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Chapter 1

Introduction

There are known many papers studying the problem of attainability of a closed
set for small time with respect to the trajectories of a given control system. This
is still an open problem (but there are known already some sufficient conditions,
cf. [12] and [6]). When the set is a point the problem of attainability for small
time is reduced to the problem of small-time local controllability. This is also an
open problem. There are known sufficient and necessary conditions only for some
particular cases (cf. [10], [38] and [26]).

The small-time local controllability (STLC) property is one of the most important
properties of the reachable set of nonlinear control system (cf. [2], [4], [5], [8], [9],
[17]). It is crucial for solving different dynamical problems (cf. [10], [13], [15], [29],
[32], [35]). For example, it is well known that the Bellman function for minimal
time is in the general case only lower semicontinuous (cf. [11]). But if the general
sufficient controllability condition of Sussmann holds true, then this function is
Holder continuous (even Lipcshitz continuous under additional assumptions).

There exist different approaches for styding STLC property requiring different
assumptions (for example, cf. [10], [18], [14], [16], [34], [36], [37]). Here we follow
a general geometrical approach proposed by Sussmann (cf., [34] and [36]). This
approach allows to obtain a general sufficient STLC condition which extends the
most of the existing sufficient controllability conditions. It is based on a classical
formula of Campbell-Baker-Hausdorff (C-B-H) formula, which is one of the basic
result of Lie group theory. We have to point out that usually the Lie algebra
generated by the vector fields of a smooth control system is infinite dimensional.
So, to apply the C-B-H formula a suitable nilpotent approximation is needed (cf.,
[15]).

At the end of the XX century Arthur Krener, Henry Hermes, Hiroshi Kunita,
Ronald Hirshorn and etc. proposed a set E1(xg) of tangent vector fields to the



reachable set of a smooth control system. The basic idea is to construct suitable
”control variations”. So, if the origin belongs to the interior of the convex hull of
E*(z) then the corresponding control system is STLC at the point xy. The char-
acterization of the set E*(zg) is still an open problem. The set E* () is defined
in the second chapter following the papers [38], [25] and [26]. Moreover, different
basic properties of this set are presented. Using the set E*(zg), characterization
of the STLC property is obtained in some particular cases (cf., [38] and [26]).

In the third chapter we present the main ideas of the general approach proposed
by Sussman (cf. [34] and [36]). A class of bad Lie brackets is defined. The main
result is the following: if the reachable set has a non empty interior and the bad
Lie brackets can be "neutralized” by suitable Lie brackets, then the control system
is STLC at the initial point. Next, we consider a class of polynomial control
systems with drift term which is homogeneous of second degree. The general
sufficient STLC condition of Sussmann cannot be applied. We study carefully
the Lie algebra of the vector fields generated by this control system and obtain
that some ”"bad Lie brackets” belong to the set E*(0) and hence they are not
obstructions for STLC. The main result of this chapter is a new STLC condition.

We consider the same class of polynomial control systems in the fourth chapter.
Here we study carefully the Lie algebra generated by the drift term and suitable
constant vector fields of the considered control system. We define an increasing
sequence of linear spaces and cones which generalize the corresponding structure
known for the linear case (cf., [38] and [26]) and a suitable "weight” is defined
on them. This "weight” is a natural extension of the weight used by Sussmann,
Bianchini and Stefani. It is proved that the elements of this structure belong to
the set ET and as a corollary a new sufficient STLC condition is obtained. It’s
remarkable that the STLC property in this case is obtained using the values of
bad Lie brackets evaluated at the origin.

Suitable examples are presented in the third and the fourth chapters. They show
the applicability of the obtained sufficient controllability conditions and motivate
the study of the STLC property for more general control systems.

We present a new general necessary condition for STLC property of a class of non
smooth control systems in the fifth chapter. When we study a smooth control
system we obtain a linear subspace L determined by the values at xy of known
elements of E*(zg). The obtained necessary STLC condition shows when the linear
space L and the values of the right-hand side on L imply that the considered
control system is not STLC at zy. Hence, this necessary condition is a natural
continuation of the approach presented in the previous chapters. Moreover, it is
shown the relation of this result to the known necessary conditions of Sussman (cf.
[34]) and Stefani (cf. [31]).



Chapter 2

A geometric approach to study
the reachable set

2.1 Small-time local controllability

We consider the following control system 3 in R”

#(t) = fla(t),u(t)), (2.1)
where the function f : R™ x R™ — R"” is continuous with respect to the variables
x and u, and the set U is a convex compact subset of R™.

Let us fix a real T" > 0. We denote by Uy the set of all measurable functions «
defined on [0, 7] such that u(t) € U for almost all ¢t € [0,7]. The elements of Uy
are called admissible controls. An admissible trajectory of the system ¥ defined
on [0,7] is any absolutely continuous function x : [0,7] — R" satisfying (2.1) for
almost each t of [0,7] with some admissible control u € Ur. The reachable set
R(zo,T) of ¥ is the set of all points reachable in time not greater than 7" by means
of admissible trajectories of ¥ starting from the point z.

Definition 2.1.1 The control system X s called small-time locally controllable
(STLC) at the point xq iff xo belongs to the interior of the set R(xo,T) for each
T > 0.

There are many possible approaches to study the small-time local controllability,
leading to different results and requiring different assumptions. Here we follow a
geometrical point of view. The underlying philosophy of our approach is that the
local properties of the reachable set of a control system are determined by the values
of the right-hand side and its derivatives at the initial point xy. Unfortunately,
the derivatives of the right-hand side are not coordinate invariant. Therefore it’s
natural to consider the elements of Lie algebra generated by the vector fields.
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Figure 2.1: STLC property

2.2 Lie brackets and Campbell-Baker-Hausdorff
formula

Let X : R" - R" and Y : R — R™ be two arbitrary vector fields. By [X, Y] we
denote its Lie bracket [X,Y]: R” — R" which is defined as follows
(X, Y](z) =Y ()X (2) — X'(2)Y (), for each z € R",

where by X'(z) and Y'(z) are denoted the corresponding derivatives of the maps
X and Y at the point z. We set ad'(X,Y)(x) := [X,Y](z) and inductively
ad* (X, Y)(x) := [X,ad*(X,Y)](z) for each positive integer k.

x(;lt) = x, + £[4,B](x,) + o(£")

Figure 2.2: Lie brackets



It could be seen at Figure 2.2 that the Lie bracket [A, B] generates new directions
from the reachable set if the vector fields A, B, —A, —B are admissible vector
fields for the considered control system. To work with the Lie brackets we will use
essentially Campbell-Baker-Hausdorff (C-B-H) formula. By means of the C-B-H
formula we will find "new” tangent vectors to the reachable set. Before to define
the set of tangent vector fields to the reachable set we introduce some notations:

We denote by Exp(tZ)(xzg) the value of the solution of the equation
(1) = tZ(x(7)), (0) = xo,

at time 7 = 1. Below we shall use the notion Exp (Z;)(xg) for an arbitrary family
of analytic vector fields {Z; : t € R}, depending continuously on ¢, as it is defined
in Sussmann (cf. [34]). Then the formula of Campbell-Baker-Hausdorff can be
formulated as follows : if X and Y are analytic vector fields on R", then

Exp (t,.X) o Exp (£2Y)(2) =

tit t13 t1t
— Exp (th Y + %[X, Y] + %[Y, Y, X)) + i—;[x, (X, Y]] + ) (z),
(2.2)
where o means superposition, and the infinite sum in the right-hand side is con-
vergent for sufficiently small |t1] and |¢2]|.

Let us denote by £ = L£(X,Y) the Lie algebra generated by the vector fields X and
Y, i.e. L is the minimal linear subspace of vector fields which is closed under the
operation Lie bracket. Let us fix N € N and denote by Ly = Lx(X,Y) the finite
Lie algebra generated by the vector fields X and Y, i.e. the algebra generated by
Lie brackets in order not greater than N.
If S is a Lie series in £ then Sy is the corresponding finite Lie series in £y. Also,
Exp (S)u is the finite Lie series in Ly, corresponding to Exp (S).

Then we say that Exp (X) o Exp (Y) = Exp (S) iff ||Exp (X) o Exp (Y)(z) —

Exp (S)(z)n]| < C(N)tN*! for each x € R and each N € N, where C'(N) > 0.

2.3 Tangent vector fields to the reachable set

Our approach is based on a suitable definition of tangent vector fields to the
reachable set of a control system, namely we define the set Ef, a > 0, of analytic
vector fields. The definition of this set is related to the works of Krener (cf. [27]),
Hermes (cf. [14]), Sussman (cf. [33]), Kunita (cf. [28]), Veliov and Krastanov (cf.
[38]), Krastanov and Quincampoix (cf. [25]), Krastanov and Veliov (cf. [26]) and
others.



A function of the type Y 7 | c;it%. where ¢; > 0 and d; are positive real numbers,

i=1,2,...,0,is called a positive polynomial. Further, we use the notation O(t)
to indicate any family of analytic vector fields O(t;x) parameterized by ¢ > 0,
continuous in (¢, x) and such that the ratio O(¢;x)/t is bounded when t tends to
zero, uniformly with respect to # € B. Let A° be the set of all families of analytic
vector fields a(t) = a(t, x) on R™, parameterized on ¢, continuous in (¢, z) and such
that there exist positive reals 6 and c such that ||a(t,z)| < ct’||lz — x0]| for all
r € B.

Definition 2.3.1 [t is said that the analytic vector field Z belongs to the set
EX(xo) of the control system X iff there exist families of analytic vector fields
O(t™) with w > «, and a(t) € A%xy) parameterized by t > 0 and a positive
polynomial p(t) such that

Exp(t®Z + a(t) + O(t"))(z) € R(z, p(t))

for each point x from a neighborhood of the point .

Definition 2.3.2 [t is said that the analytic vector field Z belongs to the set S of
the control system X iff there exist positive real numbers K and T, such that for
every point x and each t € [0, T

Exp(tZ)(z) € R(x, Kt).

Remark 2.3.3 By setting t := t%/* one can prove that the relation A € EJ (x)
implies that A € E5 (x0) for every > .

Remark 2.3.4 We denote by E*(xg) the set Ef (zo).

The importance of the set EX(z) for studying the local properties of the reachable
sets of a nonlinear control system can be seen from the following

Proposition 2.3.5 (c¢f. [14], [25] and [26]) Let Ay, A,y ..., Ay belong to
EX(xzo) for some o> 0 and 0 € int co{ Ay (xo) + Aa(xo) + -+ Ax(xo)}. Then the
control system ¥ is STLC at the point xg.

Proof. According to Definition 2.3.1 there exists vector fields a;(t) € A°(wp),
positive polynomials p;(t), families of analytic vector fields O;(t“i),w; > «a,i =
1,...,k and T > 0 such that for each t € [0,7] and =z € B

Exp(t®A; + a;(t) + O;(t"))(z) € R(z, pi(t))

9



for some a > 0. Also, it’s fulfilled that |la;(t,z)| < c;it% ||z — x| and ||O;(¢, z)|| <
c;t“’i,i =1,...,k. Then

L(ty,... tr,z) == Exp(tT A1+aq(t1)+O1(ty)) o - o Exp(ty Ap +ag(ty) + Ox(t})) ()

k
R (x,Zpi(ti)> . tel0,T)i=1,.. .k
=1

Let y = (y1, ..., yn) as an arbitrary point in B. Then exist t(y) = (t1(y), ..., tx(y))
such that

y = t1(y)Ai(xo) + ta(y) Aa(xo) + - - - + ti(y) Ar(20) (2.3)
. Applying C-B-H formula, we obtain that
k
L(ty, ... te,x0) = Exp (Zt?Ai +alty,... ty) + O™, ... ,t}jk)) (z0),

i=1

where
max laty, ... te)]| <tz
(tl ..... tk,I)G[O,T]k,CEEB

and

max lo(ty, ..., te)|l < ct®.
(t15e-5t,2)€[0,T)* ,2€B

Let us define N N
7 (0,y) == L(6t7 (y), .., 0ty (y), x0) =

Exp (250 JA; + a8 (), ... 887 () + O((6tF ()™ ..., (6t <y>>wk>> (o).
R (:g Zpi((St{l*(y))) . 6€(0,1).

Using that a((5 tlé (v), ... ,(ﬁtké (y))(z0) = 0 we obtain that Fxp (a(éétf(y), . ,5§t,§(y))> =

—Exp<zat JA; + a5 1<y>,...,6ét,§<y>>+0<<5t1<y>>“if,...,<5tk<y>>?>)<xo>=

Exp (Zét JA; +a(d 1(y),...,(5;t,§(y))—|—O((§t1(y))wa1,...,(6tk(y))12€)> o
Bap (~a(+15 (9), - 6547 (1)) © Bap (al6547 (9), .., 654 () ) (o) =
Ezxp (Z Sti(y)Ai + O((0ta(y)) < ..., (5tk(y))“;k)> o

10



Eap (a(d* 5 (1), .. 0417 () ) (o) =

— Exp <Z(5t )A; + O'( (5t1(y))?,...,<5tk(y))‘l’“)) (z0) =

= o+ Z(st i(20) + 0" (6 t(y) s ... 0 ti(y) o)
Using (2.3) and w = min{wy, ..., wg} > «, we obtain that
T (6w, y) — zo = 5Zt i(20) + O"(0a ty(y) &, .. 6 ty(y)a) =

=0y + 0B h(y) T, .. 05t (y) )
Let us denote

1 w

55(0) = 3 (7' (65%,) — ) =y + 506E R F - 5F ) ®)

Then 5 converges uniformly to the identity map of B as 6 — 0. Therefore §5(B)
contains a neighborhood of 0, if § > 0 is small enough. Hence the set 7*(8=, B) =
xo + d85(B) contains a neighborhood of the origin for each sufficiently small 6.

k 1
The sum T(8,y) = 3 pi(6at? (y)) converges to 0 when § — 0 for each y € B
i=1

and W*(di,y) is a solution of ¥ with initial point xy and time 7'(d,y) for each
sufficiently small 6 > 0. Hence R(x¢,T'(d, B)) contains a neighborhood of the x
and so, the system X is STLC at x.

Proposition 2.3.6 (cf. [14], [25] and [26]) The set EX(x0) is a convez cone.

Proof. Let A; and A, belong to Ef. According to Definition 2.3.1 there exist
vector fields a;(t) € A%(xy), positive polynomials p;(¢), families of analytic vector
fields O;(t"*),w; > a,i = 1,2 and T' > 0 such that for each ¢t € [0,7] and x € B

Exp(t®A; + a;(t) + O;(t))(x) € R(x, pi(t))
. Let ¢ > 0 be an arbitrary real number. By setting 7 := t.c‘é, we obtain that
Exp(t¥cA; + ay(T.cv) + O1(.c5))(z) € R(x, pr(7.ca)) (2.4)

for all z € B and 7 € [0,T.c”«]. Last inclusion implies that cA; € E7.
Let T' > 0 be sufficiently small such that

Exp(t®Ai + a1(t) + O1(t")) o Exp(t® Az + aa(t) + O2(t"))(x) € R(x, p1(t) + pa(t)).

11



Applying C-B-H formula, we obtain that
Exp(t*(A; + As) + a(t) + O(t")) € R(x, p1(t) + p2(t)) (2.5)

for suitable a(t) € A°. and O(t").
According to (2.4) and (2.5) we can conclude that E} is a convex cone.

Proposition 2.3.7 (c¢f. [14], [25] and [26]) Let A, and Ay belong to ET, o >
0, Aj+Ay € A%, B belong to STNA°. Then exists B > « such that the Lie brackets
[B, Ai] and [B, A;] belong to E} .

Proof. According to definition 2.3.1 there exist vector fields a;(t) € A%(xy), pos-
itive polynomials p;(t), families of analytic vector fields O;(t"),w; > «a,i = 1,2
and T > 0 such that for each ¢t € [0,7] and z € B

Exp(t®A; + a;(t) + Oi(t"))(x) € R(w, pi(t)),

where a;(t, 7) < ¢;.t%]|x — 20| and O;(t, x) < Cjt" w; > i = 1,2. Let us choose

a real number b > 0, such that b > max{l, %, w_l_a}. The substitution 7 = ¢5

and assumption that 7" > 0 is sufficiently small lead to
Exp(r*™ Ay + ay(7°) + O1(7°™)) 0 Exp(7B) 0 Exp(t°® Ay + ay(7°) + Oy(7°T1)) ()

€ R(z,pr(7°) 4+ 7 + pa(7?))

for every 7 € [0, 7] and = € B. B
Applying C-B-H formula, we obtain successively existence of vector fields a;(t) €

A% and O (t) such that

ba+1

Exp (TB + 7% A + T [A1, B] + ay (%) + O_l(TbO‘H))

oExp(T" Ay + an(7°) + O (7" ™)) (2) € R(z, pr(7°) + 7 + pa(T))

. Applying one more time C-B-H formula, we obtain that exist vector fields a(t) €
A% and O(t) such that

ba+1

2

T

Exp (TB + 7P (A 4+ Ag) + ([A1, B] + [B, Ao]) + a(r") + O(Tbaﬂ)) (z)

(2.6)
€ R(z,pr(7°) + 7 + pa(7?))

. Taking in consideration that [A;, B] + [B, As] = [A1 + Ay, B] + 2[B, As] and
A+ Ay € A% b € A°) we can write (2.6) in the suitable form

Eap (1" Ay + +a(7) + O(7*™)) (z) € R(z, (1)),

12



where a(t) € A° and O(t) are vector fields and p(7) = py(7°) + 7+ po(7°). It means

that [B, As] € E;f,.,. It can be proved analogously that [B, A;] € E;f ;.

Following propositions are also related to the elements of Ef. We don’t present
their proofs.

Proposition 2.3.8 (Sussmann, 1978). Let Ay, As, ..., Ay belong to E (x) for
some o > 0 and Ay (zo) + Aa(xo) + - -+ Ax(xo) = 0. Then [A;, Ajl, 4,5 =1,...k
belong to E (o).

Proposition 2.3.9 (Hermes, 1978). Let A; and Ay belong to S and Ai(xg) +
Ay(z0) = 0. Then [Ay, [A1, As]] + [As, [As, A1]] belongs to E (x).

Some known results (cf. for example, [36] ) give us elements of E (x). Applying
the above written assertions we obtain new elements of the set E}(zq) provide
constructions of elements of the E;{, B> a.

2.4 Homogeneous polynomial vector fields

The main results in chapter 3 and 4 are related to control systems with right-hand
side which is a map whose components are homogeneous polynomials. Because of
that some useful properties of homogeneous polynomial vector fields are presented.

It is said that the vector field I' : R® — R" is homogeneous of degree « iff
['(Ax) = A\*T'(z) for each x € R and for each A > 0. Because the vector fields
fand gy, 7=1,...,u, are homogeneous of degree two and zero, respectively, we
present below some properties of the Lie brackets of homogeneous vector fields:

Lemma 2.4.1 Let I' : R* — R"™ and A : R" — R" be homogeneous polynomial
vector fields of degrees o and [ respectively. Then the Lie bracket [I'yA] is a
homogeneous polynomial vector field of degree o+ 3 — 1 or A s identical 0.

Proof. Indeed, [I', A](\z) = N(\x)['(\x) — I'(Az)A(Az) = NP71HeN (2)D(x) —
AT () A () = AP, A(2). O

13



Corollary 2.4.2 Let f : R" — R"™ be a homogeneous polynomial vector field of
degree two and g : R — R" be a constant vector field. Let A be a Lie bracket in
f and g which involves k times the vector field f and m times - the vector field g.
Then A is a homogeneous vector field of degree k —m + 1 or A it is identical 0.

Proof. The assertion holds true for £ = 1 and m = 0 as well as for £ = 0 and
m = 1. Let us assume that this assertion holds true for some nonnegative values
of k and m.

Let I' = [A, g], where Let A is a Lie bracket in f and g which involves k times
the vector field f and m times - the vector field g. Then A is a homogeneous
vector field which (according to our inductive assumption) is or identically zero or
a homogeneous vector field of degree kK —m + 1. Then, according to Lemma 2.4.1,
I' is or identically zero or a homogeneous vector field of degree k—m+1+0—1 =
k—(m+1)—1

Let now I' = [A, f], where Let A is a Lie bracket in f and g which involves k
times the vector field f and m times - the vector field g. Then A is a homogeneous
vector field which (according to our inductive assumption) is or identically zero or
a homogeneous vector field of degree £k —m + 1. Then, according to Lemma 2.4.1,
I' is or identically zero or a homogeneous vector field of degree k—m+1+2—-1 =
(k+1)—m+1.

Corollary 2.4.3 Let A be a Lie bracket in f and g which involves k times the
vector field f and m times the vector field g, and A is homogeneous of degree 1.
Then k = m. Also, all Lie brackets in f and g which are homogeneous of degree
zero are of odd length.

Proof. Let A be a Lie bracket in f and g which involves k times the vector field
f and m times - the vector field g, and let A be homogeneous of first degree.
According to Corollary 2.4.2, we have that k —m + 1 =1, i.e. kK =m, and hence
A is a Lie bracket in f and ¢ of length 2k, i.e. its length is an even number, or it
is identically zero.

Let now A be a Lie bracket in f and g which involves k times the vector field f and
m times - the vector field g, and let A be homogeneous of degree zero. According
to Corollary 2.4.2, we have that k — m + 1 =0, i.e. m = k+ 1, and hence A is a
Lie bracket in f and g of length 2k + 1, i.e. its length is an odd number, or it is
identically zero.

14



Corollary 2.4.3 has an essential role in considered problems in chapter 3 and 4. It
define whoch of the Lie brackets are constant but not zero. Exactly these brackets
have to be neutralized with purpose to find new elements of E

15



Chapter 3

The classical approach of Sussman
and a sufficient condition for
small-time local controllability

3.1 A general geometrical approach

In this section we present briefly the classical Sussman’s approach to study local
controllability of a nonlinear control system.

Let us consider the following affine control system 3, in R”

m

(1) = folw() + ) ui(t) fil= (1)), (3.1)

i=1
2(0) =0, u(t) = (u,...,un) € UNB,

where vector fields f;,i = 0,...,m are C*®°, fo(0) = 0 and U = [~1,1]™ and B
is the closed unit ball of R™ centered at the origin. As mentioned earlier the
properties of the Lie algebra generated by the vector fields f;,2 = 0,..., m are of
great importance to controllability of the considered system.

Following [34] and [36] we consider an abstract control system: Let Xy, X7, Xo,
.-y X;m be m symbols (called “indeterminates”). We set X = (Xo, X1,-.-, Xm)
and fix a sufficiently large positive integer N. By AN(X ) we denote the free
nilpotent associative algebra of order N+1: If I = (iy, ..., i) is any finite sequence
with i; € {0, 1}, then we denote by ||I]| its length &k and set X; := X;, --- X;,. We
let Xy :=1. If [ oJ denotes the concatenation of I and J, then the multiplication
in AN(X) is given by X; X := Xjo; whenever ||I||+||J|| < N. If |[I||+||J]| > N,

16



then the product X; X is set equal to zero. Then the basis of AY ()? ) consists of
all monomial X; of length less than or equal to N.

We denote by £V (X) the nilpotent Lie subalgebra of AN (X) generated by Xo, X1, . ..

with the Lie bracket defined by
P.Q] = PQ — QP.

The elements of EN()?) will be referred to as Lie polynomials in Xy, X1, ..., Xp.
We apply very often the Campbell-Baker-Hausdorff formula (C-B-H formula) which
says that if A and B are Lie polynomials, then there exists a Lie polynomial C
such that

exp (A) exp (B) =exp (C).

N .
P’L

Here exp (P) := 1+ g - for each Lie polynomial P. Let us remind that the
2!

i=1
C-B-H formula up to order three is

C=A+B+ %[A,B] + % [A,[A, B]) + 112 B,[B,A]] + -

Let us define GV(X) to be the set
GV(X) = {eXp (A): Ae zN(X')} .
Then, because of the C-B-H formula, GV ()Z' ) is a group.

Following [33], we consider the following control system on AN (X):

S(t) = S(t)(Xo + u(t)Xy), where u(t) e and S(0) = 1. (3.2)

Let us remind that by U we have denoted the set of all admissible controls, i.e. the
set of all Lebesgue integrable functions u whose domain is a compact interval of
the form [0,7], T > 0, and u(t) € [—1, 1] for almost every ¢ from [0,7]. The time
T will be referred to as the terminal time of w and will be denoted by T'(u). If
w; : [0, T(u;)] — [—1,1], i=1,2, are admissible controls, then by us o u; we denote
an element of U with T'(ug 0 uy) = T'(ug) + T'(uy) and defined as follows:

{ uy (1) for t € [0, (u1)),

uz 0 un(t) := up(t = T(ur)) for t € [T'(ur), T(wr) + T (uz)).

(3.3)
It is proved in [33] that for each control uw € U which is defined on the interval
[0, T'(u)], the solution S(u) of (3.2) satisfying S(u)(0) = 1is well defined on [0, T'(u)]

and
S)(t) = > si(u)(t)X;, Vte[0,T(u)],

IZIl<N
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where sy(u)(t) := 1 and for each I = (iy,4s,...,4) with i; € {0,1}, j =1,... K,

/ / / / F(m)u (o) - u? (m)u (1) dy - - - dy

(here u°(t) = 1 and u!'(t) = u(t) for each ¢ € [0,T(u)]). We define Ser(u) to be
S(u)(T (w)).

The reachable set R% (T') of (3.2) at time T > 0 is defined as the set of all points

of AN(X) that can be reached in time 7' by means of solutions of (3.2) starting
from 1. Some properties of the control system (3.2) are presented in more details
in [33]. Here, we shall remind only one corollary of Lemma 3.1 in [33]:

Ser (u; o ug) = Ser (uy) Ser (us) (3.4)
for every two admissible controls u; and wuy. Also,

if exp (A) € RY(T:) fori=1,....k,  then

exp (A1) - exp (As) -+ exp (Ax) € R%(T1+T2+---+Tk).

Let us remind that E(X ) denotes the free Lie algebra generated by the indetermi-
nates Xo, Xi,...,X,,, and let A be a Lie bracket belonging to £(X). We denote
by A(f) that Lie bracket in fy, f1,. .., fm which is obtained from A by substituting

—

k
each Xo, X1,...,X,. by fo, f1, fm, respectively. Also, we set <Z oy Ai> (f) =

i=1
Z a; A for each Lie brackets A; in Xy, X1, ..., X,, and each real numbers ay,

1=1,...,k If Sis asubset of [,(X), then by span S we denote the minimal linear
subspace of £(X) containing the elements of S,

—

S(f) = {A(*):Aes} and S(f)(x0) == {A( )(xo):AES}.

At last, by B()?) we denote the set of all Lie brackets in Xy, X1,...,X,, of odd
length in which each X;,7 = 1,...,m appears an even number of times. We
call the elements of B()Z ) “bad Lie brackets”. The main idea of the obtained
sufficient conditions in [3], [7], [33] and [36] is that the elements of B(X) have to
be “neutralized” in order not to be obstructions for small-time local controllability.
Also, we define a set of “good” elements of the set II as follows:

Good := E()Z') \ B(X)v
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i.e. good elements of the set £(X) are those elements of £(X) that are not bad
Lie brackets.

Let us fix a vector r = (rg, 71, ..., 7,) whose components are positive integers such
that 1 <rg <r;,i=1,...,m. We set

Al = rolAlo+ Y rifAl;,  for every A € £(X),
i=1
where the number of times that X;, i = 0,1,...,m, appears in A is denoted by
|A];- The number |A|; is called degree of A with respect to X;, ¢ = 0,1,...,m.
Clearly, the length ||A|| of A is equal to |Alp + |A|;. The positive numbers [|Al],
and [|A]|Z are called “r-weight” of the Lie bracket A.

For each positive number § we define the sets
= {A e L(X): ||All, = 5} .
and

£i={reL): Al <o}

Let A be a Lie bracket belonging to ﬁ()? ). It is said that Ag can be r-neutralized
if

—

Nolflwo)) € span {A()(wo) : A€ £(X) with All. < Aol }

—

Also, if Ag(f)(zo) = 0, then Ag is r-neutralized.

Now we shall formulate two classical results:

Theorem 3.1.1 (Hermes controllability condition, cf. Theorem 2.1 in [34]) We
consider the control system Y with m = 1. We assume that

1) dim L(X)(f)(zo) = n;

2) SH(X)(f)(wo) = SFL(X)(f)(wo) whenever k is odd (here S¥(X) denotes
the linear span of all Lie brackets in Xy and X; which involve X; at most
k-times).

Then the control system ¥ is STLC at xy.
Theorem 3.1.2 (/36]) We assume that

1) dim L(X)(f)(z0) = n;
2) if A is a bad Lie bracket, then it can be r-neutralized

Then the control system ¥ is STLC at xy.
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3.2 A class of polynomial control systems

Let us consider the following control system ¥; in R"

i(t) = f(x(t)) + u(t), (3.5)
2(0) =0, u(t) eUNB

where U is a closed convex cone in R”, B is the closed unit ball of R™ centered at
the origin and f : R — R” is a map whose components are polynomials which
are homogeneous of second degree, i.e. f(\x) = A\f(x) for each A > 0 and each
r e R"

Unfortunately, the general sufficient conditions from the previous section (Theorem
3.1.1 and Theorem 3.1.2) are not applicable to the considered control system (4.1).
The reason of that is the fact that there exist "bad” Lie brackets that can not be
neutralized in the sense of Sussmann.

The following control system X 4 is studied in [1]:

T=1u

y=q(@)+ ay),
where the state variable is z = (z,y) € R™ x R", u € R™ is the control variable,
and ¢; : R — R" and ¢ : R" — R" are homogeneous quadratic polynomials, i.e.
g1 (Azr) = XN2q(x) and q2(Ay) = MN2qa(y) for each X > 0, x € R™ and y € R". We
define the sets ()1 and () as follows:

Qi ={q(u): veR"}, Qr:={qy): tyecii}.

(3.6)

and denote by cone S the smallest convex closed cone containing the set S C R".
Then the result in [1] can be formulated as follows:

Theorem 3.2.1 If
cone (1 + cone Y = R",

then the system (3.6) is small-time locally controllable at the origin.

The result of Agular is considered as a corollary of the sufficient condition in the
next section.

In order to show the main idea of our approach, we consider the following
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Example 3.2.1 Let us consider the following 2-dimensional control system Ys:

i(t) =u, z(0) =0, ue[-1,1],
y(t) =v—2% y(0)=0, vel1l]

The below formulated Proposition 2.3.5, Proposition 2.3.6 and Proposition 2.3.7
imply that the system Y, is small-time local controllable at the origin. Unfortu-
nately, the sufficient condition in [1] is not applicable because set of admissible
values of the controls should be symmetric with respect to the origin.

According to Proposition 2.3.5, it is sufficient to find a finite number of elements of
the intersection of the sets £, and EX(0), for some o > 0, that contain the origin
of R™ in the interior of its convex convex hull.

3.3 Preliminaries

We introduce some notations. If u is an arbitrary element of U N B, then we
denote by g, the constant vector field defined by g¢,(z) := u for each x € R".
Let us assume that the linear span M is generated by the elements u; € U N B,
i=1,...,p, and let us denote by £ = L(f, gu,,- - -, gu,) the Lie algebra generated
by the vector fields f and g,,, 7 =1,...,pu. By L.nst we denote the Lie subalgebra
of the constant vector fields contained in L.

Let us assume that the linear span M, is generated by the elements u; € U N B,
i=1,...,p, and let us denote by £ = L(f, gu,,- - -, gu,) the Lie algebra generated
by the vector fields f and g,,, i =1,...,u. By L.nst we denote the Lie subalgebra
of the constant vector fields contained in L. It is proved by Jurdjevic and Kupka
(cf. [18]) that Lepnst is the smallest vector space of constant vector fields which
contains the vector fields ¢,,, ¢ = 1,...,u, and which, in addition, contains all
vector fields [gy, [gw, f]], where g, and g,, are arbitrary elements of L.,

We denote by A : £ — L the automorphism defined by A(f) = f and A(g,,) =
—Gu;, 0 =1,..., u. We also use the “time reversal” map T defined by Sussmann in
[36]. The maps A and T are linear, i.e. if C € {A, T} and ), ; a;A; is a Lie series
in Lie brackets of £, then

C (Ziel O‘z‘Ai) = > ier 6iC(N).

and C(Ezp(S)) = Exzp(C(S)) for each Lie series S of Lie brackets in f and g,,,
i =1,...,pu. Also, we have that T(A) = (—1)*"!A for each Lie bracket A of £

of length k. Further we shall use the following groups of automorphisms O+ :=

21



{Id,A,T,AT} and © := {Id, T}, where Id denotes the identity map. Clearly, the
Lie brackets A of £ that are invariant with respect to the action of the group ©
are of odd length while the Lie brackets A of £ that are invariant with respect to
the action of the group ©F are of odd length and each g,,, i = 1,...,u, appears
in A even number of times.

Let us fix a compact neighborhood €2y of the origin and set €2 := 2{)3. Then there
exists Ty > 0 so that each trajectory z of ¥ starting from a point xg € €2y and
corresponding to some admissible control from Uy with T < Tj is well defined on
the interval [0,7] and remains in Q, i.e. z(t) € Q for all t € [0,7]. Then the
following finite composition of exponents

Exp(ti(f + g1)) o Exp(ta(f + g2)) 0 - o Exp(t(f + gr)) ()

is well defined for each = € €y, each t; > 0 with T :=¢; + - - - + t;, < T} and each
gi €{gu: v UNB},i=1,..., k. Without loss of generality we may think that
To > 0 is sufficiently small so that (according to the C-B-H formula) there exists
a Lie series § such that

Exp(S) = Exp(ti(f + g1)) o Exp(ta(f + g2)) 0 --- o BExp(te(f + gx)).  (3.7)

We call Exp(S) an admissible flow of X. Clearly,

Exzp(S)(z) € R(x,T). (3.8)
According to the properties of the automorphism T (cf. [36]), we have that

T (Exp(ti(f +g1)) oo Exp(ti(f + gx))) = Exp(te(f+gr))o---oExp(ti(f+g1))

Remind that the set M is a linear span generated by the vectors g, (0), g.,(0),
.04, (0), i = 1,...,u If the vector fields g;, i = 1,...,k, belong to the set
{9u1s Gus» - - - Gu, }» then we have that

A (Bxp(ti(f +g1)) o -+~ 0 Exp(ti(f + gr))) = Exp(ti(f—g1))o- - -0 Exp(te(f —gr))

and A (Ezp(S)) (z) € R(z,T). (3.9)
As in the previous section we define “a weight” in the Lie algebra £. Let us fix
an arbitrary vector r := (p, q) whose components are positive reals satisfying the

inequalities 1 < p < ¢q. Let A be an arbitrary Lie bracket in the vector fields f and
Gu;, © =1,..., ;. We define its r-weight as follows:

“AHT = p|A|0 + 25:1 Q|A|i7
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where by |Ag it is denoted the number of times that the vector field f appears in
A, and by |A|; i =1,..., u, it is denoted the number of times that the vector field
gu, appears in A. If A and I' are arbitrary Lie brackets of £, then one can directly
check that ||[A, ]|, = [|A]]; + ||T']|. Each expression of the form

J
A% (e) == Zozjé”AjH’“Aj with ||A;], € [w,0], a; € R, and € € (0,1),

j=1

is called an admissible Lie polynomial in ¢ (with respect to the weight

|- 1-). We set
Bra(A"?) :={A;: j=1,...,J}.

Let © be a group of automorphisms defined on £ and A be a Lie bracket. We
say that A is invariant (not invariant) with respect to © if C(A) = A for each
(C(A) # A for some) C € ©. We say that A“7(¢) is invariant (not invariant) with
respect to O if all elements of Bra(A"™?) are invariant (not invariant) with respect
to O©.

Further we use the following corollary of Proposition 5.1 from [36]:

Proposition 3.3.1 Let © be one of the group of automorphisms © or ©F and
g0 > 0. Let Exp(S(g)) be an arbitrary admissible flow of ¥ such that

Exp(S(e))(x) € Rz, T(e)),
where S(e) = A7 He) + ALGTE (€) + AV e) + O(e7) with 2 < w < o —

Ny not 1nv inv
1, ADNe), ALoh () and AY77'(e) are admissible Lie polynomials in e (with
respect to the weight ||-||,.), T'(€) is a positive real polynomial with T'(¢) € (0,Ty) for
e € (0,g9), and x belongs to a neighborhood Qq of the origin. Also, we assume that
A7) and My are invariant, but ALY (€ ds not invariant with respect
to ©. Then there exist a positive integer m and an admissible flow Exp(Sin(€))

such that
Exp(Siny(€))(x) € R(x,mT(e)) for each € € (0,e9) for which mT(e) € (0,Tp),
where

Simn(e) = mAjpy () + Ay 71 () + Niny7 () + O(e°),

mu

A7 e) and Ay~ (€) are admissible Lie polynomials in € (with respect to the

weight || - ||,) that are invariant with respect to ©. Moreover, Aj""" is a sum of
Lie brackets of the elements of Bra(A;"~") and Bra(AL57) ).

Our aim is to study "bad” brackets in the particular case of homogeneous poly-
nomials of second degree.
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3.4 Sufficient condition

In order to formulate our main result we need some notations: Let rec C' be the
largest linear space contained in the convex closed cone C'. Next, we define the
following sets:

1. Ko = U and My =rec Ky;
2. Ky =cone ({f(u):ue My} UU) and My = rec Ky;
3. Ky = cone {f(u) : u € My}.

Theorem 3.4.1 If the convex cone Ky + Ko coincides with R™, then the control
system X 1s small-time locally controllable at the origin.

Remark 3.4.2 On the assumptions of Theorem 1 (note that the controls are un-
bounded) we have that

Ko=Mo=U=R"x {0}, £y =cone ({f(u):ueR"}UU) =
=cone ({(0,qi(u))" :u € R"}UU) =R™ x cone Q1,
M1 =rec Ki =R™ x rec cone ()4
ICy = cone {f(u) : u € My} D cone {(0,q(y))" : y € Q1} = {0} x cone Q».

Clearly, the equality cone Q1 + cone Qs = R" implies the equality KC; + Ko =
R™*" and hence Theorem 3.2.1 is a corollary of Theorem 3.4.1. There are simple
examples of control systems that are STLC' (according to Theorem 3.4.1), but their
small-time local controllability does not follow from Theorem 3.2.1.

3.5 Proof of the sufficient condition

Remind that each trajectory x of X starting from a point xg € {5 and correspond-
ing to some admissible control from Uy with T' < Tj is well defined on the interval
[0, 7] and remains in €.

Further we will use the notation E for E1(0).

Let us fix an arbitrary element « € U N B. Then, the vector field f + ¢, is ad-
missible for the control system ¥. From here, using that f(0) = 0, we obtain that
the vector field g, belongs to the set E,". Also, if u € M, then the vector fields
f + g, are admissible for the control system ¥. We set r := (p, q) with p = ¢ = 2
and define the weight || - ||.. Let
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Ti(e) ==Exp (€°(f + gu)) o Exp (€*(f — 9u)) -

Clearly,

T
Ti(e)(x) € R(x,2e?) N for each = € Qp and each ¢ € (0, g) :

Applying the C-B-H formula, we obtain that

6

Y36 2 Bxp (227 + <l £+ o o 1]+ AT(E) + 0L )

for some admissible Lie polynomial A™13 € L(f, g,) in € (with respect to || - ||,).
Clearly, the vector fields f and [gy, [gu, f]] are invariant with respect to the group of
automorphisms ©F. According to Proposition 3.3.1, there exists a positive integer

m so that

89

T (¢) = Exp (2m52f + mg[gu, [9u, f]] + AL () + Ou(514)> (3.10)

and
1
T (e)(x) € R(x,2me*) N Q for each = € Q) and each ¢ € (0,\/ ﬁ) . (3.11)

where A7'3 is an invariant with respect ©F admissible Lie polynomial in e (with
respect to || - ||,). One can directly calculate that the invariant Lie brackets AJ,
appearing in A7!3 contain two times the vector field g, and three times the vector
field f. According to Lemma 2.4.1, all these brackets A7 are homogeneous of
second degree. Hence

Ju
ATB(e) = Z a; e N =T (3.12)
j=1
where each Lie bracket AJ contains two times the vector field g, and three times
the vector field f. By setting
a(e) :=2me*f + T,

we obtain from (3.10) and (3.11) that [gy, [gu, f]] € Eg . Because u is an arbitrary
element of the set U N B N My, it follows that the vector field [gu, [gu, f]] belongs
to the set Fy for each u € U N BN M,.

Let h # 0 belong to Ky. According to the definition of the set Ky, there exists
h € Mj such that h = f(h) = [gn,[gn, []](0)/2. Because h € M, there exist
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positive reals 5; > 0 and u; € MyNU N B, j =0,1,2,...,k, such that hj =
f(uj) = [guja [gujaf]} (O)/27 ] = 1727"'7k7 211(1

h = Bogu, + Y Bih;. (3.13)
j=1

According to the definition of My, the vector fields f +g,,, j = 1,2,... k, are
admissible for 3. Also, the definition of M, implies the existence of some positive
reals ;7 >0 and u; € MoNUNB, j=0,1,2,...,k7, such that h; := f(u;) =

[guj_’ [guj‘vfﬂ (0)/2,j=1,2,...,k—, and

-
—h =By g, + > _ B hy. (3.14)
j=1

According to the definition of My, the vector fields f +¢g,-, 7 =1,2,..., k7, are
admissible for X.

We set @y := (uq,ug, ..., u). Taking into account (3.13), we define the map
PU () =T (/Pre)oX2(/PBae)o--0 X (/ By ).
According to (3.11), we have that
_ Tt
P (e)(x) € R(x,co £2) NQ for each x € Qy and each ¢ € (0, —0> . (3.15)

Cop
where cp = 2m (\/61+ fo+ -+ ﬁk)
Using (3.10) and (3.12), we apply the C-B-H formula and obtain that

k
0 = [ (205,25 + 28 gl ) /BT + 0 19) =
j=1

6 [/ k
= Fxp ( ef + o (Z 8 190, (90, f]]> + AL (o) + 0i1<sl4>> ,

where AL'?() is an admissible Lie polynomial in ¢ (with respect to | - [|,.).

~

According to Proposition 3.3.1, there exists a positive integer m, so that ®! ()

6 k
=~ Exp (ml% E2f + ml;m <Z B35 (9u;+ (9, f]]) + AL (e) + Og, (514)>
j=1

and

_ T
D™ (2)(z) € R(z, mice €) N for each x € Qp and each ¢ € (0, 0 )
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where /_\773’113 € L(f, Guys- - -+ gu,,) 1s an admissible Lie polynomial in € (with respect
to || - ||,) that is invariant with respect to ©F. One can directly calculate that
each of the invariant Lie brackets appearing in A™!® contain two times one of the
vector fields from the set {g,, : j = 1,...,k} and three times the vector field f.
According to Lemma 2.4.1, all these brackets are homogeneous of second degree.
Hence

Jay

T 210 A . S10f10
AL g aje” Ay, =T

uy?

where each Lie bracket A{—Ll contains two times one of the the vector fields from
the set {g,, : j =1,...,k} and three times the vector field f. Then (3.16) and
(3.17) imply that

i myme° _
o, (e) = Exp (ml% e2f + — (Z Bign; > + T + Oy, (514)> .

We set
m1m€

D11 (c) = B (<) o Exp ( (6o +ﬁoguO>) |

Clearly

_ T
Dot (g)(x) € R(x, T(e)) N for each x € Q and each € € (O,min (1,\ / g)

(318)
6
where T'(g) :=my (Cq>€2 + %Bg) and C :=my (C<I> + mTBO> '
On the other hand, applying the C-B-H formula, we obtain that
_ _ myme®
YUt (g) == Oyt () = Exp (T(e)f + (ﬁoguo + Zﬂjgh )
+€10F10 + Azol?tl + Oio u1 ( 14)) ’
7,13 : .
where A, %, € L is an admissible Lie polynomial in ¢ (with respect to | - [|,).

Clearly, the elements of Bra(TY’), g,, and the Lie brackets gn, = [gu;, [gu; f]];
j = 1,...,k, are invariant with respect to ©. According to Proposition 3.3.1,
there exists a positive integer my so that )
oy mymome®
Upoti(e) = Exp | moT(e) f + —3 BoGue + Zﬁjghj +
j=1

+mae' T + quoli;l + 0% (e")) € R(z,m2T()) N for each x € Qy and each
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uo,u
mo 0,U1

T _
€€ (0, min <1, DC’)) , where A™'3 " is an admissible Lie polynomial in e

(with respect to [ - ||,) that is invariant with respect to ©. According to the C-B-H
formula, one can directly check that Bra(AZ’Ol%l) =A{1f,f, 9ul]}- Hence,

Jug,ay

107010 A713 10 J . 10+
e g + A =¢ Z Npga, =€ 17,
j=1

where each A’ is homogeneous of second degree (according to Lemma 2.4.1).

U0, U1

We set ¢ := mmima/3, Tt () := moT(¢) and C* := myC. Taking into account
(3.13), we obtain that

Ut(e) = Vwh(e) = Exp (TH(e)f +¢felgn + T+ 0T (") € (3.19)
+ . TO
€ R(z, T"(e)) N Q for each x € Qy and each € € [ 0, min | 1, | ]
where Bra(T't) is a set of Lie brackets that are homogeneous of second degree.

Analogously, taking into account (3.14), one can prove the existence of an admis-
sible flow (note that g_, = —gp)
U (e)= Exp (T (e)f —,e%gn+"T + 0™ (¢")) € (3.20)

€ R(z, T~ () N Q for each x € Qy and each ¢ €

(0, min (1,\ / CT*_(])) , where Bra(I'")

is a set of Lie brackets that are homogeneous of second degree, T~ () := c,e% +
cg€® C7, ¢, c3 and ¢; are positive constants. We set

U(e) :==VU" (y"e) oExp (ef) 0¥~ (v7¢),

1 1
where 4" := 9/ — and 7y~ := ¢/ —. Taking into account (3.19) and (3.20), we
Ch Ch

obtain that

_ T
U(e) € R (z,T(g)) NQ for each z € O and for each ¢ € (O, %) , (3.21)
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where T'(¢) 1= 026" + & + 06e°, C 1= 02 + 1 + 05, 02 1= (mamaca(v")? + 5 (v7)?)
'_ (m2m1m50(7+)6
and gg :=

3
that

+c5 (7_)6). Applying the C-B-H formula, we obtain

U(e) 2 Exp ((e+ 03 + 06c°) [+ (3.22)

+1—12613(2 + 038 + 06€°)gns lgn, fI] + (7)) TF + (77)1°T7) + I(e) + 0(514)) ,
where II(g) := Z]V'=1 Bie4=;, B; € R, dj > 10 and Z;, j = 1,...,v, are Lie
brackets generated by f, gi and the elements of Bra(I't) and Bra(I'") in which
the vector field g, appears at most one time. According to Lemma 2.4.1, all
Lie brackets appearing in II, are homogeneous of degree at last one, and hence,
vanish at the origin. Also, f(0) = 0 and all Lie brackets from the sets Bra(I'") and
Bra(I'~) vanish at the origin. Then (3.21) and (3.22) imply that [gx, [gn, f]] € Efs.
Therefore, we have proved that [gx, [gn, f]] € E}; for each h € M;. Moreover, we
have already obtained that [g,, [g.f]] € E4 C Ef; for each u € M, as well as
gu € Ef C Ef;. Because Ko+ K; + Ky = R”, there exists elements A4; of Eff,
j=1,...,n, such that

0 € int co {A1(0), A2(0),...,A,(0)}.

Applying Proposition 2.3.5, we obtain that the control system (4.1) is STLC at
the origin. This completes the proof of the theorem. O
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Chapter 4

Refinement of the approach based
on the set £} and one more
sufficient condition for small-time
local controllability

The main idea in this chapter is to refine the approach based on the set of tangent
vector fields of the reachable set. Here we will obtain new elements of E* - mixed
brackets [g., [gv, f]]. Roughtly speaking we need at least one of the Lie brackets
—[9u, [gu, f]] and —[gy, [gv, f]] to be suitable element of E*(0).

4.1 Statement of the main result

Let us consider again the control system >; in R"

i(t) = f(x(t)) + ull), (4.1)
2(0) =0, u(t) e UNDB

where U is a closed convex cone in R”, B is the closed unit ball of R™ centered at
the origin and f : R"™ — R" is a map whose components are polynomials which
are homogeneous of second degree, i.e. f(Ax) = A?f(x) for each A > 0 and each
x e R™

In order to present the approach and formulate our second sufficient condition, we
define the following sets:
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1. Kog= U, My =rec Ky;

2. Ky =cone ({f(u) :ue My}UU)
N = {U € My : —f(u) S ]C1}
My = span ({[gu, [9v, [1](0) : v € Mo, u € N1} UMy);

3. For s = 1,2,3,... we define the sets K1, N,y1 and M, ; in the following
recursive way:
Ksi1 = cone (K U M)
NS-H = {U € MO : —f(U) S ICs—i-l}
M1 = span ({[gu, [90, 1](0) : v € Mo, u € Nyy1} UM,);

Finally, we set k = min{s : M1 = M;}. Clearly, k < n.

Our main result is the following

Theorem 4.1.1 The set {g, : u € K.} is a subset of E™.

The proof of Theorem 4.1.1 is presented in the next section.

Corollary 4.1.2 We set
L =cone {f(u):ue f(My),—uecki}.

If cone(L U K,) coincides with R™, then the control system 3 is small-time locally
controllable at the origin.

Sketch of the proof of Corollary 4.1.2. Taking into account Theorem 3.4.1,
we obtain that the set {g, :u € L} is a subset of ET. Using Lemma 2.3.6, we
obtain that cone({g, : u € LU K,}) is also a subset of ET. At last, applying
Lemma 2.3.5, we complete the proof.
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4.2 Examples
Example 4.2.1

Let us consider the following control system:

#(t) = u(t), u(t) € [-1,1],
y(t) = v(t), v(t) € [-1,1],
(t) = 2%(t) — y*(1),

p(t) = 2%(t) — x(t)y(t)

We set f(z,y,2,p) = (0,0,2° — y* 2% — 2y)", g1(z,y,2,p) == (1,0,0,0)” and
92(%972’»17) = (O ]' 0 0)

We have that
My =Ky = {<x7y70aO>T HEOS Ray € R}a

K12 {(x,y,2,0" :2 € R,y € R,z € R},
N D {(2,0,0,0)" : 2 € Ry U{(0,y,0,0) : y € R}
My D {(z,9,0,p)" 12 € R,y € R,p € R},
Ko={(z,y,2,p)" :2€R,yc R,z R,p € R}

Applying Theorem 4.1.1, we obtain that {g,(0) : u € Ky} C ET. Because Ky = R*,
we can conclude (taking into account Lemma 2.3.6) that this control system is
small-time local controllable at the origin.

Example 4.2.2

Let us consider the following control system:

x(t) = u(t), u(t) € [—1,1],
y(t) = v(t), v(t) € [=1,1],
(1) = 2%(t) — y2(t),
pt) = 22(t) — y*(1).

Using Theorem 4.1.1 and Corollary 4.1.2, we can not conclude that this control
system is STLC at the origin.
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In fact, the reachable set of this system is a linear subspace of a half space and
this system is not STLC at the origin. Indeed, let us fix an arbitrary 7" from the
interval (0,1) and let us assume that z(7") = 0. Since

we have that
0= 2(T) = / (22() — y2(£))dt and hence / 22()dt = / Cd (42)

Because
p(T) = / (22(t) — (1)),

the following equalities hold true

:/T /th(s)ds 2dt+/T /tyQ(s)ds th
—2/T /th(s)ds /tyz(s)ds dt—/Ty2(t)dt

Taking into account (4.2) and the inequalities

2(T)] < / ()| dt < T.

we obtain that
T 2 7
p(T) < 4T /xQ(t)dt - /asz(t)dt =
0 0
T T
= —/xQ(t)dt 1 —4T/x2(t)dt :
0 0

If T is sufficiently small, then p(7") < 0, and hence this system is not small-time
local controllable at the origin.
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4.3 Proof of Theorem 4.1.1

Let us fix a compact neighborhood €2 of the origin and set €2 := 2)3. Then there
exists Ty > 0 so that each trajectory z of X starting from a point g € €2y and
corresponding to some admissible control from Uy with T' < Tj is well defined on
the interval [0,7] and remains in Q, i.e. z(t) € Q for all t € [0,7]. Then the
following finite composition of exponents

Exp(ti(f + g1)) o Exp(ta(f + g2)) 0 - o Exp(t(f + gr)) ()

is well defined for each x € €y, each t; > 0 with T :=t; + --- + ¢, < T and each
gi €{gu: ueUNB},i=1,..., k. Without loss of generality we may assume
here and further that Ty > 0 is sufficiently small so that (according to the C-B-H
formula) there exists a Lie series S such that

Exp(S) = Exp(ti(f + g1)) o Exp(ta(f + g2)) o -+ - o Exp(tr(f + gx)).  (4.3)
Let us define the sets

Ut = {u (0,6,) = UNDB :u(e) := Z&“iui,
i=1

u, €UNB,a; >1,i=1,...,m,e, € (0,1), mel/\f},

and
m

U= {u 1 (0,6,) = (rec U)NB : u(e) := Zaaiui,

i=1
u; € (tec U)NB, a; >1,i=1,...,m,e, € (0,1), meﬂ\f},

where by IV it is denoted the set of all positive integer numbers. Clearly, if u € U,
then —u also belongs to U.

Let us fix u € U, ¢ € (0, min(e,, Tp/4)) and a real « > 1. Applying the equality
—Gu(e) = J—u(e) and the C-B-H formula, we obtain that

E;pp(go‘(f == gu(E))) © Eg;p(go‘(f + QU(E))) =
83(1

= E$p (25af + 8QOl[gu(s)a f] + ?[gu(s)a [gu(s)a f]] + Oi(€4a)) : (44)
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Our choice of € implies that for each x € q the trajectory P,(g)(x) is well defined,
where

Pu(e)(@) == Exp(e(f + gu(e))) © Exp(e®(f = gu(e)))o
oExp(e®(f — Gus))) © Exp(e®(f + gue)))(z) € R(w,4e”). (4.5)
Taking into account (4.4) and the C-B-H formula, we obtain that

3o
Pu(g) = El’p (25af + 5204 [gu(a)7 f] + %[gu(a)v [gu(a)v f“ + O+(54Q)) ©

N N 8304 B o
oExp (26 f—e? [Gu(e)s 1+ ?[gu(s)a [Gue); f]] + O (e* ))) =
« 263a 3a 4o
We choose arbitrary elements ug € U™ and uy, . . ., us from U, set @ := (ug, uy, ..., us), €4 =
min{e,,,i =1,...,s} > 0 and consider the function

(0,€4) 2 € = Guo(e) + Z f(ui(e)) .

We call this function an admissible sum of Lie brackets. Then, taking into account
(4.5) and (4.6), we obtain for each z € )y and for each € € (0, min(eg4, To/(4s+1)))
that

Pa(e)(z) = Bxp (%e?’“ (f + guo<e>)> °

oP,(e)o--oP, (e)(x) €R <a:, %53‘1 + 455a) : (4.7)

Applying the C-B-H formula, we have that

4 4B 1<
Pa(E) = Exp (<§€3a + 435&) f + 3 <guo(a) + 5 Z[gul(a)a [gui(s)a f]]) +

i=1

+26% Y £, [, guaio)l] + 05(&““)) =

i=1

4 4, N 43 >
= Exp (gs + 4se )f+ G —l—Zf(ui(g)) +
=1
+2% Y [, [ guo))) + 05(54“)> : (4.8)
=1
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Because the vector field f is homogeneous of second degree, one can check that
the vector fields [f, [f, gu,(e)]], = 1, ..., s, are also homogeneous of second degree,
and hence [f, [f, [gu,5]](0) =0, 7 =1,...,s, for each ¢ from the interval (0, e5).

So, we have shown that the inclusion (4.7) and the equality (4.8) hold true for the
admissible sum of Lie brackets

(0,€4) 2 € = Gup(e) + Z fu(e)).

i=1

Let us fix the real numbers a > 1 and 8 > 0 such that the following inequalities
hold true
1 <218 <2713 < . (4.9)

We set p:= 2"0,

1 1 1
=2t =27 (142 si=2 14 2+
H1 571“2 < +2)5,M ( +2+ +251)57
for each s = 1,..., k. Clearly, the inequalities (4.9) imply that
T<pg <po <o+ <pe<pand 2u < a. (4.10)
First, we show that for each elements p and ¢ of the set {1,...,x} with p < ¢ the
following inequality holds true

fp + 1 < 241, (4.11)

Indeed, we have that

o 1 1 " 1 1 1
2,uq—,u—,up—2 (1+§++2q 1)5—2&—2 <1+§++2p 1>ﬁ——
+§‘|‘"‘+2q1 ﬁ— +§+”.+2p1+§ 6 .

Next, we prove the following

Claim. For each positive integer ¢ € {1, 2, ..., s}, and for each element [guq, [qu, f” €
M, there exist g,,,, € (0,1), v € Mg and 04 > 0, 7 = 1,...,@, such that the
function

q
(0, 2up0,) 3 & = & gy, [gu, S]]+ D™ fvg) (4.12)
i=1

36



is an admissible sum of Lie brackets, i.e. there are uyp € U" and u, € U, o =
1,...,s, such that

gﬂq-i-/i [guq? [qu? f“ + 52# Z géqif(vqi) - guO(E) + Z f<ua(5))=

for each € € (0, €y,0,)-

Proof of the Claim. The proof will be done by induction. First, we show that the
claim holds true for ¢ = 1. Indeed, let [gu,, [gv,, f]] € M1. Then v, € Mg, u; € N;.
According to the definition of N,

_f(ul) = Gui 0 + Z f(ulj) (413>

j=1

where Uy € U and Uy € Mo, 7=1,...,p1.

Clearly, there exists €,,,, € (0, 1) such that for each ¢ € (0,&y,,) the sum e"u; +
e"vy belongs to (rec U) N B and

p1

f(e"uy + etvr) + ™1 gy, + Z f(eMtuy) =
j=1

p1

= &1 f(ur) + € [guy, [Gor, 1) 4 €7 F (V1) 4 € guyy + 0D flua))
j=1

Applying (4.13) we obtain that

€M1+M [gun [gvp f]] + gzuf(vl) -

P1
= 52“191“,0 + f(euy 4 etuy) + Zf(gmulj)‘
j=1

Hence, the function

(0,€uy0,) D € — ghtr [Gur» [9v1s f1] + 52“f(v1)

is an admissible sum of Lie brackets. So, we obtain that the Claim holds true for
qg=1.

Let us assume that the Claim holds true for each positive integer r satisfying the
inequality r < ¢ for some positive integer ¢ < k. We prove that it holds true also
for p:=q+1.
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Indeed, let us fix an element [g,,, [gu,. f]] € M, \ M,. Then v, € Mo, u, € N,
According to the definition of N,

Yp -7’Yp
—f () = Gu, + Z )+ 303 (G [ /]| (419)
Bp=1 Tp=1Jjp=1

where u,, € U, ug, € My and each Lie bracket [guwpv [g%m, f” € M, with
Yp < p- Clearly, there exists €,9,0 € (0,1) such that for each € € (0, £,9,9) the sum
elru, + etv, belongs to (rec U) N B and

f (v, + evy) = €2 f (uy) + 7 [gu,, (g, 1]+ (1)

We add
Bp Yp 3717
82%9“% e Z f uﬁp + e Z Z [g“wp [g’”wwp f”
Bp=1 =1 Jjp=1

to both sides of this equality and obtain

Bp Yp E'YP
fEu, +evy) + €7 g,, +e > flug,) +e7 >N [guvpjp, [ng-p, f“ =
szl ’YP:1 jP:1
=™ f (u, ) + " [gu,, [gv,, 1]+ (vp) +
Yp J’Yp
ELTNRE D VTN v) of PN T |
Bp=1 w=17p=1

Taking into account (4.14), we obtain that

Bp Tp ‘;’YP
f (E'upu + gﬂvp) + 82%9"&1: +e Z f _'_ e Z Z [guﬁ’ﬂp [gv“fpﬂp’fﬂ
Bp=1 Tp=1Jp=1
=" gy, [Gu,, f]] + 2 F (vp). (4.15)

According to the inductive assumption, for each multi-index 7,7, there exists
4,5, € (0,1) and a function

Pypip

(0, 6%]'1) Se— e Z 8§7Pjpkpf(vajpkp)
kp—1
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(here each v, ;,k, € My and each real ,,;5, > 0) such that the function

Pypip

2 On i ke
(O’ E'ijp) >¢€— €M+M’YP |:gu'ypjp7 |:gv’YPj:D’ f:|:| + € ! Z € ’yp]pkpf(v’ypjpkp)
kp=1

is an admissible sum of Lie brackets, i.e. for each € € (0,¢,,;,) we have that

p’ijp

By, 2p Oypiph ) —
c ’ |:gu"/pjp7 |:ngij7 f]i| te grmir pf(v‘/pkap) -
kp=1
ivpip
- 3p]p + Z f ( Z'YP]P ) ’
bypip=
0 + ) L = .
where uy ; € UT and u; € U for each iy;, =1,... 1,
Taking this into account and setting
Eulvl = mm{eugvg, Evpinrdp = Lo Jy Yo = L, oo, A} > 0,

we obtain from (4.15) that for each € € (0,£,1,1) the following equality holds true

Bp
2 2
F ety + 20y) + ¥y, + 20 S flug,)+
Bp=1
Vp I
2p—pyp — o Hoyp 1
+ Z g Z ks |:gu7pjp’ [gvﬁpjp’ fi” +
=1 Jp=1
]’Yp p’YpJp
E 2pp—p § o2H k _
+ PP~ Fap g’YpMupf U’yp]p )_
p=1 jp=1 kp=1
va Pypip
— cbptp 2p 2pp—p—p 2p
=P [gup7 |:g”up7fj|] +e f Up + Z gre P Zg Z g ’ijpkpf U’Yp]pkp)'
Yp=1 Jp=1 kp=1
Hence
]’Yp p"/p]p
T 2 2 2 _
ghvtt [gupa [gvp7fH + e Mf 'Up + g Z gehp—H = ap Z Z € A’p”’kpf Unypipk p) =
Yp=1 Jp=1 kp=1
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By
= f(e"ru, + etvy,) + 62“”gu% + Z [l ug, )+

=1
5 3p Pypip
+ Z g2HrH by Z ghthm [guwa [ng;w f” +e Z géﬂ/pjpkpf(v’wpkp)
Yp=1 Jp=1 Fp=1
Bp
_ f <€upup + SMUp) + €2Npguap + Z f(gupu5p)+ (4'16>
Bp=1
Fp 371; szJ'p
EIE DM FXERD DI CANC)
Yp=1 Jp=1 i’YPjPZI

Clearly there exists €y,,, € (0,€,1,1) such that the sum

]’Yp
2 E : 2 § :

( ) =€ Hpuap + g u'YpJp
=1 Jp=1

belongs to the set U™ for each e € (0, &,,,,). Then (4.16) can be written as follows:

]'Yp p"/p]p
T (Gupy (90, F]] +E7f (1) + ™ Z g hHow Z Z e f(Vs,5,k,) =

Yp=1 Jp=1kp=1

By

= guge) + f (7w +"0p) + Y fleug, )+
szl
T Fvpip
+Z€2"p ey (e, )
Yp=1 Jp=1iy,5,=1

Because 21, — pt — ji, > 0, the last equality implies that the function (0, &,,,,) >
e — A(e), where A(e) =

Jvp Prpip
— & (g, [goys 1] + €2 f (0,) + 2 Z £2Hp— 1= Hop Z Z ePwivk f(vy i 1. ),
Yp=1 Jp=1kp=1

is also an admissible sum of Lie brackets. Hence, the inductive assumption holds
true for [guvp, [gvvp, f“ Because [guvp, [gvvp, f“ is an arbitrary Lie bracket from
M, we can conclude that the inductive assumption holds true also for p := ¢+ 1.
Therefore, the inductive assumption holds true for each p € {1,2,...,x}. This
completes the proof of the Claim.
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Let us fix an integer number p from the set {1,2,...,x} and an arbitrary Lie
bracket [gup, [gvp, f“ € M,,. Then the Claim implies the existence of &,,,,, € (0, 1),
v E Mgand §; >0,7=1,...,p, such that

p
(0, upvy) D € = "7 [gu (g0, f]] )% f(wy)
=1

is an admissible sum of Lie brackets, i.e.

P s
(07 gupvp) >¢€— ElH_Mp [gupv |:gvp’ f” + EQU Z 56if(vi) = gUO(E) + Z f(ua(s)),
a=1

i=1

where ug € U™ and each u, belongs to U for o = 1,...,s. This equality and the
relations (4.7) and (4.8) imply that

p

Exp ((%530‘ + 435“) f+ 4&;” (€“+M” [Qu,ﬂ [gup, f]] + e 256if(vi)) +

i=1

1255 S f o)) + 05(540‘)) (2) =

=1

4 20 N 4€3a S
= Exp (55 + 4se ) f+ KN Guo(e) T Zf(ua(g)) +
a=1

+2% 3 [f,[fs o)) + OS(€4O‘)> (z) =

i=1

= Exp (%83& (f + guo(é))) © Pul(g)) 00y, (6)(%) =

4
ER <x, §53°‘ + 4860‘)

for each € € (0, min(ey,v,, To/(4s+1))) and for each x € €. Here P,(¢) is defined
by (4.5). Our choice of p, and g (cf. the inequalities (4.10) and (4.11)) implies
the inequalities p, < g and 2p < . From here we obtain that 3o + p, + p <
3o+ 2p < 4a. Taking into account that f and [f,[f, gu.o)ll, ¢ = 1,...,s, are
homogeneous of second degree for each € € (0,€,,,,), we obtain that f(0) = 0
and [f, [f, [gui(2)]](0) = 0 for each £ € (0,&y,,,). Hence [gu,, [gu,. f]] € ET. This
completes the proof of Theorem 4.1.1. A
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Chapter 5

A necessary condition for
small-time local controllability

5.1 Motivation and statement of the main result

We consider the following control system 3, in R™

#(t) = f(2(t), u(t)), (5.1)

under the assumptions:

Al. The function f : R" x R™ — R" is continuous with respect to the variables
r and u;

A2. The set U is a compact subset of R™;

A3. There exist real numbers p € (0,1) and K > 0, such that the following
inequality holds true

1/ (22, 1) = flar, w)|] < Kllzg — ]

for each u of U and for each two elements x5 and x1 of pB (by B it is denoted
the closed unit ball of R™ centered at the origin).

In order to show the main idea of our approach, we consider the following

Example 5.1.1 Let us consider the following 3-dimensional control system Y3:
@(t) =u(t), (0) =0, u(t) € [~ 171]]

y(t) = o(d), y(0) =0, v(t) € [-1,1
(t) = ax®(t) + bx()y(t) + cy?(t) +

where a, b, ¢ and d are constants.
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To study the small-time local controllability of this system at the origin, it is
natural to consider its linearization at the origin:
(t) = u(t), x(0) =0,
g(t) = o(t), y(0)=0, (5.2)
2(t) =0, z(0) = 0.

According to the Kalman criterion this linear system is not small-time local con-
trollable at the origin. On the other hand, one can easily prove that for each
positive time 7" > 0 there exists a real number y > 0 such that each point of the
linear space

L:={(z,y,2)" €R*: 2 =0}

(by p’ is denoted the transpose vector of p) whose norm is less than yu is reach-
able from the origin in time not greater than 7' by means of trajectories of the
linearization (5.2).

This fact motivate us to study the values of the right-hand side of the system X3
on the linear space L and explains the meaning of the linear span L that appears
in the formulation of the below written Assumption 4. We shall continue the study
of the local properties of the reachable set of the system X3 after while.

In order to formulate our main result we need the following assumption:

A4. There exists a proper linear subspace L of R™ (i.e. L # R"), such that
rec( cone ({f(x,u): € pBNL,ucU} U L))CL.

Here by cone (.5) it is denoted the smallest convex closed cone containing the set
S, and by rec (C') - the largest linear space contained in the convex closed cone C.

Theorem 5.1.1 Let the Assumptions Al, A2, A3 and A hold true. Then the
control system X, is not STLC at the origin.

Theorem 5.1.1 implies directly the following corollary which generalizes the nec-
essary controllability condition (cf. Theorem 1) from [33]. Indeed, let us consider
the case when L = {0}. Then Assumption A4 takes the form:

A4’ rec (cone ({f(0,u): ueU}))={0}
and we obtain the following

Corollary 5.1.2 Let the Assumptions A1, A2, A8 and A}’ be fulfilled. Then the
control system ¥, is not STLC' at the origin.

43



Example 5.2 (continuation) In order to apply Theorem 3 to this example, one
has to verify Assumption 4. It is easy to check that the set on the left-hand side
of Assumption 4 is rec (cone (D U L)), where

ue[-1,1],
CIS [_17 ]
22+ y? < 2

1
D=2 (u,v,ax?® +bxy + cy*)" : 1

The following cases are possible:

Case I: 1? — 4ac < 0. Then the sign of the third coordinate of all elements of the
set D is one and the same, and hence, rec (cone (DUL)) C L. Applying Theorem
3, we obtain that the control system X3 is not small-time locally controllable
at the origin. We would like to point out that this conclusion does not follow
from the known necessary controllability conditions obtained in Sussmann ([34]),
Stefani ([31]), Kawski ([19]) and Krastanov ([24]), because these necessary STLC
conditions concern only the scalar input case.

Case II: > — 4ac > 0. We show that in this case the control system X3 is
small-time locally controllable at the origin. Note that this conclusion does not
follow from the general result in Sussmann ([36]). Observing that X3 is a control-
affine system with quadratic drift term and constant control-input vector fields,
one can try to apply the sufficient controllability condition obtained in Aguilar
([1]). Unfortunately, the STLC property of this example can not be obtained as a
corollary of this result. For this reason we apply another differential-geometrical
approach to determine the possible directions of expansion of the reachable set of
smooth control system. This approach is based on a suitable definition of tangent
vector fields to the reachable set of a control system, namely the set E* defined
in chapter 2 of analytic vector fields. The definition of this set is related to the
works of Krener ([27]), Hermes ([14]), Sussman ([33]), Kunita ([28]), Veliov and
Krastanov ([38]), Hirshorn ([16]), Krastanov and Quincampoix ([25]), Krastanov
and Veliov ([26]) and others.

We continue with the considered example. We fix g5 > 0, and a compact neighbor-
hood 2 of the origin. Without loss of generality, we may think that  and gy > 0
are sufficiently small so that the compositions T, T2 and T* appearing below are

well defined.

We set p := (x,y, 2)T and define the vector fields f : R* — R3 and g : R® — R? as
follows
f(p) = (0,0,a2 + bry + ey + dzz)", ga,p(p) := (@, 5,0)7,

where v and /3 are arbitrary elements of the interval [—1,1]. Because

Exp (e(f +9)) (p) € R(p,¢)
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for each point p € Q and each € € [0,g¢], and f(0) = (0), we can conclude that
the vector field g, g belongs to the set £7(0).

Let us fix an arbitrary ¢ € [0, o], and arbitrary @ and 3 from the interval [—1,1].

We set g := g55 and T(e) := Exp (e(f +g)) o Exp (e(f —g)). Then Y(¢)(p)
belongs to R(p, 2¢) for each point p € 2. Applying the C-B-H formula, we obtain

that 5
1(e) = Bxp (27 + g 1]+ Snlon 1]+ OC)

Following the proof of Proposition 5.1 in Sussmann (1987) (cf., also, Sussmann
(1983)), we consider the automorphism A which sends f to f and g to —g. If we
set

T*(e) := T(e) o A(T(e)),
then we have that
T2(¢)(p) € R(p, 4e) for each p € Q.
On the other hand, applying the C-B-H formula, we obtain that T?(g) =

3

—Bxp (427 + 22 fual] + %5l ]+ 01().
By setting T4(¢)) := T2(¢) o A (Y?%(¢)), it follows that

T*(e)(p) € R(p,8e) for each p € Q.
Applying again the C-B-H formula, we obtain that

3

T4(¢)) = Exp (&Ef + e

10101+ 0u(e")).

Because f(0) = 0, the vector field [g, [g, f]] belongs to the set E7(0) for each
choice of the parameters & € [—1,1] and 8 € [—1, 1]. Clearly we have that

l9:19: )@y, 2) = 2(0,0,a6” + baB + cf?)".

We set
A= {(a,B,O)T o, p € [—1,1]}

and

B:={2(0,0,a8” + baB + cf*)" : &, B €[-1,1]}.
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Because the origin 0 of R™ belongs to the interior of the convex hull of the set
AU B, we can find finite number of elements ¢; € AU B, i = 1,...,k, such that
0 belongs to the interior of the convex hull of the set {c; : i =1,...,k}. Because
the elements of AU B are values of elements of £E7(0) at the origin, there exist
elements Z; € E* with Z;(0) = ¢; for each i = 1,... k. Applying Lemma 2.3.5, we
obtain that the control system X3 is small-time locally controllable at the origin.
We would like to point out that the small-time local controllability of the system
Y3 is determined completely by the values of the parameters a, b and ¢, and does
not depend on the parameter d. O

5.2 Some corollaries

Let A; : R* — R", ¢« = 1,...,k are linear mappings and C;, + = 1,... k are
convex closed cones in R™. We consider the control system 3, (called "switching
system”):

#(t) € A(t) + Cri=1,.... k.

An admissible trajectory of the system Y5 defined on [0,77] is any absolutely con-
tinuous function z : [0,7] — R", with finitely number of indexes i, 1o, ..., i,
numbers 0 =ty < t; < ...t, < T and integrable functions u; : [t;_1,t;] = Cj,
7 =1,...p, satisfying

o(t) = Ag;x(t) + u;(t) for almost each t € [t;_1,1;].
Corollary 5.2.1 Let L be a proper linear subspace of R" such that

k
rec (cone({U(A,m—f—C’iH re€pBNLuecU} UL))CL.

=1

Then the switching system X4 is not STLC at the origin.
Let L be linear subspace of R", such that:

B1. L is invariant with respect to A;, i =1,...,k, i.e. A;x € L for each x € L;

B2. rec <cone (Ule C; U L) ) C L.

Corollary 5.2.2 Let Bl and B2 are fulfilled. Then the control system ¥4 is not
STLC at the origin.
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The corollary coincides with necessary condition of Krastanov & Veliov (2005).
Moreover, if the conditions B1 and B2 are not fulfilled, then the system is STLC
at the origin.

Let us consider the system g

a(t) = fa(t)) + Zui(t)gi(t), (5-3)

We consider the case L = {0}. Then the Assumption A4 takes the form:
A4’ rec (cone ({f(0,u): ueU}))={0}
and we obtain directly the following corollary

Corollary 5.2.3 Let the Assumptions A1, A2, A3 and A}’ be fulfilled. Then the
control system 3 is not STLC at the origin.

This corollary coincides with Theorem 1 from [33]).

Theorem 5.2.4 (Sussman (1978)) Let the origin does not belong to the convex
hull of the values f(0,u) that corresponds to those uw € U for which f(0,u) # 0.
Then the control system g is not STLC at the origin.

Let us consider the following control system: Yo:

#(t) = f(x(t)) + u(t)d,

where f is polynomial map homogeneous of degree 2, b is a fixed vector in R™ and
u € [—1,1].

Then we can formulate the next corollary of the Theorem 5.1.1.

Corollary 5.2.5 Let L= {ab: a € R} be a proper linear subspace of R™. Let us
assume that rec ( cone ({ad*(ge, f)(0)4+2ub: £ € pBNLy,u € [-1,1]} ULy ) ) C
Lq. Then the control system Yoy is not STLC at the origin.

This corollary leads to the following theorem of Sussman, preformulated for this
case.
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Theorem 5.2.6 (Sussman (1983)) Let Ly be the linear span of all Lie brackets
in f and b which involves b at most one time. We assume that [gs, (g, f]](0) ¢
L1(0). Then the control system 3y is not STLC at the origin.

Let us consider the following control system o:

#(t) = f(x(t) + u(t)d,

where f is polynomial map homogeneous of degree 2k, b is a fixed vector in R”
and u € [—1,1]. The theorem 5.1.1 takes the form:

Corollary 5.2.7 Let Lop_1 := {ab : o € R} be a proper linear subspace of R™.
Let us assume that rec ( cone ( {ad®*(ge, f)(0) + 2ub : € € pB N Log_1,u €
[—1,1]} U Log_1 ) ) C Lox_1. Then the control system 3op is not STLC at the
oTLgIn.

and the necessary optimality condition of Stefani (cf. [31]), applied to the system
Yok is a corollary of Theorem 5.2.7 .

Theorem 5.2.8 (Stefani (1986)) Let Log_1 be the linear span of all Lie brackets
in f and b which involves b at most 2k — 1 times. We assume that ad®*(b, f)(0) ¢
Lok _1(0). Then the system Yo is not STLC at the origin.

Moreover, the necessary condition 5.1.1 is applicable also in case with more than
one control system Xopn:

=1

Corollary 5.2.9 Let Lo, := {
span of R™. If
rec ( cone ({ad®*(gy, £)(0)+>" w;b; : x € pBﬂfzgk_hU eU}u Lop_1 )) C fzgk_l,

Sl €Rii=1,. .. ,m} be a proper linear

=1
then the control system Yo is not STLC at the origin.

The last corollary is a new result and it’s not a particular case of a known result.
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5.3 Proof of the necessary condition

To prove the sufficiency we apply the differential-geometrical approach based on
the concept of tangent vector fields to the reachable set of a control system, namely

the set £t which is defined in chapter 2. To prove the necessity, we use some ideas
that can be found in [20], [30], [33], [38] and [26].

We choose the linear independent vectors py, ps, ..., pk, so that they generate the
linear span L. Next we add the linear vectors pyi1,...,p, so that the vectors
P1, P2, - - -, Pn form a basis of R”. We denote by M the matrix which columns are
the vectors pi,pa,...,pn. Let e;, © = 1,...,n, be the vector of R” whose i-th
component is one and all other components are zero. One can directly check that
pi=Me;,,i=1,...,n.

We introduce the new coordinates (y?, z7)T := M~'x, where the components of
y (of z) are the first k (the last n — k) components of M ~'x. Let y = (y1,...,yp)"
be an arbitrary vector of R¥ and 0 be the origin of R"™* . Then we have that

k k
¥y _ —

Let ¢ := max {f(z,u) : = € pB,u € U}. Because of the compactness of the
set U, the Weierstrass theorem and the continuity of f, the following inequality
holds true ¢ < +o00. Also, the compactness of the set U implies the existence of
Tp > 0 such that each admissible trajectory of ¥ starting from the origin at the
moment of time zero and corresponding to some arbitrary admissible control from
Qg, is well defined on the interval [0, Ty]. Let us fix an arbitrary positive number
Ty € (0,Tp). Without loss of generality we may think that Ty > 0 is so small
that each admissible trajectory of ¥ defined on [0, 7j] and starting from the origin
remains in pB.

Let us fix an arbitrary admissible control u € Qg of ¥ and let z(t), t € [0, Ty], be
the corresponding trajectory of ¥ starting from the origin and remaining in pB.
We set (y(t)T, 2(t)1)T := M~ta(t), t € [0,Tp]. Then

O\ )
(zu) ) = M7Yi(t) = M7 f(a(t), u(t) =

_ -t v\ ) = (9w, 2(1) ult))
=y (ar () ) ) = (100 20060 )
Without loss of generality we may think that 7 > 0 is so small that

u(§)u(8) e (2g) e
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belong to pB for each t € [0,7y]. From here we obtain that

1Ay (#), 2(2), u(t)) — h(y(),0,u(t))] < (5.6)

o (1) -
/() )]

< i or (00 )| < e ¢ o st

IS

We set K := [|[M~!|| K ||M|| and let us assume that

0€ co ({Nh(y,0,u): A>0,ucU and y € RF,

such that M( g ) € LﬂpB} mSRn—k> ,

where Sgpa—r is the unit sphere of R"* centered at the origin.
Then there exist reals ; > 0 and o; > 0, ¢ =1,...,s, so that >7  a; = 1, and

elements u; € U and y; € R*, 4 = 1,...,s, such that M(y;f, OT)T € LN pB,
Yillh(yi, 0,4;)|| = 1 and

0= Z a;Yih(yi, 0, u;).

i=1

From here we obtain the existence of § € R¥ such that
g o - . g<yi7 0’ ul)
( 0 ) -2 ( (i, 0. ;) )

ZEO@%le (M ( %Z ) ,Ui) =

= Z aiy M f (L, ;)
i=1

where [; := M(yI, 07)T € LN pB. The last equality implies that
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Because a1y, > 0, the above written equality implies that

—f (I, uy) Z avif (i u) +1 (5.7)

04171

belongs to cone (f(L N pB,U) U L), where [ := —/(ay;) and

F(LnpB,U):={f(z,u): € LNpB,uecU}.

Let us assume that f (l;,u1) € L. Then the definition of the matrix M (cf., also
(5.4)) implies that M~1f (I;,u1) = (,0) for some § € R*. But this contradicts
the equality, M1 f (Iy,u1) = (g(y1,0,u1), h(y1,0,uy)) with h(y;,0,u;) # 0. The
obtained contradiction shows that f (I3, u;) & L.

Clearly, f(l1,u1) € cone (f(L N pB,U) ). The inclusion (5.7) implies that
—f(l1,uy) € cone ( f(LNpB,U)UL). Because f (I1,u;) ¢ L, we obtain a contra-
diction with the Assumption A4. Hence

0¢& co ({)\ h(y,0,u)| A > 0,u € U and y € R*,

such that M ( g ) € LﬂpB} N SRnk> .
Then the Separability theorem implies the existence of a nonvanishing vector &

and a real € > 0 such that

h(y,0,u)

3 —> >e (5.8)
< 1A (y, 0,u)]

for each h(y,0,u) # 0 corresponding to some u € U and y € R* and satisfying the
relation M (y*, 07)T € L N pB.

Let T' be an arbitrary real from the interval (0,7p). Because
2(t) = / B(y(s), 2(s), u(s))ds, ¢ € [0,7],
t

zwLAhM$4¢wmm:

we obtain

IAhM%A%MW—MM$&Mw®+
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+/0 h(y(s),0,u(s))ds.

According to (5.6) we obtain that

()] = /h(y(S%Z(S),U(S)) — h(y(s),0,u(s))ds+

0

Applying the Gronwall inequality, we obtain that
T

()] < ef“/IIh(y(S%OW(S))IIds, t <0, 7].

t

[e=]

t
+e. [ y().0,u(s))d5)
0
We estimate each of the addends. Applying (5.9), we obtain that:

t

/({, h(y(s), z(s),u(s)) — h(y(s),0,u(s)))ds| <

0
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S/||§||-||h(y(8)7Z(S),U(S)) — h(y(s),0,u(s))[|ds <

< il / R|l=(s)]ds <
0

e / s / e o) [[dods <

Relec” / Ihy(2).0,u(c) do

We set © :={s € [0,Tp] : h(y(s),0,u(s)) # 0}. Then

/(57 h(y(s),0,u(s))ds) = /(&h(y(S)’O,U(S))dS) =

h(y(5).0,1(s)
/ (& Titro <5>>HHh<y<s>,o,u<s>>u>ds >

>5/||h ), 0, u( ||d5—5/||h s))||ds

The last inequality follows from (5.8). Using the above written estimates, we
obtain that




> / (€, h(y(5). 0, u(s))ds)

v

| [HE1u9). 209 o) — blas), 0, u(s)))ds
> < [ (o). 0,u(s)) s
SRIGTET [ ny(s).0,u(s))lds —

= (s - f(Hf\lTeffT) / 1R (y(s),0,u(s))||ds > 0

for each sufficiently small 7" > 0. It follows from here that the control system 32,
is not STLC at the origin. o
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Chapter 6

Conclusion

6.1 Main contributions
The main contributions in the thesis due to the author are:

1. Extension of the Sussman’s approach to neutralize brackets. It’s provided
a new sufficient condition for small-time local controllability for polynomial
right-hand side which is homogeneous of second degree using neutralization
of "bad” bracket with the same weight.

2. It is developed a new method for constructing new elements of the set of
tangent vector fields to the reachable set of a polynomial control system
whose drift term is a homogeneous vestor field of second degree.

3. A new look on the "weight” is considered. It’s developed a nonstandard and
complicated method to construct a "weight” of a Lie bracket.

4. A new necessary condition for small-time local controllability is obtained
under natural assumptions.

6.2 Publications related to the thesis

1. M. I. Krastanov, M. N. Nikolova, A necessary condition for small-time local
controllability, Automatica,2020, ISSN (online):0005-1098, Ref web of Sci-
ence, IF: 5.944 (2020), Web of Science Quartile: Q1 (10/63 Automation &
ControlSystems, JCR-~2020)
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2. M. I. Krastanov, M. N. Nikolova, A sufficient condition for small-time control-
lability of a polynomial control system, Comptes rendus de 1’Academie bul-
gare des Sciences, 2020, vol:73, issue:12, pages: 1638-1649, ISSN(print):1310-
1331, ISSN(online):2367-5535, Ref Web of Science, IF: 0.378 (2020), Web of
Science Quartile: Q4 (71/72 Multidisciplinary Sciences, JCR-~2020)

3. M. I. Krastanov, M. N. Nikolova, On the small-time local controllability,
Systems & Control Letters, 2023, vol:177, ISSN:0167-6911, EISSN:1872-7956,
Ref Web of Science, IF: 2.742 (2021), Web of Science Quartile: Q2 (38/87
Operations research & management science, JCR-2021)

6.3 Approbation of the thesis

The results from the thesis have been presented in the following talks:

1. 7A sufficient condition for small-time controllability of a polynomial con-
trol systems”, Seminar on Optimization, Faculty of Mathematics and Infor-
matics, Sofia University, 3 November 2020 (based on a joint work with M.
Krastanov)

2. 7 Approximations of control affine systems”, Seminar on Optimization, Fac-
ulty of Mathematics and Informatics, Sofia University, 10 May 2021 (based
on a paper of H. Hermes)

3. 70On small-time local controllability”, The 13th International Conference on
Large-Scale Scientific Computations LSSC 2021, June 7 - 11, 2021, Sozopol,
Bulgaria, (based on a joint work with M. Krastanov)

4. 7 A sufficient condition for small-time controllability” Spring Scientific Ses-
sion, Faculty of Mathematics and Informatics, Sofia University, 26 March
2022 (based on a joint work with M. Krastanov)

5. 7 A sufficient condition for small-time controllability” Seminar on Optimiza-
tion, Faculty of Mathematics and Informatics, Sofia University, 6 June 2022
(based on a joint work with M. Krastanov)

6. ”"High-order small-time local controllability” Spring Scientific Session, Fac-
ulty of Mathematics and Informatics, Sofia University, 25 March 2023 (based
on a joint work with M. Krastanov)

7. "High-order small-time local controllability”, The 14th International Confer-
ence on Large-Scale Scientific Computations LSSC 2023, June 5 - 9, 2023,
Sozopol, Bulgaria, (based on a joint work with M. Krastanov)
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8. 70On small-time local controllability”, 16-th International Workshop on Well-
Posedness of Optimization Problems and Related Topics , July 3 - 7, 2023,
Borovets, Bulgaria, (based on a joint work with M. Krastanov)

Noticed citations:

1. U. Boscain, D. Cannarsa, V. Franceschi, M. Sigalotti, Local controllability
does imply global controllability,(2021) arxiv preprint, arXiv:2110.06631

2. D Cannarsa, Surfaces in three-dimensional contact sub-Riemannian mani-
folds and controllability of nonlinear ODEs (2021), PhD Thesis,
https://theses.hal.science/tel-04053226 /
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