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Abstract

We establish a direct and a matching two-term strong converse inequal-
ity by moduli of smoothness for the rate of the simultaneous approxima-
tion by generalized sampling operators and their Kantorovich modifica-
tion in the Lp-norm, 1 ≤ p ≤ ∞, and, in particular, the uniform norm
on R. They yield the saturation property and class for the simultaneous
approximation by the generalized sampling operators, and in the case of
the sampling Kantorovich operators—the saturation class of the operator
itself as well.
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1 Introduction

The main target of approximation theory, roughly speaking, is to obtain a repre-
sentation of an arbitrary function in terms of simpler and more useful functions.
One of the methods to get such representations, which has been intensively stud-
ied in recent years, is to construct sampling type operators. The problem of
reconstruction of a given function was first addressed by Whittaker-Kotelnikov-
Shannon sampling theorem for finite energy, band-limited signals ([8, 9]). For
not necessarily band-limited functions, replacing the well-known sinc-function
by generalized kernels satisfying the typical assumptions of approximate identi-
ties, together with Strang-Fix type conditions, Butzer and his school at RWTH
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Aachen [11, 33, 35] introduced the generalized sampling series for a function
f : R → R, defined by

(Gχ
wf)(x) :=

∑
k∈Z

f

(
k

w

)
χ(wx− k), x ∈ R, w > 0,

where the kernel χ : R → R satisfies certain assumptions to be specified below.
In particular, they imply that the series above is absolutely convergent for a
large class of functions f .

The family of operatorsGχ
w provides an approximate version of theWhittaker-

Kotel’nikov-Shannon sampling theorem and is very useful tools in order to study
approximation in continuous function spaces [11, 23, 24, 33].

While Gχ
w is an approximation process for continuous functions, a process to

study approximation in the space of the locally Lebesgue integrable functions
on R, that is L1,loc(R), is the Kantorovich form of the generalized sampling
series, which was first constructed by Bardaro et al. [4] (see e.g. [32] even for
more general operators of this type) by

(1.1) (Kχ
wf)(x) :=

∑
k∈Z

w

∫ (k+1)/w

k/w

f(u) duχ(wx− k), x ∈ R, w > 0.

One of the most natural problems in Approximation Theory is to deter-
mine the simultaneous approximation of a corresponding approximation process.
More clearly, it is a method in order to determine whether the m-th (m ∈ N)
order derivatives of the corresponding family of operators approximate m-th
order derivatives of the target function. One way to consider the mentioned
problem is to construct higher order Kantorovich modifications of the handled
operators by using usual differential and anti-differential operators of order m.
Such a construction for the operators Gχ

w has been recently introduced in [1]
and simultaneous approximation behavior of the operators has been examined
from a qualitative and a quantitative point of view.

However, the results presented in the paper [1] are not on the saturation
order and the saturation class of the derivatives of the operators Gχ

w. A common
method for this purpose is to establish a strong converse inequality for the
operators. Such a result for the Bernstein operators in terms of a strong converse
inequality of type A (classification of Ditzian and Ivanov [21]) was independently
proved by Knoop and Zhou [26] and Totik [37].

In the present paper, we consider the problem of characterizing the rate of
the simultaneous approximation by the generalized sampling operator Gχ

w and
its Kantorovich modification in Lp(R). We estimate this rate of approximation
as we prove direct and strong converse inequalities in terms of the classical
modulus of smoothness for functions in Lp(R), 1 ≤ p ≤ ∞, which is the standard
Lebesgue spaces of real-valued functions on R, equipped with the standard Lp-
norm.

Previously, direct inequalities for the simultaneous approximation by multi-
variate quasi-projection operators were established in [25]. There the emphasis
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is on such operators generated by compactly supported kernels—our results are
more general in this regard. To the best of our knowledge, strong converse in-
equalities have not been established yet for the simultaneous approximation by
any family of sampling type operators.

The paper is organized as follows. In Section 2, we recall some usual nota-
tions and present basic assumptions which will be necessary to prove our main
results. Section 3 is devoted to the main results of the paper: a direct estimate
of the rate of the simultaneous approximation by Gχ

w and Kχ
w, a strong converse

inequality, and a characterization of the rate of the simultaneous approximation
by Gχ

w and Kχ
w. In Section 4, after establishing that Gχ

w are well-defined and
preserve smoothness, we present some auxiliary results. These results consist of
the uniform boundedness of the operators Gχ

w in a semi-norm, a Jackson-type
estimate for the simultaneous approximation, a Voronovskaja-type inequality,
and a Bernstein-type inequality. Section 5 is devoted to proofs of the main
results based on the estimates presented in the previous section. In the last sec-
tion, we give some examples of the kernel functions satisfying the main results
of the paper.

2 Preliminaries and basic assumptions

We denote the set of the non-negative integers by N0, and the set of the positive
integers by N+.

For any function χ : R → R and j ∈ N0, the function mj is called the discrete
algebraic moment of the function χ of order j and is defined by

mj(χ, u) :=
∑
k∈Z

χ(u− k) (k − u)j , u ∈ R,

provided the series is convergent for each u ∈ R, and the number Mβ , β ≥ 0,
determined by

Mβ(χ) := sup
u∈R

∑
k∈Z

|χ(u− k)| |k − u|β

is called the discrete absolute moment of the function χ of order β.
A function χ : R → R is called a kernel if it satisfies the following assump-

tions:

(χ1) χ is continuous on R,

(χ2) m0(χ, u) = 1 for every u ∈ R,

(χ3) Mβ(χ) is finite for some β ≥ 0.

Let Lp(R), where 1 ≤ p ≤ ∞, be the standard Lebesgue spaces of real-valued
functions on R, equipped with the standard Lp-norm on R, which we will denote
by ∥ ◦ ∥p. We will also use the space C(R) of the continuous (not necessarily
bounded) functions on R, and the space CB(R) of the continuous bounded
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functions on R. Further, let Cs(R) and CBs(R), s ∈ N0, be the spaces of the
functions that are s-times differentiable on R whose derivatives are continuous
and, respectively, continuous and bounded on R. Let ACs

loc(R) be the space of
the functions f : R → R with locally absolutely continuous derivatives up to
order s, that is, f (j), j = 0, . . . , s, are absolutely continuous on any closed finite
interval on the real line. We will also need the space W s

p (R), which consists
of the functions f ∈ Lp(R) with locally absolutely continuous derivatives up to
order s − 1 such that f (s) ∈ Lp(R). Throughout the paper c denotes positive
constants, not necessarily the same at each occurrence, which are independent
of the function and the operator order.

The modulus of smoothness of order s ∈ N+ of f ∈ Lp(R) is defined for
t > 0 by

ωs(f, t)p := sup
0≤h≤t

∥∆s
hf∥p,

where ∆hf(x) := f(x+h)−f(x), x, h ∈ R, and ∆s
h := ∆h(∆

s−1
h ). The expanded

form of ∆s
hf is

∆s
hf(x) =

s∑
ℓ=0

(−1)ℓ
(
s

ℓ

)
f(x+ (s− ℓ)h), x ∈ R.

The Peetre K-functional is defined by

Ks(f, t)p := inf
g∈W s

p (R)

{
∥f − g∥p + t∥g(s)∥p

}
,

where f ∈ Lp(R) and t > 0. Clearly, we have

Ks(f, t)p = inf
{
∥f−g(r)∥p+t∥g(r+s)∥p : g ∈ ACr+s−1

loc (R), g(r), g(r+s) ∈ Lp(R)
}
.

It is known (see e.g. [19, Chapter 6, Theorem 2.4]) that there exists a positive
constant c such that for all f ∈ Lp(R) and all t > 0 there holds

(2.1) c−1ωs(f, t)p ≤ Ks(f, t
s)p ≤ c ωs(f, t)p.

3 Main results

Let χ be a kernel according to (χ1)-(χ3) with β = s ∈ N+. In addition, let
mj(χ, u) = 0 for j = 1, . . . , s − 1 and u ∈ R. Then for all f ∈ CB(R) and all
w > 0 there holds (see e.g. [33, Theorem 2(b)] and [2, Theorem 3.1])

∥Gχ
wf − f∥∞ ≤ c ωs(f, 1/w)∞.

One of our main results is the following direct estimate of the rate of the
simultaneous approximation by Gχ

w.

Theorem 3.1. Let ℓ, r, s ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be such
that:
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(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r + s − 1, j ̸= r, and mr(χ

(r), u) = r! for
u ∈ R,

(iii) χ(r)(u) = O(|u|−α), as u → ±∞, where α > 2r + s.

Then for all f ∈ C(R) such that f ∈ ACℓ−1
loc (R) and f (ℓ) ∈ Lp(R), and all

w > 0 there hold Gχ
wf ∈ Cℓ(R), (Gχ

wf)
(ℓ) ∈ Lp(R) and

(3.1) ∥(Gχ
wf)

(ℓ) − f (ℓ)∥p ≤ c ωs(f
(ℓ), 1/w)p.

An analogue of this direct estimate in terms of the averaged modulus of
smoothness [34], extended for functions on R in [3], was given in [5, Theorem
5.2]. There the kernel was assumed to be time-limited. An estimate similar
to the latter still for time-limited kernels but with the classical modulus of
smoothness in the uniform norm can be derived from [12, Theorem 5(b)].

Under certain additional assumptions, we will show that the direct estimate
in Theorem 3.1 is best possible. We will establish the following strong converse
inequality, which is our other main result.

Theorem 3.2. Let ℓ, r, s ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let χ ∈ Cr+s+1(R) be
such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r + s − 1, j ̸= r, mr(χ

(r), u) = r! and
mr+s(χ

(r), u) = const ̸= 0 for u ∈ R,

(iii) χ(r+s+1)(u) = O(|u|−α), as u → ±∞, where α > 2r + 2s+ 2.

Then there exists ρ > 0 such that for all f ∈ C(R) with f ∈ ACℓ−1
loc (R)

and f (ℓ) ∈ Lp(R), and all w, v > 0 with v ≥ ρw there hold Gχ
wf ∈ Cℓ(R),

(Gχ
wf)

(ℓ) ∈ Lp(R) and

(3.2) ωs(f
(ℓ), 1/w)p ≤ c

( v

w

)s (
∥(Gχ

wf)
(ℓ) − f (ℓ)∥p + ∥(Gχ

v f)
(ℓ) − f (ℓ)∥p

)
.

In particular,

ωs(f
(ℓ), 1/w)p ≤ c

(
∥(Gχ

wf)
(ℓ) − f (ℓ)∥p + ∥(Gχ

ρwf)
(ℓ) − f (ℓ)∥p

)
.

A sufficient condition for (3.2) to hold for ℓ = 0 was established in [2, The-
orem 3.3].

As a corollary of the above theorems, we get a characterization of the rate
of the simultaneous approximation by Gχ

w.

Corollary 3.3. Let ℓ, r, s ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let χ ∈ Cr+s+1(R) be
such that:
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(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r + s − 1, j ̸= r, mr(χ

(r), u) = r! and
mr+s(χ

(r), u) = const ̸= 0 for u ∈ R,

(iii) χ(r+s+1)(u) = O(|u|−α), as u → ±∞, where α > 2r + 2s+ 2.

Further, let f ∈ C(R) be such that f ∈ ACℓ−1
loc (R) and f (ℓ) ∈ Lp(R), and let

0 < λ ≤ s. Then

∥(Gχ
wf)

(ℓ) − f (ℓ)∥p = O(w−λ) ⇐⇒ ωs(f
(ℓ), t)p = O(tλ).

Remark 3.4. The results stated in Theorems 3.1 and 3.2, and Corollary 3.3
for p = ∞ remain valid if we replace L∞(R) with CB(R), equipped with the
uniform norm on R.
Remark 3.5. It is known (see [20, Corollary 6.3.2] or [29, Property 11]) that
if f ∈ Lp(R), then

ωs(f
(ℓ), t)p = O(tλ) ⇐⇒ ωs+ℓ(f, t)p = O(tλ+ℓ),

where 0 < λ ≤ s.

The conditions on the discrete algebraic moments of the kernel in the as-
sertions above can easily be verified by means of the Fourier transform of the
kernel—see Lemmas 5.1 and 5.2 below.

Theorems 3.1 and 3.2 directly imply a similar characterization of the simul-
taneous approximation by the Kantorovich modification of Gχ

w given in (1.1).

Theorem 3.6. Let ℓ, r ∈ N0, ℓ ≤ r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be
such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r − 1, for u ∈ R, if r ≥ 1,

(iii) mr(χ
(r), u) = r! for u ∈ R,

(iv) 1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u) = 0, j = r + 2 . . . , r + s, for

u ∈ R, if s ≥ 2,

(v) χ(r)(u) = O(|u|−α), as u → ±∞, where α > 2r + s+ 2.

Then for all f ∈ L1,loc(R) such that f ∈ ACℓ−1
loc (R) and f (ℓ) ∈ Lp(R), and

all w > 0 there hold Kχ
wf ∈ Cℓ(R), (Kχ

wf)
(ℓ) ∈ Lp(R) and

∥(Kχ
wf)

(ℓ) − f (ℓ)∥p ≤ c ωs(f
(ℓ), 1/w)p.

6



Above and in the following assertions, the assumption f ∈ ACℓ−1
loc (R) is to

be ignored in the case ℓ = 0.
Pointwise and uniform convergence results about the derivatives of the values

of the Kantorovich sampling operator have recently been established in [14].

Theorem 3.7. Let ℓ, r ∈ N0, ℓ ≤ r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr+s+1(R)
be such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r − 1, for u ∈ R, if r ≥ 1,

(iii) mr(χ
(r), u) = r! for u ∈ R,

(iv) 1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u) = 0, j = r + 2 . . . , r + s, for

u ∈ R, if s ≥ 2,

(v) 1 +

r+s∑
n=r+1

(s+ 1) · · · (s− n+ 2)

n!
mn(χ

(r), u) = const ̸= 0 for u ∈ R,

(vi) χ(r+s+1)(u) = O(|u|−α), as u → ±∞, where α > 2r + 2s+ 4.

Then there exists ρ > 0 such that for all f ∈ L1,loc(R) with f ∈ ACℓ−1
loc (R)

and f (ℓ) ∈ Lp(R), and all w, v > 0 with v ≥ ρw there hold Kχ
wf ∈ Cℓ(R),

(Kχ
wf)

(ℓ) ∈ Lp(R) and

ωs(f
(ℓ), 1/w)p ≤ c

( v

w

)s (
∥(Kχ

wf)
(ℓ) − f (ℓ)∥p + ∥(Kχ

v f)
(ℓ) − f (ℓ)∥p

)
.

In particular,

ωs(f
(ℓ), 1/w)p ≤ c

(
∥(Kχ

wf)
(ℓ) − f (ℓ)∥p + ∥(Kχ

ρwf)
(ℓ) − f (ℓ)∥p

)
.

Similarly to Gχ
w, as a corollary of Theorems 3.6 and 3.7, we get a character-

ization of the rate of the simultaneous approximation by Kχ
w.

Corollary 3.8. Let ℓ, r ∈ N0, ℓ ≤ r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈
Cr+s+1(R) be such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0, j = 0, . . . , r − 1, for u ∈ R, if r ≥ 1,

(iii) mr(χ
(r), u) = r! for u ∈ R,

(iv) 1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u) = 0, j = r + 2 . . . , r + s, for

u ∈ R, if s ≥ 2,
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(v) 1 +

r+s∑
n=r+1

(s+ 1) · · · (s− n+ 2)

n!
mn(χ

(r), u) = const ̸= 0 for u ∈ R,

(vi) χ(r+s+1)(u) = O(|u|−α), as u → ±∞, where α > 2r + 2s+ 4.

Further, let f ∈ L1,loc(R) be such that f ∈ ACℓ−1
loc (R) and f (ℓ) ∈ Lp(R), and

let 0 < λ ≤ s. Then

∥(Kχ
wf)

(ℓ) − f (ℓ)∥p = O(w−λ) ⇐⇒ ωs(f
(ℓ), t)p = O(tλ).

In particular, for r = ℓ = 0 the last corollary yields that, under certain
assumptions on the kernel, the Kantorovich form of the sampling operator is
saturated. In addition, it gives a description of its saturation class.

Corollary 3.9. Let s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cs+1(R) be such that:

(i) M0(χ) < ∞,

(ii) m0(χ, u) = 1 for u ∈ R,

(iii) 1 +

j−1∑
n=1

j · · · (j − n+ 1)

n!
mn(χ, u) = 0, j = 2 . . . , s, for u ∈ R, if s ≥ 2,

(iv) 1 +

s∑
n=1

(s+ 1) · · · (s− n+ 2)

n!
mn(χ, u) = const ̸= 0 for u ∈ R,

(v) χ(s+1)(u) = O(|u|−α), as u → ±∞, where α > 2s+ 4.

Further, let f ∈ Lp(R) and 0 < λ ≤ s. Then

∥Kχ
wf − f∥p = O(w−λ) ⇐⇒ ωs(f, t)p = O(tλ).

Under the assumptions on the kernel in the last corollary, Theorem 3.7 with
r = ℓ = 0 also shows that the trivial class of Kχ

w consists of the functions that
are equal to 0 a.e. if p < ∞, and of the functions that are constant a.e. if p = ∞.
Certainly, if we consider approximation in CB(R) rather than in L∞(R), the
trivial class of Kχ

w consists of the functions that are constant everywhere in R.
Similarly to Gχ

w, the conditions on the discrete algebraic moments of the
kernel in the assertions above can easily be verified by means of the Fourier
transform of the kernel—see Lemmas 5.3 and 5.4 below.

A recent, very thorough study of the approximation properties of the Kan-
torovich sampling operator, which includes direct estimates in terms of the
classical modulus of smoothness, O-inverse results, and identifying its satura-
tion and trivial classes in Lp(R), 1 ≤ p < ∞, and in CB(R) can be found in
[18]. The saturation and trivial classes of Kχ

w were established in [18] for band-
limited kernels whose continuous moments satisfy certain assumptions (see also
[17]). The saturation order of Kχ

w in the space of the uniformly continuous and
bounded functions on R was established in [16] for a very broad class of kernels
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(see also [7, 15]). There O-inverse results for orders below the saturation one
were proved as well. Certain inverse results concerning the saturation order
and class were established in [13]. Let us finally mention that direct and strong
converse estimates in Lp(R), 1 ≤ p < ∞, and in CB(R) for a very general class
of multivariate quasi-projection operators were established in [27, 28, 30, 31].

4 Basic estimates

We begin with establishing the smoothness of Gχ
wf under certain assumptions

on the kernel χ. To this end, we will make use of the following observation.

Lemma 4.1. Let r ∈ N+. Let χ ∈ Cr(R) be such that M0(χ) < ∞ and

(4.1) χ(r)(u) = O(|u|−α), u → ±∞,

with some real α > r. Then

(4.2) χ(j)(u) = O(|u|−α+r−j), u → ±∞, j = 0, . . . , r − 1.

Proof. It is sufficient to verify the assertion of the lemma for u → +∞. The
case of u → −∞ is reduced to it.

First, we will establish that limu→+∞ χ(r−1)(u) = 0. We have

χ(r−1)(u) = χ(r−1)(0) +

∫ u

0

χ(r)(v) dv, u ∈ R.

By (4.1), we have that χ(r) ∈ L1(R); hence χ(r−1)(u) has a limit at +∞. Let
us denote it by ℓ. If ℓ ̸= 0, then we see consecutively for j = r − 2, . . . , 0 that
limu→+∞ χ(j)(u) = ±∞, depending on the sign of ℓ. Indeed, if ℓ > 0, then
χ(r−1)(u) ≥ ℓ/2 for u ≥ u0 with some u0, and we get for u ≥ u0

χ(r−2)(u) = χ(r−2)(u0) +

∫ u

u0

χ(r−1)(v) dv ≥ χ(r−2)(u0) +
ℓ

2
(u− u0);

hence limu→+∞ χ(r−2)(u) = +∞.
Similarly, we derive from the last relation that limu→+∞ χ(r−3)(u) = +∞,

and so on.
On the other hand, M0(χ) < ∞ and hence the sequence {χ(k)}+∞

k=0 tends to
0.

Thus ℓ = 0 and then

χ(r−1)(u) = −
∫ +∞

u

χ(r)(v) dv, u ∈ R.

Applying (4.1), we verify (4.2) for j = r − 1 and u → +∞.
Further, we replace r with r − 1 in what we just established to derive (4.2)

for j = r− 2 and u → +∞. Similarly, we go down the order of the derivative of
χ to complete the proof of the lemma for u → +∞.
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Lemma 4.2. Let r ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be such that
M0(χ) < ∞ and χ(r)(u) = O(|u|−α), as u → ±∞, where α > 2r + 1 − 1/p.
Then for all f ∈ C(R) such that f ∈ ACr−1

loc (R) and f (r) ∈ Lp(R), and all w > 0
Gχ

wf is well defined, Gχ
wf ∈ Cr(R) and

(4.3) (Gχ
wf)

(j)(x) = wj
∑
k∈Z

f

(
k

w

)
χ(j)(wx− k), x ∈ R, j = 0, . . . , r.

Proof. We use the Weierstrass M-test to show that each of the series on the
right-hand side of (4.3) is uniformly convergent on the compact intervals. Hence
Gχ

wf ∈ Cr(R) and (4.3) is valid. The application of the Weierstrass M-test is
justified in view of Lemma 4.1 and f(x) = O(|x|r−1/p) as x → ±∞. To see the
latter, we expand f(x) by Taylor’s formula at 0 and apply Hölder’s inequality
to get for |x| ≥ 1 the estimate

|f(x)| ≤
r−1∑
j=0

|f (j)(0)|
j!

|x|j + 1

(r − 1)!

∣∣∣∣∫ x

0

(x− u)r−1f (r)(u) du

∣∣∣∣
≤ |x|r−1

r−1∑
j=0

|f (j)(0)|+ |x|r−1

∣∣∣∣∫ x

0

|f (r)(u)| du
∣∣∣∣

≤ |x|r−1
r−1∑
j=0

|f (j)(0)|+ |x|r−1+1/q

∣∣∣∣∫ x

0

|f (r)(u)|p du
∣∣∣∣1/p ,

where q is the conjugate exponent to p and the integral on the right is to be
replaced with ess supu is b/w 0 and x|f (r)(u)| in the case p = ∞.

Consequently,

|f(x)| ≤ |x|r−1
r−1∑
j=0

|f (j)(0)|+ |x|r−1/p∥f (r)∥p, |x| ≥ 1;

hence f(x) = O(xr−1/p) as x → ±∞.

The first estimate we will establish shows that the operators {Gχ
w}w are uni-

formly bounded in the semi-norm associated with simultaneous approximation.

Proposition 4.3. Let r ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0 for j = 0, . . . , r − 1 for u ∈ R,

(iii) χ(r)(u) = O(|u|−α), as u → ±∞, where α > 2r + 1− 1/p.

Then for all f ∈ C(R) such that f ∈ ACr−1
loc (R) and f (r) ∈ Lp(R), and all

w > 0 there hold Gχ
wf ∈ Cr(R) and

(4.4) ∥(Gχ
wf)

(r)∥p ≤ c ∥f (r)∥p.

10



Proof. We have Gχ
wf ∈ Cr(R) by virtue of Lemma 4.2. By the same lemma

(4.5) (Gχ
wf)

(r)(x) = wr
∑
k∈Z

f

(
k

w

)
χ(r)(wx− k), x ∈ R.

We expand f(k/w) by Taylor’s formula at the point x ∈ R to get

f

(
k

w

)
=

r−1∑
j=0

f (j)(x)

j!

(
k

w
− x

)j

+
1

(r − 1)!

∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) du.

Then, taking into account that mj(χ
(r), u) = 0 for j = 0, . . . , r − 1 and u ∈ R,

we get from (4.5) the relation

(4.6) (Gχ
wf)

(r)(x)

=
wr

(r − 1)!

∑
k∈Z

∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r)(wx− k), x ∈ R.

We will estimate the Lp-norm of the right-hand side.
For 1 < p ≤ ∞ we make use of the Hardy-Littlewood maximal function

defined for F ∈ Lp(R) by

MF (x) := sup
t∈R

1

t− x

∫ t

x

|F (u)| du, x ∈ R.

As is known,

(4.7) ∥MF ∥p ≤ c ∥F∥p.

By virtue of (iii), we have for x ∈ R and k ∈ Z∣∣∣∣∣
∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r)(wx− k)

∣∣∣∣∣
≤
∣∣∣∣ kw − x

∣∣∣∣r |χ(r)(wx− k)|Mf(r)(x)

≤ c

wr
(1 + |k − wx|)r−αMf(r)(x).

Consequently,

|(Gχ
wf)

(r)(x)| ≤ c
∑
k∈Z

(1 + |k − wx|)r−αMf(r)(x), x ∈ R.

Since r − α < −1, the series
∑

k∈Z(1 + |k −wx|)r−α is convergent on R and its
sum is bounded on R. Therefore,

|(Gχ
wf)

(r)(x)| ≤ cMf(r)(x), x ∈ R.

11



It remains to apply (4.7) with F := f (r) to get (4.4) for 1 < p ≤ ∞.
Let us now consider the case p = 1. We have for k ∈ Z∫ k/w

−∞

∣∣∣∣∣
∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r)(wx− k)

∣∣∣∣∣ dx
≤ w1−r

∫ k/w

−∞
(k − wu)r−1|f (r)(u)|

(∫ u

−∞
|χ(r)(wx− k)| dx

)
du

≤ c

wr

∫ k/w

−∞
(1 + k − wu)r−α|f (r)(u)| du,

where, at the last estimate, we have taken into account (iii).
Similarly, we get

∫ +∞

k/w

∣∣∣∣∣
∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r)(wx− k)

∣∣∣∣∣ dx
≤ c

wr

∫ +∞

k/w

(1 + wu− k)r−α|f (r)(u)| du.

Consequently,

∫
R

∣∣∣∣∣
∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r)(wx− k)

∣∣∣∣∣ dx
≤ c

wr

∫
R
(1 + |k − wu|)r−α|f (r)(u)| du.

This inequality implies

∥(Gχ
wf)

(r)∥1 ≤ c

∫
R

∑
k∈Z

(1 + |k − wu|)r−α|f (r)(u)| du

≤ c ∥f (r)∥1,

where we have used again that the series
∑

k∈Z(1 + |k − wx|)r−α is convergent
on R and its sum is bounded on R. This completes the proof of the proposition
for p = 1.

Next, we will establish a Jackson-type estimate for the simultaneous approx-
imation by Gχ

w.

Proposition 4.4. Let r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0 for j = 0, . . . , r+ s− 1, j ̸= r, mr(χ

(r), u) = r! for u ∈ R,

(iii) χ(r)(u) = O(|u|−α), as u → ±∞, where α > max{r+ s+1, 2r+1− 1/p}.

12



Then for all f ∈ C(R) such that f ∈ ACr+s−1
loc (R) and f (r), f (r+s) ∈ Lp(R),

and all w > 0 there hold Gχ
wf ∈ Cr(R) and

(4.8) ∥(Gχ
wf)

(r) − f (r)∥p ≤ c

ws
∥f (r+s)∥p.

Proof. Just as in proof of the previous proposition we see that Gχ
wf ∈ Cr(R)

and

(4.9) (Gχ
wf)

(r) = wr
∑
k∈Z

f

(
k

w

)
χ(r)(wx− k), x ∈ R.

We expand f(k/w) by Taylor’s formula at the point x ∈ R to get

f

(
k

w

)
=

r+s−1∑
j=0

f (j)(x)

j!

(
k

w
− x

)j

+
1

(r + s− 1)!

∫ k/w

x

(
k

w
− u

)r+s−1

f (r+s)(u) du.

Then, taking into account that mj(χ
(r), u) = 0 for j = 0, . . . , r + s − 1, j ̸= r,

and mr(χ
(r), u) = r! we get from (4.9) the relation

(Gχ
wf)

(r)(x)− f (r)(x)

=
wr

(r + s− 1)!

∑
k∈Z

∫ k/w

x

(
k

w
− u

)r+s−1

f (r+s)(u) duχ(r)(wx− k), x ∈ R.

Hence we complete the proof of (4.8) as for the previous proposition with (k/w−
u)r+s−1f (r+s)(u) in place of (k/w − u)r−1f (r)(u).

Just similarly the following Voronovskaja-type inequality is verified.

Proposition 4.5. Let r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr(R) be such that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r), u) = 0 for j = 0, . . . , r + s − 1, j ̸= r, mr(χ

(r), u) = r!,
mr+s(χ

(r), u) = const ̸= 0 for u ∈ R,

(iii) χ(r)(u) = O(|u|−α), as u → ±∞, where α > max{r+ s+2, 2r+1− 1/p}.

Then for all f ∈ C(R) such that f ∈ ACr+s
loc (R) and f (r), f (r+s+1) ∈ Lp(R),

and all w > 0 there hold Gχ
wf ∈ Cr(R) and

(4.10)

∥∥∥∥(Gχ
wf)

(r) − f (r) − mr+s(χ
(r))

(r + s)!ws
f (r+s)

∥∥∥∥
p

≤ c

ws+1
∥f (r+s+1)∥p.
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Let us mention that (4.10) directly implies a similar result for its Kantorovich
form Kχ

w, including the case of 0-order derivative, that is a Voronovskaja-type
inequality for Kχ

w itself (see the proof of Theorems 3.6 and 3.7 below). Pre-
viously, Voronovskaja-type relations for Kχ

w were established in [6, 16, 18]. A
point-wise version of (4.10) with s = 1 was established in [1, Corollary 3].

At the end, we will establish a Bernstein-type inequality.

Proposition 4.6. Let r, s ∈ N+ and 1 ≤ p ≤ ∞. Let χ ∈ Cr+s(R) be such
that:

(i) M0(χ) < ∞,

(ii) mj(χ
(r+s), u) = 0 for j = 0, . . . , r − 1 for u ∈ R,

(iii) χ(r+s)(u) = O(|u|−α), as u → ±∞, where α > 2r + s+ 1− 1/p.

Then for all f ∈ C(R) such that f ∈ ACr−1
loc (R) and f (r) ∈ Lp(R), and all

w > 0 there hold Gχ
wf ∈ Cr+s(R) and

∥(Gχ
wf)

(r+s)∥p ≤ cws ∥f (r)∥p.

Proof. Just as in the proof of Lemma 4.2, we show that Gχ
wf ∈ Cr+s(R) and

(4.11) (Gχ
wf)

(r+s)(x) = wr+s
∑
k∈Z

f

(
k

w

)
χ(r+s)(wx− k), x ∈ R.

Next, we expand f(k/w) by Taylor’s formula at the point x to get

f

(
k

w

)
=

r−1∑
j=0

f (j)(x)

j!

(
k

w
− x

)j

+
1

(r − 1)!

∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) du.

Then, taking into account that mj(χ
(r+s), u) = 0 for j = 0, . . . , r−1 and u ∈ R,

we get from (4.11) the relation

(Gχ
wf)

(r+s)(x)

=
wr+s

(r − 1)!

∑
k∈Z

∫ k/w

x

(
k

w
− u

)r−1

f (r)(u) duχ(r+s)(wx− k), x ∈ R.

We complete the proof just as for Proposition 4.3 with χ(r+s) in place of χ(r).

5 Proof of the main results

First, we will establish two lemmas, which enable us to easily reduce the general
case of derivatives of order ℓ ∈ {1, . . . , r} to ℓ = r. In addition, these lemmas
are useful for verifying conditions (ii) in Theorems 3.1 and 3.2.
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Let the Fourier transform f̂ of f ∈ L1(R) be defined by

f̂(v) :=

∫
R
f(u) e−ivudu, v ∈ R,

and the convolution of f, g ∈ L1(R) by

f ∗ g(u) :=
∫
R
f(u− v)g(v) dv, u ∈ R.

Lemma 5.1. Let r, s ∈ N+. Let χ ∈ Cr(R) ∩ L1(R) be such that the function
ur+s−1χ(r)(u) belongs to L1(R), then the condition:

mj(χ
(r), u) =

{
0, u ∈ R, j = 0, . . . , r + s− 1, j ̸= r,

r!, u ∈ R, j = r,

is equivalent to

(5.1) χ̂(j)(2πk) =


1, k = j = 0,

0, k = 0, j = 1, . . . , s− 1,

0, k ∈ Z, k ̸= 0, j = 0, . . . , r + s− 1.

Proof. We set χr,j(u) := ujχ(r)(u), j = 0, . . . , r+ s− 1. Then χr,j ∈ L1(R). By
means of the Poisson summation formula (see e.g. [10, pp. 201–202]), we get
that the Fourier series of the 1-periodic function mj(χ

(r), u) is

(−1)j
∑
k∈Z

χ̂r,j(2πk)e
i2πku.

Further, we calculate

χ̂r,j(v) = ir+j (vrχ̂(v))
(j)

= ir+j

min{j,r}∑
ℓ=0

(
j

ℓ

)
r(r − 1) · · · (r − ℓ+ 1)vr−ℓχ̂(j−ℓ)(v), v ∈ R.

(5.2)

Clearly, if χ̂(j) satisfies (5.1), then we have for the Fourier coefficients of
mj(χ

(r), u):

χ̂r,j(0) =

{
(−1)rr!, j = r,

0, j = 0, . . . , r + s− 1, j ̸= r,

χ̂r,j(2πk) = 0, k ̸= 0, j = 0, . . . , r + s− 1.

(5.3)

Consequently, mj(χ
(r), u) ≡ 0, j = 0, . . . , r+ s− 1, j ̸= r, and mr(χ

(r), u) ≡ r!.
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Conversely, ifmj(χ
(r), u) ≡ 0, j = 0, . . . , r+s−1, j ̸= r, andmr(χ

(r), u) ≡ r!,
then (5.3) holds and, in view of (5.2), we have

(−1)rr!χ̂(0) = (−1)rr!,

ir+j

(
j

r

)
r! χ̂(j−r)(0) = 0, j = r + 1, . . . , r + s− 1,

ir+j

min{j,r}∑
ℓ=0

(
j

ℓ

)
r(r − 1) · · · (r − ℓ+ 1)(2πk)r−ℓχ̂(j−ℓ)(2πk) = 0,

k ̸= 0, j = 0, . . . , r + s− 1.

The first two relations above immediately yield (5.1) for k = 0, and the third
relation implies

j∑
ℓ=max{0,j−r}

(
j

ℓ

)
r(r − 1) · · · (r − j + ℓ+ 1)(2πk)r−j+ℓχ̂(ℓ)(2πk) = 0,

k ̸= 0, j = 0, . . . , r + s− 1.

Considering the equations in this system consecutively for j = 0, . . . , r + s− 1,
we arrive at (5.1) for k ̸= 0.

Quite similarly, the following assertion can be verified.

Lemma 5.2. Let r, s ∈ N+. Let χ ∈ Cr(R) ∩ L1(R) be such that ur+sχ(r)(u)
is in L1(R). Then the condition:

mj(χ
(r), u) =


0, u ∈ R, j = 0, . . . , r + s− 1, j ̸= r,

r!, u ∈ R, j = r,

const ̸= 0, u ∈ R, j = r + s,

is equivalent to

χ̂(j)(2πk) =


1, k = j = 0,

0, k = 0, j = 1, . . . , s− 1,

const ̸= 0, k = 0, j = s,

0, k ∈ Z, k ̸= 0, j = 0, . . . , r + s.

We recall that, if χ ∈ C(R) and M0(χ) < ∞, then χ ∈ L1(R) (see [33,
Lemma 1]).

Clearly, assumption (iii) in Theorem 3.1 implies that ur+s−1χ(r)(u) is in
L1(R), and, in view of Lemma 4.1, assumption (iii) in Theorem 3.2 implies that
ur+sχ(r)(u) is in L1(R).

Proof of Theorem 3.1. The argument, which verifies the direct inequality (3.1)
for ℓ = r is quite standard—it is derived from the boundedness of the operator
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given in Proposition 4.3, the Jackson-type inequality in Proposition 4.4 and the
equivalence of the moduli of smoothness to the K-functionals given above in
(2.1).

By virtue of Propositions 4.3 and 4.4, we have for any g ∈ ACr+s−1
loc (R) such

that g(r), g(r+s) ∈ Lp(R) and any w > 0 that

∥(Gχ
wf)

(r) − f (r)∥p ≤ ∥(Gχ
w(f − g))(r)∥p + ∥(Gχ

wg)
(r) − g(r)∥p + ∥g(r) − f (r)∥p

≤ c

(
∥f (r) − g(r)∥p +

1

ws
∥g(r+s)∥p

)
.

Taking the infimum on g, we arrive at

(5.4) ∥(Gχ
wf)

(r) − f (r)∥p ≤ cKs(f
(r), w−s)p, w > 0.

Now, the assertion of the theorem for ℓ = r follows from the right inequality in
(2.1).

To complete the proof of the theorem, we observe that Lemma 5.1 shows
that since χ satisfies (ii), then it satisfies this condition for any positive integer
ℓ < r in place of r. Also, Lemma 4.1 implies that χ satisfies condition (iii) with
ℓ in place of r, too. Consequently, (5.4) holds with ℓ in place of r.

The proof of Theorem 3.2 uses the method developed by Ditzian and Ivanov
[21] for establishing strong converse inequalities of this type. We will state [21,
Theorem 3.2] for the reader’s convenience.

Let X be a normed linear space and D be a linear operator, defined on a
subspace Y of X, with values in X. Usually, D is a differential operator and Y
is dense in X. We define the K-functional

K(f, t) := inf
g∈Y

{∥f − g∥X + t∥Dg∥X}, f ∈ X, t > 0.

Further, let Z be a subspace of Y , whose elements f have finite semi-norm Φ(f).
Below M , A and B are absolute positive constants, and C(ρ) denotes a positive
constant, whose value may depend on ρ.

Now, let us state [21, Theorem 3.2].

Theorem (Ditzian and Ivanov [21]) Suppose {Qn}n>0 is a family of linear
operators on the normed linear space X with values in X, X ⊃ Y ⊃ Z and the
following inequalities are satisfied :

(5.5) ∥Qnf∥X ≤ M ∥f∥X ∀ f ∈ X, ∀n > 0,

(5.6) ∥f −Qnf − λ(n)Df∥X ≤ λ1(n)Φ(f) ∀ f ∈ Z, ∀n > 0,

(5.7) Φ(Qm
n f) ≤ A

λ(n)

λ1(n)
∥DQℓ

nf∥X ∀ f ∈ X, ∀n > 0,
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and

(5.8) ∥DQℓ
nf∥X ≤ B

1

λ(n)
∥f∥X ∀ f ∈ X, ∀n > 0,

for some fixed integers m and ℓ, m ≥ ℓ ≥ 1. Suppose further that λ(n) and
λ1(n) decrease monotonically to zero as n → +∞ and there exists r such that

(5.9) A
λ(n)

λ(k)

λ1(k)

λ1(n)
≤ ρ < 1 for k ≥ rn

with ρ independent of k and n. Then

K(f, λ(n)) ≤ C(ρ)
λ(n)

λ(k)

(
∥f −Qn∥X + ∥f −Qk∥X

)
for every k, satisfying (5.9).

Proof of Theorem 3.2. First, we will establish the assertion of the theorem for
ℓ = r. We apply the theorem due to Ditzian and Ivanov, stated above to the
operators Gχ

w as n = w, k = v, the spaces

X = {f ∈ ACr−1
loc (R) : f (r) ∈ Lp(R)}

equipped with the semi-norm ∥f∥X := ∥f (r)∥p,

Y = {f ∈ ACr+s−1
loc (R) : f (r), f (r+s) ∈ Lp(R)}

and

Z = {f ∈ ACr+s
loc (R) : f (r), f (r+s+1) ∈ Lp(R)}.

Let us note that the Ditzian-Ivanov Theorem continues to hold whenX is a semi-
normed space. Also, let us recall that, by virtue of the imbedding inequality
(see e.g. [19, Chapter 2, Theorem 5.6])

∥g(r+s)∥p ≤ c
(
∥g(r)∥p + ∥g(r+s+1)∥p

)
where g ∈ ACr+s

loc (R) is such that g(r), g(r+s+1) ∈ Lp(R), we have Z ⊂ Y .
We proceed to the verification of the estimates in the assumptions in the

Ditzian-Ivanov Theorem.
First, we observe that Lemma 4.1 with r + s+ 1 in place of r implies

(5.10) χ(n)(u) = O(|u|−α+r+s+1−n), u → ±∞, n = r, r + s.

Therefore, χr,r+s−1 ∈ L1(R), where χr,j(u) := ujχ(r)(u). To recall, we have
χ ∈ L1(R) by virtue of M0(χ) < ∞. Then Lemma 5.1 implies that (5.1) holds
(we will need only the part for k ̸= 0).
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By (5.10) with n = r+ s, we have χr+s,j ∈ L1(R), j = 0, . . . , r+ s− 1. The
Poisson summation formula implies that the Fourier series of the 1-periodic
function mj(χ

(r+s), u) is

(−1)j
∑
k∈Z

χ̂r+s,j(2πk)e
i2πku.

Now, (5.2) with r + s in place of r, yields

χ̂r+s,j(2πk) = 0, k ∈ Z, j = 0, . . . , r + s− 1.

Consequently, mj(χ
(r+s), u) ≡ 0, j = 0, . . . , r + s− 1.

Just similarly, or by differentiating term-by-term the series, which defines
mj(χ

(r+s), u), we get mj(χ
(r+s+1), u) ≡ 0, j = 0, . . . , r + s− 1.

Thus the hypotheses, concerning the discrete algebraic moments of χ, in
Propositions 4.3, 4.5, 4.6, and 4.6 with s = 1 and r+s in place of r are satisfied.
In addition, (5.10) shows that the assumptions on the growth of the derivatives
of χ at ±∞ in these propositions are satisfied, too.

Consequently, Propositions 4.3, 4.5, 4.6, and 4.6 with s = 1 and r + s in
place of r are applicable.

Proposition 4.3 shows that (5.5) is satisfied.
By virtue of Proposition 4.5, we have that estimate (5.6) holds with λ(w) =

|mr+s(χ
(r))|/((r+s)!ws), Df = −[sgnmr+s(χ

(r))]f (s), λ1(w) = cw−s−1, where
c is the positive constant on the right-hand side of (4.10), and Φ(f) = ∥f (r+s+1)∥p.

Next, by Proposition 4.6 we have Gχ
wf ∈ Cr+s(R), (Gχ

wf)
(r+s) ∈ Lp(R) and

∥(Gχ
wf)

(r+s)∥p ≤ cws ∥f (r)∥p,

which is (5.8).
Finally, taking into account that Gχ

wf ∈ Cr+s(R) (hence in ACr+s−1
loc (R))

and (Gχ
wf)

(r+s) ∈ Lp(R), we apply Proposition 4.6 with Gχ
wf in place of f , s = 1

and r + s in place of r to get (Gχ
w)

2f ∈ Cr+s+1(R), ((Gχ
w)

2f)(r+s+1) ∈ Lp(R)
and

∥((Gχ
w)

2f)(r+s+1)∥p ≤ cw ∥(Gχ
wf)

(r+s)∥p,

which is (5.7) with m = 2 and ℓ = 1.
Now, the Ditzian-Ivanov Theorem yields (3.2) for ℓ = r.
Estimate (3.2) for ℓ < r is reduced to the case ℓ = r by means of Lemmas

5.2 and 4.1 just as in the proof of Theorem 3.1.

Corollary 3.3 follows directly from Theorems 3.1 and 3.2. We only need
to observe that assumption (iii) in Corollary 3.3 implies assumption (iii) in
Theorem 3.1, as we noted in (5.10) with n = r.

Proof of Theorems 3.6 and 3.7. We will reduce these theorems to Theorems 3.1
and 3.2.

To this end, let

F (x) :=

∫ x

0

f(u) du, x ∈ R.
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Then F ∈ ACℓ
loc(R) and F (ℓ+1) ∈ Lp(R).

Let also

(5.11) χ̄(u) :=

∫ u+1

u

χ(v) dv, u ∈ R.

Then χ̄′(u) = χ(u+ 1)− χ(u) and, by virtue of Lemmas 4.1 and 4.2, we have

Kχ
wf(x) =

(
Gχ̄

wF
)′
(x), x ∈ R.

Let us check that χ̄ satisfies the assumptions of Theorems 3.1 and 3.2 in
place of χ with r + 1 in place of r.

Clearly, if χ ∈ Cn(R), then χ̄ ∈ Cn+1(R) with n = r, r + s+ 1.
Next, since

∑
k∈Z

|χ̄(u− k)| ≤
∫ 1

0

∑
k∈Z

|χ(v + u− k)| dv,

M0(χ) < ∞ implies M0(χ̄) < ∞.
Assumption (v) in Theorem 3.6 implies χ̄(r+1)(u) = O(|u|−α), as u → ±∞,

with α > 2(r+1)+s, and assumption (vi) in Theorem 3.7 implies χ̄(r+s+2)(u) =
O(|u|−α), as u → ±∞, with α > 2(r + 1) + s+ 2.

Further, we have for the discrete algebraic moments of χ̄(r+1)

mj(χ̄
(r+1), u) =

∑
k∈Z

[χ(r)(u− k + 1)− χ(r)(u− k)](k − u)j

=
∑
k∈Z

χ(r)(u− k)(k − u+ 1)j −mj(χ
(r), u)

=
∑
k∈Z

χ(r)(u− k)

j∑
n=0

(
j

n

)
(k − u)n −mj(χ

(r), u)

=

j−1∑
n=0

(
j

n

)
mn(χ

(r), u),

(5.12)

where, as usually, we consider the sum above to be zero if j = 0.
Taking into account that mj(χ

(r), u) = 0, j = 0, . . . , r−1, and mr(χ
(r), u) =

r! for u ∈ R, we arrive at

mj(χ̄
(r+1), u) = 0, j = 0, . . . , r, and mr+1(χ̄

(r+1), u) = (r + 1)!, u ∈ R.
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We have for j = r + 2, . . . , r + s, s ≥ 2, and u ∈ R

mj(χ̄
(r+1), u) =

j−1∑
n=0

(
j

n

)
mn(χ

(r), u)

= j(j − 1) · · · (j − r + 1) +

j−1∑
n=r+1

(
j

n

)
mn(χ

(r), u)

= j(j − 1) · · · (j − r + 1)

(
1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u)

)
= 0,

(5.13)

where, at the last step, we have applied (iv).
Finally, for Theorem 3.7 we also need

mr+s+1(χ̄
(r+1), u) = const, u ∈ R,

which follows as above by virtue of assumption (v) of Theorem 3.7.
Now, the assertions of the theorems follow from Theorems 3.1 and 3.2, re-

spectively, applied for the function F with r + 1 in place of r, ℓ+ 1 in place of
ℓ, and χ̄ in place of χ.

Corollary 3.8 follows directly from Theorems 3.6 and 3.7 just as Corollary
3.3 from Theorems 3.1 and 3.2.

Now, let us give a description of the assumptions on the discrete algebraic
moments of the kernel in Theorem 3.6 in terms of its Fourier transform.

Lemma 5.3. Let r ∈ N0 and s ∈ N+. Let χ ∈ Cr(R) ∩ L1(R) be such that the
function ur+sχ(r)(u) belongs to L1(R), then the condition:

(5.14)



mj(χ
(r), u) =

{
0, u ∈ R, j = 0, . . . , r − 1, r ≥ 1,

r!, u ∈ R, j = r,

1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u) = 0,

j = r + 2 . . . , r + s, s ≥ 2, u ∈ R,

is equivalent to

(5.15)


χ̂(0) = 1,

1 +

j∑
ℓ=1

(−i)ℓ
(
j + 1

ℓ

)
χ̂(ℓ)(0) = 0, j = 1, . . . , s− 1,

χ̂(j)(2πk) = 0, k ∈ Z, k ̸= 0, j = 0, . . . , r + s− 1.

Proof. Let χ̄(u) be defined in (5.11). As we showed in the proof of Theorems
3.6 and 3.7, (5.14) implies

(5.16) mj(χ̄
(r+1), u) =

{
0, u ∈ R, j = 0, . . . , r + s, j ̸= r + 1,

(r + 1)!, u ∈ R, j = r + 1.
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Conversely, in view of (see (5.12))

mj(χ̄
(r+1), u) =

j−1∑
n=0

(
j

n

)
mn(χ

(r), u), j ∈ N+,

we deduce that (5.16) implies (5.14) (see also (5.13) for j ≥ r + 2).
Thus we have established that (5.14) is equivalent to (5.16). By virtue of

Lemma 5.1 applied with χ̄ instead of χ and r+1 in place of r, we see that (5.16)
is equivalent to

(5.17) ̂̄χ(j)
(2πk) =


1, k = j = 0,

0, k = 0, j = 1, . . . , s− 1,

0, k ∈ Z, k ̸= 0, j = 0, . . . , r + s.

Note that the lemma is applicable since χ ∈ Cr(R) ∩ L1(R) implies χ̄ ∈
Cr+1(R)∩L1(R), and the assumptions that ur+sχ(r)(u) is in L1(R) and χ(r) ∈
C(R) yield that ur+sχ̄(r+1)(u) is in L1(R).

It remains to show that (5.17) is equivalent to (5.15). To this end, we
represent χ̄ in the form

χ̄(u) = κ ∗ χ(u),

where κ(u) is the characteristic function of the interval [−1, 0].
Then the convolution theorem for the Fourier transform yields

̂̄χ(v) = κ̂(v)χ̂(v) =

χ̂(0), v = 0,

eiv − 1

iv
χ̂(v), v ̸= 0.

Consequently, ̂̄χ(0) = 1 iff χ̂(0) = 1, whereas ̂̄χ(2πk) = 0 for all k ∈ Z,
k ̸= 0, regardless of the values of χ.

Let j ∈ N+. We have

(5.18) ̂̄χ(j)
(v) =

j∑
ℓ=0

(
j

ℓ

)
κ̂(j−ℓ)(v)χ̂(ℓ)(v).

We will use the following formula for the derivatives of κ̂

(5.19) κ̂(m)(v) = (−i)m
∫ 0

−1

ume−ivudu, u ∈ R, m ∈ N+.

Thus we arrive at

̂̄χ(j)
(0) =

j∑
ℓ=0

(
j

ℓ

)
ij−ℓ

j − ℓ+ 1
χ̂(ℓ)(0)

=
ij

j + 1

j∑
ℓ=0

(−i)ℓ
(
j + 1

ℓ

)
χ̂(ℓ)(0);
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hence the condition ̂̄χ(j)
(0) = 0, j = 1, . . . , s− 1, is equivalent to

j∑
ℓ=0

(−i)ℓ
(
j + 1

ℓ

)
χ̂(ℓ)(0) = 0, j = 1, . . . , s− 1.

Thus we have established that the first two relations in (5.17) are equivalent
to the first two relations in (5.15).

It remains to consider the case k ̸= 0, j ≥ 1. By (5.18), we have that the

third relation in (5.17) for j ≥ 1, that is, ̂̄χ(j)
(2πk) = 0, j = 1, . . . , r + s, is

equivalent to

(5.20)

j−1∑
ℓ=0

(
j

ℓ

)
κ̂(j−ℓ)(2πk)χ̂(ℓ)(2πk) = 0, j = 1, . . . , r + s,

as we have taken into account that κ̂(2πk) = 0 for all integers k ̸= 0.
By elementary calculus, one can demonstrate that κ̂(m)(2πk) ̸= 0 for all

m ∈ N+ and k ∈ Z, k ̸= 0 (see below). Then (5.20) is equivalent to the third
set of relations in (5.15). Thus the equivalence of (5.15) and (5.17) is verified.

Let us, however, for the sake of completeness, show that κ̂(m)(2πk) ̸= 0 for
all m ∈ N+ and k ∈ Z, k ̸= 0. By (5.19), it is enough to show that

(5.21)

∫ 0

−1

um sin(2πku) du ̸= 0, m, k ∈ N+.

We have∫ 0

−1

um sin(2πku) du =
(−1)m+1

(2πk)m+1

∫ 2πk

0

um sinu du

=
(−1)m+1

(2πk)m+1

k−1∑
ℓ=0

∫ 2π(ℓ+1)

2πℓ

um sinu du

=
(−1)m+1

(2πk)m+1

k−1∑
ℓ=0

m∑
n=0

(
m

n

)
(2πℓ)m−n

∫ 2π

0

un sinu du.

Next, we observe that∫ 2π

0

un sinu du =

∫ π

0

un sinu du+

∫ 2π

π

un sinu du

=

∫ π

0

(un − (u+ π)n) sinu du < 0;

hence we get (5.21).

Similarly, by means of Lemma 5.2, we verify the following description of the
assumptions on the discrete algebraic moments of the kernel in Theorem 3.7 in
terms of its Fourier transform.
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Lemma 5.4. Let r ∈ N0 and s ∈ N+. Let χ ∈ Cr(R) ∩ L1(R) be such that the
function ur+s+1χ(r)(u) belongs to L1(R), then the condition:

mj(χ
(r), u) =

{
0, u ∈ R, j = 0, . . . , r − 1, r ≥ 1,

r!, u ∈ R, j = r,

1 +

j−1∑
n=r+1

(j − r) · · · (j − n+ 1)

n!
mn(χ

(r), u) = 0,

j = r + 2 . . . , r + s, s ≥ 2, u ∈ R,

1 +

r+s∑
n=r+1

(s+ 1) · · · (s− n+ 2)

n!
mn(χ

(r), u) = const ̸= 0, u ∈ R,

is equivalent to

χ̂(0) = 1,

1 +

j∑
ℓ=1

(−i)ℓ
(
j + 1

ℓ

)
χ̂(ℓ)(0) = 0, j = 1, . . . , s− 1,

1 +

s∑
ℓ=1

(−i)ℓ
(
s+ 1

ℓ

)
χ̂(ℓ)(0) = const ̸= 0,

χ̂(j)(2πk) = 0, k ∈ Z, k ̸= 0, j = 0, . . . , r + s.

6 Examples

We will demonstrate the efficiency of the theorems in Section 3 on several ex-
amples.

6.1 Bochner-Riesz (radial) functions

The Bochner-Riesz kernel is defined by

(6.1) bγ (x) :=
2γ√
2π

Γ (γ + 1) |x|−
1
2−γ

J 1
2+γ (|x|) for γ > 0,

where Jλ is the Bessel function of order λ (see [10, pp. 467–468], or [36, pp.
170–171]).

The Fourier transform of bγ is (see e.g. [10, p. 468])

(6.2) b̂γ (v) =

{(
1− v2

)γ
, |v| ≤ 1,

0, |v| > 1.

It is known (see e.g. [2, Theorem 3.1 and Section 6.3]) that

∥Gbγ

w f − f∥∞ ≤ c ω2(f, 1/w)∞, f ∈ CB(R), w > 0.

A matching strong converse inequality was established in [2, Corollary 6.4]. We
will extend these results to simultaneous approximation in Lp.
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To this end, we will apply Theorem 3.1 with χ = bγ and s = 2.
We have M0 (b

γ) < ∞ (see [1, Lemma 1 (iii)]).
According to (6.2), bγ is a bandlimited kernel for every γ > 0, and the

bandlimited kernels belong to C∞(R).
Also, obviously, the bandlimited kernels have the property that any (bγ)

(r)
(x) ,

r ∈ N+, is bandlimited itself, with
(
(bγ)

(r)
)̂

(v) = (iv)
r
b̂γ (v) , v ∈ R. Hence

the decay of (bγ)
(r)

can be estimated as follows:

(bγ)
(r)

(x) =
1

2π

∫
R

(
(bγ)

(r)
)̂

(v) eivxdv =
ir

2π

1∫
−1

vr
(
1− v2

)γ
eivxdv, x ∈ R.

As a result of the above formula, we immediately have (bγ)
(r)

(x) = O
(
|x|−γ−1

)
as x → ±∞.

Consequently, if γ > r + 1, then ur+1 (bγ)
(r)

(u) is in L1(R) and, by the
observation, based on the Poisson summation formula, given in Lemma 5.1, we

deduce that the discrete algebraic moments of (bγ)
(r)

satisfy assumption (ii) in
Theorem 3.1 with s = 2.

In addition, the above considerations show that (bγ)
(r)

satisfies assumption
(iii) in Theorem 3.1 if γ > 2r + 1.

In the light of above properties of the Bochner-Riesz kernels, Theorem 3.1
is applicable for χ = bγ with s = 2, α = γ + 1 and any r ∈ N+ and yields the
following estimates.

Corollary 6.1. Let ℓ, r ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let bγ be the Bochner-
Riesz kernel, defined in (6.1) with γ > 2r + 1. Then for all f ∈ C(R) such
that f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there hold Gbγ

w f ∈ Cℓ(R),
(Gbγ

w f)(ℓ) ∈ Lp(R) and

∥(Gbγ

w f)(ℓ) − f (ℓ)∥p ≤ c ω2(f
(ℓ), 1/w)p.

Similarly, we derive from Theorem 3.2 with s = 2, making use of Lemma
5.2, the following converse estimate.

Corollary 6.2. Let ℓ, r ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let bγ be the Bochner-
Riesz kernel, defined in (6.1) with γ > 2r + 5. Then there exists ρ > 0 such
that for all f ∈ C(R) with f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there
hold Gbγ

w f ∈ Cℓ(R), (Gbγ

w f)(ℓ) ∈ Lp(R) and

ω2(f
(ℓ), 1/w)p ≤ c

(
∥(Gbγ

w f)(ℓ) − f (ℓ)∥p + ∥(Gbγ

ρwf)
(ℓ) − f (ℓ)∥p

)
.

6.2 B-splines

Maybe the most important duration limited kernels are the central B-splines of
order n ∈ N+, defined by

(6.3) Bn(x) :=
1

(n− 1)!

n∑
j=0

(−1)
j

(
n

j

)(n
2
+ x− j

)n−1

+
, x ∈ R,
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where (x)
k
+ := max

{
xk, 0

}
, x ∈ R.

It is known that (see [12, Theorems 2 and 5])

∥(GBn
w f)(ℓ) − f (ℓ)∥∞ ≤ c ω2(f

(ℓ), 1/w)∞, f ∈ CBℓ(R), ℓ ∈ N0, w > 0.

A matching strong converse inequality in the case ℓ = 0 was established in [2,
Corollary 6.1]. We will extend these results to simultaneous approximation in
Lp.

Clearly, Bn(x) has finite support and Bn ∈ Cn−2(R) for n ≥ 2. Conse-
quently, condition (i) in Theorem 3.1 is trivially satisfied.

The Fourier transform of Bn is (see e.g. [12, (5.2.10)])

B̂n(v) =

(
sin(v/2)

v/2

)n

, v ∈ R.

Therefore, if n ≥ r + q, where q, r ∈ N+, we have

(6.4) B̂(j)
n (2πk) =


1, k = j = 0,

0, k = 0, j = 1,

− n

12
, k = 0, j = 2,

0, k ∈ Z, k ̸= 0, j = 0, . . . , r + q − 1.

Thus, by virtue of Lemmas 5.1 and 5.2, we show that conditions Theorem 3.1(ii)
and Theorem 3.2(ii) are satisfied with s = 2 and any r ∈ N+, if n ≥ r + 2 and
n ≥ r + 3, respectively.

Clearly, condition (iii) in Theorems 3.1 and 3.2 is trivially satisfied provided
that Bn(x) possesses the required smoothness, that is, n ≥ r+2 and n ≥ r+5,
respectively

Now, Theorems 3.1 and 3.2 are applicable with s = 2 and they yield the
following two results.

Corollary 6.3. Let ℓ, r ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let Bn be the central
B-spline, defined in (6.3) with n ≥ r + 2. Then for all f ∈ C(R) such that
f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there hold GBn
w f ∈ Cℓ(R),

(GBn
w f)(ℓ) ∈ Lp(R) and

∥(GBn
w f)(ℓ) − f (ℓ)∥p ≤ c ω2(f

(ℓ), 1/w)p.

Corollary 6.4. Let ℓ, r ∈ N+, ℓ ≤ r and 1 ≤ p ≤ ∞. Let Bn be the central
B-spline, defined in (6.3) with n ≥ r + 5. Then there exists ρ > 0 such that for
all f ∈ C(R) with f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there hold
GBn

w f,∈ Cℓ(R), (GBn
w f)(ℓ) ∈ Lp(R) and

ω2(f
(ℓ), 1/w)p ≤ c

(
∥(GBn

w f)(ℓ) − f (ℓ)∥p + ∥(GBn
ρw f)(ℓ) − f (ℓ)∥p

)
.

Similarly, we can establish a characterization of the rate of simultaneous
approximation for KBn

w . Let r ∈ N+. Then, if n ≥ r + 2, by Lemma 5.1 with
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s = 2, and (6.4) with q = 2, we have mj(B
(r)
n , u) = 0, j = 0, . . . , r − 1, r + 1,

and mr(B
(r)
n , u) = r! for all u ∈ R. Now, Theorems 3.6 and 3.7 with s = 1 yield

the following estimates.

Corollary 6.5. Let ℓ, r ∈ N0, ℓ ≤ r and 1 ≤ p ≤ ∞. Let Bn be the central
B-spline, defined in (6.3) with n ≥ r + 2. Then for all f ∈ C(R) such that
f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there hold GBn
w f ∈ Cℓ(R),

(GBn
w f)(ℓ) ∈ Lp(R) and

∥(KBn
w f)(ℓ) − f (ℓ)∥p ≤ c ω1(f

(ℓ), 1/w)p.

Corollary 6.6. Let ℓ, r ∈ N0, ℓ ≤ r and 1 ≤ p ≤ ∞. Let Bn be the central
B-spline, defined in (6.3) with n ≥ r + 4. Then there exists ρ > 0 such that for
all f ∈ C(R) with f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there hold
KBn

w f,∈ Cℓ(R), (KBn
w f)(ℓ) ∈ Lp(R) and

ω1(f
(ℓ), 1/w)p ≤ c

(
∥(KBn

w f)(ℓ) − f (ℓ)∥p + ∥(KBn
ρw f)(ℓ) − f (ℓ)∥p

)
.

To recall, the assumption f ∈ ACℓ−1
loc (R) is to be ignored for ℓ = 0.

6.3 A fast converging sampling operator

We set

(6.5) θ(u) :=
1

π

∫ 1

0

η(v) cosuv dv, u ∈ R,

where

η(v) :=



1, v = 0,

e
− 1

e1/v2 − e , |v| < 1, v ̸= 0,

0, |v| ≥ 1.

Then for any s ∈ N+ (see [22, Theorem 3.1])

(6.6) ∥Gθ
wf − f∥∞ ≤ c ωs(f, 1/w)∞, f ∈ CB(R), w ≥ 1.

Since θ̂(v) = η(v), η(0) = 1, η(j)(0) = 0 for j ≥ 1, and η(j)(2πk) = 0 for k ∈ Z,
k ̸= 0, j ≥ 0 (see [22, Lemmas 2.1 and 2.2]), then the kernel θ satisfies (5.1)
with χ = θ for any r, s ∈ N+. In addition, we have θ ∈ C∞(R) and θ(r)(u) =
O(|u|−n) as u → ±∞ for all r, n ∈ N0 (see [22, Lemma 2.2]). Hence, by virtue
of Theorem 3.1, we arrive at the following extension of (6.6) to simultaneous
approximation.

Corollary 6.7. Let ℓ, s ∈ N+ and 1 ≤ p ≤ ∞. Let θ be defined in (6.5). Then
for all f ∈ C(R) such that f ∈ ACℓ−1

loc (R) and f (ℓ) ∈ Lp(R), and all w > 0 there
hold Gθ

wf ∈ Cℓ(R), (Gθ
wf)

(ℓ) ∈ Lp(R) and

∥(Gθ
wf)

(ℓ) − f (ℓ)∥p ≤ c ωs(f
(ℓ), 1/w)p.
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Actually, we have Gθ
wf ∈ C∞(R) for any f ∈ C(R) such that f ∈ ACℓ−1

loc (R)
and f (ℓ) ∈ Lp(R) with some ℓ ∈ N+, and any w > 0 (see [22, Proposition 2.1]).

Acknowledgments. The authors are grateful to the anonymous referee,
whose suggestions improved the paper.
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