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Chapter 1

Introduction

Differential inclusions are relations of the form
i(t) € F(x(t),t),

where F'is a multivalued mapping. They were born and developed as a
mathematical curiosity, mostly because the community was attracted by their
technical difficulty. But the new methods and ideas developed due to them,
show that problems, which seemed to be out of reach, are in fact solvable.
Nowadays, the confidence in the possibilities of this tool is increased and
differential inclusions are used as a major tool for mathematical modelling —
even for the most basic models. As it is noted in the paper [9] by A.Cellina,
had Fermat seen a differential inclusion before considering geometrical optics,
possibly the development of mathematical analysis would have been different.

First differential inclusions appeared in the 30s of the 20th century in
the works of Zaremba (1936) and Marchaud (1938) without motivation from
some model and soon the interesting properties of this mathematical object
arose the curiosity of a few mathematicians.

It is worth noticing that, although it may initially seem counter-intuitive,
proving the existence of a solution for a differential inclusion is considerably
more difficult than in the case of an ordinary differential equation. This is
because the description of the behaviour of a single-valued mapping is easy
(a point can only displace itself), but for a set-valued mapping many things
should be considered: besides displacing, a set can get larger or smaller
(possibly in a discontinuous way); a set can be closed or not, can be convex
or not, etc. Limiting the generality of the right-hand side of the inclusion,
so that a continuous function f(x,t) is "contained" in it, is very restricting
and excludes the discontinuous phenomena, which can be seen as another
motivation for differential inclusions.



Historically, the first class of differential inclusions that was considered
is the class of inclusions whose right-hand side is upper semicontinuous with
compact conver values. The main tools used to prove existence of solutions
for them are fixed point theorems and constructions of approximate solutions.
In both approaches the assumption that the images are conver is essential.
Convexity is required for the multi-valued fixed point theorems. For the sec-
ond approach, we are able to construct a sequence of approximate solutions
{x,}>2,, prove the weak convergence of the sequence of the corresponding
derivatives, but in order to obtain strong convergence and the limit to sat-
isfy the initial inclusion, it is required the image sets to be convex (Mazur’s
lemma).

One of the first such results belongs to Filippov, who proved the existence
of a solution of the autonomous differential inclusion

in the case of F' — upper semicontinuous with conver and compact values
(cf. 18], [19], [20] etc.). Since then, the convexity assumption on the right-
hand side has been of universal use in the calculus of variations and optimal
control whenever differential inclusions are involved. On one side, due to
its generality, the Filippov’s convexifying approach does not always provide
the best result. On the other side, if the convexity assumption is dropped,
a solution of does not always exist, as it is seen from the well-known
Filippov’s examples (cf. for example [20]).

The question whether solutions exist for a continuous F without convex
values was raised by Hermes in [24] and solved by Filippov in [19]. This was
generalised in the case of lower semicontinuous right-hand side by Bressan
[5] by means of the selection approach, and by Lojasiewicz in [27] and [2§]
by means of Filippov’s method. The reader is referred also to the books of
J.-P. Aubin and A. Cellina [I] and of K. Deimling [I3] for a brief overview.

Over the years, two main directions for proving existence results for dif-
ferential inclusions with possibly non-convex right-hand side have been es-
tablished. The first one covers inclusions whose right-hand side is an upper
semicontinous mapping with graph contained in the subdifferential of a "nice"
function. It was started by Bressan, Cellina and Colombo (cf. [6]) in 1989.
The other type of existence results we consider particularly important are
the ones using only the (semi)continuity properties of the right-hand side, as-
suming upper semicontinuity and convexity at the points belonging to some
set and lower semicontinuity at the points of its complement (mixed type
conditions). Proving this type of results is relatively easy for autonomous
problems, but difficult for Carathéodory cases (i.e. nonautonomous problems
where F(x,-) is measurable and F'(-,t) has some semicontinuity property).



The unification of existence theorems for mixed type problems in the
nonautonomous case was started by Olech in 1975 (cf. [34]). He assumes
that F'(z,-) is measurable, F'(-,t) is upper semicontinuous, F(-,t) — lower
semicontinuous where F(z,t) is not convex and F — integrably bounded.
In 1986 Himmelberg and Van Vleck weaken the boundedness condition in
Olech’s theorem (cf. [26]). Another result is by St.jun.Lojasiewicz (cf. [28])
under the assumptions that F' is integrably bounded, B ® L-measurable,
F(-,t) is upper semicontinuous at the points where F(z,t) is convex and
F(-,t) is lower semicontinuous on a neighbourhood of z if F(z,t) is not
convex. Tzanko Donchev (cf. [14], 2001) generalised the results of Olech,
Himmelberg/Van Vleck and Lojasiewicz in the infinite-dimensional case (in
particular, for separable Banach spaces).

In 2008, T. Haddad, A. Jourani and L.Thibault (cf. [23]) proved existence
of solutions for the unconstrained inclusion

(1) € F(z(t),t) + G(z(t),t), x(to) = o, (1.2)

where F' and G are integrably bounded and B ® L-measurable, F(-,t) is
upper semicontinuous at the points where F(x,t) is convex, F(-,t) is lower
semicontinuous on a neighbourhood of the points = for which F(z,t) is not
convex, (G is with convex compact values and G(+,t) is upper semicontinuous.

In [33] M.Krastanov and N.Ribarska obtain an existence result for the
autonomous version of with a state constraint z(¢t) € D and under
weaker assumptions on the set of lower semicontinuity — G5 in contrast to
the usual openness assumption. The first step for this is the development
of some technical tools concerning the study of (L., when the right-hand
side is a bounded mapping with nonempty compact values. The origin of the
ideas is the directionally continuous selections approach developed by Bressan
and Srivatsa’s Baire class 1 selectors for upper semicontinuous set-valued
maps (cf. [38]). Roughly speaking, the approach consists in partitioning
the domain and on every piece of this partition approximating the original
inclusion by some inclusions with upper semicontinuous convez-valued right-
hand side which is “not far” from the original one.

In Chapter [3] Sections 1 and 2, the above mentioned technical tools are
improved in order to cope with the nonautonomous case

i(t) € Fa(t),t), z(ty) = 0. (1.3)

There the approximations of the right-hand side satisfy the usual Carathéodory
conditions: upper semicontinuity with respect to the state variable and mea-
surability with respect to time as well as boundedness and closed convez



values. Moreover, the proximity between the original inclusion and its ap-
proximation is assumed on a set of big measure only.

Section 3 contains a brief presentation of the interrelations between mea-
surability and e-semicontinuity of single- and set-valued mappings. This
section follows the structure of the first part of [2§].

Section 4 is devoted to the proof of existence of viable solutions (not leav-
ing some given closed set) for the inclusion (1.2)) where F' and G are uniformly
bounded and B ® L-measurable, G(-,t) is upper semicontinuous and convez-
valued while F'(-, t) satisfies some mixed semicontinuity type condition (lower
semicontinuity on a Gy set and upper semicontinuity and convexity on its
complement). A natural tangential condition (reducing to the standard as-
sumptions in the purely Carathéodory upper semicontinuous convex valued
case as well as in the purely Carathéodory lower semicontinuous case) is
assumed. This result implies all known theorems mentioned above in the
finite-dimensional case.

In Chapter |4 specific differential inclusions with nonconvex right-hand
sides are investigated, namely sweeping processes with the cone of limiting
normals and projection processes. The classical sweeping process has been
introduced and thoroughly studied in the 70s by J.J. Moreau (cf., e.g. [29]).
General motivation arising from Mechanics appeared in [30] and extensive
mechanical models can also be found in [31]. The mathematical formulation
of a sweeping process is the following constrained differential inclusion

&(t) € —New(z(t))
2(0) = 20 € C(0) (1.4)
z(t) € C(t

m

where C'(t) is a given moving closed set and Ney(x(t)) is the normal cone
(in some sense) to C(t) at z(t). In the papers by Moreau mentioned above
the sets C'(t) are convex subsets of a Hilbert space and they are moving in an
absolutely continuous way. Two years later than the first paper by Moreau,
the study of resource allocation mechanisms led C.Henry (c.f. [25], [24]) to
the differential inclusion

(t) € Projr, ) F(x(t))
2(0) =z € C (1.5)
x(t) € C,

where C' is a closed convex set in a finite dimensional space, T (z(t)) is the
tangent cone to C' and F' is an upper semicontinuous multivalued mapping
with nonempty compact convex values. Soon the close relation between these
two problems has been recognised. B.Cornet ([I1]) proved the equivalence of
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and the sweeping process with the perturbation F' added to the
right-hand side and constant set C' which is assumed to be Clarke regular.

The investigation of the sweeping process has been carried out under
different assumptions on the phase space, on the geometry of the moving set,
on the way the set is moving, on the possible perturbations etc. Nowadays
there exists an extensive literature on the subject. The reader is referred
to [39] and the references therein for a detailed discussion. The sweeping
process with perturbation F' added to the right-hand side for prox-regular
sets in a Hilbert space is studied in [I6], [I7]. The connection of this problem
(with stationary prox-regular set) to the projection process is done in
[37]. The differential inclusion appeared again in a crowd motion model
(J3], [4]) and has been shown again to be equivalent to a sweeping process in
the case of lack of obstacles due to the prox-regularity of the sets involved.

We are interested in investigating these problems when the geometry of
the sets is not regular - that is, when the cone of proximal normals and the
Clarke normal cone may not coincide.

In Section 1 we motivate and introduce a projection process, while com-
paring it with the well-known sweeping process. In Section 2 we prove the
existence of solution of a perturbed sweeping process with the cone of limit-
ing normals. Its relation with the projection process is obtained in Section 3.
An example where the projection process has no solution also appears there.
An application to a crowd motion model and some additional motivation are
gathered in Section 4.



Chapter 2

Preliminaries

In this chapter we will introduce the required notions and prove some basic
facts, which are used in the next chapters.

2.1 Basic notation

The following notations are used throughout the thesis:

1. the open unit ball in the corresponding space is denoted by B (if the
space is not clear, it is indicated by a subscript)

2. the ball with centre z and radius r is denoted by B, ()
3. the closure of a set C' is denoted by C

4. taking the convex hull of a set is denoted by co.

We assume that measurable means Lebesgue measurable (unless stated
otherwise) and denote by p the Lebesgue measure.

2.2 Multi-valued mappings and measurability

Definition 2.2.1. Let Y C R*, Y # (0, be a set, 2¥ be the family of its
subsets and let X C R, X # 0 be another set. A mapping F: X — 2¥\ {0}
15 called multi-valued mapping. Another notation is F: X =Y.

Remark: It is possible the domain and the range of F' to be topological spaces,
which are usually assumed to be Hausdorff. .

The sets F(x), x € X, are the values of F' and its graph is
GrF :={(z,y) e X xY |z e X, ye F(x)}.
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Preimage of a set A C Y is
FHA) ={reX|Flx)nA#0}.

Definition 2.2.2. The Hausdorff distance between closed and bounded A, B €
2Y'\ {0} is defined as

dist(A, B) := max{ sup dist(a, B), sup dist(b, A) },
acA beB
where dist(a, B) = infyep ||b — al| is the distance between the point a and the
set B.

Definition 2.2.3. We say that F' : X = Y 1is upper semicontinuous at
xo € X, if for every open U D F(xq) there exists V' — neighbourhood of xy,
such that for every x € V it holds true that F(z) C U.

Proposition 2.2.4. F : X ==Y s upper semicontinuous for every x € X,
if and only if for every closed G C'Y, the set F~Y(Q) is closed.

Proof. By taking complements, we have that the condition for each GG — closed

in Y, F7Y(Q) to be closed is equivalent to X \ F7}(G) = {r € X | F(z) C

Y\ G} to be open in X for every Y\ G — open. That is, {x € X | F((z) C V'}
is open in X for every V — open in Y.

The claim follows from the definition of upper semicontinuity at a point.

O

Proposition 2.2.5. If F': X =2 Y s upper semicontinuous at X, then GrF
is a closed set. If Y is a compact, the converse is true as well.

Proof. Let F': X =Y be upper semicontinuous at X and let (z¢,y0) € GrF.
Then, there exist sequences {z,,} C X, x,, = xo and {y} C Y, ym — %0,
such that (z,,y,) € GrF, which is y,, € F(z,,). Let us assume that y, ¢
F(x0). Therefore, there exits an open set U D F(xg), such that 5 ¢ U. From
the upper semicontinuity of F we have that for all m > my it is true that
Ym € F(x,,) C U. Then, using that y,, — yo , we get yo € U — a contradiction
due to the assumption. The first part of the theorem is proven.

Let Y be a compact set and let GrF be closed. Let xy € X and F(zo) C U
— open. Let us assume that F' is not upper semicontinuous at xo. There-
fore, in each neighbourhood of xy in X there exists a point whose image is
not contained in U: there exist sequences y,, € F(z,,) \ U # 0 and z,, —
xo, {xm} C X. Since Y \ U is a compact, we may choose a converging sub-
sequence Y, — Yo € Y \ U. From (2, Ym,) € GrF, (T, Ym,) — (o, Yo)
and the closedness of GrF it follows that (xg,y0) € GrF. We have that
Yo € F(x), which is a contradiction with yo € Y \ U due to the assump-
tion. 0



Proposition 2.2.6. Let X C R™ and Pr(z,t) := z,z € R", t € R. If
F: X = R" s upper semicontinuous at xg € X, then PrF : X = R" is
upper semicontinuous at xg.

Proof. Let PrF(xy) C U, U — open in R". Then, U x R is open in R™*!
and F(z9) C U x R. Since F' is upper semicontinuous at xg, there exists
a neighbourhood V of zy in X, such that for every z € V it is true that
F(z) C U x R. Then for every x € V it is true that PrF(xz) C U. We have
checked the definition of upper semicontinuity of PrF" at xg. n

Until the end of this section, we will consider measurability of multi-
valued mapping — introduce the required notion and state facts that will be

used in Chapter [3] Section [3.3] and

Definition 2.2.7. Let (X, A) be a measurable space and Y be a Banach
space. Then F : X =Y will be called A-measurable if F~'(B) € A for every
open B.

In case A is clear, we use measurable instead of A-measurable. If A is
the Borel o-algebra, we say that F' is Borel measurable. If X is an interval,
we say that F'is (Lebesgue) measurable, if it is £-measurable where L is the
Lebesgue o-algebra.

The following proposition establishes the connection between measurabil-
ity of single- and multi-valued mappings:

Proposition 2.2.8. Let (X,.A) be a measurable space and Y be a Banach
space. Then F: X =3Y is measurable if and only if dist(y, F(-)) is measur-
able for every y € Y (or only for ally € {y; : i > 1} with {y; :i > 1} =Y ).

This is Proposition 3.1 on p.22 from [I3] and the proof can be found there.

Proposition 2.2.9. Let X be a separable space, I be a compact interval and
F.G: I = X be measurable with closed values, such that at least one of them
has compact values and F(t)NG(t) # O on I. Then, there exists a measurable
g:1I— X,yt) € F(t)NG(t) on I(y is called a measurable selection of FNG
on 1).

This is a direct consequence of Propositions 3.2 and 3.4(a) from [I3].

In the study of differential inclusions we will consider right-hand sides
F(x,t) such that F(z,-) is measurable and F'(-,t) has some (semi-)continuity
property. We will prove Scorza Dragoni type theorems which rely on Lusin
type theorems for multi-valued mappings and the projectivity of the Lebesgue
measure:



Theorem 2.2.10. (Theorem II1.23 in [§]) Let D C R™ be Borel measurable
and A C D x I be BR L-measurable. Then, the natural projection from D x I
tol of A

PriA:={tel:(x,t) € A for some x € D}

s Lebesque measurable.

The product o-algebra B ® L is the smallest o-algebra, generated by
{BxJ:Be€B, Je L} (Bis the Borel o-algebra and L is the Lebesgue
o-algebra).

The Lusin type theorem we will use is in fact part of Corollary 2 from
[28]:

Theorem 2.2.11. Let I be a compact interval and F : I = R be Lebesgue
measurable. Then, for everyn > 0 there exists a closed I, C I with u(I\1,) <
n such that F|;, is (upper) continuous.

2.3 Elements of nonsmooth and functional anal-
ysis
Definition 2.3.1. Let {C), }men be a sequence of subsets of R™.
limsup Cy, := {x | 3 sequence {x,,}, T € Cpy : Ty, — x, {my} C N} =

m—0o0
= {x | for every neighbourhood V' of x 3 infinitely many {my} C N: Cp,, NV # 0};

liminf C,, := {x | 3 sequence {x,,}, Tpm € Cpy i Tyy = &, M > mg} =
m—0o0

= {x | for every neighbourhood V of x 3 mg : Ym > mg C,, NV # 0} .

lim inf C
~— limsupC 7,/, m
- m ¥ ~a

-
U D
c-m Clmf 1

ct : N
//WW//// You

Figure 2.1: lim sup and liminf of sets

Proposition 2.3.2. Let {C, }men be a sequence of subsets of R™ and C' C R"
be closed. Then

C Climinf C,,, < dist(x,C) > limsup dist(z, C,,) Vo € R";
m—oQ

m—0o0

C DlimsupC,, < dist(x,C) < liminf dist(z,C,,) Vx € R™.

m—00 m—00



The proof can be found at p. 113 of [36].

Definition 2.3.3. We say that the vector w € R"™ s tangent to C' C R”
at o, if there exist sequences {x,,} C C, z,, — x¢ and t,, \( 0, such that
e

tm

The set of all tangent vectors to C' at xq is called Bouligand tangent cone
and is denoted by T¢(zo).

Figure 2.2: Bouligand tangent cone

Proposition 2.3.4. For every xo € C the Bouligand tangent cone To(xo) is
closed and can be expressed as

C—
Te(zp) = limsup Lo
O

This follows directly from the definitions of limsup and of Bouligand
tangent cone.

Definition 2.3.5. Let C C R, C # 0, x ¢ C and let there exist 9 € S,
in which the infinitum from the definition of dist(x,S) is reached. Then, we
say that xg 1s the projection of x on S. The set of all such points is denoted
by Projc(x).

Let us denote by B,.(z) (resp. B,(z)) the open (resp. the closed) ball in
R™ with centre x and radius r.

We have that zo € Projo(r) < {20} € C N B(x, ||z — x0]|) and C N
B(z, ||z — zol) = 0.

Definition 2.3.6. The vectors v = t(x — xo),t > 0 where xy € Projc(x),
are called prozimal normals to C at xo. The set of all such vectors is called
proxzimal normal cone to C at xy and is denoted by Ne(xg).

10



Figure 2.3: Proximal normal to C' at z

Definition 2.3.7. The cone of limiting normals to C' at z( is

Ne(xo) := limsup Ne(zg) .

r—xo, rEC

The cone @ Nc(xg) is said to be the Clarke normal cone to C' at .
Remark: Te(xg), Neo(xg), No(zo) and €@ Ne(xg) are indeed cones.

Definition 2.3.8. Let C' C R" be closed. We say that C is n-proz-regular,
if for every x € bdryC and v € Ne(x), ||v|| = 1 it is fulfilled that

Bz +nu,n)NC =10.

\ ¢ /":‘I
,_—/’/_—\\]

\__/

Figure 2.4: n-prox-regular set

Definition 2.3.9. For every x € C and r > 0 we define I'"(C, z) as the set
of "good directions v to project at the scale r" from x + rv to x:

["(Cyz):={veR"|x € Projc(x+rv)}.

11



Remark: For every x € C we have that Ne(z) = U2 I7(C, ).

Figure 2.5: r-prox-regular in the direction f set

Definition 2.3.10. Let us have the mapping f : R" — R". We say the set
C' is r-proz-reqular in the direction f, if for all x € C and s € (0,r) the
following projection is well-defined

(=)
1/ ()]

z € Projc(y), kedemoy =1x+ s

and satisfies

y—=z
el"(C,x).
|y — =

If v=0, we set”“T” =0.
The following definition is from [35]:

Definition 2.3.11. A well-ordered familyU = {U, : 1 < a < ap} of subsets
of a topological space X is said to be a relatively open partitioning of X if:

1. U, is relatively open set of X \ (Ug<oUs) for every a, 1 < o < ap;

2. X - U1§a<a0Ua.

2.4 Differential inclusions with convex right-
hand side — existence of solutions

Definition 2.4.1. Let [0,T] be a time interval and F : R* x R = R" be a
multi-valued mapping. A solution xz(-) of the (nonautonomous) differential

inclusion
x(t) € F(x(t),t), tel0,T] (2.1)

12



is taken to mean an absolutely continuous function x : [0,T] — R™, which,
together with x(-) (its derivative with respect to t) satisfies almost ev-
erywhere in [0, T).

If F does not depend on the timet — F : R = R", we have an autonomous
differential inclusion

i(t) € F(x(t)), tel0,T] (2.2)
The basic existence result for autonomous differential inclusions is
Theorem 2.4.2. Let D C R” be closed and let F : R™ = R" satisfy

(a) F is upper semicontinuous on D, F(x) is convex compact for all x € D
() |1F@)] = sup{llyll = y € F@)} < e(1+ a]}) on D for some ¢ >0

(¢c) F(x)NTp(x) # 0 for allx € D.
Then, (2.2) has a solution x(t) € D, t > 0, starting at each point xo € D.

In fact, this is Lemma 5.1 on p.53 from [13] and the proof can be found
there.
The corresponding nonautonomous existence result is the following:

Theorem 2.4.3. Let D C R™ be closed and let F': R" x [0, 7] = R" have
closed convex values and be such that

(a) F(-,t) is upper semicontinuous on D, F(x,-) is measurable on [0, T
) 1EG0ll = supfllyll < v € F(0} < et + ol on D x 0,77 for
some ¢ € L1[0,T]
(¢c) F(z,")NTp(x) # O has a measurable selection on [0,T].
Then, has a solution x(t) € D, t > 0, starting at each point xy € D.
This is Corollary 5.1 on p.58 from [13].

2.5  O-minimal structures

Definable and tame sets, functions, and mappings are a product of model
theory and algebraic geometry; they are the main concepts of the theory of
so-called “o-minimal structures” that has been actively developing during last
20 - 25 years (c.f., e.g. [12], [15]). Applications of this theory to optimization
problems are becoming increasingly popular because the classes of sets and
mappings involved are, on one hand side, broad enough to encompass a big
part of the important applications and, on the other hand side, small enough
to avoid "pathologies" like fractals.

13



Definition 2.5.1. A structure (expanding the real closed field R) is a col-
lection S = (S8")nen, where each S™ is a set of subsets of the space R",
satisfying the following azioms:

1. All algebraic subsets of R™ are in 8™. (Recall that an algebraic set is a
subset of R" defined by a finite number of polynomial equations

Pi(z1,...,2n) = ... = Pp(@q, ..., 2,) = 0.)

2. For every n, 8" is a Boolean subalgebra of the powerset 28" of R™.
3. If Ae 8™ and B € 8", then A x B € S™t",
4. If p: R*™Y — R™ is the projection on the first n coordinates and A €
S™ then p(A) € S™.

The elements of 8™ are called the definable subsets of R™. The structure
S s said to be o-minimal if, moreover, it satisfies:
5. The elements of S are precisely the finite unions of points and intervals.

In this work we always assume that the closed field R coincides with the
field of the real numbers. Standard examples of o-minimal structures are the
semialgebraic sets (finite unions of sets defined by finitely many algebraic
equalities and inequalities), globally subanalytic sets (this class contains all
bounded sets which are finite unions of sets defined by finitely many analytic
equalities and inequalities).

Any o-minimal structure enjoys magnificent stability properties, e.g. the
closure and the interior of a definable subset of R" are definable; the image
of a definable set by a definable map (i.e. whose graph is a definable set)
is definable. In fact, every "reasonably" defined set, that is the definition
uses finite combination of quantifiers, is definable (provided quantified vari-
ables range over definable sets). The following definition and the subsequent
theorem make this precise:

Definition 2.5.2. A first-order formula is constructed recursively according
to the following rules.
1. If P is a polynomial of n variables, then

P(zy,...,2,) =0 and P(xy,...,2,) >0

are first-order formulas.

2. If A 1s a definable subset of R™, then x € A is a first-order formula.

3. If O(xq,...,x,) and V(xq,...,x,) are first-order formulas, then "® and
UMD or W "ot @, "® = U are first-order formulas.

4. If ®(y,x) is a first-order formula (where y = (y1,...,Yy,) and x =
(x1,...,2,)) and A is a definable subset of R", then "3z € A: ®(y,x)"
and 'V x € A: ®(y,x)" are first-order formulas.
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Theorem 2.5.3. If ®(x1,...,x,) is a first-order formula, the set of all vec-
tors (x1,...,x,) in R™ which satisfy ®(x1,...,x,) is definable.

The topology of definable sets is also "tame". Any definable subset of
R™ has a partition into finitely many definable subsets each of which is de-
finably arcwise connected (see Theorem 3.9 in [12]). Let us recall also the
Monotonicity theorem (Theorem 2.1, [12]): Let f : (a,b) — R be a defin-
able function. Then there exists a finite subdivision of (a,b) such that on
each open interval in this subdivision f is continuous and either constant or
strictly monotone. Moreover, for every k£ € N the function f is piecewise
C*-smooth.

The most important (from our point of view) feature of the sets belonging
to some o-minimal structure is the highly nontrivial fact that they admit a
regular C*-Whitney stratification for any k € NV:

Definition 2.5.4. Let A C R" and k € N. We say that A admits a reqular
C*-Whitney stratification if there exists a finite partitioning of A into C*
manifolds {M;}"* | (called strata) such that

- if M; 0\ M; # 0, then M; C M;;

-if v € M; and x, € M; converge to x as k — oo, then T, M;, the
tangent space to M; at x, is contained in the lower limit of T, M;.

A multivalued map is called definable if its graph is a definable set.
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Chapter 3

Viability and a nonautonomous
Olech type result

3.1 Viability - locally finite case

We start this section with the standard definitions:

Definition 3.1.1. Let D be an intersection of an open subset and a closed
subset of R™ and let x : [ty,T) — R™ be an absolutely continuous function.
It is said that the set D is invariant with respect to the curve x(-) if for each
t € [to,T) with x(t) € D there exists 6 > 0 such that x(1) € D for each
T E [t,t+0).

Definition 3.1.2. Let T(z) := {limy_, J:;;k—ac s {x} €A 1 = oz, b N\

0} denote the Bouligand tangent cone to A at the point x.

We will also use the following definition (from [35]):

Definition 3.1.3. A well-ordered familyUd = {U, : 1 < a < ap} of subsets
of a topological space X 1is said to be a relatively open partitioning of X if:

1. U, is relatively open set of X \ (Ug<oUs) for every a, 1 < o < avp;
2. X - U1§a<a0Uo¢-
The definition below is basic for our approach:

Definition 3.1.4. Let the set D be an intersection of an open subset and a
closed subset of R™, I C R be a compact interval and F': D x I = R" be a
multi-valued mapping with nonempty values. Let € > 0,1, C I be a compact
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set such that meas(1.) > meas(l)—e, U = {Uy: 1 < a < ap} be a relatively
open partitioning of D and

g:Z{GUi UGU}

be a family of multi-valued mapppings. We say that the triple (U, G, I.) is an
invariant e-approximation of F if

(i) for each o € [1,00) Gy, : Uy x I = R™ has nonempty convex compact
values, G, (+,t) is upper semicontinuous and Gy, (z,-) NTp,(z) has a
measurable selection, where Do = D\ (Us, Up);

(ii) for all (x,t) € U, x I, for each o € [1, ap)

Gy, (2, t)NTp, (1) C F(x,t)+eB.

The main feature of the approximations Gy, is that, on one hand side,
the differential inclusion with right-hand side Gy, has a solution remaining
in U, for some time and, on the other hand side, Gy, is close to F' modulo a
set of small measure in time variable. This is made precise by the definition
written below and the proposition immediately following it. Sure, the main
question (left open) is when one can find such approximations and how to
build them.

Definition 3.1.5. Let D be an intersection of a closed set and an open set
of R*, I C R be a compact interval, € > 0 and I. C I be a compact such that
meas(I.) > meas(l) —e . We say that an absolutely continuous function o :
[to,T) — D is an (g, I.)-solution of i:(-) € F(x(-),") if p(t) € F(p(t),t)+eB
for almost all t € I..

Proposition 3.1.6. Let D be an intersection of a closed set S and an open
set O of R, I C R be a compact interval, ' : D x I = R" be uniformly
bounded and (U, G, I.) be an invariant e-approzimation of F. Then

(i) for each point xo with (xo,to) € D X I there exists an (e, I.)-solution
o(-) of () € F(x(-),-), (-) € D starting from xo = ¢(ty) and defined
on the interval [to, T) (T = maxI or ¢(t) tends to a point in (R™\
O whenever t — T ) such that each element of the partitioning U is
wvariant with respect to ¢;

(11) if U is locally finite, oy : [to,T) — D, k = 1,2,... is a sequence of
(g, I.)-solutions of ©(t) € F(x(t),t) with respect to whzch the elements
of U are invariant and ¢ : [to, T] — D is its uniform limit, then ¢ is
an (g, I.)-solution of @(t) € F(x(t),1).
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Proof. (i) For every point © € D there exists a unique index «, such that
z € U,,. According to Definition [3.1.4] (i) and applying Corollary 5.1, p.58
from [13] to Gy, , we obtain the existence of ¢, > 0 and an absolutely
continuous function ¢, : [1,7 +t,) — U,, which is well defined on |7, 7 +¢,)
(here 7 € I, arbitrary) and is a solution of the following differential inclusion

y'cgt))e Gu,, (x(t),t), ae. on [1,7+1,)

Then, since ¢, (t) € U,, foreach t € [1,7+t,) and D,, = D\ (U,B<az Ug),
we have that

@x(t) € Gan (Qo;t(t)) N TDM, (pr(t)) C F(@x(t)) + €B a.e. on [7—7 T+ tz) M ]a~

In particular, for the point xy there exists an absolutely continuous func-
tion ¢y, : [to, to +tsy) = Ua,, Which is an (g, I.)-solution of @(t) € F(x(t),1).
We define inductively an absolutely continuous function ¢ : [tg,00) NI — D
as follows: We set ¢(t) 1= @, (t) for each t € [to,to + tu,). Assume that
¢ is defined on some interval [to,7). Then for each increasing sequence
{t,}>2, — t we have

le(tn) = p(tn-1)ll < /tn le(r)ll dr < ¢ (tn = tn)

(from the boundedness of F it follows that ¢ is bounded). This means that

the sequence {¢(t,)}°°, is a Cauchy sequence. Hence, there exist p(t) :=
lim(t). If ¢(f) € D, then we define an absolutely continuous extension
t—t

of the function ¢ by ¢_; on the interval [f,f—l—tw(g)). Let [to,T) be the
maximal interval on which ¢(-) can be defined in this way. If T # max I, in
a similar way we obtain that the point ¢(t) tends to the boundary of O as ¢
tends to 1. This completes the proof.

(ii) From Lemma 2 from [28] it follows that ¢ is absolutely continuous
and for almost all 7 in [tg, 7] the derivatives ¢(7) and ¢ (7) exist and

p(1) € @ {¢u(r): k= ko}

for any positive integer k.

Let us fix 7 in [tp,T]. Then there exists a neighbourhood V' of z(7T)
that intersects at most finitely many members of &. Moreover, due to the
openness of V, the continuity of ¢ and the uniform convergence of {py},
there exist a positive integer ky and a positive real ¢ such that ¢y (t) € V for
each t € (T — 0,7+ d) N [to, T| and for each k > k.
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Let ay < ag < --- < a5 be such that VNU, = 0 Wh_enever a # g,
s=1,...,5 Then {@p(t): t€ (T—0,74+0)N[to, T]} C UUaS whenever

s=1

k > ko. We set
AF={t: pp(t) €U}, s=1,2,...,5

According to Proposition 2.3 (ii) from [33] the sets A¥, s = 1,2,...,5, are
intervals such that ¢,, < t;, whenever ¢, and t,, are arbitrary points from

AF and A% | respectively, with s; < s5. Of course, some of the sets A¥ can
be empty
Let us denote by t¥, s =1,2,...,5, the points of transition of the trajec-

tory ¢ (-) from the set U,, , to the set U,,. We set t¥, | := min{7+4,T}. If
the trajectory passes from U,, to U,, with [ > s+ 2, then we set t* =t¥ =
- = tF | = tF. If the trajectory enters (leaves) V through U,, for s > 1

(s<3),wesetth =th=-..=th (th =t = .=t )). N
Without loss of generality, we may think that each sequence {t’;} Kk
is convergent and tends to the number ¢, s = 1,2,...,5. The inequalities

th < t’;H, imply that t, <t,1,s=1,2,...,5.

Let 7€ ((T—0,74+0) NI )\{ts: s=1,2,...,5} and let H(7) and @r(7),
k > ko, exist and ¢p(7) € GUak(T)((ibk(T)7 7), where ¢ (7) € Ugk(ry. Note that
these conditions are satisfied for almost all 7 € (7 — 6,7+ 0) N I.. Then
T € (ts_1,ts) for some s, and so 7 € (tf | ¥) for all sufficiently large k.
Thus the points ¢i(7), k > k1 > ko, belong to one and the same element
of the partitioning U, say U := U,,_,, for all sufficiently large &k > k; >
ko. Using the upper semicontinuity of Gy (-, 7) := Gy, (-, 7) at the point
(o(7),7) € U, we obtain that for each n > 0 we have that Gy (¢r(7),7) C
Gu(o(t),7) +nB for k > k, > k. Thus

¢(r) € o {px(r): k>k,} C ©o UGUk (pr(7),7) | =

k>ky

=CO U GU((,Ok(T),T) C co (GU(QO(T)aT) +WB) = GU(QO(T)ﬂ—) +’OB-

k>ky,

As n > 0 is arbitrary and Gy (¢(7),7) is closed, we obtain that ¢(7) €

Gu(p(T),7).

According to Theorem 2.10, p.193 of [10] and U C D,,,_,, we have that

p(1) € Ty ((7)) C Tp,,_, (¢(7))
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and so

p(r) € Gule(r),7)NTp, _,(p(7)) C F(o(r),7) + B

when 7 € I.. This completes the proof.

Note that it was possible to use the corresponding proof in [33] with
very few alterations because here only the upper semicontinuity of Gy with
respect to the state variable for a fixed time variable is used. ]

Definition 3.1.7. (cf. [35]) Let U' and U? be two relatively open partition-
ings of D. We say that U* <U' (U? is a refinement of U') if

(i) for every element U? € U? there exists an element U' € U' with U? C
Ul.
(ii) if U* > U[i C Uy eU',i=1,2, with ag < oz, then B < fs.

Definition 3.1.8. Let the set D be an intersection of an open subset and a
closed subset of R®, I C R be a compact interval and F : D x I = R" be a
multi-valued mapping with nonempty values. Let (U, G, I.,) be an invariant
er-approzimation of F and (U* G* 1.,) be an invariant o-approzimation of
F, where U and U? are relatively open partitionings of D. It is said that
(U? G2, 1.,) is a refinement of (U, G, 1.,) iff

(Z) 0<eqg<ep and [52 D) 1517'
(ii) U* < UL;
(iii) if U > Uz C Uy € U, then G3(x,t) € Gl(x,t) for each (x,t) €
U2 x I,.
B €2

Theorem 3.1.9. Let the set D be an intersection of an open subset and a
closed subset of R", I C R be a compact interval and F : D x [ == R”
be a multi-valued mapping with nonempty closed values and be uniformly

bounded. We assume that there exist invariant E—approximations u*,G* 1.,)

of F such that U* is a locally finite relatively open partitioning of D, and
(UFH GFHULL, ) ds a refinement of (U, G, 1.,), for each k =1,2,....

Then for every (xg,tg) € D x I there exist T > ty and an absolutely
continuous function x : [to, T| — D such thal

x(t) € F(x(t),t) a.e. on [ty, T

Proof. Let us fix an arbitrary point o € D and an arbitrary positive integer

1
k. According to Proposition [3.1.6| (i), there exists a (

T I, )-solution xj(-) of
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(3.1), starting from 2y and defined on an interval [ty, T} ), such that each U*
is weakly invariant with respect to G*. Hence, due to Proposition 2.3 (ii)
from [35] the function

t — a(t), where x;(t) € ng(t)

is monotone increasing. Since D = S N O, where O is an open subset and S

is a closed subset of R”, and D is invariant with respect to xy(+),

diSt(.Io, R” \ O)
c+1

where ¢ is an upper bound for {||y|| : v € F(z,t), (x,t) € D x I}.

Due to the uniform boundedness of {x)(-)},—, and its derivatives, we
may apply the Arzela-Ascoli theorem and Lemma 2 from [28] and think that
the sequence {xy(-)},—, is uniformly convergent on the interval [to, T] to an
absolutely continuous function denoted by x(-).

Note that the reasoning above is analogical to that in the beginning of
the proof of Theorem 2.6 in [33].

Let us fix an arbitrary positive integer m. Because (U* G* 1) is a
refinement of (U™, G™, I, ) whenever k > m, the elements of Y™ are invariant
with respect to the trajectories xy(:) for & > m. According to Proposition
(iii), x(-) is a (&, I, ) -solution of ©(t) € F(z(t),1), i.e.

m’

T, >T .= > 0,

1 -
(1) € F(x(1),7) + —B for almost all 7 € [to,T| N1, .
m

Since J.,, := I, N[ty, T| are compacts such that J. ., C J.,, and lim meas(J.,,) =

57”
m—0oQ
meas([to, T]) , then the difference between [to, T] and | -_, J,. is a set of zero

measure.

For every 7 € |J,_; Jz,, there exists a number mg such that 7 € J.,, ,
which implies 7 € J.,, for all m > mg. The set |J>_{t € J., : &(t) ¢
F(x(t),t) + L B} is negligible as a countable union of sets with zero measure.
Let 7 € U, _; Je,, be such that @(r) € F(x(r),7) + =B for all positive
integers m > myg. As the set-valued map F'is closed-valued, we obtain that

(1) € F(x(r),7).

Since the conditions on 7 are fulfilled on a set of full measure in I, this
completes the proof. O

3.2 Viability - the general case

Definition 3.2.1. Let the set D be an intersection of an open subset and a
closed subset of R™, I C R be a compact interval and F' : D x I = R" be a
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multi-valued mapping with nonempty values. Let us fir € > 0 and let U be a

o-relatively open partitioning of D (that is U = U U™, where each U™ 1is
m=1
a relatively open partitioning of D) such that U™ < U™ for every positive
integer m. Let I. C I be compact such that meas(I.) > meas(I) — ¢.
We say that the triple (U,G,1.) is an invariant partial e-approrimation
of F' if there exist a disjunct subfamily Green U of U and a family G =
{Gy : U € Green U} such that

(i) whenever U € (Green U) N U™ then U € U* for every positive integer
k>m.

(it) for every point v € U (Green U) there is a neighbourhood of x inter-
secting at most finitely many members of Green U,

(iit) the set U (Green U) is open in D;
(iv) (Green U,G,1.) is an invariant e-approximation of I, i.e.

(iv.a) Gy : U x I = R™ has nonempty convex compact values for each
U € Green U, Gy(-,t) is upper semicontinuous and if UD" €
(Green U) N U™ then for each o € [1,ag') the intersection
Gup(z, )NTpm (x) (where Dy = D\ (s, U5')) has a measurable
selection;

(iv.b) whenever U™ € (Green U) N U™ then for each (z,t) € U™ x I,
and for each a € [1, af")

GU&n(LU,t) N TD(an(CE) C F(I‘, t) + €B .

Remark 3.2.2. There is a natural linear ordering < in the family Green U
inherited from the ordering in U,,, m = 1,2,.... We have to point out that
already (Green U, <) is not well ordered.

Definition 3.2.3. Let the set D be an intersection of an open subset and a
closed subset of R®, I C R be a compact interval and F : D x I = R" be a
multi-valued mapping with nonempty values. Let U be a o- relatively open
partitioning of D and (U*,G', I.,) be an invariant partial €;-approximation of

i

F,i=1,2. It is said that (U* G*,I.,) is a refinement of (U, G, I.,) iff

(i) 0<ey<eyandl., DI ;

22



(ii) for every element U? € Green U? there exists an element U' € Green U*
with U? C U*;

(iii) if GreenU? > U? C Ul € Green U' |, i =1,2, with U} < U}, then
Ui < UZ;

(iv) if Green U*> > U> C U' € Green U', then Gy2(x,t) C Gui(a,t) for
each (z,t) € U* X I,.

EXTENDED EULER CURVES. Let the set D be an intersection of an open
subset and a closed subset of R", I C R be a compact interval, (x¢,ty) € DxI
and F : D x I = R™ be uniformly bounded and with nonempty values.
Let U* be a o-relatively open partitioning of D and (U* G* I.,) be an in-
variant partial €, -approximation of F' for every k = 1,2,...,m, such that
(UFH GFHTL, ) is arefinement of (U*, G, I.,) for each k =1,2,...,m—1.
Let (g, to) belong to the set D x I. We call an absolutely continuous function
T : [to, T] — D (starting from xy at tp) an &,,-extended Euler curve subor-
dinated to (U* G* I.,), k = 1,2,...,m, if there exist countably many knots
T (ti), 1 € T (T well ordered) with t; < ¢; whenever ¢ < j, such that ¢, —1; <
em and whenever z,,(t;) € U for some U € Green U*\ (U;>,Green U') then
xm(t) € U for each t € [t;, t;11) and &, (t) € Gu(z,(t),t) for almost every
t € [titin).

The below written argument convinces us that for arbitrary (xg,t) €
D x I and arbitrary invariant partial e;-approximations (U*,G*, I.,) of F,
k=1,2,...,m, such that (U*" GF I, ) is a refinement of (U*,G* I.,)
for each k =1,2,...,m — 1, there exists an ¢,,-extended Euler curve subor-
dinated to (U*,G* 1.,), k = 1,2,...,m, starting from z, at ¢, and defined
on some interval [to, T'| with T" > t,.

We set (U°,G° 1.,) to be U’ = {D}, Green U° = {D}, I., = I and
G = {G}, where G(x,t) = (c + 1)Bgn for each point (z,t) € D x I and
c is an upper bound of |F(z,t)|, (z,t) € D x I (w.l.o.g. we may assume
that F' is uniformly bounded on D x I). For every point x € D there
exists unique maximal index k, € {0,1,...,m} such that x € Green U*-.
Then there exists unique set U, € Green U** such that v € U,. According
to Definition and Corollary 5.1 from [13], there exist ¢, > 0 and an
absolutely continuous function ¢, : [7,7 +t,) — U, which is well defined
on 1,7 +t,) (here 7 is an arbitrary positive real) and is a solution of the
following differential inclusion

x(t) € Gl(}i(a:(t),t) a.e. on [1,7+t,),
x(1) =,
x(t) € U, for each t € [1,7 + t,).
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We define inductively an absolutely continuous function z,, : [to, T) — D
as follows: We set x,,(t) := g, (t) for each t € [to, min{e,,,t,,}). Let us
have defined x,, on some interval [ty,#). Then for each increasing sequence
{t. )22, — £ we have

tn
[T (tn) = T (tn-1)|| < / [ & (T)[| dT < ¢ (tn — tn-1).
tn—1

This means that the sequence {x,,(t,)} —, is a Cauchy sequence. Hence,
there exist z,,(f) := limx,,(t). Then we define an absolutely continuous
t—t

extension of the function Ty by @, & on the interval

[t,1+ min{sm,txm(f)}). Let [to,T,,) be the maximal interval on which x,,
can be defined in this way. Since D = SN O, where O is an open subset and
S is a closed subset of R, I is closed and D x [ is invariant with respect to
xm7

dist(xg, R™ \ O)

T,>T:= > 0. (3.2)

c
Note that each g,,-extended Euler curve subordinated to (U* G* I.,),
k=1,2,...,m, is an g-extended Euler curve subordinated to (', G', I.,),

l=1,2,... k, for each £ < m.

Theorem 3.2.4. Let the set D be an intersection of an open subset and
a closed subset of R™, I C R be a compact interval, (xg,tg) € D X I and
F : D x I = R" be a multi-valued mapping with nonempty closed values
and be uniformly bounded. Let £, — 0 be a sequence of positive reals tend-
ing to zero, U* be a o-relatively open partitioning of D and (U*,G* 1.,)
be an invariant partial e-approximation of F for every k = 1,2,... such
that (UMY, GFYY L, ) is a refinement of (U, G*,1.,) for each k =1,2,....
Then there exists an absolutely continuous function x : [ty, T] — D satisfying
x(to) = zo and such that ©(t) € F(x(t),t) almost everywhere in the set

to, 71 (ﬁ {T: (1) € (U Green um)}) .

Proof. For each positive integer k we denote by zx(-) an g -extended Euler
curve subordinated to (U*,G*, I.,), s = 1,2,..., k, starting from z,. Without
loss of generality we may think that the sequence {zy(-)},—, is uniformly
convergent on the interval [to, T'] to an absolutely continuous function denoted

by x(+).
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Clearly, it is sufficient to prove that (1) € F(z(7),) + & B for almost
every T from the set {t s x(t) € U Green Um} N I, for each positive in-
teger m. Indeed, let us fix an arbitrary positive integer m and let

T € [to, T ﬂ {t cox(t) € U Green Z/lm} :

Then there exists a neighbourhood W of z(7) that intersects at most finitely
many members of Y™ and W C |J Green U™ (cf. (i) and (ii) of Definition
3.2.1). Then we can find an open neighbourhood V' of z(7) and a positive
real r such that V+7B C W. Because the set V is open and the multi-valued
mapping F'is bounded by a constant c, there exist a positive integer kg > m
and a positive real 0 such that x;(t) € V for each t € (7—0,7+0)N[ty, T'] and
for each k > ky. Moreover, we may think that kq is so large that ceg, < 7.
Since the nonempty elements of the family V' (U™ are finitely many, this
family is a relatively open partitioning of V' N D. Let us denote its nonempty
elements by Vi, s = 1,2,...,8(m). Then {x(t): t € (T—06,7+0)N[ty,T]} C
s(m)
U Vs, whenever k > k.

s=1
According to the definition of extended Euler curves, we denote by zy :=

21 (ty) the last knot of x4 (+) which is before 2 (7 — 0) for each k > ko. Then
the following inequality holds true

Hl’k(f— 5) —Zf‘kH < 0(77'—5—2?]6) <ceg < CEEy < T.

Therefore, 7, € V+rB C W C |J Green U™. For each t € (T — 06,7 +
d)N[to, T there exists uniquely defined sy € {1,2,...,s(m)} with z,(t) € V.
Thus from Z € |J Green U™ and from z,(-) being an ¢,,-extended curve
(according to the remark at the end of the definition of extended Euler curves)
we obtain that for each ¢t € (7—0,7+ )N [ty, T] there exists uniquely defined
sy € {1,2,...,5(m)} with 24(t) € V5 and such that 2 (-) is a solution of the
following differential inclusion

ir(T) € G (xx(7),7) a.e. on [t,t+ dF) for some o) > 0,
21 (T) € Vg for each 7 € [t, &+ oF).

The above written relations imply that

() € G}Zf (xp(1),7)NT >(xk(7')) C F(ag(r),7) +enB

D\ <Us<s,’f‘/;
almost everywhere on [t,t +6F) N1 .
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Hence {z4(-) }i>k, is a sequence of e,,-solutions of &(-) € F(xz(-),-) with
respect to which the elements of V NU™ are weakly invariant. As V NuU™
is locally finite, then Proposition [3.1.6] (iii) yields that z(-) is an &,,-solution
of &(-) € F(x(:),-) on (T — 6,7 + &) N [to,T], thus having the same con-
clusion almost everywhere in the relatively open (hence measurable) subset
[to, TN {t Doz(t) € U Green le} of [ty, T]. This completes the proof. [J

3.3 Measurability of s-semicontinuous single-
and set-valued mappings

In this section we assume that D is a Borel measurable subset of R™ and [
is a compact interval.

Definition 3.3.1. A mapping f : D — R is said to be e-lower semicontinu-
ous (e-lsc for short) [e-upper semicontinuous (e-usc) at xy € D, if for every
n > 0 there exists & > 0 such that

f(@) > f(xo) —e—n  [f(z) < flxo) +€+1]

for all x € D N Bs(xg). This is equivalent to the statement that for every
sequence {x,} with x, — xo it is true that liminf, .. f(z,) > f(xo) — ¢

A mapping f: D — R is said to be e-lsc [e-usc] on D' C D, if it is e-lsc
[e-usc] for every xo € D'.

It is obvious that f is e-upper semicontinuous if and only if — f is e-lower
semicontinuous.
For f: D — R let us denote its epigraph

Epif .={(z,r) € DxR : r> f(x)}.

Proposition 3.3.2. A mapping f : D — R is e-lower semicontinuous [z-
upper semicontinuous| at xo € D if and only if

Epif 0 {(zo,m0) : 10 < f(x0) —€} =0
H(z,r) e DxR : r< f(x)} N {(xo,m0) : 10> flzo) +}=10].

Proof. Let f be e-lower semicontinuous at o € D. Let us assume the con-
trary - there exists (1o,y0) € Epif N {(x0,7) : r < f(x0) —€}. Therefore,
there exists a sequence (z,,, yn) — (20, %0), (Tn,yn) € Epif. Fromy, > f(z,)
and e-lower semicontinuity of f it follows that yo > liminf, . f(x,) >
f(zg) —e. This is a contradiction with (zg,yo) € {(zo,7) : 7 < f(z0)) —€}.
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For the converse, let x, — x¢, y, = f(x,) and yo = liminf, , f(x,).
Then, (z9,v0) € Epif. Since Epif N{(zg,r) : r < f(xg) — e} = 0, we have
that yo > f(zo) — € and therefore liminf, . f(z,) > f(zo) — €. n

Lemma 3.3.3. Let f: D x I — R be B® L-measurable. Then, the set

E:={tel : f(-t) is e-uppper semicontinuous}

is measurable.
Proof. Let G: I = D x R be given by
Git)={(z,r) e DxR : r < f(z, )} n{(x,r) : r> f(x,t) + &}
and H : D x I =2 R be given by
H(z,t) .= (Pr.{(x,r) € DxR : r < f(z,t)N){r : r> f(z,t)+e} ={r : (x,r) € G(t)},

where Pr, is the natural projection from D x R to R.

If a mapping K : I = R™ is measurable, then the mapping K, which
assigns to ¢ the set m, is measurable as well. Indeed, let K, be given by
t — K(t) + LB. Since K is measurable, K,, is measurable and then, using
Proposition ITI.4 from [§], we obtain that the mapping ¢ — N, K, (t) = K(t)
is measurable.

Therefore, the B L-measurability of f and the projectivity of the Lebesgue
measure imply B ® L-measurability of H and measurability of G, since
G(t) = graph H(-,1).

From Proposition we have that G(t) = 0 iff ¢t € E. Hence,

INE={tel : G(t) #0} = Pr graphG

is measurable due to the projectivity of the Lebesgue measure (here Pr is
the natural projection from I x D x R to I). O

Definition 3.3.4. A mapping F : D = R" is said to be e-lower semicontin-
uous (e-lsc) [e-upper semicontinuous (e-usc)| at xy € D, if for every n > 0
there exists & > 0 such that F(x¢) C F(z)+(e+n)B [F(z) C F(x¢)+(e+n)B]
for all x € D N Bs(xy).

A mapping F : D = R" is said to be e-lower semicontinuous (e-lsc)
[e-upper semicontinuous (e-usc)| on D' C D, if it is e-lsc [e-usc] for every
xg €D

It is straight-forward to check that if a single- or set-valued mapping is
e-lower semicontinuous [e-upper semicontinuous| for each € > 0, then it is
lower semicontinuous [upper semicontinuous|.

The following proposition establishes the connection between e-semicontinuity
of single- and set-valued mappings:
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Proposition 3.3.5. Let FF : D = R" be compact-valued. Then F is e-
lower semicontinuous at xo € D if and only if p(-) = dist(y, F(-)) is e-upper
semicontinuous at xo for every y € R™ (or only for all y;, i € N such that
{yi}ien is dense in R™).

Proof. Let F' be e-lower semicontinuous at xy and y € R™. From the closed-
valuedness of F' it follows that there exists yo € F(xy) such that ¢(z¢) =
lly — yol||. From the e-lower semicontinuity of F' at xo for n > 0 we get 6 > 0
such that for all 2 € DN By(x) there exists ¥ € F () with ||y —yol| < e+n
. Therefore,

p(a) = dist(y, F(2") < lly — vl < ly = woll + llyo — ¥/'|| < (xo) +e+1.

For the converse, let us assume the contrary - F is not e-lsc at xy. This
means that there exist 7 > 0 and sequences {z;} C D, x;, — o and {2} C
F(zo) with 2z ¢ F(x)+(e+n)B. Without loss of generality, we may assume
that z, — 20 € F'(20) (F'(w0) is compact) and therefore |z, — 2| < 7 for
k > ko.

Due to the triangle inequality, we have:

) . 2
dist(zg, F(xx)) > — ||z — 20| + dist(zg, F(z1)) > —g +(e+n)=¢c+ §77'

Since {y;}ien is dense in R™, we can find 49 € N such that ||y, — 20| < 2.
Using the e-upper semicontinuity of dist(y,,, F'(-)) at x¢ and the previous
inequality, we obtain:

dist(yi,, F'(xg)) > lim sup dist(y;,, F(x)) — € > —||yi, — 20| + limsup dist(zo, F/(z;)) — & >

k—o00 k—o00
n 2 n

> — = —-n)—e=—.
3+(€+377) e=3

But on the other hand, we have dist(y;,, F'(x0)) < ||yi, — 20|/ < %, which is a
contradiction. O

Using the Lusin’s theorem corollaries from [28|, we prove Scorza Dragoni
type theorems for e-semicontinuous single- and set-valued mappings:

Theorem 3.3.6. Let f : D x I — R be B ® L-measurable and f(-,t) be
e-lower semicontinuous [e-upper semicontinuous|. Then, for every n > 0
there exists a closed I, C I with p(I\ I,) < n such that f|pxy, is e-lower
semicontinuous [e-upper semicontinuous/.
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Proof. Let G1(t) = Epif(-,t), Go(t) = {(z,7) € D xR : r < f(z,t) — e}
and G(t) = G1(t) N Ga(t). According to Proposition G(t) = 0. The
measurability of G; and Gy is verified in the same way as in the proof of
Lemma 3.3.3]

Applying Corollary 2 from [28] to Gy, for any n > 0 we find a closed
measurable I,, C I with u(I\I,) < nsuch that G,|;, is upper semicontinuous.
Therefore its graph

A= graph Gi|;,= {(t,z,r) € [;,x DxR : I(xn, 1) = (x,7), 7y > f(2n,1)}
is closed. We claim that A coincides with
C:={(t,z,r) € [, x DxR : ty,xn, 1) = (t,,7), 70 > f@n,t0)}.

The inclusion A C C is obvious. For the converse, take (t,x,r) € C. Then,
there exists a sequence (t,,z,,,) — (t,z,r) for which r, > f(x,,t,). Using
that A is closed and (t,,x,,r,) € A, we obtain (t,z,r) € A.

In fact, we have established that

{t,z,r) e [, x DxR:r> f(z,t)} n{(t,z,7r) € [, x DX R:7r < f(z,t) — e} =
= graph G1|;,Ngraph Gs|;, = graph G|, = 0

which implies that f|px 1, is e-lower semicontinuous (due to Proposition
3.3.2)). n

Theorem 3.3.7. Let F' : D x I = R" be compact-valued and B @ L-
measurable and let F(-,t) be e-lower semicontinuous for every t € I. Then
for every n > 0 there ezists a closed 1, C I with p(I \ I,,) < n such that
F|DXL7 18 e-lower semicontinuous.

Proof. Let {y;}ien be dense in R™. Define f; : D x I = R by fi(x,t) =
dist(y;, F'(z,t)). Then f; is B ® L-measurable (Remark 5 in [28], Theorem
IT1.9 in []) and f;(-,t) is e-upper semicontinuous on I (Proposition [3.3.5)).
Using Theorem [3.3.6|for f;, we find a closed I; C I with pu(I'\ I;) < 54y such
that fi|pxs, is e-upper semicontinuous.

Let I, := Njen/;. The set 1, is closed with u(1'\ I;) < 7 such that f;|pxr,
is e-upper semicontinuous for every i € N. Hence, due to Proposition [3.3.5]
F|pxr, is e-lower semicontinuous. O

Proposition 3.3.8. Let I’ : D x I = R" be compact-valued and B @ L-
measurable. Let us define D := {(x,t) € D x I : there exists a relatively open
in D neighborhood U of x such that F(-,t)|y is e-lower semicontinuous}. Then,
D and F|5 are B® L-measurable.
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Proof. Let {B;};en be a countable base of the topology on R" (e.g. open
balls with rational centre and rational radius) and define E; := {t € I
F(-,t)|Binp is e-lsc}. Then F; := F|,npyxs is B ® L-measurable and D=
UiEN(Bi N D) X Ez

Let {y;}jen be a dense sequence in R", f; ; := dist(y;, Fi(z,t)) and E; ; :==
{tel : fi;(-,t)is e-usc}. Proposition 3.1 from [I3] implies that f; ; is B&L-
measurable and therefore due to Lemma the sets E;; are measurable.
Then, E; = Njenk; j is measurable and hence D is B ® L-measurable.

Let W be an open set in R". Then F|Z'(W) = D0 F-Y(W) is B® L-
measurable. Therefore, F'|5 is B ® L-measurable. O

Proposition 3.3.9. Let F': D x I = R" be compact-valued, D= {(z,t) €
D x I : there exists a relatively open in D neighborhood U of x such that
F(-,t)|u is e-lsc} and F|z be B® L-measurable. Then, for every n > 0 there
exists a closed I, C I with u(I\I,) <n and a relatively open Q C D x I such

that D N (D x I,) = QN (D x 1)) and Flonpxr,) is e-lower semicontinuous.

Proof. Let us fix n > 0. Let the closed-valued G : I = D be given by
Gt)={x e D : (x,t) € (D x1I)\ D}. Since G is measurable (its graph
is £ ® B-measurable), we can apply Corollary 2 from [28] and find a closed
Iy C I with pu(I\ Iy) < 2 such that G|z, is upper semicontinuous.

Let us define a closed-valued Fy : D x [ = R" by Fy(z,t) = F(x,t)
if (,t) € DN (D x Iy) and Fy(x,t) = 0 otherwise. Then Fy is B ® £L-
measurable and Fy(-,t) is e-lower semicontinuous on /. Using Theorem [3.3.7]
for Fy, we find a closed Iy C I with p(I\ ;) < 4 such that Fy|pyy, is e-lower
semicontinuous.

Let A := {(z,t) € D x I, : = € G(t)}. Let I, :== [y NI and Q :=
(D x I)\{(z,t) € Dx I, : x € G(t)}. Then, I, is closed with u(I\ 1,) <7
and 2 is open in D x I since graph G|;, is closed. In fact, 2 = DU(Dx (I\I,))
and therefore QN (D x I,)) = DN (D x I,) and Flonpxr,)= F0|50(D><]n) is
e-lower semicontinuous. [l

Definition 3.3.10. Let D C R"™ and I C R be a compact interval. A
mapping F' : D x I = R" is said to be almost e-lower semicontinuous on
D' C D x I, if there exists a closed J. such that p(1\ J.) < e and F|px. is
e-lower semicontinuous on D’.

If a mapping is almost e-lower semicontinuous for each € > 0, then it is
almost lower semicontinuous in sense of the corresponding definition in [13].

Lemma 3.3.11. Let F': D x I = R"™ be compact-valued, B ® L-measurable
and F(-,t) be e-lower semicontinuous for almost every t € I. Then F is
almost e-lower semicontinuous.
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If F' is almost e-lower semicontinuous for every € > 0, the converse is
also true.

Proof. We find a closed Iy with pu(I \ Iy) < § such that F(-,t) is e-lower
semicontinuous for every ¢ € Iy and apply Proposition to F|pxy, with

3.4 An Olech type result

Theorem 3.4.1. Let F and G be uniformly bounded set-valued mappings
with closed values defined on D x I, where D is an intersection of an open
subset and a closed subset of R™ and I C R 1is a compact interval. We
assume that there erist a sequence of positive reals €y, k = 1,2,..., tending
to zero as k tends to infinity, and B @ L-measurable sets Dy C R such
that F'|p s almost ex-lower semicontinuous (we assume that Dy = D x )

and Dy(t) == {z € R* : (x,t) € Dy} is relatively open (in D) for every
t € 1. Let F be convex valued on the set (D x I)\ ﬂ Dy, F(-,t) be upper
k=1

k=1
G be convex valued and G(-,t) be upper semicontinuous on D. We assume
that the following tangential assumption holds true:

semicontinuous on the set <D\ ﬂ Dk(t)> and F(x,-) be measurable. Let

for each positive integer k, for each x € D and for each y(-) - measur-
able selection of F(z,-)N Dg(+) on a measurable J C I, there exists y(-)
- measurable selection of F(x,-) N B(y(-),ex) N (Tp(x) — G(z,-)) on J.

Then, for every (zo,to) € DxI the differential inclusion &(t) € F(x(t),t)+
G(x(t),t) has a local solution starting at xo € D at time ty € 1.

Consequense 3.4.2. Let F' and G be uniformly bounded set-valued mappings
with closed values defined on D x I, where D is an intersection of an open
subset and a closed subset of R™ and I C R is a compact interval. Let F' be
B & L-measurable. We assume that there exist a sequence of positive reals €y,
k=1,2,..., tending to zero as k_tends to infinity, and sets Dy C R™ ! such
that Dy(t) == {x € R" : (x,t) € Dy} is relatively open (in D) and F(-,t)|p,
15 ex-lower semicontinuous for almost every t € Prtﬁk (we assume that
151 = D x I, Pry is the natural projection from R™ x I to I). Let F be

convez valued on the set (D x I)\ ﬂ Dy, F(-,t) be upper semicontinuous
k=1
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on the set (D\ ﬂ Dk(t)>. Let G be conver valued and G(-,t) be upper

k=1
semicontinuous on D. We assume that the following tangential assumption

holds true:

for each positive integer k, for each x € D and for each y(-) - measur-
able selection of F(x,-)N Dy (+) on a measurable J C I, there exists y(-)
- measurable selection of F(x,-) N B(y(-),ex) N (Tp(x) — G(z,-)) on J.

Then, for every (zo,to) € DxI the differential inclusion &(t) € F(x(t),t)+
G(z(t),t) has a local solution starting at xo € D at time ty € I.

Remark 3.4.3. The tangential assumption from the above formulated state-
ments reduces to the standard assumptions in the purely Carathéodory up-
per semicontinuous convex-valued case as well as in the purely Carathéodory
lower semicontinuous case (cf. Theorem 5.2 and Theorem 6.2 in [13]).

This is quite direct for the Carathéodory upper semicontinuous case after
taking F' = 0 — the existence of measurable selection of (Tp(x)—G(x,-))N{0}
yields the existence of a measurable z(-) € Tp(z) N G(x,-).

In order to get the corresponding existence theorem for almost lower semi-
continuous F, we need to take G = 0 and D = M Dy (that is F is al-
most lower semicontinuous on D x I) and prove that F(x,t) C Tp(x) on
D x I. Let us assume the contrary: there exists an €9 > 0, such that the
set A:={tel: dist(y;, Tp(z)) > g for some y; € F(z,t)} has a positive
measure (Here we have separated the Bouligand tangent cone TD( ) and the
point y, € F(x,t)). The tangency condition with G = 0 and D = M2, Dy,
becomes:

for each € > 0 and y(-) - measurable selection of F(x,-), there exists
y(+) - measurable selection of F(x,-)NTp(x) such that ||y(t)—g(t)| < e.
Let us take e < 3 and (-) — selection of F(x,-) such that §(t) € F(x,t)NC(x)
fort € A, where C(z) = {z € R": dist(z,Tp(x)) > €9} — closed set. Such a
selection exists due to the measurability of F(x,-) and closedness of C(x) (see
Proposition 3.4 in [13]) and is in contradiction with the tangency condition.

Proof of Corollary[3.4.2. According to Proposition the maximal possi-
ble sets Dy, are B ® L-measurable. F| By is almost e;-lower semicontinuous
due to Lemma [3.3.11] Therefore, we may apply Theorem [3.4.1] O

Proof of Theorem [3.4.1. We follow the construction of Bressan (cf. Lemma
6.2 in [13], p. 67) so we define the "ice-cream cone"

Ky = {(z,t) €R"™: laf| < (e +1)t, t€[0,0)},
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where ¢ is an upper bound of {||y|| : v € F(x,t), (z,t) € D x I}.

Let D = CNW, where C'is closed and W is open. For each xy € D there
exists an open and bounded neighbourhood O 3 z( such that O C W. Then
DNO = (CNW)NO = CNO =: S is a compact set and since we are looking
for local solutions of the differential inclusion without loss of generality we can
consider its domain to be D = SN O. As g, — 0, without loss of generality
we may assume that F| p, 1s almost “-lower semicontinuous. Also, we may

assume that 5k+1 C Dy and g1 < % e forevery k=1,2,....
The following lemmas hold:

Lemma 3.4.4. Under the assumptions of Theorem for each ¢ > 0
there exists a compact J. C I with p(I\ J.) < € such that the mapping

Dy: J.=R”
s continuous with respect to the Hausdorff distance dg. That is
Vn>0Vte J.30 >0Vt € J.: |t—t'| < = dg(Dy(t), Dp(t)) <n. (3.3)

Proof. Let us examine the multi-valued mapping Dy, : I = D given by
Dy(t) := Dy(t). Since Dy, is B ® L-measurable, the measurability of Dy, is
verified in the same way as in the proof of Lemma [3.3.3
From Corollary 2 and Remark 14 in [28] it follows that for each ¢ > 0
there exists a compact J. C I with p(/ \ J.) < e such that the mapping
Dy, . J. = R™is continuous with respect to the Hausdorff distance dy. Using
that for every € R" and every A C R" we have dist(z, A) = dist(z, A),
(3.3) is verified.
O

Lemma 3.4.5. Under the assumptions of Theorem the following rep-
resentation s valid:
[ - (Uk21I€k) U IO ;

where the compact sets 1., C 1., C ... are such that F‘ﬁm(DxIak) I8 Ej-

lower semicontinuous, Dk’IEk, is continuous w.r. to dg, p(I\ I.,) < 3¢ and
p(lo) = 0.

Proof. Let us fix k € N. Since F|p,_is almost ex-lower semicontinuous, there
exists a compact J/, C I such that p(I\ J.) < e and Fl5 5y I8

; L
gr-lower semicontinuous.

From Lemma with e = ¢ > 0, for each & we obtain a closed J/
such that Dy(+) is continuous w.r. to dg on JZ and pu(l\ JZ ) < 5. Let us

denote J., := J/ N J! - compact with measure u(I\ J.,) < Zey.
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The inclusions I, C I, C ... are obtained by taking I, := ﬁm>kJ5 k=
1,2,.... Using the sum of a geometrlc progression with quotient 1 3, We es-
tablish

P\ L) = p(I \ﬂm>kJem)=u( m2k(I\ Je,)) <

1
<Zu \ J.,) §25k(1+2+ ) < 3ey,
m>k

]

Let (xo,t) be an arbitrary point in D x I. We choose T to be an element
dist(xg, R™ \ O)
)
We set D := D x [t,T], D, == Dpyn (D x I,), z = (x,t) € R*,
F(z) G(z ) == (F(z) + G(z)) x {1} and consider the differential inclusion
:eF(2)+G(z), ze D.

of the interval (to,

Step I. Construction and properties of the sets M* Let us consider
the set

~ _ 1
MF = {(m,t)ED: tel.,, dist (z,D\ Dyt)) z-}
S

for each positive integer s. If (z,t) € MF¥, then x € Dy(t) (Dy(t) is relatively
open in D). The set MF is compact, because fi(z,t) := dist(z, Di(t)) is
continuous on 52 This is easily checked using that Dy(-) is continuous w.r.
to dg on I, (Lemma [3.4.4 and [3.4.5) and the triangle inequality:

fr(@' 1) — fu(z, t) = dist(z’, Di(t')) — dist(x, Dy (t))
< dist(z, z") + dist(z, Di(t')) — dist(z, Di(t))
< dist(z, ") + dist(x, Dy(t)) + du(Dy(t), Dip(t')) — dist(z, Di(t))
= dist(x,2") + dg(Dy(t), Di(t")) .

Therefore, the famlly {MF: s=1,2,...} of compact sets is increasing
and its union is Dk (using again that Dy(t) is relatively open in D).

Let z = (z,t) € Dk/. Then t € 1., and = € Di(t), which is relatively open
in D. Therefore, there exists a positive ¢, such that (z +¢,B) N D C Dy(t).
If we apply with 7 = min(%, %) > 0, we obtain the existence of §% > 0
such that for each ¢’ € I, with |t/ —t| < 6% we have dy(Dx(t), Dr(t')) < n.
Using the e-lower semicontinuity of F| D and making 0% smaller if necessary,

we may assume that )
F(z,t) C F(2',t') + &,B
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for all x € D with ||z — 2/|| < 6% and all ¢ € I, with |t —¢/| < &~
Let ¢’ € I, satisfy |t' —t| < 6. Then, from the definition of Hausdorff
distance and the triangle inequality for any 2’ € (z + % B) N D we obtain

dist(z', D\ Dy(t')) > dist(2', D\ Dy(t)) — dg(Dy(t), Di(t'))

> dist (2, D\ Dy(t)) — dist(2’, 2) — dy(Di(t), D(t')) > 2 — % N % =0

and it follows that (x + % B) N D C Dy(t').
For each z = (z,t) € MPF there exists a neighbourhood W(z) of the
form MFE N (2 + Kj), such that z € int(Z + Ks). This is obtained by taking

) < mln(%,gk, %) and Z = (z,t) where t — 0 < t < t and using that

F+Ks C(x+5B) x{t': [t—1t] <k}
Hence, for all 2/ = (2/,t') € D, N (2 + Kj) :
F(z) C F(2) +eB.

This follows from the definition of Z-lower semicontinuity of F|j -

Step II. Construction of the sets V** The compactness of M* im-

plies that there exist finitely many z;, ¢ = 1,2,..., m(k,s), with MF =
m(k,s)

U W(z). Let W(z) = MF N (2 + Ks,), where %; = (#;,1;). We consider
i=1

the reals {t; :=t; +6; : i =1,...,m(k,s)}. Without loss of generality we
may assume that this finite sequence is non decreasing. We set

m(k,s)
Viti={z=(x,t) e Dy: t<ti}\ | |J G+Ks)

i=1

The set Vlk’s is open in 5; because the finitely many sets z; + K;,, ¢ =
1,...,m(k,s), are closed in {z = (x,t) : t < t;}. Next, we define

m(k,s)
Vit={s=(xt)eDp: t<t;}[ || (& +Ks) U G+ K

j=it+1

for i = 1,...,m(s, k). Each set V;k is relatively open in D\ (U v s)
1<t
We proceed in the same way in the next strips {z = (z,t) : t € [t,, 1)},
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p=1,...,m(k,s) — 1, by setting the first element in the strip to be

m(k,s)

{z=(@t)eD : teltpt\ | | G+ Ks)

i=1

and the next elements are constructed recursively as in (3.4) but replacing
t <ty byt € [t),tyr1). We put the last element of this relatively open
partitioning V** to be the set D\ D}.

Step III. Construction of (U*,G*,I.,), k =1,... Our goal is to con-
struct for each positive integer k an invariant partial 3e;-approximation
U*,G* 1.,) of F + G such that U (Green U*) = D,

We set U to be equal to V1! and (Green U') N UM to be the family of
nonempty elements of V1! which are contained in some “ice-cream cone”. Let
us have constructed U and (Green U"') N U"* for some positive integer s.
We fix an arbitrary element U € U'*. Tf U belongs to (Green U') NU*, we
leave it as it is. If U does not belong to (Green U') N U, then V1T NU is
a relatively open partitioning of U. Proceeding in this way with all elements
of U'* and using the lexicographic order (cf. [35]) we obtain the relatively
open partitioning U of D. We set (Green U') N U to be the family
of nonempty elements of /**! which are contained in some “ice-cream cone”.
In this way we obtain the o-relatively open partitioning &' = (32, U"* and
its subfamily Green U*.

Let V be an arbitrary element of Green U!'. Then it is contained in
some “ice-cream cone” zy + K, and therefore for an arbitrary yy € F(2y) C
R™ the closed ball B(yy,e1) centered at yy with radius £; has nonempty
intersection with F'(z,t) for every z = (z,t) in the closure of V with ¢t € I.,.
We define the value of the approximation Gi, at each point z = (z,t) of
VN (D x I,) to be (B(yy,2e1) + G(a,t)) x {1}. If z = (x,t) € VN (D x
(I'\ I.,)) we define G4, (z,t) := (¢B + G(x,t)) x {1} . Clearly, the map G, :
V = R"*! has compact convex values and G1,(-,t) is upper semicontinuous.
Due to Proposition 3.4(a) in [13] there exists a measurable selection g(-) of
B(yy,e1)NF(z,-) on PryV NI, where Pr, : R"™" — R is the projection on
the (n + 1)-th coordinate. Note that 4(-) € Dy(-) on Pr;V NI, due to the
construction of the sets M¥*. According to the tangential assumptions there
exists a measurable selection of

F(a, )N(Tp(z)=G(z, )N () +e1B) C F(z, )N(Tp(z)=G(z,-))N(yy+221B)

on the measurable Pr,V N I, and a measurable selection of ¢B N (Tp(x) —
G(z,-)) on PryV N (I'\ I,). This implies that Gy (z,-) N Tj(z, -) has a mea-
surable selection on the interval Pr;V. Moreover, note that each ice-cream
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cone is strongly invariant with respect to the trajectories of G}, because of
the choice of ¢ and the fact that without loss of generality we may think that
3e1 < 1. Thus the set V is weakly invariant with respect to G1,.

We have for every z = (z,t) € VN (D x I.,) that

Gy (2) = (B(yv, 2e1) + G(z,t)) x {1} = (yv + 261 B + G(x,t)) x {1} C

C (F(z,t) +e1B+2eB + G(x,t)) x {1} = F(2) + G(2) + (321B,0),
where B is the closed unit ball of R™.

We put G' := {G}, : V € Green U'}. We have just checked that the
so obtained triple (4!, G',I.,) is an invariant partial 3e;-approximation of
F+G.

Let us assume that we have constructed the o - relatively open partition-
ing U* = U2, U"*, the family Green U* and G" := {G}, : U € Green
U*Y such that (%, G, I_,) is an invariant partial 3e-approximation of F+G
for some positive integer k. We set U*+1! to be equal to U*' N VFFL1 and
(Green U*™) N UM to be the family of nonempty elements of Green
U* NUM which are contained in some “ice-cream cone” coming from VF+1:1,
Let us have constructed U**1% and (Green U*T1) N U 1* for some pos-
itive integer s. We fix an arbitrary element U € U**1*. If U belongs to
(Green U*T1) N UFLs | we leave it as it is. If U does not belong to (Green
URYY N UFTLS ) then URSTL N YRS N T s a relatively open partition-
ing of U. Proceeding in this way with all elements of U**1* and using
the lexicographic order (cf. [35]) we obtain the relatively open partition-
ing UL of D. We set (Green UF) N UFLsHL o be the family of
nonempty elements of /*T1*+! which are contained in some “ice-cream cone”
coming from VFTL5tL Since each element V of Green U*! is contained
in some “ice-cream cone” zy + Ky, with 2y = (zy,ty), and in some ele-
ment U of (Green U*) N U***!) we can find an element yy that belongs
to F(zy) N B(yy,er) (yu is the corresponding element from the construc-
tion of U) such that B(yy,ers1) has nonempty intersection with F(z’) for
every point 2’ = (2/,¥') € VN (D x I,,,). We define the value of G{*' at
each point of V N (D x I ,) to be (B(yv,2e,41) + G(x,t)) x {1} and if
z=(z,t) eVN(Dx(I\I,,,)) we define Gy (z,t) := (cB+G(x,t)) x {1} .
Let g(-) to be a measurable selection of B(yy,ex+1) N F(x,-) on PriV NI, ,,.
According to the tangential assumptions there exists a measurable selection
of

F(z,)N(Tp(2)=G(x, ))N(G()+er1B) € F(x, )(Tp(2)—G(z,))N(yv+2€441B)

on the measurable Pr;V NI, , and a measurable selection of ¢BN (Tp(x) —

G(z,-)) on Pr,V N (I\ L,,,). Clearly, as in the case k = 0, the map G}/ :
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V = R""! has compact convex values, G’\“/“(~,t) Is upper semicontinuous,
G (z,-) N T5(x, ) has a measurable selection on the interval Pr,V and the
set V is weakly invariant with respect to Git'. Also, for every z = (z,t) €

V(D x L,,,) we have Gi/"'(2) C F(2) + G(2) + (3e541B,0). Therefore,
U GRLLL L) is an invariant 3exyi-approximation of F' + G. Moreover,
for each point 2’ € VN (D x I, ,) we have

GV () = (Byv, 2e041)+G(2)) x {1} C (Blyw, er+2er:1) +G(2)) x {1} C

C (Blyw, 3er) + G(2)) x {1} = G (%)

the so constructed (U*T1,GFL I ) is a refine-

Therefore, since I, C I,
ment of (U*,G*1.,).

k+1 k+1)

Step IV. Construction of Euler curves and the solution We show
that for each positive integer k there exists an ¢ -extended Euler curve
2k(+) = (zx(+), ) subordinated to (U*,G*, I.,), s = 1,2,..., k, starting from
20 = (g, to), and such that

2e(t) € F(B(ax(t), ex), t) + G(B(xy(t), ex), t) + 3ei(Bgn, 0) (3.5)

almost everywhere on [to, T|. Indeed, we have to specify the decision rule for
the inductive construction of an extended Euler curve starting from a knot
2e(T), T € [to, T) which does not belong to UGreen U*. Let z;,(7) belong
to UGreen U' \ U,~; ( UGreen U*) for some nonnegative integer | < k. Let
2k(7) € U € GreenU'. Then G%(z) has the appearance (B(yy, 2¢;)+G(2)) x
{1}if z = (2,t) e UN (D x I,) and (¢B + G(x,t)) x {1} if z € UN (D x
(I'\I,)) . Let us denote by #.(-) a measurable selection of B(yy, &) N F(z,-)
on [1,7 + dy) N I,. According to the tangential assumptions, we have that
there exists a measurable selection

yz() € F(ZE, ) N B(gz()v El) N (TD(x) - G(ﬁ, ))
on [r,7 + &y) N I, and a measurable selection of cB N (Tp(x) — G(z,-)) on
[T,7+0u)N(I\I,).
Since y.(-) € B(yy,2&;) on [r,7 + dy) N I, we obtain that
(((B(yu,2e) N F(2)) + G(2)) NTp(x))x{1} C GlU(z)ﬂ(ﬁ(z) + é(z)) NT5(2)
on [7,7+ dy) N I,. Also,
(ﬁ(z) + é(z)) NT5(2) C (cB + G(z,) NTs(z) = GL(2) N T(2)
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on [7,7+dy) N (I\ I,). We have established that there exists a measurable
selection of

Gy, )N (Flz, ) + Gla,)) N Tp(e, ) (3.6)
on [1,7 + 0y).
Since z;(7) does not belong to UGreen U*, then either 7 € Iy or F(z,(7))

is a convex subset of R". Because p(ly) = 0, only the second case is of

interest. The upper semicontinuity of F'(-, ) implies the existence of an open

neighbourhood V' of z;,(7) such that V' C B(z(7),&x) and F(2) C F(z(7))+

exB for each z € VN {t = 7}. So, @ F(2) C F(2(7)) + €, B, and hence

o (ﬁ(z) v é(z)) C F(z,(r)) + G(2) + (4 Bgn, 0) for each z € VN {t = 7}.
We consider the differential inclusion

2(1) € Gy (=) neo (F((t) + G=(1)))
2(1) = zi(7).

There exists so small ., () > 0 that the solution of the above written dif-
ferential inclusion exists on [7,7 + t.,(;)) and remains in U NV (because of
the existence of a measurable selection of (3.6)). Thus our decision rule for
extending 2x(-) on [7,7 +t.,(r)) is to take an arbitrary solution of the above
written differential inclusion.

Without loss of generality we may think that the sequence {z(-)};—,
is uniformly convergent on the interval [t,T] to an absolutely continuous
function denoted by z(-).

Let us fix an arbitrary positive integer m and let

€ [to, T] \ {t 2 z(t) € U Green Z/Im} :
Then, for almost all such 7 we have
2(7) € @ {Z(7): k> ko}
for an arbitrary ky € N. Let 2(7) = (z(7),7). As F(z(7),) + G(x(7),") is

upper semicontinuous at z(7) by assumption, there is a neighborhood W of
x(7) such that

F(z,7) + G(z,7) C F(2(7)) + G(2(7)) + em(Bgn, 0)

for every z € W. Let ko be so big that 2;(7)+&p (BRVL 0) c Wx{7} Whenever
k > ko. Thus, using the convexity of F(z(7)) + G(2(7)), ko > m and

we have

(7)€ @ {Z(T): k>ko} C
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C ¢O ( U (ﬁ(B(ZL‘k(f),&ﬁ),f) + é(B(I‘k(f),&C)ﬂt) +3€k(BRn,O)>> -

C o < U (ﬁ(z(%)) + G(2(7)) 4 em(Bgn, 0) + 325,( Bgn, O))) C
C F(2(7)) + G(2(7)) + 4¢,,(Bgn, 0).

This, combined with the conclusion of Theorem [3.2.4 completes the
proof. O
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Chapter 4

Projection process with definable
right-hand side

4.1 Projection process - motivation and defini-
tions

The classical sweeping process introduced by Moreau is the following con-
strained differential inclusion

i(t) € —New (2(t))
z(0) =z € C(0) (4.1)
x(t) € C(t),

where C'(t) is a given moving closed set and Ne(x(t)) is the normal cone
(in some sense) to C(t) at z(t).
C. Henry has studied the differential inclusion

(t) € Projr, ) F(x(t))
x(0) =z € C (4.2)
z(t) € C,

where C'is a closed convex set in a finite dimensional space, T (z(t)) is the
tangent cone to C' and F' is an upper semicontinuous multivalued mapping
with nonempty compact convex values.

We investigating these problems when the geometry of the sets involved
is not regular - i.e. when the cone of proximal normals and the Clarke normal
cone may not coincide. In this case the right-hand side of may not be
upper semicontinuous. That is why we will consider the problem (4.2) when
the the graph of its right-hand side is the closure of the graph of the original
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projection mapping:

2(t) € G(F(x(t)), 2(t))

z(0) = xo eC (4.3)
xz(t) €

where C'is a closed subset of R™ and the multivalued mapping G is obtained

by closing the graph of (d,z) — Projr,()(d) (here T(x) is the Bouligand

tangent cone of C' at z). We are going to refer to as "projection process".

This problem is closely related to a sweeping process with perturbation,

where the normal cone is assumed to be the cone of limiting normals:

() € —=Ne(a(t) + F(x(t))
z(0) =29 € C (4.4)
x(t) € C,

where C' is a closed set in R™ and Ng(x) is the cone of limiting normals
to C at z. Let us point out that now the right-hand sides of and
are upper semicontinuous mappings with possibly nonconvex values
which makes their investigation a lot harder. Proposition 6.7 on p.219 from
[36] (see also Lemma 3.8 from [22]) shows that the right-hand side of
contains the right-hand side of (4.3). We do not know whether it is true
that has a solution for arbitrary closed set C' even in the case when
the perturbation F'(x) is single-valued and constant. We give an example
showing that it is possible the projection process (with constant single-
valued perturbation) to have no solution while the sweeping process (4.4)) to
admit one. Thus, the problems and are no longer equivalent.

In order to include the case of moving obstacles in the crowd motion
model, as well as to have a closer relation to the classical sweeping process,
we are going to study a more general sweeping process

2(0) = 2o € C(0) (4.5)

where C(t) is a moving closed set in R™ and Ngy(x) is the cone of limiting
normals to the set C(t) at the point x, and a more general projection process

i(t) € Pr G(F(x(t), 1), a(t), )
z(0) = xy € C(0) (4.6)
z(t) € C(t),
where C(t) is a moving closed set in R", Pr : R"™ — R" assigns to a (n+1)-
dimensional vector the vector of its first n coordinates and the multivalued
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mapping G is obtained by closing the graph of
(dwrat) = PTOjTK(x,t)ﬁ{t:1}<d)a K = {(ZE,t) S RYL-H HERUS C(t)}

This is the natural way of extending from a stationary set to the non-
stationary situation. See Example and the last section for further dis-
cussion on this point.

We impose some additional conditions on the geometry of the sets in-
volved and on the perturbation in order to be able to prove some existence
results for the sweeping process and for the projection process. The condition
imposed on the sets is definability in some o-minimal structure. Definabil-
ity implies the existence of a Whitney stratification (see Definition [2.5.4)).
Dynamical systems with stratified domains have been studied in [7], [2] and
many others. Our problem could be considered as an weak invariance prob-
lem on a stratified domain, but we do not impose any conditions on the
subdomains (while proximal smoothness and wedgeness are assumed in |2]).
Moreover, in both papers an additional Structural Condition (SC) on the
dynamics is assumed, while we prove the respective property for a specific
regularization.

Under the definability hypothesis an existence result for has been
obtained in the paper [22] provided the perturbation is single-valued and
continuous. In the same paper the existence of solution to (4.1)) is proved if
the multimapping C(¢) is definable and Lipschitz (with respect to the Haus-
dorff distance). Now we are able to extend these results to the problem ({4.5)
under the same assumptions. In fact, the definability assumption on C' (and
continuity and single-valuedness of the perturbation) yields the existence of
solution of the projection process (and therefore of ) as well. The
existence of solution to has been announced in [22] in a remark, but
the proof there is not complete. Thus, Theorem is new (with respect
to [22]), even in the stationary case.

4.2 Sweeping process with definable right-hand
side

Theorem 4.2.1. Let the multivalued mapping C : [0,T] = R" be Lips-
chitz (with respect to the Hausdorff distance), definable in some o-minimal
structure and let its values C(t) be nonempty and compact. Let the mapping
d: R — R™ be continuous. Then the sweeping process

&(t) € d(x(t),t) — New(x(t))

z(0) = x9 € C(0) (4.7)

x(t) € C(1)
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where Nowy(x(t)) denotes the cone of limiting normals to C(t) at z(t), has a
solution.

Proof. Step 1. Increasing the dimension by the time variable
Let us denote the graph of C' by

K :={(x,t) eR"™: t€[0,T], x € C(¥)}.

The assumptions of the theorem yield that K is definable and therefore it
admits a regular Whitney stratification {S;};c;. We denote by Pr : R"™! —
R™ the projection on first n coordinates, by Pr; : R""! — R the projection on
the (n + 1)-th coordinate and by L the Lipschitz constant of the multivalued
mapping C. We denote di(x,t) := (d(z,t),1), if (x,t) € K (i.e. x € C(t)).
It is clear that d; : K — R™™! is a continuous mapping. Since C is Lipschitz
(with respect to the Hausdorff distance), it can easily be obtained that K is
compact.

Lemmata 3.6 and 3.7 from [22] yield that there exists a set 7' C [0,7],
which is at most countable and such that N (z) = Pr(Nk(z,t)) for every
x € C(t) and t ¢ T. This means that the existence of a solution z(t), t €
[0, 7] to (4.7) is equivalent to the existence of a solution to

y(t) € di(y(t)) — (PriNk(y(t)),0)
y(0) € C(0) x {0} (4.8)
y(t) € K,

where y(t) = (z(t),1).

Step II. Constraining the right-hand side of (@

Let S;, be the stratum (from the fixed Whitney stratification of K), to
which y belongs, and T,5; be the tangent space to S;,. We define the
multivalued mapping

V(y) :=di(y) — (Pr(Nk(y)),0) N (L(y)B) C R™™,
where
dist(d1 (y), T,S;, N {t =1}),
if dist(d1(y), T,,Si, N {t = 1}) < L + || Pr(di(z,1))]|
L(y) := § L+ ||Pr(di(z,1))],

if dist(d1(y), T,S;, N {t = 1}) > L + || Pr(di(z,1))|

The mapping V is defined correctly on K.
Let us check that V' is upper semicontinuous. Since K is compact and d; is
continuous, this is equivalent to proving the closedness of its graph. Let y,, =
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(Tms tm) = Yo = (o, to) and vy, — vg, vy € V(ym). Because d; is continuous
and PrNg is upper semicontinuous, from v, € di(ym) — (Pr(Nk(ym)),0) it
follows that vy € di(yo) — (Pr(Nk(v0)),0).

We denote by Sj, j € J, all strata such that S;, C E The sequence
{ym }>°_, can be split into finitely many subsequences (or finite sets), such
that any of them is contained in one stratum S; for some j € J or in ;.
Thus, without loss of generality, we may assume that {y,,}>°_; is contained
in one stratum. If it is S;, , obviously vy belongs to V(zo). If {ym}m= is
contained in S; for some j € J, in order to conclude that vy € V(yp), it
remains to prove that L(yo) > limsup,, . L(Ym)-

Since L(y) = min(L + ||Pr(di(y))|], dist(d:(y), T,S;, N {t = 1})), it is
enough to check

diSt(dl(y(]), TyQSi N {t = 1}) > lim sup dlSt(dl(yo), TymSj N {t = 1}) y (49)

m—0o0

because
dist(d1(yo), T, S;N{t = 1}) > dist(di(ym), Ty, Si0{t = 1})—|d1(Ym)—d1(y0) |

would yield

lim sup dist(d; (o), T}, S; N {t = 1}) > limsup dist(d; (y,,), T},,.S; N {t = 1}).
m—0o0 m—0o0

Let us denote A,, = T, S;N{t =1}, m € Nand A =T,S; N{t=
1}. According to Corrolary 4.7 on p.113 in [36], it would suffice to prove
A C liminf,, oo Apm. Let a € A and U C R""! be an open neighbourhood
of a. Hence, there exist V' C R™ — an open neighbourhood of Pr(a) and
£>0, ¢ < 1, such that 2V x (1—¢,1+¢) C U. Then U=Vx(l—gl+e)C
R™*! is an open neighbourhood of a. From the regularity of stratification:
TyySi,, C liminf,, ,o T, S; and therefore Uun T,..S; # 0 for every m > my.
Let ap = (b, tm) € Un T,.S; for every m > my. Let us consider the
sequence a = (%bm7 1), m > mg. We know that

ibmeiVCLVCQV
tm tm 1—¢
and therefore a/, € 2V x (1 —¢,14¢)) N A, CUN A, for every m > my.
We have obtained that A C liminf,, oo A, which verifies and finishes
the proof that V' is upper semicontinuous.
Step III. Proving that the inclusion with constrained convezified right-
hand side has a solution
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Let us consider the constrained differential inclusion with convex right-

hand side
y(r) € co (V(y(1)))
y(0) = (20,0) € C(0) x {0} (4.10)
y(r) € K

We are going to prove it has a solution by checking a sufficient condition for
the weak invariance of K with respect to the inclusion and then applying
Theorem 2.10 on p.193 from [10] (see also the viability theorem in [40]).

It is straight-forward to check that the right-hand side of the inclusion
is upper semicontinuous. Obviously, the right-hand side of the inclusion is
nonempty convex compact valued, so it remains to justify the following

Proposition 4.2.2. For every yo = (xo,t0) € K there exists a feasible ve-
locity vo € V (g, to), such that vy € Tk (yo)-

To this end, we are going to use Lemma 3.5 from [22] and the following
lemma.

Lemma 4.2.3. Let yo € K. Then any vector vy belonging to the metric
projection of di(yo) on Tk (yo) N{t = 1} has the property that di(yo) — vy €
(Pr(Nk(yo), 0).

Proof of the Lemma. According to Proposition 6.27(a) on p.219 from [36]:
N1y (50)(0) = Upery (wo) NV7icwo)(v) C Ni(yo). Hence, it is enough to prove
that dy(yo) — vo € (Pr(Nry (yo)(v0)),0).

We denote T' := Tk (yo) and Ty := T N {t = 1}. Let us examine the
n-dimentional ball

A =B (d(yo), dist(di (yo), T1)) N {t = 1}

and the cone C' := {y € R"™ | y = a(yy — yo), @ > 0, y; € A}. Since
bdry C' \ {0} is a C? surface, all normal vectors to it are proximal normals
as well (Proposition 1.9 on p.26 from [10]).

Also, we know that

TNC={yeR"|y=av, a=0, v; € Projrdi(yo)} -

Thus we have vy € TNC. Let £ be a normal vector to bdry C' at vy, pointing
to the inside of the cone. Then ¢ is a proximal normal to R*+1\ C at vy.
Hence, there exists r > 0, such that

B,(vg+7r&) N R\ O) = {v} .

Since vy € T C R\ C, B.(vg + 7€) NT = {vo} and therefore ¢ €
Nr(vg). Hence Pré = B(di(yo) — v), B > 0. Because B,(vo + r&) N {t =
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Vo

Figure 4.1: {t = 1}

1} is a n-dimensional ball with positive radius, whose intersection with
(Rrtin{t =1})\ A is vy, we obtain that Pré = p(di(yo) — vo), 8 > 0.
Since Nr(vg) is a cone, dy(yo) — vo € (Pr(Nr(vp)),0). O

Proof of Proposition[{.2.3. Let vy = (wg, 1) belong to the metric projection
of di(yo) on Tk (yo)N{t = 1}. From Lemma[£.2.3] it follows that d;(yo) —vo €
(Pr(Nry(y0)(0)),0). If we justify that ||di(yo) — vo|| < L(yo), the Proposition
would be proven, because then vy would belong to V (yp).

We know that L(yo) = min(dist(d (yo), T,,S;, N {t = 1}), [|[Pr(di(yo))|| +
L). According to Example 6.8 on p.203 from [36], T}, S;,, coincides with the
Bouligand tangent cone to S;, . From S;, C K we obtain that

TyOSiyO N {t = 1} C TK(yO) N {t = ]_}
and therefore:

|1 (yo) —vol| = dist(d1(yo), Tk (yo){t = 1}) < dist(d1(yo), Ty Si,, M {t = 1}).
On the other hand

11 (o) = voll < lldi(yo) — vill = [|Pr(da(yo)) — will < [|Pr{di(yo))ll + L,

where v, = (wy,1) € Tk(yo) is from Lemma 3.5 from [22].
We have proven that ||d;(yo) — vo|| < L(yo) and therefore vy € V(yo). O

Step IV. Proving that each solution of the inclusion with constrained
convexified right-hand side is a solution to the inclusion with constrained
nonconvexified right-hand side

Let y(t), t € [0,T], be a solution to the differential inclusion with con-
strained convexified right-hand side (4.10). We are going to prove that
y(t) € V(y(t)) for almost all t € [0, 7.
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Let to € [0, 7]\ T be such that g(to) exists, §(ty) € @0 V(y(to)) and tg is
a cluster point of

T :={te[0,T]: y(t) € Sty -

Since 7' is at most countable, y(t) is a solution to and because the
set {t € [0,T] : y(t) € S;} may have only countably many isolated points
for every ¢ € I and I is finite, almost all elements of [0, T satisfy the above
requirements.

Then g(to) must belong to Ty, S;, ) » thus Tyg)Si, ., N €0 V(y(to)) #
(. But V(y(to)) and therefore coV (y(tg)) are contained in the set {(w,1) :
s (so) — wll < L{y(ta))} . Also,
(. 2)  [[Prds(yo) =]l < Ly(ta))} N Ty Sy € {Progny s, nt=idalao)}

y(to)

From Ty)S;, ., N © V(y(ty)) # O we obtain that

ty(tg)

Tyt6) Sty N O V(y(to)) = {PTOjTy(tO)Siy m{tzl}d1(yo)} :

N V(y(ty)) = 0, then

0 ¢ V(y(to) — Projr,qysi, .. )ﬂ{tzl}dl(_y(t())) -
C (d'(y(to)) — (PT(NK( ( 0)));0)) N (BLiywoy (d'(y(t))))

(
where d'(y(to)) := dy(y(to)) — Projr, . s, npe—nyda(y(to)) and [ (y(ts))]] <

L(y(to)) -
Thus, there exists € > 0, such that

(to)

If we assume that Ty(to)S’iy<to)

(4.11)

y(tp)

B.(0)N (V(y(to)) — PT’OjTy(tO)Siy<t0)m{t:l}dl(y(to))> =0.

From the uniform convexity of the ball in R” it follows that there exist a
continuous linear functional ¢ and a positive real number «a, such that

diam {y € Bry) (d'(y(t))) : ¢ly) <a} <e.

Then
V(y(to)) = Projr,.s:, . nt=13d1(y(to)) € {y € R": o(y) > a}
and therefore

co V(y(to)) C Projr,,, =131 (y(t0))+{y € By (d'(y(t))) + #(y) > a} ,

1Sy 1)
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which is a contradiction to Projr, s, ng=13ds (y(to)) € @ V(y(to)) -
We obtain that

Ty(to)siy(to) N V<y(t0)) - {PrOjTy(to)Siy(to)m{tzl}dl(y<t0))} )

which proves §(tg) € V(y(to)). Therefore y(t) € V(y(t)) for almost all t €
[0,7] and y is an absolutely continuous mapping with values in K.

It is clear that y(t) = (x(t),t) for all ¢ € [0, 7], since the last coordinate
of the right-hand side is the constant 1. Then z(t) € C(t), because y(t) € K,
te[0,T). Ift € [0,T]\ T and j(t) € V(y(t)), we obtain that

#(t) € Pr(di(z(t),1)) — Pr(Ng(z(t),1)) = d(z(t)) — Now (2(1)) .-

Therefore x(t), t € [0,T], is a solution of the sweeping process (4.7). O

4.3 Relations between the sweeping and pro-
jection processes

We are going to construct a closed set C' in R? such that the projecting
process (4.3) with F' = (1,1) starting at the origin has no solution, but the
respective sweeping process (4.4)) admits one.

Example 4.3.1. The construction of the closed set C' follows a Cantor-like
procedure. Let us us fix the positive reals a # b with a +b = 1. We start by
building the "base cell" K.

K:={(z,0): z<a}U{(z,b): z <a}U

U{(0,y): y<0}U{(a,y): y<b} .

The so defined set has the property that at every point of K except for the
vertez (a,b) the cone of limiting normals is contained in the set N := {(t,0) :
t € RYU{(0,1) : t € R} of vectors along the coordinate axes and the projection
of the drift term (1,1) on the Bouligand tangent cone to K is either (1,0) or
(0,1). The differential inclusions and with K instead of C have
unique solution starting at any point xo € K (and inevitably ending at the
"upper vertez" (a,b)).

Let us fix q € (0, %) We construct the set C' by induction. We begin by
placing the set K in the middle of the segment [(0,0), (a,b)], that is

1—g¢q

Cl = 9

(a,0) +q. K
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1—q 1
s our set on the first step. We put T := Tq’ % . To continue with

the second step we consider the set {(ta,tb) : t € [0,1]\ T1}. It is contained
in the segment [(0,0), (a,b)] and consists of two intervals. To obtain Cy, we
add to C two copies of > K placed in the middle of these two intervals, that
15 we put

Cy:=CyU ((% - q;) (a,b) +q2K) U ((% - q2—2) (a,b) +q2K)

1— 21_ 2 3 23 2
andTg::Tlu( 9_4 q+q_>u(ﬂ_q_ ﬂ_i_q_)

4 27 4 2 4 27 4 2

If we have constructed C,, for some positive integer n, we build C, 1 by taking
the union of C,, and 2™ copies of the set ¢""' K placed in the middle of all 2"
closed intervals in {(ta,tb) : t € [0,1]\ T} and define T,,.1 accordingly.

Define C to be the closure of the set U C, and T to be the union U T,.

We built C' in such a way that it preseﬁvels the property of K that az? elvery
point of C' except for the vertex (a,b) the cone of limiting normals is contained
in the set N of vectors along the coordinate axes. Moreover, the projection of
the drift term (1,1) on the Bouligand tangent cone at any point of C except
for the vertex (a, b) is contained in the three-element set {(1,0),(0,1), (1,1)}.

We claim that there is no solution of the projection process with
xo = (0,0). Indeed, let us denote by y(-) the line which on each cell coincides
with the unique solution of starting at the "lower vertex". Note that
our assumption a+b =1 yields that the time interval, for which y(t) belongs

to a cell, exactly corresponds to some interval in T = U T,. Thus we may

n=1
assume that §(t) belongs to the segment [(0,0), (a,b)] for every t € [0,1]\ T.
The Cantor set [0,1] \ T is of positive Lebesque measure. More precisely,
1 —3q

meas ([0,1]\ T) = g

Sure, the sets
{z1€[0,a]: 21 =at, t € ([0,1]\T)}

and

{22 €10,0] : xo =bt,t € ([0,1]\T)}

are of positive Lebesque measure as well. As the coordinates of y(+) are mono-
tone increasing, y(-) is differentiable almost everywhere. Therefore the set

A:={te[0,1]\T: y(t) exists }
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is of positive Lebesque measure. It is clear that y(t) is collinear to (a,b) for
every t € A.

Now let us assume that y(t), t € [0,T'] is a solution of the projection
process with xy = (0,0). Then the line {y(t) : t € [0,1"]} coincides
with the line {y(t) : t € [0,T]}. Indeed, the solution of the projection process
is unique on a cell (and the trajectory ends on the diagonal) and if a point
has one of its coordinates in the Cantor set, but it is not on the diagonal, the
only solution of the projection process starting at it is to glide to the diagonal
because of a connectedness argument. Thus any deviation from the line {g(t) :
t € [0,T)} is impossible. Moreover, as y(t) is absolutely continuous, the set
of the values of t € [0,T"], for which y(t) is on the diagonal [(0,0), (a,b)] is of
positive Lebesgue measure. Thus on this set y(t) should be collinear to (a,b).

On the other hand,
G((la 1)7‘7;) - {(170)7 (Ou 1)7 (17 1)} fO’I’ every T € C.

As {(1,0),(0,1),(1, D)} n{A(a,b) : X € R} =0 (because a # b), this is a
contradiction.
With suitable change of time variable y(t) is a solution to the sweeping

process (4.4), because ((1,1) — N) N {X(a,b) : X € R} # 0.

However, under the assumptions of Theorem [4.2.1] it is not possible the
projecting process (4.3)) to have no solution, while the respective sweeping

process (4.4) to admit one:

Theorem 4.3.2. Let the multivalued mapping C : [0,T] = R" be Lipschitz
(with respect to the Hausdorff distance), definable in some o-minimal struc-
ture, its values C(t) be nonempty and compact and the mapping d : R" —
R™ be continuous. Then the projection process

x(t) € Pr G(d(x(t),t), x(t),t)
x(t) € C(t),

where the multivalued mapping G is obtained by closing the graph of
(d,ﬂj‘,t) = PTOjTK(x,t)ﬂ{t:1}<d)7 K= {(x7t) € Rz € C<t)}7
has a solution.

Proof. Let y(t),t € [0, T] be the solution of the sweeping process (4.7]), con-
structed in the proof of Theorem We are going to use the same nota-
tions as in the previous proof.

o1



Let y(t),t € [0,T] exist and belong to

Ty Si,e N V(y(t) = {Proijsiy(Dm{t:udl(y(f))} :

Note that it is true for almost all ¢, according to the proof of the above
theorem. Then §(t) = di(y(t)) — no and 1y € (PrNg(y(t)),0). Let {, =
(mo,t0) € Ni(y(t)). Therefore there exist ¥, —mosoo Y(f), {ym} C K,
Cn = (Mmstm) —m—soo o With (,, € ]/\7K(ym) Let us put

U = Ay (Ym) = N and Wy, = Projrc =131 (Ym)-

It is clear that v,, — di(y(t)) — no = y(t) =: vy and w,, € G(ym). If we
can show that ||v, — wn| —m—e 0, we are done, because then (y,,, wy,) €
Graph(G), (Ym, Wm) —rm—oo (Y(1), (1)) e

Let us denote by S;, j € J, all strata such that S5; ~C S;, where
yo = y(t). The sequence {y,,}°°_; can be split into finitely many subse-
quences (or finite sets) such that any of them is contained in one stratum
Sj for some j € J or in S;, . Thus, without loss of generality, we may
assume that {y,}pr_; is contained in one stratum. If it is S; , clearly
dist (v, Ty, Si,, N {t = 1}) —moose dist(vo, T, S;,, N {t = 1}) = 0. If
{yr}2°_, is contained in S; for some j € J, analogously to , we have

dist(vo, Ty, Si,, N {t = 1}) > limsup dist(vy,, T, 5; N {t = 1}),

m—ro0

so dist (v, T}, S; N {t = 1}) —m—e0 0 again. According to Example 6.8 on
p.203 from [36], T,,S;,, coincides with the Bouligand tangent cone to .S;, .
From S; C K we have that

T,,,S; N {t =1} C Tk (ym) N {t = 1}
and therefore:
dist (v, Tk (ym) N {t = 1}) < dist (v, T, S; N{t = 1}) —msee 0. (4.12)

We know that ¢y = ny + tg.¢;, where ¢, = (0,1) € R"™ and 1y L e;.

Hence, (d1(yo) — Co, o) = {(d1(y0) — 10 — to-€1, Co) = (d1(yo) — 10, Co) — t5 - The
regularity of the stratification implies

Nyto)Si, ., D limsup N, S;

by(tg)
m—0o0

whenever {y,, };r_; C 5; tends to y(to). Therefore, Nx(y(to)) C Nyto)Si
(proximal normals to K at any point belong to the normal space at the same
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point to the stratum, to which the point belongs — Example 6.8 on p.203
in [36]). Therefore, (di(yo) — 10, Co) = 0 (because di(yo) — 0 € T,,S;,, and
C() c NK(y(to)) C Ny(tO)Siy(tO)) and so

{di(y0) = o, Go) = —15 - (4.13)
On the other hand, (d1(yo) — Co, Co) = (d1(y0) — 10, M0) +to(1—to) . Therefore,
{d1(y0) — 10, m0) = —to - (4.14)

Let dy(ym) + HrmeIIQ'nm = AN + Uy, where N\, > 0 and (U, 9) < 0
(moreover, let (U, ny,) = 0if A, > 0), i.e.

where u, = wu,, — ”;TmHQ.nm. If \,, = 0, then (di(Ym), Nm) = Amlnmll* +
(Uns Mm) —tm < —tp, and therefore (dy(ym), ¢m) < 0, which leads to (d1(yo), Co) <
0 as m — oo. From (4.13]) we obtain that

0> (di(yo), o) = (d1(y0) — o, Co) + [1Coll* = =t + 1Gol1* = lImoll?,

hence 7y = 0. Then dy(yo) = vo and from T,,,S;, C Tk(yo) it follows that
d1(yo) € Ti (yo)N{t = 1} and therefore vy = di(yo) = Projry(yo)nit=13d1(%o) »
so y(to) € G(yo) -

Thus, without loss of generality A\g # 0 and (u,,,n,) = 0. Then A\, #
0, N # 0 as well for m large enough and

(d1(ym), 1m) tm {d1(yo): m0) to
A, = + — > m—soo + .
[77m |12 17712 7 lnol? 70l
From (4.14) we have that
{di(yo),m0) _ {di(yo) — 1m0, m0) + 17011 _ b 1
170l 170l 701l

and we obtain A\, —,00 1. Thus

because ||9m] < L+ ||d(ym)|| , which is bounded. So, we shall be done if we
prove that u, — w,, —m— 0.
Because of (wy,, () < 0, we have (wy,, n,) < —t,, and therefore

me - dl(ym)”2 = <wm — A — ulmawm = AT — U;n> =
= [|wm — w1 + At |* = 2w — g, A =

= “wm - u;n||2 + ||/\m77m||2 - 2/\m(<wm7nm> + tm) >

> [wm — g, |I* + At -

(4.16)
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Putting
Em = |[(L = X)) || + dist (v, Tie(ym) N {t =1}) —00 0
(due to (4.15) and the construction of the solution), we obtain

[wm — di(ym)| = dist (d1(ym), Tic (ym) N {t = 1}) <
< i (ym) — g, || + dist (up,, Tic (ym) N {t = 1}) <

< Al + [Juz, — v || + dist (v, Tic (ym) N {t = 1}) < (4.17)
< Al + 1[(1 = X)) || + dist (0, T (ym) N {t = 1}) =
= H)‘mnmn +Em

using the triangle inequality and (4.15)).
Inequalities (4.16) and (4.17)) yield

lwm — || < /Tom — @) e — P E <
< AUl + £m)? = A inlP — e 0

(4.18)

which concludes the proof of the theorem. n

4.4 Application to a crowd motion model

We are going to generalize the crowd motion model, presented in [3], [4]
and apply the results from the previous section to it. The model rests on
two principles. On the one hand, each individual has a spontaneous velocity
that he would like to have in the absence of other people or obstacles. On
the other hand, the actual velocity must take into account congestion and
obstacles. Those two principles lead to define the actual velocity field as the
projection of the spontaneous velocity over the set of admissible velocities
(regarding the non-overlapping constraints and the obstacles).

Let us quickly recall the setting of the model without obstacles. A crowd
with NV people is considered. They are identified to rigid disks with the same
radius r (for convenience). The centre of the i-th disk is denoted by z; € R2
Since overlapping is forbidden, the vector of positions x = (z1,z9,...,2N) €
R2N has to belong to the “set of feasible configurations”, defined by

Co:= {XER2N : Dyj(x) >0, Z'?éj} )

where D;;(x) = ||x; — x;|| — 2r is the signed distance between disks i and j.
In the model we take for granted the vector of spontaneous velocities

d(x) = (di(x), ds(x), ..., dn (%)) € R2V .
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—e5(q) m‘\ei(q)

Figure 4.2: Notation

The set of the admissible velocities is exactly T¢, (x) , the Bouligand tangent
cone to Cy at x :

Teo(x) ={veR™ : Vi<j Dy(x)=0 = (Gi(x),v)>0},
where

Gij(X) = VDU(.T) = (O, e ,0, —61']'(1'),0, e ,0,6@'(1’),0, ce ,O) S RzN

Tj—T;

and e;;(x) = e

Our goal is to generalize the model in a way that movable and immovable
obstacles are considered. We are going to allow obstacles that can be de-
scribed by finitely many analytical equalities and inequalities. As we confine
ourselves to compact sets, we remain in the frame of the o-minimal structure
of subanalytic sets. This represents essentially all possible real-life cases.

Let us examine a movable obstacle in the plain, defined by the ana-
lytic inequality P(z,t) < 0, z € R?. In order x(t) to be an admissible con-
figuration at the moment ¢, every x' = (x},25,...,2%) € R* such that
llzi — z;(t)]]* < r? for some ¢ = 1,... N, should fulfill P(z},t) > 0. Since
|zt — z;(t)]]* < r?,i=1,... N is an analytic inequality,

x' e RN ¢ ||of — 2 0)|? <r*i=1,...N = P(z},t) > 0

is a first order formula and therefore the set of constraints due to {P(x,t) <

0}

Cpan = {x eR¥ :¥x' e R*Vi=1,... N (||a} — ;(t)||> < r* = P(«},t) > 0) }
(4.19)
is definable.
The obstacles that we examine can be described by finitely many inequal-
ities of the type P(z,t) < 0 (the equalities can be presented as 2 inequalities
with opposite directions and for the immovable inequalities P(z,t) := P(z)).

95



Figure 4.3: Obstacle P(q,t) <0

Let us examine m movable and immovable obstacles, each of which de-
scribed by k inequalities of type P(z,t) < 0. They can be presented as one
obstacle in the following way:

S(I7t) ::U( {PU(ZE,t)SO}> :

7

P14(Q7t) S 0 P13(Q7t) S 0

Pis(q,t) <0

Pll(Q7t) S 0

Figure 4.4: Obstacle, described by 4 inequalities

The set of the admissible configurations is

C(t) = {X e RV . D;j(x) >0, i # J} NCsp) =

= fxe B D00 20,17} 0 (N (Ul Cryen))
(4.20)
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where Cp, (,1) is of type and therefore is definable. Since definable
sets are a closed class regarding the finite intersections and unions, C(t) is
definable.

As in the case with lack of obstacles, the set of the admissible velocities
is the Bouligand tangent cone T () (x(t)) to C(t) at x(t) for every t > 0.

Although at first glance in order to obtain the actual velocities it seems
natural to project the spontaneous velocities d(x(t)) on the Bouligand tan-
gent cone to C(t) at x(t), this is not the correct approach. In order to obtain
the actual velocities, we need to consider the first n coordinates of the pro-
jection of dy(x(t)) := (d(x(t)),1) on the Bouligand tangent cone to K at
(x(t),t), intersected with {t = 1} . The intuitive explanation is that in order
to obtain the actual velocity at the moment ¢, we should project our sponta-
neous velocity on where we expect the obstacles to be at this moment, not
on where they are at the current moment. It is backed up by the following
example:

Example 4.4.1. Let us consider the sweeping process with stationary set C

X(t) € d — Ney(x(1))
x(0) = x0 € Co (4.21)
x(t) € Gy ,

and the one with moving set C(t) :== Cy — t.d (this is a translation)

i(t) € —Nogy(z(t))
x(0) = xo € C(0) (422)

where Cy is closed, d is a constant drift term and t € [0,T]. Then x(t) is

a solution to if and only if x(t) = x(t) — t.d is a solution to ({.29),
because N¢,(x(t)) = New)(z(t)), and () = x(t) —d € —N¢, (x(1)).
As in the proof of Theorem let us denote
K :={(z,t) eR"" . t € [0,T], x € C(t)},

and y(t) = (z(t),t) . The following connection between the Bouligand tangent
cones to K and C(to) can be easily obtained

T (7o, t0) = {(w,n) € R+ w € Ty, (w0) — n.d} . (4.23)
Let now x(t) be a solution to

X(t) € G(x), x(0) =xo € Co, x(t) € Co, (4.24)
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where the graph of the multivalued mapping G 1is the closure of the graph
of the mapping x — Projr, (d (this is the stationary projection process
with single-valued constant perturbation d). The upper-semicontinuity
of N¢, and Proposition 6.7 on p.219 from [36] (see also Lemma 3.8 from
[22]) yield that x(t) is a solution to {{.21)). It is straightforward to check that

the respective solution z(t) = x(t) — t.d to satisfies also

(2(t),1) € PrG1((0,1),z(t),t) (x(to),0) = (z0,0) € C(0)x{0} (z(t),t) € K,

(4.25)
where the graph of the multivalued mapping G1 is the closure of the graph of
the mapping (d,x,t) — Projr,npu=13(0,1) (this is the projection process
with single-valued constant perturbation (0,1))

Indeed, let to € [0,T], wy = x(to) € G(x(to)). Hence, there exist a se-
quence X, tending to x(to) and a sequence wy, € Projr (y,d, such that
W ——moeo Wy . From it follows that (wp,1) = (w, —d,1) €
Ti(ym) N{t = 1} for all m. Let (w,1) € Tk(ym) N{t = 1} for some
m. Then

[(wm, 1) = (0, ]| = lw|| = [[w), = dl| < [lw+d = d|| = [|(w,1) = (0, 1)],

because wy, € Projre (x,)d and w + d € Ty (Xm)-

We have obtained that (wp,1) € Projry . ng=01x(ym) N {t = 1} and
therefore ((to), 1) = (x(to) — d,1) = (wj — d,1) € G1(yo) . This means that
the solution x(t) = x(t) — t.d to is a solution also to ([{.25).

Thus s the natural and only counterpart of the stationary projec-
tion process if the drift term 1s single-valued and constant.

Let us go back to the crowd motion model. The vector of the actual
velocities X(t) is obtained as follows:

x(t) € Pr Projrxt)ng=13(d(x(t)), 1)
x(0) = xo € C(0) (4.26)
x(t) € C(t) .

where 7' is large enough and
K :={(x,t) e R : t€[0,T], x€ C(t)}.

Since K may not be prox-regular, the projection may not be unique and even
in very elementary cases the mapping (d,x,t) = Pr Projr, xn{=1;(d, 1)
is not upper semi-continuous. Hence, it is natural to look for a mapping
(as narrow as possible) which is upper semi-continuous and whose images
contain Pr PTOjTK(xjt))ﬂ{t::l}(d(X)7 1).
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Thus, we are going to look for solutions to

x(t) € PrG(d(x),x(t),t)
x(0) =xo € C(0) (4.27)
x(t) € C(t) ,

where the graph of the multivalued mapping G is the closure of the graph of
the mapping (d,x,t) — Projr,xnni=13(d, 1).

Since the spontaneous velocities are continuous, Theorem gives the
desired solution, provided the obstacles are defined by definable sets and are
moving in a definable way.
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Chapter 5

Conclusion

5.1 Main contributions

These are the main accomplishments in the thesis due to the author:

1.

For nonautonomous differential inclusions with right-hand side satisfy-
ing Carathéodory conditions, a concept for invariant e-approximation
with convex-valued upper semicontinuous Carathéodory mappings on
the elements of a relatively open partitioning is proposed. The struc-
ture is generalised in order to handle the case when local finiteness of
the partitioning is not possible to achieve.

. The definitions for e-semicontinuity of single- and set-valued mappings

are stated. Interrelations between e-semicontinuity and measurability
in the form of Lusin type theorems and Scorza Dragoni type theorems
are proven.

. An existence theorem for constraint differential inclusions whose right-

hand side satisfies some Carathéodory semicontinuity assumptions of
mixed type is proved. It generalises all known theorems in the field in
the finite-dimensional case.

. The existence of a solution of a perturbed sweeping process with the

cone of limiting normals is obtained under the assumptions are that
the sets involved are definable (and are moving in a definable way) in
some o-minimal structure.

. The projection process has been introduced and motivated. Assuming

definability of the sets, the existence of a solution for it has been proven
by relating it to the sweeping process.
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6. The application of the projection process to a crowd motion model is
presented.

5.2 Publications related to the thesis

1. Mira Bivas, "A nonautonomous Olech type result”, European Journal
of Mathematics, Volume 3, Issue 2, pp 342-362

2. Mira Bivas, "Measurability of generalised semicontinuous single- and
set-valued mappings”, Proceedings of the Forty Sixth Spring Conference
of the Union of Bulgarian Mathematicians, Borovetz, April 9-13, 2017,
pp 146-150

3. Mira Bivas, "Viability theorems and an application”, Comptes rendus
de I’Académie bulgare des Sciences, Vol 70, No3, pp 321-332

4. Mira Bivas, Nadezhda Ribarska, "Projection process with definable right-
hand side”, STAM J. Control Optim, Volume 53, Issue 5, pp 2819-2834

5.3 Approbation of the thesis

The results from the thesis have been presented in the following talks:

1. "A nonautonomous Olech type result”, 11th International Conference
on Large-Scale Scientific Computations, June 5-9, 2017,
http:/ /parallel.bas.bg/Conferences/SciCom17/

2. "Crowd Motion as a Sweeping Process"”, Seminar of the Department of
Aerospace Engineering, University of Michigan, Ann Arbor, Michigan,
USA, 14 November 2016 (based on a joint work with Prof. Nadezhda
Ribarska)

3. "A nonautonomous Olech type result”, Spring Scientific Session, Fac-
ulty of Mathematics and Informatics, Sofia University, 26 March 2016

4. "On the projection process with definable right-hand side”, 10th In-
ternational Conference on Large-Scale Scientific Computations, June
8-12,2015, http://parallel.bas.bg/Conferences/SciCom15/ (based on a
joint work with Prof. Nadezhda Ribarska)

5. "Projection process with definable right-hand side”, Spring Scientific
Session, Faculty of Mathematics and Informatics, Sofia University, 28
March 2015 (based on a joint work with Prof. Nadezhda Ribarska)
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6. "Projection process with definable right-hand side", 125 years of Math-
ematics and Natural Sciences at Sofia University "St. Kliment Ohrid-
ski", 5-7 December 2014, http://125years.fmi.uni-sofia.bg/ (based on a
joint work with Prof. Nadezhda Ribarska)
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