another way. Clearly,

o3 a3 ( 2 e ()= 5RO, 0)

We proceed by induction on s. Relations (5.43) imply

lim [|[(Ba(f))) = fV) = 0.

n—oo

Therefore, by virtue of the induction hypothesis, we have that £ (0) = 0,
1=2,...,s—1,5s>2 and

554 b)) :f(0)+%f’(0), J=1,...s—1, n>ne

Then Taylor’s formula yields

| | . |
(2)=so+ Lo+ LS o, v
The relations (5.46) with i = s and (5.54) imply
655 huls) =10 + 2 0+ " 00, nza,
Therefore
n! J = e

s () - 00) =L o), =1,

and

141



Chapter 5. Simultaneous approximation by Bernstein polynomials with
integer coefficients

Now, if we substitute the last two relations into (5.52) and take into
account (5.53), we arrive at

£(0) Z FZ’“?J’“ ((Z) _ i(_l)s—jg (j i k)) =0, yelo1]

J=k

(actually the summand for £ = 0 is 0). Consequently, the coefficient of y* is
equal to zero, that is,

s! s!

L0 (Y
Therefore f*)(0) = 0 and then, by virtue of (5.55), b,(s) = f(0)+2 f/(0). O

5.5 Proof of the converse estimates

Let s € Ny and f € C®[0,1]. As it follows from Theorem 3.8 with w =
1, (3.11) and [23, Theorem 2.1.1], there hold the following strong converse
inequalities:

(5:56) Wi (F 072 < e (1B = SO+ 1(Braf) = 1)

and

(557 () < (IBu)® = fU + 1(Braf)® — 1)

for n > ny with some positive integers R and ng, which are independent
of f and n. It was shown in Theorem 3.26 (see also (3.11)) that the two
estimates above still hold true without the second term on the right-hand
side for s < 6. R B

The operators B,, and B,, are not linear. We will use the following prop-
erty to compensate that. It also incorporates a Bernstein-type inequality.

Lemma 5.13. Let s € Ny, f € C%[0,1] and g € C*T10,1]. Let f(0), f(1),
f1(0), f'(1) € Z and fD(0) = fD(1)=0,i=2,...,s. Then

5} S S S S 1 S 1
B0 = (Ba9) ) < e (1159 = g2+ 2 1] 4 ) m e
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If also there exists ng € No, ng > s, such that for n > ny there hold

k ko, -
(5 zro+Ero, k=t

f(%) Zf(l)—<1—§>f’(1), k=n—s,....,n—1,

then
~ 1 1
1(Ba ()Y = (Bag) ™| < em (Hf(s) — g + o gD + g) , > ng.

The value of the constant c is independent of f, g, and n.

Proof. We will consider in detail only the operator En and indicate, in due
course, the minor changes for B,.

We assume that n > s+1 since otherwise the assertion is trivial. We apply
(3.4) and (5.12) (or (5.11) for B,) with s+ 1 in place of s, and the identities

Zjié (5?1) — 25+1 and Zz;g_lpn,s,l,k(:p) = 1 to deduce for = € [0, 1] that

[(Bu(1) (@) = (Bug) (@)
< pstl nil X”lb,{(k’) Ki;rnlg (%) Pr—s—15(7)
njgl k
<ntt S Ro1pf (k) — Ay f (g) Pr-s-1(2)
k=0n7871
+n Y AN - g) (%) Pr—s—1,1(2)

k R —
f (E) B bf,,(k)‘ +n AT (F = Dla—(s+1ya)-

By virtue of (5.23), (5.24) and (5.28) (for B,, we use (5.14), (5.15) and (5.20)
instead) and basic properties of the modulus of continuity, we arrive at

F(5) -w| <& (w41

ns n
C _ s B 1
< = (Wl(f(s)—g(s),n D4+ wi(g®,n 1)+—>
n n
¢ s s I 1
S—S<Hf”—g”H+—Hg‘“)H+—), k=0,....n.
n n n
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To complete the proof it remains to recall that (see e.g. [18, p. 45])

%S %s 2 S S
18572 = Dlloa—tssnm < 2181 (f = Dlloa—sm < — 1F© = g“].
O

Now, we are ready to give the proof of the weak converse estimate.

Proof of Theorem 5.5. We will consider in detail only the operator En Just
the same arguments, but based on the corresponding properties of B,,, yield
the assertion for it.

Let [[(Bn(f)® — f&| < Cyn~ for n > n; with some constants C; > 0
and ny € Ny that may depend on f. Henceforward we will denote by C
positive constants, which may depend on f, but not on n and h, ¢, and g to
be specified below. R

We have lim,, o ||(Bn(f))® — f©] = 0. Since f(0), f(1) € Z, we have
lim;, 00 ||§n(f) — f|l = 0 too. Now, Theorem 5.11 implies that f(0) =
f@(1)=0,i=2,...,s. For B, we apply Theorem 5.12 instead. Note also
that for both operators we have f/(0), f'(1) € Z.

Then Theorem 5.9 (or Theorem 5.8 for B,), (5.56) and the monotonicity
of the modulus of continuity on its second argument imply

G(FO, V%) < e (1(Baf)® = fON + | (Braf) = £F9)
< (1B = Bal N + I BulF) = £OI1)
+ ¢ (IBrN = BraN)N + IBra( ) = £])
< Cy (@i (f¥,n7) +n7).
Thus, to complete the proof, it suffices to show that
(5.58) wi(F®), h) = O(h)

and take into account the monotonicity of w?(f (*) h) on h.
We consider the K-functional

KE(f* )= mf {|f*—g®)+1t]g""|}.

geCst1[0,1]
As is known (see e.g. [18, Chapter 6, Theorem 2.4 and its proof], or (1.3)),
wi(f* 1) < 2K(f©),0);
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5.6. Saturation

hence, to establish (5.58), it is sufficient to show
(5.59) K(f®, h)=0(h%).

To this end, we will apply a standard argument based on the Berens-
Lorentz Lemma (see [7], or e.g. [18, Chapter 10, Lemma 5.2]).
Let 0 < h <6 <1/ny. Set n:=[1/d]. For any g € C***[0,1], we have

K (9, 0) < [[£9 = (Bu ()@ + hlI(Ba( )]
< Crn= + R [(Ba(f) ) = (Bag) ™ + [(Bag)* Y|

h
<Cro® ez (£ =gl +allg" ] +9),

where, at the last step, we estimated the second term by Lemma 5.13, and
the third by Proposition 3.14 with s+ 1 in place of s, and w = 1. The value
of the constant ¢ above is independent of f, g, h, and 9, and C is a positive
constant, which may depend on f, but not on g, h, and §.

We take the infimum on g € C*71[0, 1] and thus arrive at

h
K(f® h)+h< Cro®+ex (K(f%),8) +6) .

Now, the Berens-Lorentz Lemma with ¢(x) := K (f*), 2?)+2? and 2« in place
of a (in the notations of [18, Chapter 10, Lemma 5.2]) implies (5.59). O

5.6 Saturation

We will show that the approximation processes given by (En( Mme — i)
and (én( ))® — £6) in the uniform norm are saturated with the saturation
rate of 1/n and the trivial class consists of the polynomials of the form px + ¢
with p,q € Z. Note that these processes are neither linear, nor positive.

Theorem 5.14. Let s € Ny and f € C®(0,1] be such that f(0), f(1) € Z. If

I(Ba(M = Ol = o(1/n) or [I(Ba(/)® = O = o(1/n),

then f(z) = px + q with some p,q € Z and thus B,(f) = Bu(f) = f for all

n.
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integer coefficients

Proof. We consider En The argument for En is just the same.
First of all, let us note that if f(z) = px + ¢ with p,q € Z, then

k
(p——i—q) (n) eZ, k=0,...,n;
n k

hence En( f) = B,f. As is known, B,, preserves the linear functions. There-
fore B,(f) = f for all n.

We consider the case s = 0. Let ¢ € (0,1/2) be fixed. For z € [§,1 — J]
we have

|Bof(x) = Bu(f)()] < Z i (S) (Z) - < / (g) (Z)> 51— 2yt
= % : (1 —a)"h < %:(1 — 8)F(1 —g)" "
:n;1u_5w
Consequently,
(5.60) |Bnf = flls1-e = o(1/n).

Further, by virtue of (5.6) with a = 1 and || B,,(f) — f|| = o(1/n), we get
wi(f, h) = O(h?).
By virtue of [23, Theorem 4.2.1(b)], we have for any f € C[0, 1]

(5.61) wi(f.t)=0(t?)
< € AC[0,1], f' € AC1.(0,1), ©*f" € Lo [0, 1].

Therefore f € W2[5,1—4].

Now, Voronovskaya’s classical result (0.5) and (5.60) yield that f”(x) =0
a.e. in [0, 1—4]. Since § was arbitrarily fixed in (0, 1/2), we arrive at f”(z) =0
a.e. in [0,1]. Consequently, f(x) is a linear function. It assumes integral
values at 0 and 1; hence f(z) = px + ¢ with some p,q € Z.

Let s € N,. As before, using the inequality (2.1)

g1 < e(llgll + lg11), i=1.....s =1,
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5.6. Saturation

where g € C*[0, 1], we deduce from
tim Ba(f) — S =0 and T [(Ba(£)® = F) =0

that

lim |[(B,(f)? — fP| =0, i=1,...,5s—1.

n—oo
In particular, we have lim, . (B,(f))®?(0) = fD(0), i = 0,...,s — 1.
Since (B,(f))®(0) € Z, we deduce that for all n large enough we have
(Ba(fN@(0) = f9(0),i=0,....5 - L.

Consequently,
Bu(Pe) = J@) = 5 [ =0 (Bulh)Vw) — 19 w) s
hence R
| Bn(f) = fIl = o(1/n),
which reduces the assertion to the case s = 0. O

Now, Theorem 5.14 with s = 0, (5.3), (5.4) and (5.61) yield the following
assertion about the saturation class of the integer forms B, and B, of the
Bernstein operator.

Corollary 5.15. The approzimation processes, generated by the operators
B, and B,,, are saturated with the saturation rate of 1/n. Their saturation
class consists of those functions f € AC[0,1] such that f(0), f(1) € Z, f' €
AC0e(0,1) and p* f" € Ly[0,1].

I was not able to identify the saturation class of the approximation pro-
cesses (Bn(f))® — £ and (B,(f))® — f© with s > 1. In the proof of
Theorem 5.14 we observed that (B,(f))®(z) and (B, (f))®(z) interpolate
f©)(z) at 0 and 1 for large n, depending on f. Therefore the description of
the saturation class of these approximation processes might not involve the
classical modulus of continuity of f® as in Corollaries 5.6 and 5.7. However,
under an additional assumption, it is quite straightforward to establish the
following converse result.
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Proposition 5.16. Let s € N,. Let f € C*[0,1], f(0), f(1) € Z, and f©)(x)
be absolutely continuous with an essentially bounded derivative in some neigh-

bourhoods of 0 and 1. If

(BN = fOl = 0(m™) or [(Bu(NY = fO = On),

then
WA h) =0 and wi(f©,h) = O(h);

)

hence ) € AC[0,1], f&T) € AC1.(0,1) and f&1, @2 f+2) ¢ L [0,1].

Proof. We will consider only the operator §n The proof for én is quite
similar.

As in the proof of Theorem 5.5 we first deduce that f/(0), f'(1) € Z and
f@(0) = f@(1) = 0,47 =2,...,s. Then we observe that the considerations
in the proof of Theorem 5.9 actually imply

~ B 0 1
1809 = (Bal1) < ¢ (17,1 + a0y + 7).

where we have set for the interval J C [0, 1]

wi(Fyt)y = sup |F(z)— F(y)|.
le—y|<t
z,yeJ

We have f) € W1[0,s/n] and f) € WL[l — s/n,1] for all n large enough;
hence

1(Bu ) = (Bu(f))] = O(n ).

Consequently,
1(B./)® = &) = O(n™).

By virtue of (5.56)-(5.57), this implies

WO 1) =0@t?) and wi(f¢,t) = O().

)

Basic properties of the moduli (see (5.61) and [18, Chapter 2, Theorem
9.3]) yield the second assertion of the proposition. O
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5.7. Simultaneous approximation by a Kantorovich-type modification of
the Bernstein polynomials with integer coefficients

5.7 Simultaneous approximation by a Kanto-
rovich-type modification of the Bernstein
polynomials with integer coefficients

Following the relation between the Kantorovich polynomials and the Bern-
stein polynomials given in (3.157), we define

Ro(f)@) = (Bun(P)@) . Plo)i= [ sy,

where f € L[0,1] and = € [0, 1].
Then we have

k+1

R =Y ((k +1) < [ () 1)>

k=0

k

_4n—k+¢)<4”ﬂﬂwﬁ<”zl>>>xﬂl—@mﬁ

Now, Theorem 5.4 with F' in place of f and s+1 in place of s implies the
following direct estimate of the rate of simultaneous approximation by K.

Theorem 5.17. Let s € Ny. Let f € C*[0,1] be such that

/0 [yt ez, f(0), /(1) € .
f90)=f91)=0,i=1,...,s.
Then

~

(KL () = F
wfg(f,n_l/Q)%—wl(f,n_l)—l—%, s=0,

1

<c
— S — 1 S
Wp(fO ) b (F ) I+ s> L

The value of the constant c is independent of f and n.

Clearly, the only advantage of K, to B, could be that it is defined by
integrals of f rather than its values, which is useful in case the former are
more readily available than the latter.
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Chapter 6

Direct and converse
Voronovskaya estimates for the
Bernstein operator

6.1 Background

Our goal is to estimate the rate of the convergence in the Voronovskaya’s
theorem [99] (or see e.g. [18, p. 307], or [79, p. 22]), which states that if
f € C?[0,1], then

lim n(Bof(z) — f(2) = “L2) gy

n—oo 2

uniformly on [0, 1].
We introduce the linear operator

an(:L‘) = n(an(:L‘) - f(x))

and we will refer to it as the Voronovskaya operator.
We will consider it on the Sobolev-type function spaces

W (@)[0,1] = {f € C[0,1] : f € AC71(0,1),™f"™ € Loo[0, 1]},

loc

where ¢(z) := y/x(1 — z). Let us note that, by virtue of Proposition 2.2(b),
we have W™ (9)[0,1] € WX (p)[0, 1].
For f € WZ(9)[0,1] we set Df(z) := @f”(m).
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6.2. A characterization of the rate of approximation of the Voronovskaya
operator

It is known that (see [22, Lemma 8.3])

C

01 |[Bf =t 5| < A0 feWi@DL

which can be written in the form
c
1Dnf = DFI < 5l P, f € WE()[0, 1],

We will show, assuming a higher degree of smoothness, that

1

that is,

1
Buf = f = 5- &'’

< SUSFDN+ 16 D), f e Wh(@)D, 1],

1Dt =Dl < = (I FOl + e £91)

Let us note that if f € W2 (©)[0,1], then ©?f® € L[0,1] (see Proposi-
tion 2.3(a) with » = 2 and ¢ = 3). That slightly improves the estimate

1
H&J—f—gﬁwf’

< S PN+ 1590), f e ctlo,

established in [51] (see also [48]).

6.2 A characterization of the rate of approx-
imation of the Voronovskaya operator

To state our main results we will use the K-functionals K, ,(F,t),, defined
in (1.5) and

K F,t = inf F—D 4+t 2 (3) + 4 _(4) ‘
(Py= b {IF =Dyl +1 (1% + o' l)}

We will establish the following characterization of the rate of approxima-
tion of Df by means of D, f.

Theorem 6.1. For all f € W2 ()[0,1] and all n € Ny there holds
~ 1
(02 1Duf = DFI < cRPfn) < o (Koo + 2164171
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for the Bernstein operator

Conversely, for all f € W2 ()[0,1] and all k,n € N there holds

_ k B c
(6.3) Kyu(f",n ") <2||Dpf — DS +e Koo(f" k1) +- 1% ]

The value of the constant ¢ is independent of f, n and k.

The above two estimates can also be written in the form

(6.4) Han—f—%gaZf” g%f{(@f,n—l)

C _ C
< EKZW( "0 + — [l

and

C

- 1
(6.5) § Koplf"n ™) <2 HB’“f_f_ﬂsDQf”

C _ C
+ ﬁ K2,<p(f//a k 1)472 + E ||902f//H'

We will refer to (6.2) and (6.4) as direct Voronovskaya inequalities, and to
(6.3) and (6.5) as weak converse Voronovskaya inequalities.*

Similar direct point-wise estimates were established in [45, Theorem 3.2]
and [91, Theorem 2] ([45] contains an overview of other related results). The
assumptions on the functions made there are more restrictive. However,
the first of these results is very general and both give explicit values to the
absolute constant.

Remark 6.2. Since the quantities D, f —Df and K, ,(f",t),2 are invariant
to translations of f by a quadratic polynomial, the relations above directly
imply the following slight improvement:

1
D] = DI < ¢ (Kol s + 1 Bal )
and

Ko o(f",n ")y <2||Dyf — DS
k 1
+c (ﬁ Koo(f" k)2 + - Eo(f")«ﬁ) ;

where Ey(F)y2 = infaer ||@*(F — o).

!The term “inverse Voronovskaya theorem” is also used for a different type of results
(see [1, 5]).
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6.2. A characterization of the rate of approximation of the Voronovskaya
operator

From Theorem 6.1 we will derive the following equivalence relation.

Corollary 6.3. Let f € W2 ()[0,1] and 0 < a < 1. Then
IDnf =DfIl =0(n™") <= Kppo(f" 1) = O(t).

Bernstein [11] proved that if f € C*'[0,1], then

7H&M(Bf }:B o—zx) ()ﬂ%ﬁ>zo

uniformly on [0, 1] (see also [90]). A quantitative estimate of this convergence
for positive linear operators on C0, 1] was established by Gonska [45] (see

also [2, 3, 41]).
Setting r = 2 above we have for f € C*[0, 1] (see (3.17))
(6.6) lim n(D, f(z) = Df(z)) = D'f(x)

n—oo

uniformly on [0, 1], where

(1 = 22)¢*(x)

! 79 @)

FO(x) +

/ 3¢'(2)
D'f(z) = %

This shows that the operator D, is saturated, as its saturation order is n~!
and its trivial class is the set of the algebraic polynomials of degree at most
2.

We will establish the following quantitative estimate of the convergence

n (6.6).
Theorem 6.4. For all f € W1 (0)[0,1] and all n € N there holds
1

& _ C
|Dus - < € Ko (9 n ) 4 S 67O,

The value of the constant c is independent of f and n.

Instead of K, ,(F,t), one can use the weighted Ditzian-Totik modulus
of smoothness w2 (F,t),r (see (1.8) and (1.9)). In fact, the weighted Ditzian-
Totik main-part modulus of smoothness allows us to restate the characteri-
zation in Corollary 6.3 in a simpler form. Corollary 6.3 and [23, (6.2.6) and
(6.2.10)] yield
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Corollary 6.5. Let f € WZ()[0,1] and 0 < a < 1. Then
IDnf =Dfl=0(n™) <= |©*A%,f"llgh2,1-2n2 = O(h*?).

In the next section we recall several pertinent properties of the Bernstein
operator and establish Jackson, Bernstein, and Voronovskaya-type inequali-
ties concerning D,,. Then in Section 6.4 we present proofs of Theorems 6.1
and 6.4 and of Corollary 6.3.

6.3 Basic properties of the Voronovskaya op-
erator

First, we note that the operator D,, is bounded in the following sense.

Proposition 6.6. For all f € W2 (¢)[0,1] and all n € Ny there holds
IDnfIl < 2D

Proof. As is known (see e.g. [22, p. 87]),

1 !/
I1B.f = 11 < = 162
Hence the assertion immediately follows. O]

Next, we will establish a Jackson-type estimate.

Proposition 6.7. For all g € W1 (¢)[0,1] and all n € Ny there holds

c
1Dng =Dyl <~ (le? ™1l + 19" 1)
The value of the constant c is independent of g and n.

Proof. First, we note that by virtue of Proposition 2.3(a) with » = 2 and

i = 3 we have p?¢”, 0?g® € L[0,1] too.

Applying Taylor’s formula, we have for z € (0, 1)

o(5) =g+ (£ ) o)+ (% x)2g';<w>
+ é <§ _ x) 49(2) + % /:/n (% _ v> g () do.
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6.3. Basic properties of the Voronovskaya operator

Multiplying both sides by p,x(z), summing with respect to k and using
identities (3.17) we obtain

|Dng(x) — Dg(x)| = |n(Bug(z) — g(x)) — %902(90)9"(90)
—22)%(x N — k/n 3
— %9(3)@) + Ekz_gpnk(x)/m (% —v) g(4)(21) dv

kf%pn,m) [ (5 o

1 n
< 20120 + Pllote®
_6n||909 1 6||sog |

We will show that

> o) | TEY ew

Obviously, it is enough to prove it for 0 < z < 1/2. We consider two cases.
Case 1. I/n<x <1/2.

Then ¢*(x) > 1/2n and by using (for v between z and k/n) the inequality

23, p. 141]

C
< —.
n2

R, (z) =

o] _JE-a
P*(v) T ¥*(z)

and (3.17), we obtain

)
Ro() < pos(a)

pord i)
_ ¥ Z(x) ;pn’k@) (ﬁ _ x)4
) go‘;(x) [;)@45@ L - 6902(;6))@2(96)} <L

Case 2. 0 <z < 1/n.
Analogously to [22, Lemma 8.3], we will estimate the terms in the sum of
R, (x) separately for k = 0,1 and k£ > 2. We have for k =0

v3dv

Pno(T) /Ow vt (v)dv = (1 —z)" /Ox m

T 21_ n—2
S(l—l‘)n_2/ UdU:%S%
0 2 n
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For £k =1 and n > 2 we have

P () / . (1 - v)3gp4(v) dv = na(1 — z)"! / " @‘—?’)3%

n

Trivially, for n = k = 1 we have

pa@) [0t do=a [ AZ00

L dv
)
For k > 2 and n > 3 we have
n k/n L 3
> puste) [ (B0} et
k=2 z n
n k’ 4 n k 4
S () e St ()
k=2 n k=2 n
—2 S n! k421 nko (k12 !
- kz:;(k+2)!(n—k—2)!x (1-2) ( n )

ko . D)\ _ e
SCZPn—2,k($) —) =cl¥ +—n—2 Sﬁ’
k=0

where at the last but one estimate we have taken into account (3.17). The
case n = k = 2 is again trivial. The proof is complete. O]

To prove the weak converse inequality in Theorem 6.1, we will use the
operator A,, defined for f € W2 ()[0,1] by

xT

Af@) =on | @0 OB — 0] e 0.1)
1/2

It is easy to see that A, is well-defined. In fact, we have that A, f € C[0,1]

for any f € W2 (¢)[0,1]. That follows from the next lemma.
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6.3. Basic properties of the Voronovskaya operator

Lemma 6.8. If f € W2 (p)[0,1], then o= 2.(B,f — f) € L[0,1].

Proof. Clearly, o= %(z)[B,f(z) — f(x)] is continuous on (0,1). To complete
the proof of the lemma, we will show that it is dominated by a summable
function on [0,1]. To this end, we expand f(t) at x € (0,1) by Taylor’s
formula to get

F(t) = F(o) + P@)(t— ) + / (t—u)f"(uw)du, € [0,1]

and apply B,, with respect to t to both sides of this identity to arrive at

Buf(a) = f(a) + kipn,m) [ () rwa

Here we have used that 7}, o(z) = 1 and T, 1(x) = 0 (see (3.17)).
Consequently,

(6.7) B.f(x ank: / v (% - u) £ (u) du.

Fork=1,...,n—1,n > 2, we have ¢ ?p, € C[0,1] and
"

o d =

[ () rwa <| [

<[lnn—Inz—In(l—2)][|*f"].
For k = 0 and k£ = n, we have, respectively,

\—/ uf(u ' L) gy

IN

lle® £

and
pn n(a:) /1 1/ 1!
: 1—u)f"(u)du| < )
P J, 0
Hence the assertion of the lemma follows. O

To verify the converse inequality we need two inequalities concerning the
derivatives of A, f. The first one is a Bernstein-type inequality.
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Proposition 6.9. For all f € W2()[0,1] and n € N, we have A, f €
AC? (0,1) and

le* (A )N < en | f].

The value of the constant c is independent of f and n.

Proof. Clearly, if f € W2 (9)[0,1], then A, f € AC? (0,1). To establish the
inequality, we first evaluate the fourth derivative of A, f(z) for z € (0,1).
Using the representation (6.7), we get

(AuH)P(a —22(“"“ 0L (E ) a2

a.e. in (0,1). Taking into account that T),;(z) = 0, f”(z) is finite almost
everywhere, and that the functions (A, f)®(z) and the sum on the right
above are continuous on (0, 1), we deduce that

(6.8)

(A )P (z) = 2n Z (p"’“ )/k/n (S —u) f"(u)du, =z € (0,1).

We differentiate once more and arrive at

(6.9) (A.f)P(z) = 2n Z (p"k )/k/n (S —u) F"(u) du
—onf"(z) Z (%)l (S — x) a.e. in (0,1).

k=0

Let us consider the second sum on the right above. We calculate the deriva-

tive
!/ /
(p ’Qk( )) = = palr) +
w2 (x) w(x) P2 (x)
and apply identities (3.13), T,,1(z) = 0 and T}, 2(x) = ny?(x) (see (3.17)), to
arrive at

?

n

kz:% (]ZZ;—((::)))/ (% B x) - 902193)'
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6.3. Basic properties of the Voronovskaya operator

Consequently, by (6.9) we get

A (AN () = 200(0) no () | . (£-4)

— 20 () f'(a).
Thus to complete the proof of the proposition, it remains to show that

Ao () [ (5-) o

k=0

(6.10) <cle*f

for x € (0,1). We use that (see e.g. Lemma 3.16)

ki (K c (k ’
o " dul < —= [ X _ e
[ (o) e < g () 1
So, to verify (6.10), it suffices to establish the estimate
" 2

n k
<p ;(a:)) (— — ZB) <¢, x€(0,1).

p? (@)

n
First, let n?(z) > 1. By means of (3.13) we represent the second deriva-
tive of o 2(z)p,(z) in the form

(56) - (5 ™) meto

n

(6.11) (1))

k=0

1 -2z 1 )
_ 3(’06—@)(]{7 — nIL‘)anq(%) + cpﬁ(x) (k‘ — nx) pn,k( )
Consequently,
20y | (pas(@)\" L 1 (n+2 2 i
> () | (o) =3 (s * ety Tt
3 - 5 1
+ n2904(x) kZ:O ’k - nx‘ pn,k(l') + anA(:L’)

and (6.11) for np?(z) > 1 follows from (3.19).
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Now, let ng?(z) < 1. Since

"1 =) = (k= 1)(k —2)2"3(1 — )"kt
—2(k—1)(n—k—=1)2"2(1—2)" "2+ (n—k—1)(n—k—2)z" 1 (1—2)"*3,

in order to verify (6.11), it is enough to show for x € (0,1) that

2”: <Z) (k—1)(k —2)2" 31 — 2)" "1 (k — na)? < 02n

k=0 2

> ()= 10— 2220 <

k=0

;(k)(n—k—l)(n—k—Z)x 1 —2)" 3k —na)? < 20

We will prove the first of these inequalities. The proof of the other two
is quite similar. We directly see that the terms for £ = 0 and & = n are
estimated above by cn?¢~?(x). Hence it remains to show

n—1

(6.12) i (Z) (k —1)(k — 2)2"3(1 — 2)"* 1 (k — nx)? < en®,
where n > 4.

We change the summation index and use that n/[¢{(n — ()] < ¢ for £ =
1,...,n—1, to deduce

S (Z) (k — 1) (k — 2)2"3(1 — 2)"* (& — nzx)?

k=3

= <k’ : 3> (k + 1)k +2)2"(1 = 2)" " (k + 3 = na)’

=cn® [Thap(z) + 23 — 42)T—s1(2) + (3 — 42)*Thao(z)] < on®,
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6.3. Basic properties of the Voronovskaya operator

where at the last step we have taken into account (3.17). Thus (6.12) is
verified.

This completes the proof of (6.11) for ng?(z) < 1, and the proof of the
proposition. O]

Next, we will estimate ||p*(A,g)* || using higher order derivatives. In
preparation, we establish the following auxiliary result.

Lemma 6.10. If f € C?[0,1], then the second derivative of o2 (x)[B,, f(z)—
f(z)] is continuous and bounded on (0,1).

Proof. Clearly, ¢~ 2(2)[B,f(x) — f(z)] is twice continuously differentiable on
(0,1). By (6.8) we have

<angg(;)f(x))/ - Xn: <p;’zk(%)),/:/n (S - U) f(w)du, x€(0,1).

k=0

The summands on the right above for k = 1,...,n—1, n > 2, are in C[0, 1].
Also, it is clear that the first derivatives of the terms with k =0 and k =n
are continuous on (0, 1). It remains to show that they are bounded on (0, 1).
We will demonstrate this only for £ = 0; the case of k = n is treated in a
similar way:.

For k = 0 we have

(99 o= 0927 [ g

—%/Oxuf”(u)du

i

/ uf' () du, Fa(z) = é/oxuf”(u) du

For the derivative of F(z) we have

Set

and since

1
<IN e e ),

%/Oxuf”(u)du
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then F{(x) is bounded on (0,1).
To show this for Fy(z), we integrate by parts and get

1 r 1 1 r
F _ " 2 N o 2 £(3) .
@) = 57 | ) = 55 = 55 [V
So, it remains to show that the derivative of the function
Fs(z) = 1 /m w? fO) (u) du
3 2/

is bounded on (0, 1). This is verified again straightforwardly since we have

Fita) = f90) - % [ 1) du

and
1

z 1
5 [ a < 101 we 0.,
z° Jo 3

Proposition 6.11. For all g € C*[0,1] and all n € N, we have

lo* (Ang) D] < e (Il + ll*a@) -

The value of the constant c is independent of g and n.

Proof. By virtue of Lemma 6.10 we have 4,9 € AC®[0,1]. To establish the
inequality, we apply (2.13) with r = 1, s = 2, w = ¢?, and A, g in place of
g, and get (note that D = 2D)

le*(Ang) V|l < e ID*(Ang)]| = ¢ 9% (Dng)"|l-
Finally, we get by means of (3.44) with s = 2 and w = ¢?, the inequality

162(Dng)"|| = n l9*(Bug — 9)"|| < ¢ ([l*g" || + ll¢*g™]]) -

We proceed to a Voronovskaya-type estimate for the operator D,,.
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Proposition 6.12. For all g € W5 (¢)[0,1] and all n € Ny there holds

1
HDng Dg — — D’g

\ < (e g + [ 9@])

The value of the constant ¢ is independent of g and n.

Proof. First, we note that by virtue of Propositions 2.3(a) (with » = 2 and
i = 3) and 2.4 we have @?g", 0?g®, ©?g™ p1g®) € L [0,1] too

Again we consider two cases.

Let ng?(z) > 1. We expand g(t) at € (0,1) by Taylor’s formula to get
for t € [0, 1]

o) =3 g T [ (=g du

We apply B, to both sides of the above identity, take into account (3.17),
multiply by n, and rearrange the terms to get

(6.13) D,g(x) - Dgla) - + D'g(a) = L2071 2y oy

1 k/n k 5
_ (5) I - (6)
+ i T ()9 (x) + 5l kz—opnk(x)/ﬂ? (n u) 9" (u) du.
By (3.16) with £ = 5 and (2.10) we have

(6.14) |Tos(0)g® (@)] < e(n®(@))? g™ (@)] < en (g™ + 19 1]) -

Further, we use that (see e.g. Lemma 3.16)

kim > c k
L (6) < N (6)
/m <n u) g7 (u) du| < () (n ﬂ?) 19\

Therefore, taking into account (3.19) with m = 3, we have

ank /k/n (S - u>59(6)(u) du

< -
- n%6(:v)

(6.15)

C
no(@) 90 < — ll¥°g .
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Combining (6.13), (2.9), (6.14) and (6.15), we arrive at the inequality

1 c
Dagle) = Date) — 5 D'o(a)| < 5 (et + 1591
for n?(z) > 1.
Now, let ng?(z) < 1. Using symmetry, we can also assume that 0 < z <
1/2. Then x < 2/n. In this case we start with the expansion

o0 =3 0@ Sk § [t e o)

We apply B, to both sides of the above identity, take into account (3.17),
multiply by n, and rearrange the terms to get

(616) Dagle) ~ Dyle) = - D'y(r) =

In order to estimate the sum on the right above, we consider separately
the terms with £k =0 and £ = 1.
For k = 0 we have, bearing in mind that 0 < z < 1/2 and x < 2/n,

x x 2
o 4_(5) v 1.6)) <« £ |1 p2q0)
‘(1 x)/oug (u) du S/O (1_u)2dU||s09 ||§n3||<P9 .

Similarly, for £k = 1 and n > 2 we have

na(1 — )" / " (1 - u)4 49 (u) du

n

& /1/” du
—nd ), w(l—u)?

cT Uy
n3 |/, u?

lp*g™|

A
|

C
le*g®] < = lle*g® .
n
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Straightforward calculations yield for n = k = 1 the estimate

' 4 (5) P —w)? 4 (5)
v [ (1—wu)g"”(u)dul <z TdUHSDQ |

1
du
<o [ S el < ey

Thus we have established that

pose) | " (% - u)4g<5> (u) du

C
S _3||§04g(5)||7 k:Oa]-? nEN-‘r
n

(6.17)

In order to estimate the remaining part of the sum on the right of (6.16),
we take into account that (see e.g. Lemma 3.16)

k/n Lk 4
/ (ﬁ - u) g9 (u) du

Hence, for n > 2, we have

;Pn,k(l’) /:/n (S — u)4g(5)(u) du

c n
< ———= D par(@) |k —na’l¢tg®|.
nSpt(z) 2

5

C
= le*g® .
p*(z)

— -z
n

We estimate the sum on the right. We have

anyk(x)vc — nxl’
k=2

— n! k+2 n—k—2 5
Tl —k-2) " (1= 2"k +2 = nal
n—2
<n’2” > proan(®) [(k = (n = 2)x) +2(1 — )|
k=0
n—2
< cn’z? an,m(:v) [k — (n—2)z]> +1]
k=0
< cn2x2,
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as at the last step we have taken into account (3.19).
Thus we have established that

ipn,k(l’) /:/n (% - u>4g(5) (u) du

Combining (6.16), (6.17), (6.18), (2.9) and (2.10), we arrive at

€ 11ptg®
(6.18) < 5 letag™ll-

Dagle) = Dya) = - D'yt

C
< (I g™ + 11£°g9)) -

for np?(x) < 1.
The proof of the proposition is completed. O

6.4 Proof of the characterization
Proof of Theorem 6.1. The direct inequality

(6.19) |D.f — Df|| < ¢ K(Df,n™Y)

follows from Propositions 6.6 and 6.7 and Proposition 2.3(a) by means of a
standard technique. For any g € W2 (¢)[0, 1] we have

[1Dnf = DI < 1Pn(f = 9l + | Dng — Dyl + [[D(f = 9)l
1
<c|IDf =Dyl + — (le* Il + lle'g?ll) | -
We take the infimum on ¢ and arrive at (6.19).

Next, we observe that Proposition 2.3(a) with » = 2 and ¢ = 3 directly
implies for g € C*0,1] and 0 < ¢ <1

K(Df,t) <c[le*(f" = gl +t (I¢"l + *g11)]
<c(l(f" =g+ te'g@N) + et 11

Taking the infimum on g, we get

K(Df,t)<c inf {l*(f" =g +tlle" gD} + ct > f"]]
geC4[0,1]

<c (K2,go(f”ut)g02 +1 ||902f”||) )
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as, to get the last estimate, we have applied Lemma 4.24 with r =1, s = 2

and w = ¢

That completes the proof of (6.2). We proceed to the weak converse one
given in (6.3).
For any g € C*[0,1] we have
_ 1
(6.20) Kau(f"sn g2 < 07" = (Axf)"lll + — lo* (A )

1
<2||Def = Df |+ — (ll9" (A(f = )N+ 1t (Aeg) 1) -
We estimate the second term by Proposition 6.9 to get

(6.21) 1" (Ax(f — gD < ek l*(f" = g")-

For the third term, by means of Proposition 6.11, we derive the estimate

le*(Axg) P < e (%" || + [l¢*g™@ )

(6.22)
<c(lg®(f" = gD+ o' gDl + e 1) -

Now, combining (6.20)-(6.22), we arrive at
Ko u(f",n7")e < 2||Dpf — DS
bet (207 =+ 191 + < 1271
Consequently,
Kou(f",n ")y < 2||Dif — DS
re(E e {10 -+ g1t} + 1)
Now, (6.3) follows from Lemma 4.24 with r =1, s = 2 and w = . O
Proof of Corollary 6.53. If Ky ,(f",t),2 = O(t*) for some a € (0,1], then
(6.2) implies || D, f — Df|| = O(n™).

To establish the converse implication, we use a standard method based
on the Berens-Lorentz Lemma (see [7], or e.g. [18, Chapter 10, Lemma 5.2]).
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Let [|D,f — Df|| = O(n~*) for some « € (0,1). Then (6.3) implies

_ a k _ c
(6.23) Fou(f",n™" )2 < k™ + Koo (f" k)2 + — [rap

where C} is a positive constant that generally may depend on f, but not on
k or n.

Let 0 < s <t < 1. Set n:=|1/s[ and k :=]1/t], where ]y[ denotes the
smallest integer not less than the positive real . Then

(6.24) 1<sn<2 1<tk<2.

Using (6.23), (6.24) and the subadditivity of the K-functional on its second
argument, that is,

)
K2:<P(F7 (51)¢2 S max {1, 5—1} KQ’@<F7 (52)(1027
2

we arrive at the estimate
KQ#P(f”? S>tp2 < QKQ#P( //7 n_1)<.02
s
< Oyt e Ko ('), + 5 6271,

where, to recall, the constant ¢ is independent of f, s and ¢, and the constant
Cy may depend on f, but is independent of s and ¢.
Consequently,

S
(6.25)  Kayu(f",s)p + sl f"] < Cpt* + cr (Kap(f"t)p2 +1 le£71) -

We set ¢(y) == Koo f",4%) 2 + ¥2[l0%f"]]. Let 0 <z <y < 1. We put
s:= 2% and t := 9 in (6.25) and get

(6.26) o(x) < C; (@ﬁa . y— ¢<y>) D 0<a<y<l,

with some constant C'y, which may depend on f, but is independent of x and
Y.
Now, the Berens-Lorentz Lemma yields
oy) < Cry*, 0<y<1L,

with some constant C'y, which may depend on f, but is independent of y.
Consequently,
Ko o(f" 1) 2 = O(t%).
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Proof of Theorem 6.4. We proceed similarly to the proof of the direct in-
equality in Theorem 6.1.

Let g € C90,1] and h(z) := ax®/6 with a := (f — ¢)®(1/2). We have,
by virtue of Propositions 6.7 and 6.12,

|

<|[Du(f =g —h) =D(f —g = h)|

HUU—y—hW+MDA9+m—D@+h%—%U@+hw

(Hso [(f = 9)® =l + lle*(f = ™)

(Hso g+ 1) -

(6.27)

+ slo:*l'—‘

Trivially, we have

(6.28) Il < Ml (f = )l + " F2.

Also, for F € ACj,.(0,1) such that p*F’" € L,[0,1], and = € (0,1) there
holds

| () (F () — F(1/2))| =

©* () /x F'(u) du

1/2
9 T du
(@) /1/2 ©*(u)

The estimates (6.27), (6.28), and (6.29) with F' = (f — ¢)® imply

(6.29)

< | < el

C 1 C
s—(w%wtw@w+—ww@0+—ﬂ¢ﬂ%.
n n n

We complete the proof as we take the infimum on g € C0,1] in the
relation above and apply Lemma 4.24 with r = 1, s = 4 and w = ¢*. ]
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